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AN ARC CRACK AT THE INTERFACE BETWEEN TWO
ELECTROSTRICTIVE MATERIALS
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Dnepropetrovsk National University,
Gagarina, 72, Dnepr, 49050, Ukraine

alinegg(@mail.ru, lobvv@ua.fm

Exact analytical solution for an electrostrictive plane with circular electrostrictive inclusion and an arc
crack at the materials interface under the influence of general mechanical and electrical loadings at
infinity is obtained. It is assumed that both materials are isotropic and linear elastic, the crack faces
don’t interact with each other and are permeable to an electric field. The problem is considered as an
uncoupled problem of electroelasticity. Solution of electrostatics problem is obtained by complex
potentials method. Boundary problem of electroelasticity for four complex potentials that are analogues
of Kolosov-Muskhelishvili potentials is reduced to the problem of linear relationship at the crack.
Unknown constants in general solution of this problem are determined from the boundary conditions at
infinity and the restrictions imposed on stresses and displacements. Analytical expressions for the stress-
strain state in the whole plane, in particular for the crack opening, normal and shear stresses at materials
interface and the stress intensity factors at the crack tips, are found.
Key words: electrostriction, arc crack, problem of linear relationship, stress intensity factor.
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AYT'OBASA TPEIINHA HA TPAHUIIE PA3JIEJIA IBYX
IJEKTPOCTPUKIIMOHHBIX MATEPUAJIOB

I'ogec A. 10., JIobona B. B.

Jlnenponemposckuil HAYUOHANBHBII YHUBEPCUMEM,
npocn. I'aeapuna, 72, 2. [{nenp, 49050, Yxkpauna

alinegg(@mail.ru, lobvv@ua.fm

[TomydeHO TOYHOE aHAIUTHUECKOE pEIIeHHWE IS SJICKTPOCTPUKIIMOHHON INIOCKOCTH C KpPYTOBBIM
ANEKTPOCTPUKIIMOHHBIM BKIIFOUEHHEM W JIyTOBOW TPEUIMHOM Ha TpaHMIe pasleiia MarepualioB TOj
NeHCTBUEM TPOW3BOJBHBIX MEXAaHWYECKMX W JJIEKTPHUYSCKUX HArPy30K Ha OECKOHEYHOCTH.
[TpuHMMaeTcs, uTo 0ba Marepuana SIBISIOTCS U30TPONHBIMU U JINHEWHO YNPYTUMH, a Oepera TPEeIHbI
HE B3aUMOJCUCTBYIOT APYT C IPYTOM W SBJSIOTCSA MPOHWIASMBIMHU JUIA SJIEKTPUIECKOTO TOJs. 3amada
paccmarpuBaeTcsi Kak HeCBsi3aHHas 3afada »IJIeKTPOYNpyrocTH. PellleHWe 3amaud dJIEKTPOCTaTUKH
TOJTYY€HO C TIOMOIIBIO METO/Ia KOMIUIEKCHBIX MOTeHIMAIOB. |'paHyHas 3a1a4a 3IeKTPOypyrocTH s
YeThIpeX  KOMIUIEKCHBIX  TMOTEHIWAJOB, SBISIOIIMXCS —aHajoraMyd noTteHuuaioB  KoiocoBa-
MycXenuImBmIH, CBEACHA K 3a7aue JHHESHHOTO COTPSKEHUS Ha TpelnHe. HensBecTHbIe KOHCTAaHTHI U3
o0I1iero pemeHus STOW 3aJauyd  OMpeNeseHbl W3 TPAaHWYHBIX YCJIOBU Ha OECKOHEYHOCTH W
OTpaHWYCHNUN, HAJIOKCHHBIX Ha HANpPsDKEHUS W TepeMemieHns. HaiineHsl aHanMTUYeCKWe BBIPAKCHIUS
JUISL HamnpsKeHHO-Ie)OPMUPOBAHHOTO COCTOSHHSL BCEH IMIIOCKOCTH, B YACTHOCTH ISl PACKPBITHSA
TPeUINHBI, HOPMAJILHBIX M KacaTeJbHBIX HAMpPsDKEHUI Ha TpaHWIE pas3feia cpel W Kod(PPHUINCHTOB
WHTEHCUBHOCTH HaMpsHKEHUI B BEPIIUHAX TPEIUHBI.

Kniouesvie cnosa: snexkmpocmpuxyus, 0y208as mpewjuna, 3a0aud JUHeiHo20 CONpsdceHUs:, Ko3pguyuenm

UHMEHCUBHOCNU HANPSACEHUIL.

AYT'OBA TPIIIIUHA HA MEXKI ITIOALTY IBOX
EJIEKTPOCTPUKIIMHUX MATEPIAJIIB

TI'ogec A. 10., JIobona B. B.

JlHinponemposcokuil HaYloHAIbHUL YHIgepcumen,
npocn. I'azcapina, 72, m. [{ninpo, 49050, Vxpaina

alinegg(@mail.ru, lobvv@ua.fm

OTpyMaHO TOYHMH AHANTHYHUI PpO3B’A30K U E€JEKTPOCTPUKLIIHOI TUIOMIMHU 3 KpPYTOBUM
€JIEKTPOCTPUKLIMHUM BKJIIOYEHHSIM 1 JYroBOIO TpILIMHOK HAa MeEXi MNOALTY MaTepiaiiB min ni€to
JOBUTbHUX MEXaHIYHMX Ta €JEKTPUYHMX HaBaHTa)KeHb HAa HECKiHUGHHOCTi. BBaxaeThcs, mo oOumBa
MaTepiaiu € i30TPONHUMU Ta JiHIHHO NPYKHUMHU, a Oeperu TPIllMHU HEe B3a€MOIIOTh OJMH 3 OJTHUM Ta
€ TPOHMKHUMHU JUIi €JEeKTPUYHOro TmoJs. 3ajauya po3IJisigaeThbes sIK  He3B's3aHa  3ajada
@JIeKTpOINpysKHOCTI. PO3B 30K 3a1aui €1eKTPOCTaTUKN OTPUMAHO 32 LONOMOIOI0 METOLY KOMIUIEKCHUX
noteHuianiB. ['paHn4Hy 3amady eJeKTPONpPYKHOCTI Ul YOTHPbOX KOMIUIEKCHMX IMOTEHLialiB, sKi €
aHajoramu mnoTeHuianis KosnocoBa-MycxeniniBiii, 3BeleHO 10 3aiadi JiHIHHOrNO CHpPsKEHHS Ha
TpilyHi. HeBiZioMi KOHCTaHTH 3 3arajbHOrO PO3B’s3Ky i€l 331a4i BU3HAUEHO 3 TPAHMYHUX YMOB Ha
HECKIHYeHHOCTI Ta OOMEXeHb, 110 HAKJIAJACHO HA HANpy>KeHHS | mepeMilieHHs. 3HalIeHO aHATITHYHI
BUpa3u Ul HampykeHo-1e(OpMOBAaHOro CTaHy BCi€i MIOLMHM, 30KpeMa A PO3KPUTTS TPILLMHMU,
HOpPMaJIbHUX i JTOTHYHUX Hampy>KeHb Ha TPaHMLi MOALTYy CepenoBHIL Ta KOe(ili€HTIB iHTEHCHBHOCTI
Hanpy»XeHb y BepLUMHAX TPILLMHU.

Kuiouosi  cnosa:  enexkmpocmpuxyis, O0yzoéa mpiwuna, 3a0a4a JHIUHOZO CAPSJICEHHS, Koegiyienm

IHMEHCUBHOCIMI HANPYIHCEHDb.

INTRODUCTION

Electrostrictive materials, in particular ferroelectric relaxors, become widespread in modern
technologies because for these relaxors electrostrictive effect is close to the piezoelectric one. As
described in [1], cracks may appear in electrostrictive materials under the action of large electrical
and mechanical stresses. This causes the importance of studying of cracked electrostrictive
materials behavior under the action of electrical and mechanical loads.

In general case constitutive equations of electrostrictive materials are quite complex and require
solving of the coupled electroelasticity problem that is associated with considerable mathematical
difficulties. However, in the case of small deformations the constitutive equations can be simplified
so that the electroelasticity problem becomes uncoupled. For this case an analogue of Kolosov-
Muskhelishvili equations [2] that takes into account electrostriction was developed in [3]. The
electrostrictive body with an arc crack under the action of electrical load at infinity parallel to the
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crack axis of symmetry is analyzed in the article [4]. The homogeneous electrostrictive plane with
an arc crack under the action of arbitrary electrical and mechanical loads at infinity is considered in
[5] and [6]. Stress intensity factors for electrostrictive fibrous composite with an arc-shaped
permeable interface crack under electric loadings are found in [7]. Nevertheless, general stress-
strain state, especially crack opening, of electrostrictive composite with an arc interface crack under
the action of arbitrary electrical and mechanical loadings has not been considered yet. Thereby
important point related to the possible appearance of the crack faces contact zones has not been also
investigated.

Much more works are devoted to investigation of arc cracks in electrically passive materials.
Firstly, an arc crack in elastic plane was considered by Muskhelishvili [2]. His method was
extended to the case of different materials by England [8]. Method designed by England was used
for investigation of interfacial arc crack under the action of arbitrary loading at infinity [9] and at
the crack [10]. Partially debonded circular inclusion was also considered by means of finite
elements method in [11]. Stress intensity factors of arc crack between homogeneous cylinder and its
coating are obtained from system of singular integral equations in [12]. A plane containing the
system of partially debonded circular inclusions is considered in [13] using superposition principle
and general displacement solution.

A contact problem for the crack in a homogeneous plane [14] and for the crack between matrix and
inclusion [15] was firstly considered by Chao and Laws. A contact problem for interfacial arc crack
under the action of arbitrary loading at infinity was resolved using singular integral equations in
[16]. Closure of an arc cracks in homogeneous material and its influence on stress intensity factors
are analyzed in [17] using boundary elements method. Contact zones that arise in vicinity of
interfacial arc crack tips are investigated also in [18] and [19] using boundary elements method.

In the present article an electrostrictive plane with circular electrostrictive inclusion and an arc
crack at materials interface under the influence of arbitrary mechanical and electrical loadings at
infinity is considered. Electrostatics boundary problem for three unknown complex potentials is
resolved by expanding these functions in Laurent series. Boundary problem of electroelasticity for
four complex potentials that are analogues of Kolosov-Muskhelishvili potentials is reduced to the
problem of linear relationship using the method developed by England [8]. Solution of this problem
is obtained by well-known methods of analytical function theory described in [2] and [20]. The
unknown constants in general solution of the problem of linear relationship are found from
boundary conditions at infinity, displacements uniqueness condition and finiteness of displacements
and stresses at origin.

Analytical expressions for stresses and displacements at the whole plane are obtained, and also the
formulas for crack opening and stress intensity factors at the crack tips are found. Crack opening,
normal and shear stresses at materials interface and stress intensity factors at the crack tips are
found for various material constants and loading at infinity. The figures that demonstrate the
influence of different parameters on the crack opening, stresses and the stress intensity factors are
presented.

FORMULATION OF THE PROBLEM
Infinite plane with a circular inclusion of radius R bonded along the whole interface except of the
arc =R, |6’| < B 1is considered. We assume that crack faces cannot interact with each other and are

permeable to electric field. Mechanical properties of inclusion and matrix are characterized by shear
modules y,, u, and Poisson’s ratios v,, v, respectively. Electrostrictive properties of inclusion are

determined by constants al(l) and agl), and the matrix electrostrictive properties are determined by
constants al(z) and agz) [21]. The dielectric permittivities of inclusion, matrix and crack filler are
denoted as ¢, &, and ¢,, accordingly. Principal stresses N, and N, act at infinity; the angle
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between the direction of N, and the abscissa axis is ¢, . Also the electric field with intensity vector
of magnitude E, that forms the angle « with abscissa axis is applied at infinity (Fig. 1).

G]'”, azm, £

Fig. 1

Analogues of Kolosov-Muskhelishvili equations for electrostrictive materials are [3, 21]

Z,u ( (J)+lu(])) ie[KjQi(Z)_ZQ;(Z)—W,(Z)+ij_%wj(z)m)a (1)

G\ +i6) = ¢! (2)+ 9 (2)- zco,(z)——w,(z)+—( (@)W, (2)7;)), )

O'M(J)+10'M(J) Iz , (3)
z

where j =1 refers to area <R and j =2 refers to area > R; &) = o) +5MV) are pseudo total

(1) 26‘
stresses [4]; W (z) are electrostatic complex potentials; W,.'(z)= [w; (z)] 2 X = T ;
(1—2Vj)(a1(j)+2a£j)) 3-v,
K, =3-4v,, k/. =— for plane strain and K; = L
4(1 -V, ) T4y,
(f)(l v, )+ 2a§f)(1 2v, )
k, =-— for plane stress [21].
4
Boundary conditions for displacement and stresses at the interface are the following [4]:
ES) +i5£19) = 5,(72) +i5r(§) () +zu(l) —u(z) +iué2) for r=R, p <|9| <r, 4)
V450 = 59 450 = %imriz') for r=R, |0|<A, (5)
z

where w'(z) is an electrostatic complex potential of the crack, W' (Z): [w: (Z)]Z. The boundary

conditions at infinity can be presented as

N +N N N Zi(aN—H)
2 2

oW +ic? = for r—>o0. (6)

Electrostatic complex potentials w; (z), wh (z) and w!(z) are determined by boundary problem of
electrostatics which solution is given in the next section.

Di3uKko-mamemamuyni HayKu ISSN 2518-1785 (Online), ISSN 2413-6549 (Print)



Visnyk of Zaporizhzhya National University. Physical and Mathematical Sciences 85

BOUNDARY PROBLEM OF ELECTROSTATICS

The equations of electrostatics are as follows [22, 23]:

Ap =0 for r<R, Ap,=0 for r>R, Ap.=0 for r=R, |0|<A, (7)
EY=-Vp,, EY=-Vp,, E“=-Vo, (8)
D(l) — EIE(I), D(Z) — SZE(Z), D(C) — ch(C)’ (9)

)

where ¢,, @,, ¢_ are the potentials of electrostatic field, E(l), E(z), E“ are the intensities of

electrostatic field, D(l), D(Z), DY are the electric displacements in inclusion, matrix and crack
filler respectively.

Electrostatic boundary condition at infinity are
E® =i,E,cosa+i,E,sna for r—oo, (10)
and electrostatic boundary conditions on the interface have the form [22, 1-4]

DYn=D%n, EV.t=E®-t for r=R, p<|f<n, (11)
DY.n=D?.n=D“n, EV.t=E? t=EY-t for r=r, |0|<p, (12)

where n=i,cosf+i,sinf is the vector of outward unit normal to the circle »=R and
t =—i, sin@+i, cos@ is unit vector tangent to this circle.

Complex potentials w/(z), w}(z) and w!(z) are determined as
EV +z'ES) =w/(z) for r<R, EY +iE§2) =w,(z) for r>R,
E)(f) +iE£C) =w.(z) for r=R, |g<p8,
where functions w, (z), w, (z) and w/ (z) are analytical in the correspondent areas. This choice of

unknown functions allows satisfy Laplace equations (7) completely.

As the boundary conditions (11)-(12) are formulated for z=Re”, they may be written by
presenting of complex potentials in the following way:

£ Relzw} (2)] =& Re[zwi(2)]. Imlzw; ()] =Im[zwi(z)] for r=R. ||<z.  (13)
&.Re[z2w.(2)]= & Re[zw{(z)], Tm[zw/(z)]=Tm[zw{(z)] for r=R, |g|<p. (14

It follows from boundary condition at infinity (10) that
W (2)——=—E,e ™. (15)

Thereby boundary problem of electrostatics is reduced to determination of three unknown complex
potentials w/(z), wi(z) and w/(z) that are analytical in correspondent areas from boundary
conditions (13)-(15). Unknown coefficients of Laurent series for functions w/(z), w}(z) and w'(z)

are determined from these boundary conditions. Thus, the electrostatic potentials are given in the
following way:

e R
W)= =2 Ee, WE(Z)=E0£e'i“+uemR_),

2
g +6&, & +&, z
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+ . -&, LR
w;(z)=E02(8l Fe grin 1 5175 e’“—j. (16)

2
e \g+e, g+e, z

PROBLEM OF LINEAR RELATIONSHIP

Functions ¢(z) and o(z) are introduced to satisfy boundary conditions at electrostrictive materials
interface (4) by the formulas

[ R _( R’ _(R*) 1 [ R
K\, (Z)+ iz, (_) + ﬂl‘:”{ ) - ﬂl?ﬁ%(?j + Elulkzwz (Z)Wz (7} |Z| <R,

z z

#(z)= ) ) i i (17)
—| R [ R —( R 1 [ R
H K0, (Z)+ HyZ P, (_j + 1LY, (_J - ﬂzZlVVl[_) + = kw, (Z)Wl(_} |Z| >R,
z z z 2 z
(R —( R 1 [ R?
§01(Z)_Zgoz(_j_l//z(_J__kzwz(Z)W{ } |Z|<R’
z z 2 z
()= R’ R*) 1 R’ (1%
?, (Z)_Zal’(_J_%(_J__klwl(z)w{(—} |Z| > R.
z z 2 z

The derivatives of these functions are analytical at the complex plane with cut along the arc »=R,
|l|< B except of infinity and zero points. Further the function F'(z)=¢'(z)-Kw'(z),

_ (=) ot

= , is used instead of ¢'(z).
1+4 Hy + K,y

Boundary condition (5) specifies that Er(,l)+i5,(;) =5r(,2)+i5r(§) at the crack. It follows from this
condition and equations (2) and (18) that @' (z) =o' (z) Also formulas (17) — (18) specify that the
functions ®'(z) and F'(z) are finite at infinity and have second-order poles at zero point. Since the

function a)’(z) is analytical at the whole complex plane except of zero point it is given by
expression

w'(z)=A0+i+A—;. (19)
z z

It follows from the boundary conditions (5) that the function F ’(z) should satisfy the following
problem of linear relationship at the crack:

1+ - Rz 744 R2 ! R2
O P L e K

+(yl+y2KI)%VI7C’(R72D for r=R, |g|<p. (20)

Using formulas (16) equation (20) is transformed to the following form:

F"(2)+AF"(z)=f(z) for r=R, |0|<B, (21)
where f(z)=%1+C2+C3zz.
z

The stresses and displacements of the inclusion are expressed in terms of functions F(z) and o(z)
by the following way:
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~(1) , . ~() 1 ' ' R =R’
O Gy = (ﬂ1+K)a’(Z)+F(Z)—MZzZ—2Wz )t
R’ _ R (R
+(1—;)((ﬂl+K) ( )+F (Z)—,Uljbg—zw/z(?j\)-i-

+(R72—Ej((ﬂl+1<) "(2)+F'(Z)+ mzs g:(zﬁW'(]f) W'{fm
+f—;[—(,ul+K)a)'(R?2J+iF (iz) A = W(Z)D
+%[W(E)[M(z)—§;wl'(%zn—£wl(Z)(Wl( )~ Wl(Rém’ -

—i0

ﬁum9=——ﬁ___{i@%+ny4+F@prw(f1%

2 (/ul +/U2K1)

+(RTZ—Z)((/JI +K)@' (Z)+F'(Z)- w1, g—j%'(%z)}(ul +K)a)(72]—

z z

=

(& @)+ ) 0 [ £ - wl(z)]wﬁ(z)n. @

Stresses and displacements of matrix may be obtained from expressions (22) and (23) by replacing
suffix I by2,2byland A by 1/4.

SOLUTION OF PROBLEM OF LINEAR RELATIONSHIP
General solution of the problem of linear relationship (21) has the form [2, 20]

_X(Z)j SOy R ().

2m 5 X (eNe—z2)

1 z—Re D D
_| . P(2)=Bz+B +—+22, 24
\/(Z—Re'iﬂXZ—Reiﬁ)(Z_RelﬁJ ole)=Biz+ B+ : 2 .

where y = %, L is the arc =R, |6’| < f that is bypassed counterclockwise. It should be noted
V4

XO(Z):

—Re 7
7 EES >1 and

that the branch of the function X,(z) that satisfies conditions (Z 2
z—Re

z

\/ (z —Re™” XZ —Re” ) I

Contour integral from (24) is given by the following expression [2]:
A (S S
- = b,
zm{xg(t)(f_z) 1+1(X G) Z 3
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therefore

F'(z)= ﬁ f(2)+X,(z)P(z), P(z)=B,z’+B,z> +Bz+B, +5+%2. (25)

z z

Expressions (19) and (25) contain seven unknown constants 4,, 4,, 4,, B,, B,, D, and D, that
need to be determined.

The function X,(z) is expanded in the following series near zero and a point at infinity:

218 x  x) )
X, () —— - (+ X0z X021 ), X, (2)— >l(1+ —— |
. R - z z z z
. o e 1 x) .
Because the function F'(z) is limited at infinity, B, = T C,, B, = ﬁ@. Therefore, this
+ +
function has the following representations near zero point and point at infinity:
1 e’” 1 e 1
F'(z) | ~—D, |=-—(D,+x”D,)-+
O -G 2 |- S oy x0m)!
1 P
+(—1 — G- eR (B, + XD, + XD, )J+ - (26)
F'(z) {lj;t(?z+X1’C3+Bl)+(B0+B1X1(°°)+X§C3)é+..., (27)
14 1 0 0 ! 1 0 o0 o0
where X! =m((X‘( ¥ - x )), X! =T/1(X1( X - x ).

It follows from finiteness of stresses and displacements at zero point, boundary condition at infinity
(6) and condition of displacements uniqueness that

D, + XD, = Re™” (1, +K)A,, B,+BX" +X.C, = %(y1 +K)A4,,

218

(/‘1 +K)A2 _eR

- 1
D, = ﬂllszEgezm _mclﬂ 4,=0,

25
— (1, +K)(AO+ZO)+/11§1 +eR7

(B, + XD, + XD, )=

2E?
&—& ., 1-4 =
+ —E +—0C, - AXC,.
(/u1 HK 1)( 2)2 2, Tz, 0TI 1©3
N +N, kE 1 ,
(ﬂz"'K)Ao"‘Bl:(ﬂz"'ﬂle)( 14 - 240J_1+1C2_X1C3,
e’ 1 1 2 i
(,Uz"'K)Az"';LR D, = ﬁ,(l ﬁ,) /uﬂsz Eje™ —
N, =N, 5. (& k,¢ i
_Rz(ﬂz"‘ﬂﬂ(z)(%ez N +(72 > 81+8 )Ez 2i J (28)
1 &

As one can see, system of linear algebraic equations (28) fully determines the unknown constants.
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STRESSES, CRACK OPENING AND STRESS INTENSITY FACTORS

As it follows from (23), crack opening A =u® — 4" is given by expression

A= Rele(F~(2)-F*(2))), z=Re”, |o<p. (29)

llu2
Using equations (21) and (25) the expression (29) is transformed to the form
1+
2444,

Re(e_’HJ.XO_ (Z)P(Z)dZ) = %Re(e_’pF0 (z)) , z=Re", |6’| <p, (30)

A

where

—i i —Re™” v 1
Fo(z)z\/(z—Re ﬂ)(z—Reﬁ)(ﬁJ (p122+p22+p3+%j, D =—mC3,

___ L o _ 2 ()Y __p?
P> __mR X7G,  py _Bl_(zR COSZﬁ—(Xl ) 3(1+/1)C3, Py =—R°D,.
Stresses on the bonded part of the interface are given by the following equation:
W iicl) = — 1 (14 2)F(z)-
LK,
Rz Tt = T = 81 Rz T = i0
—7(;11;(2W2(Z)+/1,uz)(1W1(z))—37Wl(z), z=R’, B<lOsx. (31)

Crack opening (30) and stresses on the bonded part of the interface (31) have a physically unreal
oscillation near crack tips in case of different materials of matrix and inclusion. Such oscillation of
stresses and displacements near the tips of an interfacial crack is a known limitation of the “open™

crack model that was described, for example, in [8]. However, in most cases the oscillation zones
are negligible small and the use of the “open” crack model can be approved by Rice [24] approach.
Thereby stress intensity factors at the crack tips are introduced as

K!+iK; = lim \[27R (+0- ﬁ)%i” (&5}_) + i&fg)) . (32)

O+ B+0

After calculation of the limits they get the following form:

K +iK:=7F I+4 Z e (26sinp) " P(Re™”). (33)
M+ 1K, \ Rsin B

NUMERICAL RESULTS

All results presented in this section are obtained for plane stress state, Poisson’s ratios
v, =v, =0,26 and uniaxial tension at infinity N,/N, =0, N, >0.

Fig. 2-4 show the crack opening, normal and shear stresses at the interface, respectively, for the
ratios of the intensities of electrical and mechanical loads at infinity &£E;/N,=0,

gE2/N,=0,5-10" and &E2/N,=10". These Figures are obtained for S=60", “2=2,
H
(1) (1) ) ()
Zeo10, 2o, D000, L ogs, D400, L2 =75, a=-45", a, =0. As it is
€ & & & & €

shown in Fig. 2, an increasing of electrical load intensity leads to decrease of the crack opening.

&
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Also it should be noted from Fig. 3-4, that intensity of the electrical load influences the normal
stresses at the interface much more essentially than the shear ones.

Gl
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G

08’
LK
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-2

-

0.4 ' ko

Fig. 3 Fig. 4
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Fig. 5

The crack opening for various parameters of materials and applied loads is shown in Fig. 5-8. All

these results are obtained for f=60°, Ee _ 107 , & E¢ /N, =107 Particularly, Fig. 5 shows the
&

: . . . . e .. € g £
crack opening for the ratios of materials dielectric permittivities —==10,5, == =1 and —= =2, and
81 gl gl
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L a a (2) a®?
also 22 =0,5, =400, = =-75, = ,—=0,a:—30°,aN=0.Asitisshowninthis
H & & 81 &
figure, increasing of the matrix dielectric permittivity decreases the crack opening. Fig. 6 shows the
crack opening for the direction angles of mechanical load at infinity o, =0, o, =45" and

(1) (1) (2) ()
a, =907, and also &=0,5, g—2=0,5 4 a2 =-75, 4 a2

H & & & & &

=45, o =45

Fig. 7 shows crack opening for the direction angles of electrical load at infinity =0, o =45" and

a =90°, and also &=0,5,8—2:2, 4 —2 =45,
Hy € € & 51 51

=-75, o, =0. As

one can see, angles o and «, have a great influence on the crack faces intersection zones
appearing. The cases of none intersection zones, one zone and two zones are presented. Fig. 8

shows the crack opening for ratios of elastic modules £ 0,5, 22 1 and £2 =2 These results

H Hy Hy
1) 1) ) )
are obtained for 22 = =0,5, a__400 a—:—75, al—:200, aL=—45, a=0, a, =15 As it
& & & & &

is shown in this figure, decreasing of the matrix elastic modulus increases the crack opening.

0.3 -3

Fig. 7 Fig. 8

Fig. 9-14 show the dependencies of the normal and shear stress intensity factors at the upper crack

p l(1) p gl)

tip from different variables. All these results are obtained for % _ =0,5, =400, =-75,
& & &
a® a®?
—— =200, —=—=-45. Particularly, Fig. 9-10 show variation of stress intensity factors from crack
& &

angle B for ratios of the intensities of electrical and mechanical loads at infinity &£, /N, =0,

gE;/N,=10" and &E; /N, =2-10"". These results are obtained for Ze < =107", il =0,5, =0,
& H

a, =0. As one can see, increasing of the electrical load intensity decreases the absolute values of
both normal and shear stress intensity factors.
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Fig. 9 Fig. 10

Fig. 11-12 show variation of stress intensity factors with respect to the angle of mechanical load

applying at infinity «, for ratios of elastic modules A 0,5, 21 and £2 =2 These results

H H t

: g, - :

are obtained for #=60", =<=10"", gE;/N,=10"", a=0. As it can be seen from these figures,
&

increasing of the matrix elastic modulus decreases the absolute values of the stress intensity factors.

Fig. 13-14 show variation of stress intensity factors on the angle « of electrical load applying at

infinity for the ratios of dielectric permittivities << =0,5-10"*, £=10"* and £==2.10". These
& & &

results are obtained for S =60°, e 2, 6E; /N, =107, a,, =0.
Hy

1.8‘-\‘"\/5 ............ 0 AR

0.4

06

0 10 20 30 40 30 60 70 80 9% -6

Fig. 11 Fig. 12

As it is shown in above figures, various combinations of materials and parameters of electrical and
mechanical loadings may cause intersection of crack faces. It is obvious that appearance of the
intersection zones in the “open” crack model solution means that in reality the crack faces contact
with each other and the crack model, which takes into account the crack faces contact should be
applied. Nevertheless, “open” crack model solution can be used to predict number and
configuration of the contact zones for such cases. Furthermore, the obtained results are precise
enough at a certain distance from the contact zones; in particular, they are reliably applicable for the
determination of the fracture parameter at the most dangerous crack tips, where the crack is
completely open except small zones of oscillation.
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SUMMARY

An electrostrictive plane with a circular electrostrictive inclusion made of another material and
having an arc crack at the material interface under the influence of arbitrary mechanical and
electrical loadings at infinity is considered. Crack faces are assumed to be non-interacting and
permeable to an electric field. Specified problem is resolved within the framework of uncoupled
problem of electroelasticity.

At the beginning the boundary problem of electrostatics is resolved by expanding three unknown
complex potentials in Laurent series. Further, the problem of electroelasticity is resolved taking into
account the obtained solution of electrostatics problem. Boundary problem of electroelasticity is
formulated for four complex potentials that are analogues of Kolosov-Muskhelishvili potentials. It
is reduced to the problem of linear relationship at the crack, which is resolved by the methods of
analytical function theory. Unknown constants in the general solution of the problem of linear
relationship are found from the boundary conditions at infinity and from the limitations imposed on
stresses and displacements at origin, at infinity and near the crack.

The obtained solution determines completely the stress-strain state of the plane with circular
inclusion and an interface arc crack under arbitrary electro-mechanical loading at infinity.
Particularly, the formulas determining stress-strain state at any point of the plane are found and also
the exact analytical expressions for the crack opening and the main fracture mechanical parameters
are obtained. Dependencies of the crack opening and the stress intensity factors near crack tips from
mechanical and dielectric properties of materials and from applied mechanical and electrical
loadings are analyzed. The scope of applicability of the “open” crack model is defined and the
importance of this model for the determination of the fracture parameter at the most dangerous
crack tips is emphasized.
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YUCEJbHUI PO3PAXYHOK YACTOT BUIbHUX KOJIUBAHb
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BusnayatoTbcst 4acTOTH Ta (POPMU BiJIBHUX KOJMBAHb TOHKOI LMJIIHAPUYHOT OOOJIOHKM €MiNTUYHOrO
MONEpPevyHOro mepepisy CTanoi TOBLIMHM 3 JKOPCTKO 3aKpileHuMu TopudMu. JlocmimkeHHs
MPOBOJMJINCH METOJOM CKiHYEHHMX €JIeMEHTIB, AKUil peasi3oBaHO Ha JiLEH3iHHOMY MPOrpamMHOMY
3aco0i FEMAP 3 po3p’sizyBauem NX Nastran. JoCTOBIpHICTh OTPUMaHHUX pe3yJbTaTiB 3a0e3MeuyeThCs
BUKOPHMCTAHHSAM OOIPYHTOBAaHOI MaTeMaTWYHOI MOJENi, KOPEKTHICTIO MOCTAaHOBKHM 3aadi, po3B’sS3KOM
TECTOBUX 3alad Ta TPAKTHYHOK 30DKHICTIO pO3paxOBaHMX YacTOT TMPH 3acTOCYBaHHI METOIY
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