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AXISYMMETRIC FREE VIBRATIONS OF CYLINDRICAL MEDIUM -
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Modern technologies in the science of materials made it possible to produce new materials with 
predictable properties among which functionally gradient materials occupy important place [4]. The 
distinctive feature of these materials is smooth change of mechanical properties in certain direction. In 
this case, the model of an isotropic inhomogeneous material in the direction with varying elastic 
properties is chosen as mechanical one. The gradient materials may be used in mechanical engineering, 
radio engineering, instrument-making industry, medicine, etc. 
The general elastic problems for bodies made of hypothetic gradient materials have been considered in 
[1, 2]. However, due to strong inhomogeneity of the materials, the employment of the three-dimensional 
elasticity theory for solving dynamical problems of bodies made of the functionally gradient materials is 
problematical. In [3, 5-10], the natural vibrations of cylindrical bodies were studied using different shell 
theories. 
The present paper studies whether the refined Timoshenko-Mindlin shell theory can be applied to 
solving problems on natural axisymmetric vibrations of cylindrical shells, whose mechanical parameters
vary smoothly over the thickness, as well as in estimating of how different rules of variations of these 
parameters influence the dynamical characteristics of the shells under radial-longitudinal axisymmetric 
vibrations. The elastic equations for circular cylindrical shells of the functionally gradient materials are 
derived taking into account the symmetry of elastic properties with respect to the mid-surface. 
It is shown that the above shell theory can be used for determining vibration frequencies of cylindrical 
shells made of the functionally gradient materials with power-behaved elastic properties. In this case, 
the elastic properties of the functionally gradient material of the metal-metal type may be determined, as 
a rule, by the concentration of components. The shells manufactured from the functionally gradient 
materials based on the aluminum-SiC and stainless steel-nickel compositions are considered also. In the 
last case, the change in the elastic properties of the material at the relevant temperature regime is taken 
into account. The axisymmetric vibrations of circular cylindrical shells of functionally gradient 
materials under different boundary conditions are studied. 

Key words: Timoshenko Mindlin theory, free axisymmetric vibrations, the material with continuously varying 
properties 

 

 

 

[3, 5-
 

-

-  



44 -  

-   ISSN 2518-1785 (Online), ISSN 2413-6549 (Print)

 

 

-

, , z  

22 /h/h , 20 , Lz0
 

, , , , ,u z t w z t ,   , , , , , , ,u z t v z t z t , 

 , , , , , , ,z zu z t u z t z t . (1)

, ,u z t , , ,v z t , , ,w z t  , ,z t , , ,z z t

 

 

, , , , , , ,e z t z t z t , 

, , , , , , ,z z ze z t z t z t ,  

, , , , , 2 , ,z z ze r z t z t z t , 

, , , , ,e r z t z t , 

 
, , , , ,z ze r z t z t .  (2)

, ,z z  , ,z z  

, z  

w
R

v

R

11
,   

z

u
z ,   

z

vu

Rz

1
,   

z
z

z , 

RR

11
w

R

v

R

11
,   

u

RzR
z

z

11
2 , 

 v
R

w

R

11
,   

z

w
zz . (3)

 

212

2

0

1

t
I

t

u
I

N

Rz

N zzz , 

2

2

120

11

t
I

t

v
IQ

Rz

NN

R
z , 



 Visnyk of Zaporizhzhya National University. Physical and Mathematical Sciences 45

    2, 2016

2

2

0

11

t

w
IN

R

Q

Rz

Qz ,  

222

2

1

1

t
I

t

u
IQ

M

Rz

M z
z

zz , 

 
2

2

221

1

t
I

t

v
IQ

z

MM

R
z , (4)

01
zzz NRMN , , ,z z zN N N N  , zQ Q  

, , ,z z zM M M M  

0 1 2, ,I I I

 

 
0 2

1

2
2 2

1I

I d

I

. (5)

 

12111211 KKCCN zzz ,  

22122212 KKCCN zz , 

zzz R
DCN

1
2 6666 ,  

12111211 DDKKM zzz ,  

22121212 DDKKM zz ,  

zzz DMM 662 , 

 2KQ ,   zz KQ 1 ,   zz CN 66 , (6)

 

 
2

2
2

1ij

ij ij

ij

K B d

D

,   66222111 ,;,;,;,j,i . (7)

 

2
11 22 / 1B B E ,  

2
12 / 1B E ,   66 2 1

E
B , 

E , G ,  
. 



46 -  

- ISSN 2518-1785 (Online), ISSN 2413-6549 (Print)

ijK  66222111 ,;,;,;,j,i

1I  

 

0z  Lz   

1) 0
z

wv
z

u z ; 

2) 0zN , 0zM , 0zQ . 

 0
f

-
 -

 

2

2

12

2

0 t
I

t

u
I

z

N zzz ,   2

2

0

1

t

w
IN

Rz

Qz ,  

 
2

2

22

2

1 t
I

t

u
IQ

z

M zz
z

z . (8)

 

 w
R

1
,   

z

u
z ,   

z
z

z ,   w
R2

1
,   

z

w
zz . (9)

-
 

12111211 KKCCN zzz ,   22122212 KKCCN zz , 

 12111211 DDKKM zzz ,   12111211 DDKKM zzz , (10)

zz KQ 1 . 

 

 , , , , , , , i t
z zu z t w z t z t u z w z z e  (11)

 

 

22
2 2

11 11 0 12 12 12 2 2

1 1z
z

dd u dw dw

dz dz R dz R dz
, 

zz
z IK

dz

dw
K

dz

dw

R
D

dz

dw

R
KuI

dz

d
D

dz

ud
K 2

11121212
2

12

2

112

2

11

11
, 



 Visnyk of Zaporizhzhya National University. Physical and Mathematical Sciences 47

    2, 2016

 
dz

d

RK

K

dz

d
w

K

I
w

RK

K
w

RK

C

dz

du

RK

C

dz

d zzz 1111

1

122

1

0
2

1

22
2

1

22

1

12
2

2

, (12)

 

z

KKIKID
u

IKID

dz

ud 111
2

211
2

1112111011
2

2

 

 
dz

dwKK

dz

dw

R

CDKK

dz

dw

R

KDKD 111
2

12111211
2

11121211 ; (13)

22 2
11 0 11 2 1 11 11 12 11 11 11 1

2 2 2
z

z z

C Id C I K C C K D C C Kdw dw dw
u

dz R dz R dz R dz
, 

2
2022 22 12 1̀2 11 11

2 2 2 2
11 1 1 11 1

1 1 1 1z zIC K C d K d D Cd w du dw
w w w

dz K R K K R K R dz dz K R dz R dz
. 

0z
Lz    

 

z

u
u , 

z
z

z , 
z

w
w , w,w,,,u,uY zz

T

 

 Y,zA
dz

Yd
,   )Lz(0 , (14)

 1 0 0,BY    2 0B Y L , (15)

,A z   66 , 1B  2B  3 6.

 

 

-

E   

 2 1 1E E E V E ,   2 1 1V ,   2 1 1V , (16)

1 1 1, ,E  2 2 2, ,E  V

: 
m

h

h
V

2

2
. 

  SiC
 1. 



48 -  

-   ISSN 2518-1785 (Online), ISSN 2413-6549 (Print)

 

  E   3

 70 0,3 2707 

SiC  427 0,17 3100 

 20
0

0

10i il G
 

- 50,m 10  3, 10G  

020lL , 010lR , 02lh .

 

 1  2  3  4  5  

-
 

3,1605 3,5005 4,6404 5,2606 6,5207

 3,3005 3,6605 4,8407 5,5506 6,8507

 

 
0

0
0 G

lii  

-
m . 

 

m 0,5 1 2 5 10

1 0,03160 0,02862 0,02481 0,02081 0,01860

2  0,03181 0,02881 0,02543 0,02123 0,01901

3  0,03262 0,02950 0,02588 0,02182 0,01983

,   m  
 

[10]: 

 1 2 3
0 1 1 2 31P P P T PT PT PT , (17)

iP   



 Visnyk of Zaporizhzhya National University. Physical and Mathematical Sciences 49

    2, 2016

  

iP  
  

E 2  3 E 2  3

0P  201,04 910  0,3262 8166 223,95 910  0,31 8900

1P  0 0 0 0 0 0

1P    3,079 410  4100022,  0 4107942,  0 0

2P  7105346,     3,797 710  0 9109983,  0 0

3P  0 0 0 0 0 0

 

T  
  

E 2  
3 

E 2  
3 

3000  2,07788 1110  0,317756 8166 2,05098 1110  0,31 8900

4000  2,04783 1110  0,319895 8166 1,98778 1110  0,31 8900

5000  1,99150 1110  0,324512 8166 1,92440 1110  0,31 8900

20
0

0

10i il G
 

- KT 0300
- 10  3, 10G  

020lL , 04lR , 02lh

50,m . 

 

  1  1  3  4

 0,02150 0,03524 0,03914 0,04164

 0,02242 0,03776 0,04048 0,04276

 

-

- SiC
-

 



50 -  

-   ISSN 2518-1785 (Online), ISSN 2413-6549 (Print)

 

1.  
-  /    

 -14. 

2. 
-

46, 
 -13. 

3. Alinaghizadenand M. R. Vibration of functionally graded cylindrical shells under effects clamped-
clamped boundary conditions / M. R. Alinaghizadenand, M. R. Isvandzihaei // World Academy of 

 2011.  73.  P. 825-831. 

4. Birman V. Modeling and analysis of functionally graded materials and structures // V. Birman, L. W. 
Byrd // Applied Mechanics Reviews.  2007.  60.  P. 195-215. 

5. Isvandzibaei M. R. Vibration of functionally graded cylindrical shells under effects free-free and 
clamped-clamped boundary conditions / M. R. Isvandzibaei, A. Jahani // World Academy of Science, 
Engin  45.  P. 152-157. 

6. Kumar J. S. Higher order theory for free vibration analysis of functionally graded material plates / J. S. 
Kumar, B. S. Reddy, S. E. Reddy, K. V. Kumar Reddy // ARPN Journal of Engineering and Applied 
Sciences.  2011.  6, .  P. 105-111. 

7. Loy C. T. Vibration of functionally graded cylindrical shells / C. T. Loy, K. Y. Lam, J. N. Reddy // 
World Academy of Science, Engineering  41.  P. 309-324. 

8. Najafizadeh M. M. Vibration of functionally graded cylindrical shells based on higher order 
deformation plate theory with ring support / M. M. Najafizadeh, M. R. Isvandzihaei // Acta 

 191.  P. 75-91. 

9. Pradhan S. C. Vibration characteristics of functionally graded cylindrical shells under various 
boundary conditions / S. C. Pradhan, C. T. Loy, K. Y. Lam, J. N. Reddy // Appl. Acoustics
61.  P. 111-129. 

10. Loy C. T. Vibration of functionally graded cylindrical shells / C. T. Loy, K. Y. Lam, S. N. Reddy // 
41.  P. 309-324. 

REFERENCES 

1. 
 Prikladnaya mekhanika, 46, no. 2, pp. 121-129. 

2. 
transversely isotropic theory of radius- Prikladnaya mekhanika, 46, no. 4, pp. 
367-376. 

3. Alinaghizadenand, M.R. and Isvandzihae
shells under effects clamped- World Academy of Science, Engineering 
and Technology, 73, pp. 825-831. 

4. Birman, V. and Byrd, L.W. (2007), functionally graded materials and 
 Applied Mechanics Reviews, 60, pp. 195-215. 

5. Isvandzibaei, M
effects free-free and clamped- World Academy of Science, Engineering 
and Technology, 45, pp. 152-157. 

6. Kumar, J
ARPN Journal of Engineering and Applied 

Sciences, 6, no. 10, pp. 105-111. 

7. Loy, C
World Academy of Science, Engineering and Technology, 41, pp. 309-324. 

8. Najafizadeh, M
Acta Mechanica, 191, pp. 75-91. 

9. Vibration characteristics of functionally 
. Acoustics, 61, pp. 111-129.

10. 
International Journal of Mechanical Sciences, 41, pp. 309-324. 


