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HUHTEI'PAJIBHOE NIPEJACTABJIEHUE PA3ZPBIBHOI'O PEHIEHUSA

IJIOCKOM 3AJIAUU TEOPUMU YIIPYTOCTH JIJII AHU3OTPOITHOM

CPEJIbI

Jleana B. C., k. T. H., nouent, Jlesunkas T. U., k. T. H., nouedt, Xwxknsk B. K., k. ¢.-M. H., 1o11eHT
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Ommpasich Ha COOTHOIICHNUS, CBSI3BIBAIONINE IIPON3BOJHBIE ITEPEMEICHHUH, Kak 0000IIeHHbIE (QYHKITHH,
C OOBIYHBIMH TIPOM3BOAHBIMH, ITIOJIydeHA CHUCTEMa JMHEWHBIX AudQepeHHanbHbIX ypaBHeHHH. B
MIPaBBIX YacTsAX ypaBHEHUH coJiepkarcsi 0000mIeHHbIE (QYHKIMH, 3aBHUCSIIUE OT CKAYKOB IIEPEMEIICHUH
W HanpspKeHWH. PerneHne cucTeMbl MONMyYeHO B BHUAE CBEPTKH MaTpHIIB (PyHIAMEHTAJIbHBIX PELICHUH
€O CTOJOIIOM IPABBIX YacTeH CHUCTEMBI.

Kniouegvie cnosa: nepemewenus, uanpsicenue, NIOCKAs 3a0ayd, AHU30MPONUs, Oe@exmbvl, pa3puleHoe
peuterue, 0000weHnas QyHKYus, Kpaesas 3adava.

IHTETPAJIBHE NIPEJCTABJIEHHA PO3PUBHOI'O PO3B’SI3KA IIJIOCKOI 3AJTAYI
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Omnwmparounch Ha CITiBBITHOIICHHS, IO 3B’S3YIOTh MOXiJHI MepeMilieHb, K y3araabHeHi (QyHKII, 3i
3BHYAIHUMH TOX1THUMH, OTPHMaHa CHCTeMa JIiHIHHUX AnepeHIialbHuX PiBHSAHD. Y MpaBUX YaCTHHAX
PIBHSHBb MICTSTBCA Yy3arajdbHEeHI (YHKIIi, OO0 3aJeXaTh Bif CTPUOKIB MepeMilleHb i HaNpyXXEHb.
Po3B’30K CHCTEMH OTPUMAaHO y BHIJISNI 3TOPTKH MaTpulli (yHJaMEHTAIbHHUX PpillleHb 31 CTOBIMIEM
IIPABUX YaCTUH CUCTEMH.

Kniouosi crosa: nepemiwenns, nanpyea, niocka 3a0aud, ani3omponis, oepexmu, po3puHuil po3e s30K,
y3azanvhena QyHKyis, Kpatiosa 3a0aya.
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INTEGRAL REPRESENTATIONS OF DISCONTINUOUS SOLUTIONS OF PLANE
PROBLEMS OF THEORY OF ELASTICITY FOR AN ANISOTROPIC MEDIUM
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Khizhnyak V. K., Ph.D. in Physics and Maths, Associate Proffessor
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The research of stress-strain state of the solid deformable bodies containing defects is an important
issue. At the same time the solution of corresponding boundary problems causing serious mathematical
difficulties. To solve these problems earlier been proposed generalized method of integral
transformations. S. Crouch proposed a method of discontinuous displacements as a variant of the
boundary element method (BEM). The corresponding boundary elements for anisotropic media were
obtained in [4, 5]. Used in this case the connection between ordinary and generalized derivatives regular
generalized functions. This method is used in the present work.
Based on the relations between the derivatives of displacements, as generalized functions with
conventional derivatives, obtained a system of linear differential equations. In the right-hand sides of the
equations contain generic functions, depending on the jumps of displacements and stresses. The system
solution is obtained as of a convolution matrix of fundamental solutions with the column of the right
parts of the system. Obtained an integral representation of a discontinuous solution of the plane problem
of elasticity theory for an anisotropic medium containing defects (curves on which the discontinuities of
the first kind of displacement or stresses). From the found representations integral equations can be
obtained, which can be solved by the boundary element.

Key words: displacement, stress, plane problem, anisotropy defects, discontinuous solution, generalized

function, the boundary value problem.

BBEJEHUE

HccnenoBanne HanpsKeHHO-AEPOPMUPOBAHHOTO COCTOSIHUSA TBEPAbIX J1e(OPMUPYEMBIX Tell,
cojiepKalux AeeKTol, sBIseTcs BaxXHOH npobieMoii. B To ke Bpems perieHre cOOTBETCTBYIOIUX
KpaeBbIX 3a/lad BBI3BIBAECT CEPbE3HBIE MAaTeMaTHYECKHe 3aTpyAHEHHud. [l pemieHus 3Tux 3agad
I".51. TlonoBbIM 0BT MpPEUIOKEH OOOOILIECHHBIM METOA MHTErpalbHbIX Mpeodpa3zoBanuii [1]. Dtor
METO/ oJTydrJ1 pa3BuTue B padotax [.A. Mopaps [2] u npyrux uccnenosareneid. C. Kpayuem Obu1
MIPEJUIOKEH METOJ] Pa3phIBHBIX CMEIEHUH KaKk BapHaHT MeToJa I'paHUYHbIX 3JeMeHToB (MID) [3].
CooTBETCTBYIOIIME TPAHUYHBIE 3JEMEHTHI JJIs aHU30TPONHBIX cpei ObUIM IMOJIyuYeHBl B paboTax
[4,5]. TIpu 3TOM HCMONB30BANACH CBSI3b MEXKAY OOBIYHBIMH M OOOOIICHHBIMHU IPOU3BOTIHBIMU
peryyspHbeIX 0000UIEHHBIX PYHKIMHA. DTa METOMKA IPUMEHSETCS U B IaHHOM pabdoTe.

IMOCTAHOBKA 3AJIAYH
PaCCManHBaeTCfI CJIeJIyIOHIaﬂ 3aa1a4a
L, L,|lV 0
rie
0° 0° 0° 0° 0° 0°
Ly =Cny+zcleﬁ+cesyi L, =Ly =Clsy+(clz +066)M+Cze o ;
0° 0° 0°
Lzz = Ceeﬁ*'zcze @‘Fczza_yz;

Cij — YIOPYTHUC NOCTOAHHBIC, CBA3BIBAIOIINUC HANIPAKCHUSA U I[e(bOpMaI_[I/II/IZ
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o Ci Gy G|l &
o, [=|Cy Cun Cxll & | (2
T

Cs Cup Cge | 7y
u(x,y), v(x,y) — nepememenus Bons oceii 0X u 0y , COOTBETCTBEHHO.

PaccmatpuBaercs 00001IeHHOE IJIOCKOE HANpsSHKEHHOE COCTOSIHHE. (X, y)eBcRZ, B -

orpaHuueHHas 00JacTh, |, — KycouHo-TIaaKas rpanuna oonactu B, |, = AB, (i=1k) — rmankue
KpuBble, ynexamue B B. Ha |, 3amatorcst nBa rpaHnuHbIX ycnoBus. Takke MO J1Ba YCIOBHS

3agatorcs Ha |, . Kpusbie |, MomenupyroT TpeluHbl WM TOHKUE BKIFOUCHHS.

PEHIEHUE 3ATAYA

Beenem crnenyromue 0003HaYCHHUS:

n® = (n)((o), n§°’) — €JIMHUYHBIA BHEIIHUI HOPMAaJIBbHBINA BEKTOP K | ;

n® = (ni'), n§')) — MPOU3BOJIBHO HAIPABJICHHBIN CAMHUYHbIA BHEIIHUN HOPMabHbIA BekTop K I, (

Ecmu ¥ < B, To Ha y onpeensercs BEKTOP HAIPSKEHUM
o) =0, cos(n"x)+7, cos(n'y), o} =7, cos(n"x)+c, cos(n"y),
rjae N — HOPMaJbHBII BEKTOP K 7 .

YuureiBas (2), monydaem:

or (u,v) = cllg—ij(cos(nAx)m16 %ucos(nAx)m12 %cos(nAx)+
+Cy %COS(”AX)-FCM Z—zcos(nAy)ch% %COS(nAy)+C26 %cos(nAy)Jrc66 %cos(nAy) ;
ol (u,v) =y Z—::cos(nAx)m66 %ucos(nAx)w% %cos(nAx)+

+C @COS(nAX)-FC a—ucos(nAy)+c a—ucos(nAy)Jrc @cos(nAy)Jrc @cos(nAy).
66 ax 12 aX 26 8y 22 ay 26 ax
Tonoxum U(X,y)=0, v(x,y)=0, (X,y)&BUI,. Bynem paccmarpupath U 1 V KaK peryisipHble
0600m1IeHHbIe QYHKIUH. U € D'(RZ), Ve D’(Rz) [6].

O6o3naunm: D”f (X, y) — TPOM3BOAHAA TOPSAKA « peryiasipHoil 0000meHHOM (yHKIUK

f(xy)e D’(Rz) ; {D“ f(x, y)} — 0ObIuHas Ipon3BOAHas nopsiaka o Gynkumn (X, y).

HUcnons3ys csasb Mexay D f (X, y) " {D“f (x, y)} ,tne f (X, y)=u(x, y) wm f (X, y)=v(x, y),

noJrydyacm:

(8] groer 3-{5} o

i=0
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{22l o)

i=0 \L

gxafy ={§X;y}+i[% n§i>5(li)+a—i([ F]n®s (1, ))j -

ZEh s [ sy 2 (r1ns0)

3neck: [g(x, y)] — CKa4OK (hyHKIUU g(x,y Ha kpuBoi |, B Hampapnenun nopmamu n@; 5(| )

nenbra-pyHkuwms, cocpenorodennas Ha |, (i =0,k ).
|:L11 L12:|{u:|:|:gl:|’ )
L21 L22 v gZ

k , ou | g oul g ou |
g((cn{ :ln()+C16|:ay:|n>(<)+C16|:&:|n§)+C66|:5:|n§/)+
+Cyq {&}ni) +Cp, {5}@’ +Cyq {&}ny +c2{5}n§)J5(li)+

+ﬁ<(c11 [u]n® +cg [u]n® + g [V]n® +c, [V]n{ ) 5 (1)) +

VYuuteiBas (4), moiydaem:

rac

(6 [U]n® + o [uTnS +Ces [VIND + 6 [V]NE )5 (1 ))) ;

ou n® (i) au | ) au | )

> +C, | — 8y Y +cy | — ™ Ny +Cp | — o ny) +

+ce{g}n§”+c26 Gl nS)Jrc?_{@}n“ch2 N o S(l)+
OX oy ox |’ oy |’

2 (ol [l i V] 4 [0)50)
0

+5((Cae [u]n ey [ulny? + ey [V]ng +cpp [V} )5(|i ))) '

YuutsiBas (3), mosyyaem:

g, = Zk:([ax”(') (u,v)} s(l)+ %((c11 [uln® +c,s [uln® + e [v]n® +

i=0

+¢, [VIn{) 5 (1)) + %((c16 [u]n® +ceg [u]n® + g [V]NS + Cy [V] Y )§(Ii ))) ;

g, = Zk:([a;m (u,v)} s(1)+ %((c16 [uIn® +ce [u]n® +cg [V]n +

i=0
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+Cye V]S ) S (1)) + %((c12 [u]n® +cpe [u]nd +cpe [V]nS + ¢, [v]ni) 5 (1, ))) .

12

r, r
> > 11 o
Pemenue (5) nmonydyaem cBepTKOW MaTpullbl (PyHIAaMEHTAIbHBIX PElICHUN { r C MaTpuIeit
21

22

gl M 1—111 1—112
0| aTpula r — pelIeHre ypaBHEHUS
2

21 1—‘22
1 1T Ty 10
“12 H{r rzzHo 1}5“)5(”' (6)

{u(x, y)} Z[FM(X, y) T (X y)Hgl(x, y)} 0

V(X! Y) le(xwy) Fzz(x’ Y) gz(x’ Y)
Brimonuus (7), ¢ yuetom (3), momyyaem:

u(my)i[][o;i(u,vﬂm Fa(x- £y -n)ds,.,, +

i=0 I

+[[o} (U’V)](g,,,) Ty (X=gy-n)ds,) - (8)
_J[U](g,n) o (UV) (T (X =&Y =)Ly (X =&y —1))dsc,, —
__.-[V](g,n) o, (”'V)(rn(x =&y -1n).Lp(x _f'y_”))ds(f,n)) ;

v(x, y)=i{ I (o2 V)], Ta(x-&y-n)ds.,, +
+.I[G (uv)], , Ta(x=Ey—n)ds,) - (©)
flule o2 (WP (x=Ey =) P (x £y =) -
¥y o7 09 G £y -) P (- £y ) ).

1—‘11 1—112

Bun matpursl { } 3aBHUCHUT OT BUJa KOpHEH aireOpandeckoro ypaBHeHus [7]

21 22
14 (CysCos — i )+ 28° (a6 —CieCip ) + 4% (CuCop + 2C,6Cy —
€y = 20;,Cog )+ 241(Ci6Crp — €1y ) + CoeCrp — Cas = 0. (10)
Vpasrerue (10) MOKET UMETh CIEAYIOIME BAPHAHTEI KOPHEN:
1) w,=a, %, py,=a,*ip,;
) wo=a+ip, p,=a-ip; B,B.A>0, a,a,,acR.
Jl1st mepBOro BapuaHTa KOPHEH:

1
Iy=o—7—00t
27, 5,D,
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1 - ~
I, =0, :m(ﬂsz((/’_§0)+ﬂzH4 Inr,+BH,In rl);
1

Iy :m(ﬁ2H5(¢_¢)+ﬂzHe In r1+ﬂlH~6 In F1)'

rac

(% y)=(¢ (a2 + )+ 20y +y7)

P(x,y)= arctg(xz +%j

2 4, ph 4 4 2 2
D, Z(Cllcﬁe _016)(131 +5, +oy +a, +6a a; —

151

2B B+ 2Bl + 2Bkl — ARy, + 2Bk al + 2l — Aoy, —daa, —4a1a§);

H, =2c, p, —2C,sP, —2C,, P;; H, =Ceo Py +2C,Ps —Cyy Pg ;
Hy =—2C P, +(Cp +Cs ) P, + 20,6 P55 Hy =—Cig Py —(Cpp +Cog ) Ps +Cog P
Ho =2¢,p, —2CsP, —2C,P;; Hg =Ciy P, +2C;5 Ps — Cos Ps 5
b =-Ba,— s, + Bfron+ fvas s P, =B = BB + By — B

) 4 2 p2 2 2 2 2 2 2 2, 4, 2 2 3.
pazﬁl(al_az)1 P, =B BB +2B oy —Pla, —2B a0, + Byay +ap +aja; —2a,a,;

52 2 2 3 2 2 . 52 2 2 2 )
=fBiay 2B a,+ P+ o e, 2050, Pe=p =B —op —a; 2000, ;

f(al’aziﬁvﬂz): f (aZ’al’ﬁZ"Bl)'

Jl1s1 BTOpOro BapuaHTa KOpHEN:
1 m
= K Inr——21;
4D, r

1 m
F12=F21:47ZD (K4|nl’—r—26j;
2

1 m
I, = K,Inr——2 |,
2 47rD2( ! rzj

r(x, y):( (a2+ﬁ2)+2axy+y2)ﬂ2, m; =(K,a—K,B)X* +K;xy ;
D, = °(CuCos —Cis )
Klzceﬁ(ﬁ2+a2)+2026a+czz; K, =Cy (° = p® )= 2,0 B —C,, B
Ky =20 a0 —2C,,8°; K, =—Cg(B°+a’)—(Cp+Coo ) & — Co;

Ks =Cp (Ba” = B°)+(Cyp +Cis ) +CieB; Ko =20 +(Cp +Ci5) B

rll

rIe
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K;=¢y (:82 +a2)+2016a+c66; Kg = Cgs (:BS —azﬂ)—ZCwaﬂ—C%ﬂ;
Ky =-2¢,,08° —2¢,,f°.

Yerpemnss B (8, 9) Touky (x, y) k|l (i= 0,k)u yUYHUTBIBasI 33/IaHHbIC ycaoBUs Ha |, momyuaem

CUJIBHO CUHTYJSIDHYIO CHUCTEMY I'PAaHUYHBIX MHTETPAIbHBIX YPaBHEHHM, KOTOPYI0 MOKHO pellaTh
MI'D.

BbIBO/IbI

[lonyueHO WHTErpajgbHOE NPEICTABICHUE Pa3pbIBHOTO PEIIEHUs IUIOCKOM 3ajaud Teopuu
YIPYrOCTH JUIS AaHU30TPOIHOW Cpeabl, cojepr amieil nedexTsl (KpuBble, Ha KOTOPBIX TEPIIAT
pa3pbIBBI IEPBOIO poJia MepeMelleHus Wi HanpspkeHus ). [lonyueHHoe npencTaBieHue m03BOIseT
CBECTHU KPAEBYIO 33/1a4y K CUCTEME UHTETrpaJIbHbIX YPaBHEHUH.
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