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This paper deals with the proposed hybrid analytical-numerical method for nonlinear dynamics problem 
of airspace systems with time depending parameters ubder the external loading. Effectiveness of 
proposed approach for some class of dynamic problems which are described by ordinary and particular 
derivatives nonlinear singular differential equations with variable coefficients and systems of equations 
is analyzed. Proposed method is applied for investigation of control problem for forced vibrations of 
rotating mathematical pendulum with dependent from time length and mass as a mathematical model of 
dynamical systems with variable in time parameters. Basic differential equations of such problems are 
nonlinear with variable coefficients that in the general case can not be integrated analytically exactly. 
There are popular direct numerical methods of integration this type of equations or approximate 
asymptotic approaches. For the asymptotic solution of nonlinear problem on the first step of hybrid 



Visnyk of Zaporizhzhya National University. Physical and Mathematical Sciences 111

   1, 2017 

approach the solution is presented by perturbation method on parameter of nonlinearity. Introducing it 
into initial equation and acquainting the coefficients at equal order of parameter nonlinearity, the system 
of singular linear equations with variable coefficients is obtained. On the second step the phase integral 
(or WKB) method is explored. Finally an approximate analytical solution for the problem is formulated. 
Comparison of obtained analytical solution with direct numerical integration of basic equations is given. 
A two-step hybrid perturbation  WKB (or phase-integral) method is presented for the solution of a 
satellite nonlinear vibration problem in the plane of elliptic orbit. The resulting (an approximate) 
analytical solutions has a form of a sum where each term consists of the product of two functions 
according to perturbation (on parameter at nonlinear term) and WKB (on singular parameter) methods. 
Visualization of nonlinear satellite vibration in the plane of circular and elliptical orbits is given.  
Proposed approach has been applied for the investigation of flying apparatus nonlinear vibration near 
the regular-perturbated surface. The problem leads to singular nonlinear equation with variable in time 
coefficients at given initial conditions. Obtained solution of the problem isn t limited by the value of 
non dimensional amplitude of perturbed surface and nonlinearity order of evocative forces. 
Nonlinear dynamic problem for the airspace structure on the basis of flexible beam with moving 
concentrated mass which is a function from time and special algorithm of dynamical process 
visualization are analyzed. 

Key words: mathematical model, nonlinear problem, variable in time parameters, mathematical pendulum, 
satellite vibration, elliptical orbit, flying apparatus, damping, perturbed surface, asymptotic approach, 
visualization dynamic process. 
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