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YIIPABJIHHA BUMYIIEHUMMU KOJIMBAHHAMMU OBEPTOBOT'O
MATEMATHUHYHOI'O MASITHUKA 3 TOBX KUHOIO I MACOIO,
JAJIEZKHUMMU BIL YACY
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VY crarTi 3anpornoHOBaHO METOA AOCHIIKEeHHA MpoOieMM YNPaBiiHHA BUMYIIEHUMM KOJMBAHHAMU
00epTaHOro MaTeMaTUYHOro MasTHUKA 3 JOBKMHOIO i Macoro, 3alleKHUMM Bif yacy MpH 3aJaHoMy
XapakTepi 30BHIIIHBOTO HAaBaHTaXeHHs. JlaeThcsd MOPIBHAHHA 3100yTOr0 aHAJiTUYHOTO PO3B’A3KY 3
MpSIMUM ~ YUCEJIbHUM  IHTerpyBaHHSIM OCHOBHOTO piBHAHHSA 3amadi. Ha ocHOBi riGpuaHoro
ACHMIITOTUYHOTO TiIXOMy HaTA€ThCs BUPILMIEHHS HeliHiiHOT mpobiemn.
Knouosi cnosa: mamemamuunuii Masmuuxk, 3MiHHI 3a 4acom OO06JCUHA Md Macd, dACUMAMOMUYHUL
D038 30K, HeNiHTlHA 3a0aya.

YIPABJIEHUE BBIHYKIEHHBIMHA KOJEBAHUSAMHA BPAIAIOIIETI'OCSI
MATEMATUYECKOI'O MASITHUKA C JJINHOM U MACCOM,
3ABUCAIIINX OT BPEMEHU

['pumax JI. 1.

3anopooicckuil HayuoHaNbLHBLI YHUBEPCUMEM,
ya. Kykosckoeo, 66, 2. 3anopoocve, 69600, Ykpauna

gristchak@gmail.com

B pabore npenyioskeH MeTOA WCCIeNOBAaHUS TPOOJIEMbl YNPaBJICHUS BbIHYKICHHBIMH KOJEeOaHUSAMU
BpALIAIOIIErocs MaTeMaTHYeCKOro MasTHUKA C JJIMHOW M Maccoi, 3aBUCSIIMMM OT BpPEMEHH, NpH
3aJJaHHOM XapakTepe BHEIIHero HarpyxeHus. JlaeTcs cpaBHEHHE MOJYUYEHHOTO AaHAIUTHYECKOTO
peleHusl ¢ NpsAMbIM UYWCJIEHHBIM WHTETPUPOBAHWEM OCHOBHOIO ypaBHeHuWs 3azaud. Ha ocHoBe
THOPUIHOTO aCUMITOTHYECKOr0 MOAX0A AAETCs PEIEHNE HEeIMHEHHO! MpoOIeMBbl.
Kniouegeie cnoga: mamemamuyueckuiit Masmuux, nepemMenHsie 60 GpeMent ONUHA U MACCd, ACUMAMOMUYECKoe
peutenue, HenuHeuHas 3a0aqa.

CONTROL FOR FORCED VIBRATIONS OF ROTATING MATHEMATICAL
PENDULUM WITH DEPENDENT FROM TIME LENGTH AND MASS
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This paper deals with the proposed method for investigation of control problem for forced vibrations of
rotating mathematical pendulum with dependent from time length and mass under the given external
loading. Rotating pendulum with time dependent parameters as a mathematical model of a dynamical
system is discussed. The model includes a vibrating ball with dependent from time mass, which is
embedded in the inner surface of the solid thin walled two dimensional torus of radius equal to length of
pendulum. The ball can slide without friction in the inner surface of the torus, and the torus may be
rotated with a circumferential speed (in the general case dependent from time).Basic equation of
problem is nonlinear non homogeneous differential equation with variable coefficients that in the
general case can not be integrated analytically exactly. There are more popular direct numerical methods
of integration this type of equations or approximate asymptotic approaches. For the solution of nonlinear
problem on the first step of hybrid asymptotic approximation the solution is presented with respect to
perturbation method on parameter nonlinearity. Introducing it into initial equation and acquainting the
coefficients at equal order of parameter nonlinearity, the system of singular linear equations with
variable coefficients is obtained. On the second step the phase integral (or WKB) method is explored.
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Finally an approximate analytical solution for the problem is formulated. Comparison of obtained
analytical solution with direct numerical integration of basic equation for forced vibration pendulum
with time dependent parameters and an approximate analytical solution for control of forced rotating
pendulum with length and mass dependent from time are given.
Key words: mathematical pendulum, dependent from time length and mass, asymptotic solution, nonlinear
problem.

BCTYII

[IpobGnema yrpaBimiHHS MaTeMaTHYHUM MasTHUKOM 31 3MIHHAMH 32 9aCcOM HapaMeTpaMH MPHBEPTAE
OCTaHHIM YacoM YBary JIOCTIJHUKIB Yy 3B’SI3Ky 3 THM, IO MOJIENh MasTHHUKAa MOXE CYTTEBO
BiJIoOpakaTW OCHOBHI JWHAMiYHI €(QEeKTH B pealbHHX CHCTeMaX. AKTYaJbHICTH IPOOIIeMHU
MPOCTEKYETHCS K 3 TOYKH 30py 3aCTOCYBAHHS CyYaCHHX MaTeMaTHYHHX METOJIB JOCIiKSHHS
HeTHIMHUX 3a/a4d JUHAMIKH CHUCTeM 31 3MIHHHUMH Y dYaci mapaMeTpaM#, TaKk 1 3 TOYKH 30py
0e3mocepeIHHOr0 MPHUKJIAAHOTO 3HA4YeHHs Ii€i mpobnemMu. Y 1boMy ceHCi ocobimBa yBara
MPUALTISETHCS 3HAXOKCHHIO 3aKOHIB 3aCTIOKOEHHS KOJIMBAaHb CHUCTEM 13 3aJJaHUMH TapaMeTpaMH,
3aNie)KHUMH BiJl dacy. HeoOXigHO 3a3HauYuTH, IO iCHYIOUl PO3B’SI3KH, 3a3BUYAN, 3BOISTHCS JO
BUpINICHHST PIBHSHHS MaT’e 3a YMOBH HAasBHOCTI KYOI4HOI CKIJIaJIOBOi HEIHIHHOTO pIBHSIHHS
JTUHAMIKH CHCTEMH 3i cTanmMu napameTpami. [1lo cTocyeTbes ormsay cydacHOTO CTaHy mpoOiemMu
JIMHAMIKH CHCTEM 31 3MiHHMMH 32 4acoM IapaMeTpaMu, TOCHIAaEMOCh 1o myOJikartiii [1, 2, 4-7]. Ha
BIJIMIHY BiJ] ICHYIOUHX JIOCIIJI’KCHb HEJIIHIHHOT JTUHAMIKK MAaTeMaTHIHOTO MasTHUKA 31 3MIHHUMHA
napaMeTpamu, y HalloMy JOCHIKEHHI MPUBEPTAEThCS yBara J0 eekTy obepTaHHsS MasTHHUKA 3i
3MIHHAMH 32 4acOM JIOBKMHOIO 1 MAacor sIK MpHKiaj Oipypkariii cucTemMu, ska MPU3BOJIUTH JIO
CIOHTAHHOTO MOPYIIEHHS cUMeTpii aiarpamu Oipypkarii [3].

MATEMATHUYHA MOJEJIb. OCHOBHE PIBHAHHSA ITPOBJIEMHA

Sk nuHaMiyHa MOJieNb CHUCTEMH 31 3MIHHMMH B 4Yaci IapamMeTpaMM pO3IJBIAeThes 00epTaroumii
MaTeMaTUYHUN MasTHUK, TOOTO cHcTeMa (iKa CKIAJAaeThCsl 3 KOJUBAIBHOI Kyli, Maca SIKOi €
(byHKIII€IO Yacy), «BKJIaJeHa» y BHYTPILIHIO IIOBEPXHIO TBEPJOI0 TOHKOCTIHHOTO ABOMIPHOTO TOPY
paniycy L(t) [1]: kyns moske Ge3 TepTs KOB3aTU y BHYTPIIIHIN HOBEPXHI TOPY, a caM TOp MOXe
oOepraTHcs, sIK MOKa3aHo Ha pHC. 1, 3 KyTOBOKO MIBHJIKICTIO (), y 3arajbHOMY BHIIQJIKy 3aJICKHOIO
BiJ yacy. SIKimo TopoinanpHa 000JI0HKA He 00epTAEThCS, CHCTEMA 3 MATHAKOM 1 3 HE 3aJICKHIUMHU
BiJl Yacy MacH 1 JOBKMHHU Ma€ JBa CTallioHApHUX cTaHu [3]: omuH criiikuii (v=0), apyruii He
critiknii (v = 7). CyTTeBUM € 3’sCyBaHHS BIUIMBY XapaKTepy 3MiHH IlapaMeTpiB MasTHHKA B Yaci
Ta BBEJIEHHS HOBOI'O CTemeHs cBoOOaU, a came oOepTaHHs TOPOiNanbHOI OOOJIOHKHU 13 3aJaHOI0
IBUIKICTIO, HA TUHAMIYHY TIOBEJIIHKY CHCTEMH.

Y HeiHepmiadbHIA cHCTeMi KOOpJAWMHAT Ha Macy JIifOTh: TaHTSHITIAJIbHA CKJIaJoBa Barm |1

TaHTeHIlIaJIbHA CKJIaJI0Ba IIEHTPOOIXKHOT CHITH.

3anmimemMo piBHSHHS MasTHUKA JUISI KIHIIEBUX KOJIMBAaHb BiJl CTAaHy PIBHOBArH, K Iie 300pa)KeHO Ha

pucyHky 1. Jliroua cuiia — 1ie MPOEKIlis Ha JOTUYHY Bark KOJIMBAJILHOI MacH, JIOPiBHIOE m(t) gsinv
v
Cdr’

dL(t)

dt

5 qacTtoTa KOJINBaHb —

i[ot0]

v : :
m(1) — —  iHepumianbHa  CKJIAJOBA,

m(t)———==m(1) L(f)

KkouBanbHOT Mach — (1) gsinv ta Bix o6epranns m(1)Q’Lsinvcosv .

. Jiro4i cunu nOpiBHIOIOTH MPOEKIl Ha JOTUYHY Baru
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Puc. 1. O6epTarounii HeJliHITHUI MAsSTHUKOBUI OCLMIIATOP 3i 3MIHHUMH 32 9aCOM TTapameTpaMmu
OcHoBHe mudepeHIiaibHe pIBHSIHHS BUMYIIICHUX KOJMBAHbh Ma€ BUTIIS:
%[m(z)L(t)%] — —n(e) gSinv-+m (1) (1)L (£) SinvCosv-+ F (1), ()
PipastaHs (1) micis mepeTBOpeHb MOKe OYTH MPEACTABICHO Y BUTIISI:
‘Clh” - Smu[Qz (1)Cosv—G(1) ]+ F(r). )
ze
m(@) L) : F(1)
D'(1)=—~= 0(1)=°(1), Fl1)=——",
() 10 m(1)L(¢)
g 8 C’)o
G(t 3)
(1)= L) I, [T+ (1)] [1+1// )]
3aarouu mapaMeTpu CUCTEMH sIK (QYHKIIIT Bij] yacy
m(t)=m, [1+go(l)] , L(1)=1L, [1+1//(t):| , Q(1)=9Q, [1+77(t)]. 4)
OcHoBHe piBHSIHHS (2) IpeACTaBIeThCS y GopMi:
dvo | O 2 Sinv
= —|1 t)| Sin2 + F(t 5
dt 0)0{20)3[ +77( ):I mib— I: +l//([):|} () ( )
YV HOBHX MO3HAYCHHSX PIBHSIHHS (5) Ma€e BUTIISA:
d’v dv Sinv
t)Sin2v - I (t 6
D ()= [mﬁ() in2v 1+1//(t)]+ (). (6)
e = Lﬁ = — MapamMeTp BIACHOI YaCTOTH KOJMBAHb JiHEAPH30BAHOi CUCTEMH, TOOTO YacTOTH, 3
0

SIKOIO KOJIMBAETHCS JIHIAMHUN TapMOHIYHUN MasTHUK IPH MaJIMX BIJIXWICHHSX BiJl PIBHOBAru;
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2
¢(t)=[1+77(t)]2 — (yHKIiA 3MiHE MIBHAKOCTI OOEPTAaHHS MasTHHKA Bil 4acy; [ =2Q°2 -
a)()
BiJIHOCHHI HapaMeTp 4acTOT KOMBAHb,
: A ®)

“Te(0] T ()]

— (YHKIIiS 3MIHE MacH Ta JJOBKWHU MasTHUKA 32 9acOM.

PiBustHHS (6) € HelniHiliHE HEeOJHOpiHE nudepeHIiaibHe PIBHSIHHS 31 3MIHHUMH Koe]illieHTaMu,
SKe B 3araJbHOMY BHIJIS/II HE JOMYCKae TOYHOTO AHAIITHYHOTO PO3B’S3Ky. Y IMX BHIIAJIKAX
3aCTOCOBYIOTBCS, 3a3BHUail, MpsMi YMCEJIbHI METOIU IHTErpyBaHHs, a00 HAOIMKEHI aCHMITOTHYHI
1 XO0TH.

ACUMIITOTUYHUM PO3B’SI30K OCHOBHOI'O PIBHSIHHS

BinmosigHo 10 poGoTH [5], Ha mepIIoMy eTari 3acTOCYBaHHs MOPUIHOTO aCHMITOTUYHOTO METOIY
PO3B’ 130K PiBHAHHSA (6) MMOJAEMO Y BUTIISII PO3KIIATY 32 METOJIOM 30YPEHHS 110 TTapaMeTpy /L :

o (1) =0, (1) + 0, (t)+...=iz::ui (1)l . ®)

[Tinctapnsroun (8) y piBHAHHA (6) 1 NPUPIBHIOIOYH KOCQIIIEHTH INPH OJHAKOBUX CTEICHSIX
napameTpy 4 , OTPUMAEMO 3B’sS3aHY CUCTEMY JIIHIHHUX PiBHSIHB 31 3MIHHUMU KOe(illieHTaMu

d nd
e dt’jo +D (r)% —F(1), )
d’v dv Siny
b L+ D'(t)—+ = Byp(1)Sin20, ———=. 10
dt’ (1) dt Aug (1)Sin20, 1+ (1) (10

Ha nepiomy erami 1ociiykeHHsI OCHOBHA yBara 30Cepe/IKy€eThCsl Ha aHajli31 BUMYIIEHUX KOJIMBaHb
JTHIMHOT CUCTEMH 31 3MIHHMMH 32 4acoM IapaMeTpamu, TOOTO Ha aHaui3i piBHSAHHS (9).

Po3B’s130k piBHsIHHS (9) Mae BUTTISA:
v, (1) =0y (¢)+0l (7), (11)
ne

P(1)=D'(¢), (12)
oy (1) =< [{exp| [-P()t [} dr+c, (13)
0f (0) =3 (1) [{exp| [-P(r) e J{dr +e. (¢) (14)

1 3ara;lbHUM PO3B’ 30K Ha0yBae hopMu
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v, (t)= j{exp U—P(z)dt]} dt {cl +jexp UfP(g)dt}dtdt}Jr

F(t)”cxp“—P(t)dt]}dtdt
exp U—P(z‘) dt] dt

I[OBiJ'IBHi KOHCTaHTHU BU3HAYAIOTHECA 3 ITIOYAaTKOBUX YMOB

v, (0) =1,

vy (2)=0

(15)

+i¢, -

(16)

i MaroTh (hopMy IS IIUX TOYATKOBUX YMOB:

—,[ F(r) t=i

epr—P(t)dt] o

) =IF(t)j{exp[_[—P(t)alt}}a’t
’ exp U—P(z‘)dt}

ne Cos/, Sin/ — interpanbai Cos, Sin.

(17)

dt =1+Sin[@, |Cos! [@, ]-Cos[@, |Sin/ [, ],

UwncenbHUN aHali3 BUMYIIEHUX KOJHBAaHb JIHIHHOT CHCTEMH 3i 3MIHHAMHU B dYaci mapameTpamu
MPOBAANBCS 32 IAHUMH:

Ly=1.0m; n(t)=yt; w(t)=pt; o(t)=at;
my=1.0kg; L(t)=L,(1+pt); Q)= (1+71);
m(t)=m,(1+at); Q,=10mfsec; P(t)=2/(1+1); (18)
F(t)=FSinogt; F(i)=Sin[t]/(1+1), a=p=1.
P03B’S130K HEOHOPI/IHOT JTiHiHiHOT 3a71a4i Mae BHTIIS
v (£)=[exp I, (t)at[ c,+ 13, () |+[ e, + 13, | (19)
ne

I,(1)= I—P(t)dt =—2Log[l1+1],

13, (¢) = [ Sin[¢]/exp[ 1, (¢) ] dt =—Cos[1], (20)

15(1)= j ()exp[l () it = stmd = —0.8415Cos! [1+]+0.54Sin/ [1+1],

E,(t)=expI, (t)=1/[1+] .

3 ypaxyBaHHsIM oyaTKoBUX YMOB (16) po3B’si30k (19) nnst @, =1 MokHa npencTaBUTH y (hopMi:

vy (1) = (——)(1 Cos|¢])+[0.7727—0.8415CosI (1+¢)+0.54Sin/ (1+1)] . (21)
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OcHOBHI 3aJIe)KHOCTI po3B’s3Ky (21) HamaHi Ha puc. 2-7.

o

. Lo
i 10

=
+ |
oy

Puc. 2. CriBcTaB/IeHHS aHATITHIHOTO (21) Ta YUCETHLHOTO
PO3B’A3KiB

TR | P RS | Lop
I 4+ ] z 10

Puc. 4. 3anexHicts po3s’s3ky (21) Bix yacrotn
30BHIIIHEOTO HABAHTAKECHHS 1 Yacy

k]

ez mﬂﬂ?{mm‘i POSE TE0E

Lsizf
Lsisf . :
o YHLSNEEEE pOEE AZ0E
Lsi+f
sz
[ I“;=1: E‘=1: =1
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 I
[T 100 500 00 1000

Puc. 3. CriBcTaBIeHHS aHATITHIHOTO (21) Ta YnCeTHLHOTO
PO3B’SA3KiB

b
1w F

sk

1 1 1 I
I 10 0 W 40

Puc. 5. Xapakrep po3B’si3ky (21) 3a 3HauHMM Jiana3oHOM
yacy

X.I[H Ha4uTH, I IICBHUM 4 M X T B s JUIA I3HMX YaCTOT BHUMYIIEHUX
Heo0xinHo 3a3Ha O 3a IIC aco apaKTe 03B’ 13K 13 acTo (]

KOJIUBaHb CTAOLTI3Y€ETHCS.

18

Puc. 6. TpuBumipHa 3a5exHicTh po3B’s3Ky (21) Bin
YaCTOTH 30BHIIHLOTO HABAHTAXKEHHS i 4acy

Puc. 7. TpuBumipHa 3anekHicTh po3B’sa3Ky (21) Bin
YaCTOTH 30BHIITHHOTO HABAHTAXKEHHS i PO3IIMPEHOTO
Jliarna3oHy yacy

HeoOxigHo 3a3HauuTH, IO JUIsI JIAHOTO BHIAJAKY XapakTep pO3B’S3Ky /Ul pPI3HUX 4YacToT
BUMYIICHUX KOJHMBAaHb CTAOLII3y€ETHCS 32 IEBHUM YacOM.
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Skimo HemiHiHY CKJIaMOBY y TpaBiif yacTUHI piBHSHHS (6) He po3kiangaTu y psii MakiopeHa, TO
3araJbHHUNA PO3B’ 30K HENIHIMHOT 3aa4l MOKHA IIPEJICTABUTH Y GopMi:

ﬁ§¢(t)Sin[2vO(t)]—%o((tt))]

exp [—P(t):l dt

F(r)de

eXpJ.[—P(t)} dt

+,sz dt p +

v(1) = [exp| [-P(t)dt de {5+

sy ()] |
Plo)arfess] [ -P(o)ar ki [exp| [-P(t)dt ar| pg(r)sin[ 2v, (r)] - 1+t//0 0
exp[—P(t)} dt —,u_[ epr‘[—P(t)}dt

dty.

+ s2+j

[TpuitHsiBITM TapaMeTpy TOCHTIKYBAaHOT CUCTEMH 33 3HAUCHHSIMHU:
p() =1+, L(r)=(1+1), exp| [-P(e)de|=1/(1+1), (23)

PO3B’SI30K HETHIHHOT 3a1a4i MaTUME BHPa3:

v(t,0,52)= (—L){sl - % + [ B (¢)Sin[ 25, (r)]-Sin[ v, (t)]]dt}+

1+¢ :

+{s2 —Sin[@,]|CosI[ @, (1+1) ]+ Cos[e, [SinI [ e, (1+1) |- (24)

—yI[Sin [vo (2)]dt+ lﬁ—iSin [2v, (t):l}dt}

JloBinbHI cTaii §; 1 §, OOYHCIIOIOTHCS 13 TOYAaTKOBUX YMOB.
Heo0xigHo 3ayBakuTH, 10 aHATITHYHUM PO3B’S30K HENIHIMHHOI MPOOJIEMH 3a CIiBBIIHOIICHHSIM

Sin| 2v, (1) ]

dt , 0 aHaAJIITUYHO
1+1¢

HE 3aBXKIM MOXIUBO. ToMy HEOOXiIHO HOro OOYMC/IIOBATH HAOIMIKEHO y 3aJaHOMY Jliama3oHi
3MiHH Yacy.

(24) nop’si3aHul 13 HEOOXIAHICTIO OOUYMCIIOBATH IHTErpasl TUILY j

Opnak, 3HaYHOIO TPUBAOIMBICTIO po3B 3Ky (24) € Tol (akT, 110 HA MEePIIOMY eTari JOCTIIKEHHS
IpHU PO3B’S3KY HEOJHOPITHOTO PIBHSHHS OTPUMYETHCS TOYHUI aHATITUYHHN pO3B’s30K. ToMy €
MOKIIUBICTh 3aCTOCYBAHHS [[bOTO AJITOPUTMY B TOJIATBINUX JTOCIIKEHHSIX HENiHIHHOT mpobiemMu.

YIIPABJIIHHA MATEMATUYHOI'O MASATHUKA BE3 OGEPTAHHSI 13 3SMIHHUMU
JOBKUHOIO I MACOIO HA BA3I T'IBPUTHOI'O ACUMIITOTHYHOI'O HIAXOAY

Jlst po3B’sI3Ky HEJNIHIMHOI 3ajadi yIpaBIiHHS MaTeMaTHYHOTO MasTHHKa 0e3 oOepTaHHS #Oro
PIBHSIHHSI JUIs KIHIIEBUX KOJIUBAaHb BiJl CTaHy piBHOBAru 6epethest y Gopmi:

dv L'(t) m'(¢) v g .
e +2(L(t)+m(t)jdt +L(t)s1nV—0. (25)

L(r)  m(t)

Mics saminu ¢ (1) = 2[L(t) + m’(t)J , L(1)=Lyp(r) maemo:
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¢5( ) —LsmV 0. (26)

L, ¢(1)

[losHaunBm @, = Li i, 3aCTOCOBYIOYHM pO3BHHEHHs B psja Teinopa HemiHIHHOI CKIIaToOBOL

PIBHSIHHSI, OTPIMAEMO

1 =0. (27)

~oNdV o
pradUbraemnide 6(p(t)

PosninmvBim pisnsHES (27) HA @, 1 HO3HAYMBINN

&= #, (28)
0
OTPUMY€EMO PIBHSHHS (27) Y BUTIISII:
3
d 14 V V (29)
dr’ dt (p(t) 6(p(t)
[Ticas mo3HaueHHs
= 30
h()=20 30
piBHsSHHS (29) HAOyBa€e BUTIISATY
- (6)V =24, ()1 =0, (31)
ne
A= 1 (32)
<

Po3B’s130k piBHSHHS (31) IMIyKaeThCs HA MEPIIOMY eTalli BiITOBIAHO 710 [5] 3a MeTo oM 30ypeHHS y
BUTJISIIIL PO3KJIaIaHHs (DYHKITT V(t) 3a MaJIUM TapamMmeTpoM A :
V()=V,+ V. (33)
Pesynbryroue piBastHHES (31) HaOyBa€e BATIISTY
& [Vy+ A+ %9 (0)[Vy + AV + ¢, (0)[Vy + AV, ] -
—Adhy () V5 + 34V, + 32V 17 + 2, =0 B9

[TpupiBHIOIOYH KOE(IIiEHTH TIPH BINMOBIIHUX CTEMEHAX A, OTPAMYEMO CHUCTEMY CHHTYISIPHHX
JTHIMHUX PIBHSIHD 31 3SMIHHUMU KoeQillieHTaMu:

20 eV (e)V+ ¢, (£)V, =0, (35)
A eV G () () =4, (1) (36)

3 MeTOI0 YCYHEHHS IepIIol OXiTHOI, PO3B’ 30K PiBHSIHHS (35) 3HAXOAUTHCS y BUTIISI:
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V,=U, expj(—@dt], (37)

m’:(ug—@UoJexpj(—@dzJ, (38)
v (U” “)U ~4(1)U; - ¢() J (I‘b()dtj (39)

IincraBumo (37)-(39) y pisusuus (35)
2U5’(t)+[¢0(t)— ) 3.5 } (1)=0. (40)

Po3p’szskom piBHsiHES (40) 'y gaBox BKb-mabnmkeHHsSX 3a JIpyruM  eTamoM  TiOpUIHOTO
ACHMIITOTHYHOTO T IX0y Oyme

Uy(t)= o0 )025 —|asinK, (1)+c,cos K, (1) ], (41)
ne Ky (1)=[70(r)" dt, (1) =4, (t)—gz@—%szqu.

3 ypaxyBanasaM (41) po3B’s3ok (37) mae popmy:

Vo (1) = expj(_ égt)sz{Q(:)ms [¢sinK, (t)+c, cosK, (t)]} (42)

JI1 OTpUMAHHS OBLTBHAX CTATHX MOYATKOBI YMOBH 38/[aI0TBCS Y BHIISIL:
v (0)=1, ¥5(0)=0. (43)
SIK IPUKIIJT PO3IVISAAETHCS BUMAIOK, KOJH TAPAMETPH MAsTHHKA MAIOTh BUIJISI:
Ly=1.0m; n(t)=yt; w(t)=pt; o(t)=at;
m,=1.0kg; L(t)=Lyexp[pt]; Q(t)=Q,exp[rt]; (44)
m(t)=myexp[—at]; Q,=10mfsec; P(t)=p-a.

Pesynprat uncenbHOTO aHaTi3y JUIS BUIBHUX KOJIMBaHb MAasTHUKA 31 3MIHHOI 3a 9acoM JOBKWHHU
HaJIaHO Ha puc. 8.

[Ilo cTocyeThest HENMHIMHOT 3a/1a4i, TO PiBHSAHHS (36) pO3B’SI3y€ThCS BiITOBIIHO J0 3aMiH

a()=£9(1), a = (pzt) f(t)= (pV(z) (45)
PIBHSHHSIM
V(1) +a () (1) +aV, (t)= 1 (7). (46)
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vl

BIACHI KOMHBAHHA

5k

[ Lit)=LoExpl[t]

A T
(VR v/ —

Puc. 8. HOpiBH}IHH}I aHAJIITUYHUX Ta YUCEIILHOTO pOBB’ﬂSKiB JUT BUTTAAKY BJIACHUX KOJIMBaHb

-

Po3B’spxeMo crioyaTky OJTHOpiIHE piBHSHHS

eV/(t)+a (t)V/(t)+aV,(1)=0, 47)

V(e)+a, (¢)V/(1)+a, (¢)V; (1) =0, (48)

v,(t)=U, (t)exp('[—alT(t)dtj, (49)

70~ 0100, ()2 e -2 | )

70~ ur-vitm 0-u 00, 0D e -2 o

[Tincrapmsroun (49)-(51) B piBasSIHHES (47), OTpEMAEMO:
U{’(t)+[c‘zz (t)—alT(t)—&%(t)}Ul (1)=0. (52)

Po3B’si3xoM piBHsIHES (52) Oy e

U, (t)=¢ (¢)SinK, (¢t)+c, (t)Cos K, (7)., (53)

K (1)=["0" (1)dr, O (t)=5 (t)—c_ﬁT(l)—@ : (54)
¢ ()=] / (t);f’(st;{ (1) dt+d,, (55)

, (r):—jf(t)SinKl(t)dez. (56)

K (1)
OT1xe, po3B 30K V(t) HeNiHIHOT 3a7aui Mae Burisy (33).
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V()= {expj[—@ dt]] {W{Sin K, (t)(s, | f(t)l(;f)(stfl «) dt] +
+Cos K, (t)(s2 - Z.[f(t)KS}—r(llI)q(t) dtﬂ},

s,=¢+Ad,, s,=c,+Ad,. (58)

(57)

JeC

3 ypaxyBaHHSIM OOEpTaHHS MasTHHKA Ta HASBHOCTI 3MYIIYIOYOi 30BHIIIHBOI CHIH PO3B’A30K
HEJIHIAHOT 3a/1a4i ynpaBiiHHs (6) MaTeMaTHYHOTO MasiTHHKA 3MIHHOI JIOBKMHH 1 MacH 3a 4acoM
MaTHME BHTJISI:

S e e S e T

(59)
w4 N(t)KCfEX( l(t)dtJ+CosK1 (t)(sz By) QORLLSOY (t)l‘(gfgljl(t) zﬂ}
IS
a, - ,u[2,30245(t)—$:|, N(1)= ﬂ[zﬂg&(z)- Wzt)}vg (1). (60)

Jlst BUITa Ky BIIACHUX JIIHIHHUX KOJMBAHB OOCPTOBOTO MAasTHUKA 31 CTAJIOK KYTOBOO ITBUIKICTIO
po3B’s130K 3amadi y apyromy BKb-maOnmkeHHI 13 3aJaHMMH TTOYATKOBUMH yMoBaMmH (43) mae
BUTJIS

v, (¢)=(100/exp[¢]-2)"" [-0.081SinK, (1) +3.146CosK, (1) ], 61)
Je
K,(1)=[="0!" (¢)dr = [10(100/exp[¢] - 2) "dr =
=99t —25.2t* +4.12¢° —0.527¢", (62)
0<r<l.

W

F aHamiTHYHEE po3B'szor E=0.1 p =100 (D= 1_4142ﬁ m

AT RN

05 H

I 2 o 0 de AT:
05k

AR RN

| YHCENBHHMH pO3B'EI0E o =PB=1

Puc. 9. [NopiusuAsA ananiTuaHOTO (Y 1BoX BKB-Ha0MMKEeHHIX) Ta YUCEILHOTO PO3B’A3KIB IS BUTIAJIKY BIIACHIX
KOJIMBaHb 00EPTOBOTO MasTHUKA 3i 3SMIHHUMH JTOBXKMHOIO | MACOIO 32 €KCMIOHEHIiaJIbHUM 3aKOHOM
(m(t) = moExp[-at], L(t) = LoExp[Bt])
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PesynpraTi MOpIBHSHHS aHATITUYHMX 1 YHCENBHUX pPO3B’SI3KIB 3ajadl JUHAMIKU 00EpTOBOTO

MasTHUKa HajaHo Ha puc. 10-14.

v

[ Brnrymr esi Henis e BOTHEIHHT
gt | 00Sp TOEOTO MES THHE 2
as F B oyl miHIFE] QT HE 2HHT o=447214
obepTOECID MEATHHES Fit) = Sin[t]
Bt . _,
0E 19
| mit) = Exp[-o1)
-as |
' Lit) = Exp[R]
= ]-El 5

Puc. 10. INTopiBHAHHA aHAJITUYHOTO TA YMCETBHOTO PO3B’A3KiB JUIA BUMAAKy BUMYIIEHUX KOJIMBAaHb 00EPTOBOTO
MasTHHKA 31 3MIHHMMH JOBXKHWHOIO i MAacoI0 32 €KCMOHEHLIaTbHUM 3aKOHOM

LA

m{t} =Exp[-ot]
as | Lity = Exp[f}
: S R . '\iula T
05 - WECSMEHKHR POTE RI0%
IHETITIMHIHR DOTE 5300

-t

Puc. 11. [TopiBHSIHHS aHAIITUYHOTO i YUCETBHOTO
PO3B’SI3KiB JiHIIHOT 331241 PO BiJIbHI KOJIMBAHHS
00epTOBOro MasTHUKA

Puc. 13. 3anexHicTh BUMYIIEHUX JIIHIMHUX KOJHMBaHb
00epTOBOr0 MasiTHWKA BiJl aMIUTITYI1 30BHIIIHBIO
HaBaHTAXCHHS

Di3uKo-mamemamuyni HayKu

Bienymens xoomearmy pisAnoro ofiep o500 seeTmonce

Le Ft} =Sin[i L = 44714 z=01
mit} = Fap [—oat]

Lty =Exp [}

= TEnEE P OT EE20K

Flml
‘:I.:ﬂ-:l

=2

-

Puc. 12. [1opiBHSAHHS aHANITUYHOTO i YUCEIBHOTO
PO3B’sI3KIB JIiHIMHOI 3a/1a4i BUMYIIEHNX KOJIHBAHb
00epToBOro MasiTHHKA

o Binry ne ki Haniniiini £omee seE 8 0 62pT0E0TO MAS THEES
F(f)=Sin[t]  (b=447714
os|
EHATITHY EEH pOSE NE0E
o [ mit) = Exp[—0d]
[ L{t) =Eap[f1]
Ao [a=f=1

Puc. 14. BB HeniHiMHOT CKJIaA0BOI HA AMHAMIYHUI
nporec 06epToBOro MasiTHUKA
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BUCHOBKHA

VY cTarTi 3anporoHOBaHO PO3B’I30K HEIIHINHOI 3a7a9i PO BUMYIIEHI KOJIMBAHHS MaTEMaTHYHOTO
MasTHUKA 31 3MiHHAMH 32 9acOM JIOBKHHOIO i Macoro, SIKUil 00epTaeThes i3 3a/1aHOI0 IIBUJIKICTIO.
["iOpuaHMif aCHMIITOTHYHUH TTIX1J] TIPU 3aJIaHUX IMapaMmeTpax JIOCHIKYBaHOT CHCTEMH 1 XapaKTepy
30BHIITHHOTO HABAaHTA)KEHHSI TI0KA3aB MOXIIUBICTh HOT0 e()eKTHBHOTO 3aCTOCYBaHHS. Y YaCTKOBUX
BUMAJIKAX JA€ThCS TOPIBHSIHHS 3700yTOr0 aHATITHYHOTO PO3B’S3KY 3 MPSIMHAM YHCEITHHHM
IHTerpyBaHHsIM OCHOBHOTO PiBHSHHS 3amadi. OOroBOpeHo JABa MiJXOJH J0 PO3B’SI3KY HENiHIAHOT
POOJIeMH JIMHAMIKH CHCTEM 31 3MIHHHMH Y Yaci mapameTpaMu. Pe3ybraTti aHaiizy MOXYTh OyTH
3aCTOCOBaHi Uil TOAAIBIIOrO JIOCTI/DKEHHST e(QEeKTy CIIOHTAaHHOTO MOPYIIEHHS Jiarpamu
Oidypkarii miei HeTHIHHOT CHCTEMH.
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