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B craree paccMOTpeHBI aHAIUTHYSCKUE, YHCICHHBIC, YUCICHHO-aHAIUTHYCCKAE METOABI IJIs PEIICHUS KOHTAKTHBIX
3amad B MexaHmke. OmnmcaH (YHKIMOHANBHBIA mToaxox Ha Oa3e Tteopun R-ymkmuii. BremmomneHo ommcanme
NPOCTEHIINX TeOMETPHYECKHX (OpM TNPH IOMOIIM HEABHBIX (QYHKIUHA. PaccMOTpeHBI mNpuUMephl KOHTaKTa
Te€OMETPUYECKHX Tell, Olpe/iesieHrne 001acTh KOHTAKTa.

Knouegvie crosa: R-ynxyusa, konmaxmuvle 3a0a4u, GyHKyuonaibuoe npedcmagienue, KOHmMaKmmoe 83aumooeticmaie
men, yHKYus obnacmu KOHmakma.

®YHKIIOHAJBHE IIOJAHHS KOHTAKTHOI B3AEMOII TI1
Cuexxkona JI. C., acmipanTt, Yonopos C. B., k. T. H., TOIIEHT

3anopizokuii HayioHaIbHUL YHIgepcumem,
syn. ’Kykoscvkoeo, 66, m. 3anopixcocs, 69600, Yrpaina

s.choporoff@znu.edu.ua

VY craTTi pO3MNIAHYTI aHANITHYHI, YHCEIbHi, YHCENbHO-aHANITHYHI METOMW UIS PO3B’SA3KY KOHTAaKTHHX 3aJad Y
MexaHini. Onucano QyHKIIOHATBHAHN TiAXia Ha 0a3i Teopii R-pyHKmiil. BukoHaHO OMMC HAUTIPOCTIMNINX TEOMETPHIHIX
¢bopM 3a IONMOMOrorw HesiBHUX (QyHKIiIH. PO3MNISHYTO NPHKIaIM KOHTAKTy T€OMETPUYHHX TiJl, BU3HAUCHHS oOJacTi
KOHTaKTYy.

Kniouosi cnosa: R-gpynryis, konmaxmui 3adaui, Gynkyionaivre npedcmaeieHHs, KOHMAKMHA 63aeMo0is mil, QynKyis
obnacmi KOHMAaxmy.
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The paper is devoted to functional representation of contact interaction bodies.

Currently, contact interaction of various objects and structures play an important role in scientific practice. Contact
interaction is used in the hinge, flanged joints, and strength calculations of elastic, viscoelastic and plastic bodies in
static or dynamic contact. At various technological processing operations — stamping, cutting, drilling oil and gas wells,
supporting bridge spans parts, gears, foundations for buildings and others. Therefore, it is current to develop techniques
and methods of mathematical and computer modeling for problems.

The paper under consideration is called analytical, numerical, numerical-analytical method for solving contact problems
in mechanics. Proposed approach is based on the functional approach and theory of V.L. Rvachev's R-functions.
Analytic of methods for solving contact problems in the mechanics are as follows: equations pair method, orthogonal
functions method. Among the numerical methods for solving contact problems in mechanics can be identified discrete
element method, finite difference, finite element, boundary element. By numerical-analytical methods include most of
variational methods: of Ritz’s method, of Kantorovich-Vlasov method, of Trefts method and of Bubnov-Galerkin’s
method.

Also in this paper were presented methods for description (representation) of mathematical models of geometric
objects, among which the most common are the boundary representation of solid modeling, and functional one.

Special attention was paid to the functional approach based on the theory of V.L. Rvachev’s R-functions. With the help
of the functional approach was built simple geometric shapes. They are defined by implicit functions: a domain
bounded by a radius centered at the origin, a rectangle with center at the origin, a rectangle with rounded corners, a
regular polygon inscribed in a circle. With the composition of functions corresponding to the primitives, have been built
drawings functions — the plane of the strip on the wheel and space.
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It is constructed the functions on determining the contact area for the following flat bodies: indentation in the half-round
punch, punch indentation square into a rectangle with a central hole, in contact with the lower half-plane half-ring.
Based on the aforementioned it may be concluded that by using a functional approach geometries of various forms can
be described using mathematical functions with using of logical operations on it. R-function method combines the
compactness and versatility in terms of storage. In such case final representation is obtained as a single real function.
Thus, the use of the R-functions device allows for relatively easy to describe geometric objects of arbitrary shape with
subsequent discretization into finite elements.

Also, the functional approach is based on the theory of V.L. Rvachev’s R-functions which is very flexible and versatile
tool for mathematical modeling of geometric objects. In this approach, the body represents an implicit real functions
that are greater than zero in the interior of the body, are zero on the boundary and less than zero in the outer points.
With the help of the mathematical theory of R-functions can be described the model of arbitrary geometric object used
in the art.

In this case, for the localization of the contact area can be used a special function that is based on functional models of
the contacting bodies. The roots of this function will be points which at the same time belonging to both bodies. The
root of the contact function is the minimum points, which makes them easier to find.

As a result, the purpose of the proposed work is to develop mathematical models for the contact interaction of bodies on
the basis of the functional approach and R-functions theory.

Key words: R-function, contact problems, functional representation, contact interaction bodies, function of contact
zone.

BBEJIEHUE

B coBpeMeHHOI MHXEHEPHOM M HAYyYHOM NPAKTUKE BEChbMa YaCcTO HCCIENOBATENSAM MPUXOIUTCS
CTAJIKUBATHCS € 3aJja4aMU MOJIETUPOBAHUS B3aUMOJEHCTBUS HECKOJIbKUX Tel. ClI0)KHOCTh MHOTMX
COBPEMEHHBIX 0OBEKTOB M KOHCTPYKIIUM JieTaeT (PU3NUECKUEe IKCIICPUMEHTHI HaJl HUMH TPYAHBIMU,
JIOPOTOCTOSIIIUMHU, 4 B HEKOTOPBIX CIIy4asX M HEBO3MOXHBIMU. (CIie0BaTENbHO, aKTyalbHBIM
SIBJIICTCS Pa3pabOTKa CIIocOO0B U METOJIOB MAaTEMAaTUICCKOTO M KOMITBIOTEPHOTO MOJICIIMPOBAHUS
TaKux 3a7ad.

OTnenpHBIM, BaXXHBIM C MPHUKIAJHOM TOYKM 3pEHUS HAIpaBICHUEM SBIIETCS HCCIEI0OBAaHUE
HanpsHKeHHO-Ie(OPMHUPOBAHHOTO COCTOSHUS B3aUMOJEHUCTBYIOIUX Tell. McToprueckn MexaHuKa
KOHTaKTHBIX B3aMMOJEHUCTBUI OepeT cBoe Hayalo ¢ 3a1a4yd ['epria o KOHTaKTe JBYX cepHuecKux
yrnpyrux Teil. OCOOEHHOCTBIO KOHTAKTHBIX 33Jau B MEXaHUKE SIBJISETCS HalIW4YMe Ha YacTH
MIOBEPXHOCTH YIPYroro Tejla KOHTAaKTa C JPYTMM TeJloM (a0COMIOTHO >KECTKHM WM YIPYTUM).
IToBepXHOCTHBIE CHJIBI IPEACTABISIIOT COOOM pe3ysbTaT B3aMMOAECUCTBUS pacCMaTpHUBAaEMOro Tela
C TMPUMBIKAIOIIMMU K HEMy TenaMu. Ecim B3aMMOJEHCTBYIOT TBEpAbIE Tella, TO TOYKH
COIIPUKOCHOBEHUSI (TOYKM KOHTAKTa) B OOJIACTM KOHTAKTa MEPEeMEIaloTCs OJMHAKOBO, WIIU
IIPOCKAJIB3BIBAIOT OJIHA OTHOCUTEIBLHO IPYTOH.

OB30P JIUTEPATYPbI

B macTosimrie Bpemsi sl pelieHus: KOHTaKTHBIX 337a4 B MEXaHHUKE pa3pa0OTaHbl aHAIMTUYECKHE
[1], uncnenHsie [2] U YNCIEHHO-AHATIMTUYECKHE METOBI [3].

K ananutnyeckuM MeTogaMm pemieHusl KOHTaKTHBIX 337ja4 B MEXaHUKE MO>KHO OTHECTH CIIEAYIOIINE
METObI: METOJ] MAapHBbIX YPAaBHEHH, METOJl OPTOTOHAIBHBIX (PYHKIUI. AHATUTHYECKHE METO/BI,
KaKk MpaBWIO, MPEIaraloT TOYHOE WJIM AaCHMIITOTUYECKOE pElIeHHWE KOHTAKTHBIX 3a1ad B
MexaHuke. Tem He MeHee, UX BeCbMa TPYJHO IPUMEHATb HA IPAKTUKE JUIS HUCCIIECIOBAHMS
KOHTaKTHOT'O B3aUMOJIEUCTBUS TEJI CIOKHOU (HOPMBI.

Cpenu yuCIEHHBIX METOJOB PEIICHHUS KOHTAKTHBIX 33/1a4 B MEXAHUKE MOKHO BBIJIETUTH METOIbI
JUCKPETHBIX 2JIEMEHTOB [4], KOHEYHBIX PA3HOCTEH [5], KOHEUHBIX 3JIEMEHTOB [6, 7], TPaHUYHBIX
snemeHToB [8] m apyrue [9]. Hcnonb3oBaHHME TakMX METOJOB BEChbMa pPAacHpOCTPAHEHO, YTO
00YCJIOBIIEHO BO3MOKHOCTBIO MOJICTUPOBAHUS OOBEKTOB M KOHCTPYKIIUMA CIOXKHOH (OpMEBI, ¢
HCIIO0Ib30BAHUEM KOMIIBIOTEPHOIN TEXHUKH.

K ducreHHO-aHATMTUYECKHMM METOJaM OTHOCSITCS METOJbl, B KOTOPBIX PEIIEHHE MOXKET ObITh
3allMCaHO B aHAJMTHUYECKOH (hopMe, HO HEONpEAeICHHBIC MapaMeTpbl WIK (PYHKIUU MOTYT OBITh
OIIpeJIeJIEHbl B Pe3yjbTaTe peaau3aliy Kakoro-iubo 4yuciaeHHoro airopurMa. K takum meronam
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OTHOCUTCSI OOJNBIIMHCTBO BapUAIlMOHHBIX MeToioB: Mmerox Purtma [10], meron Kantoposuua-
Bnacosa [11], meTon Tpedmua [12], a Taxke meton byoHosa-I"anepkuna [13].

[Tpu 3TOM mpakTUYeCcKOe MPUMEHEHHE METOI0B PEIICHUS] KOHTAKTHBIX 33/1a4 B MEXaHUKE TpeOyeT
HQJINYMST MaTeMaTH4ecKOro ammapara [Uis ONMCaHHs IeOMETPUM B3aUMOACHCTBYIOLIMX Tl —
reoMeTpuueckux o00BekToB. Cpeau METOAOB OnucaHus (MPEICTaBICHHUS) MaTeMaTHYECKUX
MoJieJIell T€OMETPHUECKUX OOBEKTOB Haubojee paclpOCTPAaHEHHBIMM SIBJISIOTCS TI'PaHUYHOE
npencrasicane [14], TBepmoTenbHOe MopaenupoBaHue [15], (yHKIMOHATBLHOE TMpPEICTABICHUE

[16, 17].

['pannuHOe TpencTaBIeHUE OCHOBAHO HA MJIEE, YTO TBEPJOE TEJIO OMUCHIBACTCS KaK 3aMKHYTas
MPOCTPAHCTBEHHAs: 00JacTh, OrPaHMYCHHAss HAOOPOM 3JIEMEHTAPHBIX TOHKHX TOBEPXHOCTEH C
o0mmMMH  00pa3yIoNMMKH KOHTYpaMH Ha TpaHUIE TOBEPXHOCTEH M TPHU3HAKOM BHEIIHEH WU
BHYTPEHHEH CTOPOHBI MOBEPXHOCTH. YHHUBEPCATBLHOCTh HCIIOIB3YEMBIX CTPYKTYp NEIAl0T TaKOH
MOJIX0JT OJTHUM M3 HanboJiee MPUMEHUMBIX B KOMITbIOTepHOU Tpaduke [18].

TBeproTenpHOE MOJEIUPOBAHUE OCHOBAHO HAa UJAEE MCIIONb30BaHMS MOJEIEH 3JIEMEHTapHBIX TEl
(IpUMUTUBOB) ¥ TEOPETHUKO-MHOKECTBEHHBIX Oonepauuidi HaJq HUMU. Ero nmpeumyIiecTBoM siBiseTcs
IIPOCTOTa M HArJIAOHOCTh MOAenupoBaHUsA. OCHOBHBIM HENOCTATKOM SBJISIETCS OTHOCHUTEIbHAs
CIIOHOCTb IIOCTPOSHHS MOAENEH Tel HeCTaHIapTHOH (hopMBbI.

OyHKIUOHANBHBIA TOAX0A ¢ npuMeHeHueM R-¢ynkuuit B.JI. PBaueBa [19] ocHoBaH Ha wuiee
WCIOJIb30BAHUS HESIBHBIX (QYHKIMH i1 (OpPMaTBLHOTO MaTeMaTHYeCKOro OmucaHus (Gopmbl
UCCIeyeMOl 00JIacTH M MO3BOJSET MOACTUPOBAThH Tella MPOU3BOIBHON ClOKHOCTH. [IprMeneHue
TaKOTo TMOJIX0/Ia Ha MPaKTUKE TpeOyeT pa3pabOTKU MATeMaTHYECKOTO arapara Juisi ONpe/IeICHUS
IUIOIAIM KOHTAKTAa.

Takum 00pa3oM, LeNbIO MIPEAT0KEHHONH paboThl SABISETCS pa3paboTka MaTeMaTHYECKUX Mojeneit
ISl OIIMCaHMsI KOHTAKTHOTO B3aUMOJIEUCTBHS Tel Ha 0a3e (GYHKIMOHAIBHOIO Moaxo1a u Teopuu R-
GbyHKIU.

®YHKIMOHAJBHBINA MOJXO/ HA BA3E TEOPUU R-®YHKIUHI

[TycTh {2 — cruIOIIHOE TENO, FEOMETPUUECKYIO MOJIENh KOTOPOro HE0OX0quMo NoxydnTs. Hanbomee
oOIIMM METOJOM OIpeleNeHus MHOXecTBa Todek X, oOpasyrommux o00bekT (2, sBisercs
ornpezeneHue npeaukara A, KOTOpbI MOXKET ObITh BBIUMCIIECH JUISl K&KI0M TOUKH P MPOCTPAHCTBA:

X = {plA(p) = true}.

Takum 00pa3zom, X ompenesieHO HESIBHO M COCTOMT M3 BCEX TOYEK, YAOBICTBOPSIOUIMX YCIOBHIO,
omnpezneneHHoMy npeankatom A. [pocreiimeii popMoil Takoro mpenukaTa sSBISETCS OTpaHHYCHUE
Ha 3HaK HEKOTOpoii neiicTButenbHol GyHkuuu f (p). Hanpumep, ecnu f(p) = Ax + By + Cz + D,
toraa, f(p) =0, f(p) =0 u f(p) < 0 oNPeNensArOT MWIOCKOCTh, 3aKPHITOE MOIYIIPOCTPAHCTBO H
OTKPBITOE MOJIYIPOCTPAHCTBO, COOTBETCTBEHHO.

Pa3BuTHeM naHHOTO MOAXOAA SIBISIETCS MOCTPOCHHE OoJiee CIOXKHBIX (YHKIMH KOHCTPYKTHBHO,
WCIIOJIB3YS JIOTHYECKHEe KOMOWHAITMHM MPOCTHIX (DYHKIHA, KOTOPhIE SKBHBAJICHTHBI CTAaHIAAPTHBIM
oreparsaM HaJl MHOXKecTBaMHu. Hambomnee yacTo ucrmoib3yemasi Ha MpakTUKe cUcTema (pyHKIuH
nmeeT Bug [20]:

X = —X,

X1 AXy = X1 4%, — /X + x5, 1)

X1V Xy, = xq 4 X, +4/x2 + x2,
7€ X, X; M X, — 3HAYEHHs] HEKOTOPBIX JeHCTBUTENbHBIX (DYHKIIUIA.

[Tpocreiimme reomerpudeckne (OPMBI ONPEAEISIOTCS HeslBHBIMK  (yHKIusMH. Hanpuwmep,
byHKIUS
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Circle(x,y,7) = 1% — x%? — y? 2)

ompezessieT 00J1acTh, OIPAaHUYCHHYIO OKPY)KHOCTBIO pajuyca T C LEHTPOM B Hadaje KOOpAMUHAT
(mpuMep KapTHHBI JUHUM ypOBHS IIpeJCcTaBieH Ha puc. 1, a). Jlanee Ha KapTUHAX JIMHUN YpOBHS
CIUIOIIHBIE JIMHUU COOTBETCTBYIOT IIOJIOKUTEJIBHBIM 3HAUCHUSIM (QYHKLUUHU, a IYHKTUPHBIE —
OTPULIATENIbHBIM.

AHaNOru4Ho PyHKIHH

Band *(x,w) = (%)2 — x?, (3)

2

Band Y(y, h) = (E) —y? 4)

COOTBETCTBEHHO OIPENENAT MOJIOCH IMUPUHOW W M h, HampaBlieHHbIC TEPHICHIUKYISIPHO OCH
aocrmucc (puc. 1, 6) wiu opaunar (puc. 1, B).

1.0

-0.25

-0.50

-0.75 -0.75

-1.00 -1.00

-1.25 -1.25

-1.50 -1.50

-1.75 -1.75

-2.00 -2.00

.71.5 -1.0 -0.5 0.0 0.5 1.0 15 .—1.5 -1.0 -0.5 0.0 0.5 10 1.‘5

(a):Circle(x,y, 1) (6): Band *(x, 1) (8): Band?(y,1)
Puc. 1. Tlpumeps! kapTuH JuHul ypoBHs GyHKIwmi (2), (3) u (4)

Konbronkuus ¢pynkiuii (3) u (4) Mo3BOJIIET ONMPEAETUTD IPYTyI0, PACIPOCTPAaHEHHYIO HA TTPAKTHUKE
reOMEeTPUUYECKYI0 (GopMy, — MPSAMOYTOJBHHK C IEHTPOM B Hayalle KOOPAMHAT M CTOPOHAMH,
napauIebHBIMH KOOPAWHATHBIM OCSIM, IMUPUHON W U BBICOTOM h (puc. 2, a)

Rectangle(x, y, w, h) = Band *(x,w) A Band ¥(y, h) = [(%)2 - xz] A [(%)2 - yz]. (5)

YacTtHbIM citydaeM Gopmydsl (5) Oyner ¢yHKIMS, COOTBETCTBYIOIIAS KBAaJApaTy cO CTOPOHOM a U
LIEHTPOM B Hauyajie KOOpJIMHAT,

2 2
Square(x,y,a) = [(g) — xz] A [(g) — yz].
Taxxke Ha Oase ¢GyHKuH (5) MOXKHO MOJIYYUTH JAPYrOHM pacHpOCTPAHCHHBIH TNPUMHTHB —
NPSMOYTOJIBHUK CO CKPYTJICHHBIMH YTTAMH:
Roundrect(x, y,w, h,r) = Rectangle(x,y,w — 2r, h) V Rectangle(x, y,w,h — 2r) vV
Vv Circle(x — dx,y — dy,r) Vv Circle(x + dx,y — dy) V Circle(x — dx,y + dy,r) V (6)
V Circle(x + dx,y + dx),

TZie T — Paguyc CKpyIJIeHus; dx = g —rudy = % — 7 — CMEILIEHUS EHTPOB OKPYKHOCTH (IIpUMEP
KapTHHBI JJMHAW YPOBHS TPUBE/ICH Ha puc. 2, 0.)

[IpaBuiIbHBINA N-YrOJbHUK, BIUCAHHBIM B OKPYKHOCTH pajauyca 7, MOXET OBbITh Ipe/iCTaBjeH
hopmyroit

Regular(x,y,7,n) = [(y —y1)(xz —x1) — (x —x) (2 —y)] A
AN —y2)(x3 —x) = (x —x) (Y3 — Y2 A A (7
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A [(y - Yn)(xo - xn) - (X - xn)(.VO - yn)]’
rIe X; =71 cosa@; U y; =1 sinq; — KOOPAMHATHI BEPUIMH B MOPsAKe 00X0Ja MPOTHB YacOBOW
CTpENKH; a; = 2f(i — 1) — yroa moBopora paauyca B i-il BepuiuHe. [IpuMep KapTHHBI JTHHHI
YpOBHS IIPEJICTaBJIEH Ha pUC. 3.

2.4

2.0

0.8

0.4

0.0

-0.4
(a): Rectangle(x, y, 4, 3) (6): Roundrect(x,y, 3,2,0,5)
Puc. 2. [Ipumeps! kapTuH guHUI ypoBHS QyHkuuii (5) u (6)

HeoOxomumo otMeruth, uto (Gopmyna (7) MOXKET UCHOIb30BAaThCS Ui MPEACTABICHUS
MIPOU3BOJIBHOTO  BBIYKJIOIO  MHOTOYrOJbHUKAa B  MpeAnoioxeHuu, urto  (x;,y;) —
MOCIIE0BATEIHHOCTh KOOPAMHAT BEPIIUH B MOPSAIKE UX 00X0/1a MIPOTUB YaCOBOM CTPENKH.

AHaNOruuHbIM 00pa3oM, CTPOs KOMMO3UIMU (YHKIUH, COOTBETCTBYIOIUX NMPUMHUTHBAM, MOKHO
CTpouTh (pyHKIMHU uepTexkel. Hampumep, miuanka (4epTex MmpeacTaBlieH Ha pUC. 4, a) MOXKET OBITh
npeAcTaBieHa GopMyon

Planka(x,y,w, h,r) = [Rect(x, y,w, h) V Circle (x - %,y, g)] A [=Circle(x, y,1)].

ITpu 3TOM Hauano KOOpAUHAT OyJEeT COOTBETCTBOBATh LIEHTPY OTBepcTHs. [IprMep KapTUHBI TUHUNA
YpOBHS IpUBEJIEH Ha puc.4, 0.

Puc. 3. Kaptuna nunawii yposusa ¢yakuuu (7) npur = 1,n =6

[TpocreiimmMu TpexMepHBIMU (OPMaMH SBIAIOTCS O0JACTH, TakwWe, Kak IIap, HMWINHIP, TOP H
npyrue. Hanpuwmep, pyHkuus
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I\2
Cylindre?(x,y,z,v,1) = (r> —x? —y?) A (E) — 72
MPEJICTaBISACT HWIHMHAP pajnyca 1 ¥ BBICOTOM [ ¢ 00pa3yromieii, COBMAAArONICH C OChI0 alTUIUKAT.

Top, monay4eHHbIN BpallleHHEM 00pa3yIoUleil OKPYKHOCTH pajuyca 7 Ha PAacCTOSHUM OT LIEHTpa
oOpa3yrolel OKpyKHOCTH JI0 OCH BpallleHUs MIPe/ICTaBIsieTcs U3BEeCTHOU (hopMyIioit

Tor? (x,y,z,7,R) = 4R*(x? + y?) — (x? + y? + z2 + R? — r?)2,

w/?2

A
y

hl/2

w

A

(a) (6)
Puc. 4. Ueprex v KapTUHA TMHUHA ypoBHs QyHkuuu Planka(x, y,w, h,r) npuw = 3,h = 2,r = 0,5

Ananoruyao ¢opmyne (5) MOXKHO TPEACTaBHTH O00JIACTh, OTPAHUYCHHYIO MPSMOYTOJBHBIM
napajuiesienune oM, QyHKIuen

BoxCe 2 h.) = [(2)] — ] a8 - 2] [0 - 7]

rJie W — IUpUHA Mapajuienenumnesaa, h — amuHa, d — TONIHA.

Kak u B IUTOCKOM ciy4ae MOJEIH CJIOKHBIX TEI CTPOSTCS IYyTEM JIOTHYSCKOW KOMITO3UIIMU
(GyHKIMH, COOTBETCTBYIOIIMX TPEXMEPHBIM INpUMUTHBAM. Hampumep, mozmens koieca (puc.5)
MOJKET OBITh TIpeJICTaBIeHa (HOPMYIIOi

Wheel(x,y,z,r,R,w) = Tor? (x,y,z,7,R) V Cylindre?(x,y, z,r,r) V
V Box(x,y,z,2*R —r,w,w) VBox(x,y,z,2* R —r,w,w),

rae R — paauyc oOpasyromieii OKpyKHOCTH 000/1a Kojieca, ' — pajnyc HEHTPAIBHOTO JTUCKA, W —
[IMPHUHA.

S0

Puc. 5. Busyanuzauus ¢pyaxmmn Wheel(x,y, z,r,R,w) npu R = 2,r = 0,6,w = 0,3
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Taxkum 00pa3oM, Mpu MOMOIIM (YHKIIMOHATBHOTO MOAX0/a TEOMETPUIECKHUE 00BEKThI Pa3InYHbIX
¢bopM MOryT OBITH ONHUCAHBl MaTeMaTHYECKMMM (YHKIMSIMU C HCIOJIb30BAaHMEM JIOTMYECKHX
omepauuii Hajx STUMH MaTematuueckumu ¢GyHkmusiMa. Meton R-gynkuumii couyeraer B cebe
YHHMBEPCAJIbHOCTh M KOMIIAKTHOCTb C TOYKHM 3pEHHUS XpaHEHUs NaHHbIX. lIpu 3TOM HMTOroBoe
MPEJCTAaBICHUE TOJIY4aeTCsl B BHJIE €JMHCTBEHHOW JeicTBHUTENbHON ¢(yHKkimu. Mcmonb3oBanue
annapara R-QyHKuuil naer BO3MOXXHOCTb CpPaBHHUTEIBHO JIETKO ONKMCHIBAaTh I'€OMETPUUYECKHE
00BEKTHI MPOU3BOIBHOM (DOPMBI € TOCIEAYIONICH UX JUCKPETH3aMel Ha KOHEUHBIE DJIEMEHTHI.

ONMPEAEJIEHUE OBJIACTU KOHTAKTA

[Ipy YHCIEHHOM pEHIeHWH KOHTAaKTHBIX 33724 KPUTUYECKUM SIBISIETCS MOCTPOCHHE CETKH B
o0yiacTi KOHTaKTa. [Ipu 3TOM HCIOJIB3YIOTCS METOJBI KaK Ha OCHOBE COTJIACOBAHHBIX, TaK M Ha
OCHOBE HE COTJIACOBAHHBIX CETOK. B mepBoM cityuae y37bl 1 pedpa (rpaHH) 3JIEMEHTOB B 00JacTu
KOHTAKTa COBIIJIAI0T, BO BTOPOM HE COBMNANAIOT. B 000WX ciy4asx ajisi TOBBIMICHHUS TOYHOCTH
HE0O0XOAUMO CTYIIATh CETKY B 001acTH KOHTakTa. [103TOMY Ba)KHBIM SBISICTCS HAJIMYNE KPUTEPUS
JUISL YIIPABIICHHS ITPOIIECCOM CTYIICHUS CETKH.

Paccmotpum dyHKIMIO!

k(x1,X5) = /%2 + x2. (8)

O‘IeBI/I,I[HO, YTO 3Ta Q)YHKHI/IH ABJIICTCA HeOTpHHaTeHLHOﬁ BO Bcell oOyacTu OIIPpCACIICHUA H eé
KOpHH SABJIAIOTCA €€ TOUKaMU MUHUMYMaA.

[IpenmnonoxuM, 4TO0 B KOHTAKTE y4YacTBYIOT JIBa Telia, KOTOPbIC MPEICTABISAIOTCS (YHKIIMSIMU
w;(p) u w,(p). Hanomuum, uto w4 (p) > 0 Bo BHyTpeHHUX TOuYKax mepBoro Tena, wy(p) = 0 Ha
IpPaHUYHBIX TOYKax mepBoro teina u wq(p) < 0 misg BHEMIHHMX TOYeK mepBoro Tena. I[Ipu stom,
aHAJIOTHYHO W, (p) > 0 BO BHYTPEHHHMX TOYKAX BTOPOro Teia, W,(p) = 0 Ha rpaHUYHBIX TOYKAX
BTOpOTO Tena U W, (p) < 0 Ui BHEIIHUX TOYEK BTOPOTO TEJa.

Torma PaBCHCTBO

(Wi + w3 @) =0

BBITIOJTHSETCS] TOJIBKO B TOUKAX, MPUHAJIEKAIIUX OJHOBPEMEHHO I'pPaHUIAM M MEPBOTO U BTOPOTO
ten. TO ecTh TOYKH, KOTOPBIC SIBISIOTCS KOPHSAMH 3TOW (QyHKUUHM (OHHM K€ MPU ITOM TOYKH
MHHHUMYMa), COOTBETCTBYIOT 00J1aCTH KOHTAKTa.

Hanpumep, paccMOTpuM IBYMEpPHYIO 33/1a4y O BIABIMBAaHWU KPYIJIOTO IITaMIla B HOJYIUIOCKOCTh
(puc. 6, a). DyHKITUSA

we(x,y) = Circle(x,y —r,1) 9)

COOTBETCTBYET OOJACTH, OTPAaHUYCHHOW OKPYXKHOCThIO paauyca 1 ¢ ueHtpom B Touke (0;71).
OyHKIUA

Wpy(x’ y) ==y

COOTBCTCTBYCT HIDKHEH MMOJIYIINIOCKOCTH. Tor;[a, (I)yHKI_II/I}I

— 2 2
Kepy (Wc(x' y), Wpy(x’ }I)) = \/WC (x,y) + Wpy (%)
Oy/IeT COOTBETCTBOBATh I'€OMETPHYECKOMY MECTy TOYEK OOJACTH KOHTAaKTa (B JAHHOM Cilydae
CANHCTBCHHOMY KOpHIO), pacrnpeaciCHuc 3HA4YCHUU ATOHU q)yHKHI/H/I MMpEaACTaBJICHO HA pUC. 6, 6, B.

AHaNOTMYHO 3a/laue O BJABJIMBAHUM KBAJPATHOIO IITaMIIa CO CTOPOHOM a B MPSIMOYTOJIbHUK
IMIMPUHOW W H BBICOTOH h C IEHTpalbHBIM OTBepcTHEM paauyca 1 (puc. 7,a) Oyayr
COOTBETCTBOBATH (PYHKIIUU
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w,(x,y) = Rectangle (x, y— %, a, a),

wy(x,y) = Rectangle (x, y+ g, w, h) A Circle (x, v+ %, r),

Kqr () = JW2(x,¥) + wi(x, ). (10)

P.

(6)

Puc. 6. UepTex 1 kapTuHa TuHuNA ypoBHs ¢yHKnuu (9) npu r =

[UnN

OO6acThi0 KOHTaKTa Oy/eT JIMHUS IUPUHBI a (puc. 7, 0, B).

a

»
-

w

(@) ©)

Puc. 7. Yeptex u xaptuna nuHuid ypoBHs ¢pyHkumu (10) npua =1, w =4,h = 2,r = 0.5

Ecnu paccMoTpeTs 3a/1a4y 0 KOHTAKTEe MOJTYKOJIbIIA, Y KOTOPOTO BHEUTHHIA PAyC 7, © BHYTPEHHHUN
paanyc 1,, ¢ HUKHEH MONYIIIOCKOCThIO (puc. 8,a), TO 00JIACTh KOHTAKTa TPEICTABIISICTCS JBYMS
otpe3kamu (puc. 8, 0, B), a KOHTAKTUPYIOIIHE 00BEKTHI (PYHKIUSIMHU:

wy(x,y) = Circle(x,y, ;) A =Circle(x,y, 1) Ay,

Krpy (%,Y) = JWZ (X, ¥) + Wiy (x, ).

(©)

Puc. 8 Ueprex u kapTuHa nHAN ypoHs Gpyukiwun (12) mpur, = 1,7, = 0.5
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Heo6xoauMo oTMETHUTB, uTO 0€3 MoTepH OOLIHOCTH MOXHO HCMONb30BaTh (yHKuMO (8) s
OIIpEIEeTICHUS] TECOMETPHUYECKOTO MECTA TOUCK KOHTAKTa TPEXMEPHBIX TeIl.

Takske HepaBEeHCTBO
K(xq, %) < €

MOJKET OBITh MCIIOJB30BaHO IJI CryII€HUsS CETOK KOHCYHBIX 3JIEMCHTOB IIYTEM I[O6aBJ'IeHI/I${ HOBBIX
Y3JI0B U 3JICMCHTOB B TOYKaX, JJIs1 KOTOPBIX BBIIIOJHACTCA 3TO HCPABCHCTBO.

BbIBO/IbI

Takum o0pa3zom, (HyHKIMOHATBHBIN MOaX0J Ha Oa3e Teopun R-¢pynkuwmii B.JI. PBaueBa siBisiercs
BeCbMa THMOKMM W YHHBEPCAJIBHBIM HHCTPYMEHTOM [UIi MAaTEMaTHYEeCKOTO MOJACIMPOBAHHUS
reoOMeTpruecKuXx 00bekToB. Ilpm TakoM mToOAXone Tena MPEICTABISIOTCS  HESIBHBIMU
IEHCTBUTENLHBIME (DYHKIMSME, KOTOPbIE OOJIbIIE HYJIS BO BHYTPEHHUX TOYKAxX TeJla, PAaBHBI HYJIIO
Ha TPaHMIE M MEHBIIE HYyNsi BO BHEIIHMX ToukaX. C IMOMOIIBIO MaTEeMaTHYECKOH TEOpUu
R-¢yHKIMiT MOKHO OmUCaTh MOZEIH IPOU3BOIBHOTO FEOMETPUIECKOT0 00BEKTa, HCIIOIb3YEMOTO B
TEXHHUKE.

[Tpu 3TOM A7 TOKANM3aMK 00JIACTH KOHTAKTa MOKET OBITh MCIIOIb30BaHA CIIeUAbHAS (QYHKITHS,
MOCTpPOeHHAsA Ha 0a3e (yHKIMOHATIBHBIX MOJIEIEeH KOHTAKTHPYOMuX Tesi. KopHsaMu 3Toil hyHKInu
OyIlyT TOYKH, OJHOBPEMEHHO NMpUHA yIeKaIne o0onM TenaM. KopHr GyHKIIME KOHTaKTa SBIISIOTCS
TOYKaMU MHHAMYMa, YTO yIPOLIAET MX MOUCK.
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