
Çáiðíèê ïðàöü Ií-òó ìàòåìàòèêè ÍÀÍ Óêðà¨íè 2013, Ò.10, �1, 245�254

ÓÄÊ 517.5

À.Ñ. Ñåðäþê, I. Â. Ñîêîëåíêî (Ií-ò ìàòåìàòèêè ÍÀÍ Óêðà¨íè,

Êè¨â)

ÍÀÁËÈÆÅÍÍß ËIÍIÉÍÈÌÈ ÌÅÒÎÄÀÌÈ ÊËÀÑIÂ
(ψ, β̄)−ÄÈÔÅÐÅÍÖIÉÎÂÍÈÕ ÔÓÍÊÖIÉ

We calculate the least upper bounds for approximations in the metric of the

space L2 by linear methods of summation of Fourier series on classes of

periodic functions Lψ
β̄,1

de�ned by sequences of multipliers ψ = ψ(k) and shifts

of argument β̄ = βk.

Îá÷èñëåíî òî÷íi âåðõíi ìåæi íàáëèæåíü â ìåòðèöi ïðîñòîðó L2 ëiíié-

íèìè ìåòîäàìè ïiäñóìîâóâàííÿ ðÿäiâ Ôóð'¹ êëàñiâ ïåðiîäè÷íèõ ôóíêöié

Lψ
β̄,1

, ÿêi çàäàþòüñÿ ïîñëiäîâíîñòÿìè ìóëüòèïëiêàòîðiâ ψ = ψ(k) òà

çñóâiâ àðãóìåíòó β̄ = βk.

Íåõàé C i Lp, 1 ≤ p ≤ ∞, � ïðîñòîðè 2π-ïåðiîäè÷íèõ ôóíêöié
çi ñòàíäàðòíèìè íîðìàìè ‖ ·‖C i ‖ · ‖Lp . Îäèíè÷íó êóëþ â ïðîñòîði
Lp ïîçíà÷àòèìåìî ÷åðåç Bp, òîáòî

Bp = {ϕ ∈ Lp : ‖ϕ‖Lp ≤ 1}, 1 ≤ p ≤ ∞.

Íåõàé äàëi ψ = ψ(k) i β̄ = βk, k = 1, 2, . . . , � äîâiëüíi ïîñëiäîâ-
íîñòi äiéñíèõ ÷èñåë òàêi, ùî ðÿä

∞∑
k=1

ψ(k) cos
(
kt− βkπ

2

)
¹ ðÿäîì Ôóð'¹ äåÿêî¨ ôóíêöi¨ Ψβ̄ ∈ L1. Òîäi ÷åðåç Lψ

β̄,p
, 1≤p≤∞, ïî-

çíà÷èìî ìíîæèíó âñiõ 2π-ïåðiîäè÷íèõ ôóíêöié f , ÿêi ìàéæå ñêðiçü
çîáðàæóþòüñÿ çà äîïîìîãîþ çãîðòêè

f(x)=
a0

2
+

1
π

π∫
−π

ϕ(x−t)Ψβ̄(t)dt=
a0

2
+
(
ϕ ∗Ψβ̄

)
(x), a0 ∈ R, ϕ ∈ B0

p , (1)

äå B0
p = {ϕ ∈ Bp : ϕ ⊥ 1}.
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Ôóíêöiþ ϕ â çîáðàæåííi (1) íàçèâàþòü (ψ, β̄)-ïîõiäíîþ ôóíêöi¨ f i

ïîçíà÷àþòü fψ
β̄

(x). Ïîíÿòòÿ (ψ, β̄)-ïîõiäíî¨ ââåäåíî Î.I. Ñòåïàíöåì

(äèâ., íàïðèêëàä, [1, c. 142]). ßêùî ϕ ∈ B0
1 , a Ψβ̄ ∈ Lp, òî ç íåðiâ-

íîñòi Þíãà äëÿ çãîðòîê (äèâ. [1, c. 293]):

‖y∗z‖Lp ≤
1
π
‖y‖Ls‖z‖Lq , 1 ≤ s ≤ p ≤ ∞,

1
q

= 1− 1
s

+
1
p
, y ∈ Ls, z ∈ Lq,

âèïëèâà¹, ùî Lψ
β̄,1

⊂ Lp, 1 ≤ p ≤ ∞. Ïðè p = 2 âêëþ÷åííÿ Ψβ̄ ∈ L2

åêâiâàëåíòíå âèêîíàííþ óìîâè

∞∑
k=1

ψ2(k) <∞. (2)

Ðîçãëÿíåìî ïîñëiäîâíîñòi ôóíêöié λk(δ) i µk(δ), ÿêi çàäàíi íà äå-
ÿêié ìíîæèíi E ⊂ R ç ãðàíè÷íîþ òî÷êîþ δ0 i çàäîâîëüíÿþòü óìîâè

λ0(δ) = 1, µ0(δ) = 0 ∀δ ∈ E,

lim
δ→δ0

λk(δ) = 1, lim
δ→δ0

µk(δ) = 0 k = 1, 2, . . . .
(3)

Ïðè äîâiëüíîìó ôiêñîâàíîìó δ ∈ E îçíà÷èìî ëiíiéíèé îïåðàòîð
Uδ = Uδ(λ;µ), ÿêèé êîæíié ôóíêöi¨ f ∈ Lψ

β̄,1
ñòàâèòü ó âiäïîâiäíiñòü

ôóíêöiþ

Uδ(λ;µ; f ;x) =
a0

2
+

∞∑
k=1

(λk(δ)(ak cos kx+ bk sin kx)+

+µk(δ)(−bk cos kx+ ak sin kx)),

äå ak, bk � êîåôiöi¹íòè Ôóð'¹ ôóíêöi¨ f .
Ó äàíié ðîáîòi ðîçãëÿäà¹òüñÿ çàäà÷à ïðî çíàõîäæåííÿ òî÷íèõ

çíà÷åíü âåëè÷èí

Eδ(Lψβ̄,1;λ;µ)L2 = sup
f∈Lψ

β̄,1

‖f(x)− Uδ(λ;µ; f ;x)‖L2 . (4)

Ìà¹ ìiñöå íàñòóïíå òâåðäæåííÿ.
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Òåîðåìà 1. Íåõàé ïîñëiäîâíiñòü ψ = ψ(k) çàäîâîëüíÿ¹ óìîâó

(2), à ïîñëiäîâíîñòi ôóíêöié λk(δ) i µk(δ) � óìîâè (3). Òîäi äëÿ
äîâiëüíî¨ ïîñëiäîâíîñòi äiéñíèõ ÷èñåë β̄ = βk i äîâiëüíîãî δ ∈ E ⊂ R

Eδ(Lψβ̄,1;λ;µ)L2 =
1√
π

( ∞∑
k=1

(
(1− λk(δ))2 + µ2

k(δ)
)
ψ2(k)

)1/2

.

Äîâåäåííÿ. Îñêiëüêè çãiäíî ç (1) äëÿ áóäü-ÿêî¨ f ∈ Lψ
β̄,1

ak cos kx+ bk sin kx =
1
π

π∫
−π

ψ(k) cos
(
k(x− t)− βkπ

2

)
fψ
β̄

(t)dt,

−bk cos kx+ ak sin kx =
1
π

π∫
−π

ψ(k) sin
(
k(x− t)− βkπ

2

)
fψ
β̄

(t)dt,

òî ìàéæå ñêðiçü âèêîíó¹òüñÿ ðiâíiñòü

Uδ(λ;µ; f ;x) =
a0

2
+

1
π

π∫
−π

fψ
β̄

(x− t)Uδ(λ;µ; t)dt, (5)

â ÿêié Uδ(λ;µ; t) � ôóíêöiÿ, ðÿä Ôóð'¹ ÿêî¨ ìîæíà ïðåäñòàâèòè ó
âèãëÿäi

∞∑
k=1

ψ(k)
(
λk(δ) cos

(
kt−βkπ

2

)
+µk(δ) sin

(
kt−βkπ

2

))
.

Ç ðiâíîñòåé (1) i (5) îäåðæó¹ìî

Eδ(Lψβ̄,1;λ;µ)L2 = sup
ϕ∈B0

1

∥∥∥∥∥ 1
π

π∫
−π

ϕ(x− t)
(
Ψβ̄(t)− Uδ(λ;µ; t)

)
dt

∥∥∥∥∥
L2

.

Îñêiëüêè ôóíêöiÿ Ψβ̄(t)− Uδ(λ;µ; t) îðòîãîíàëüíà äî áóäü-ÿêî¨ ñòà-
ëî¨, òî

Eδ(Lψβ̄,1;λ;µ)L2 = sup
ϕ∈B1

∥∥∥∥∥ 1
π

π∫
−π

ϕ(x− t)
(
Ψβ̄(t)− Uδ(λ;µ; t)

)
dt

∥∥∥∥∥
L2

.
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ßê âiäîìî (äèâ., íàïðèêëàä, [2, íàñëiäîê Ä 1.2., c. 392]), ÿêùî
u ∈ Lp, 1 ≤ p ≤ ∞, òî

‖u‖Lp = sup
g∈Bp′

π∫
−π

g(t)u(t)dt,
1
p

+
1
p′

= 1. (6)

Âðàõîâóþ÷è ñïiââiäíîøåííÿ (6), iíâàðiàíòíiñòü ìíîæèíè B2 âiä-
íîñíî çñóâó àðãóìåíòó òà ðiâíiñòü Ïàðñåâàëÿ, ìà¹ìî

Eδ(Lψβ̄,1;λ;µ)L2 =

=
1
π

sup
ϕ∈B1

sup
g∈B2

π∫
−π

g(x)

π∫
−π

ϕ(t)
(
Ψβ̄(x− t)− Uδ(λ;µ;x− t)

)
dtdx =

=
1
π

sup
g∈B2

sup
ϕ∈B1

π∫
−π

ϕ(t)

π∫
−π

g(x+ t)
(
Ψβ̄(x)− Uδ(λ;µ;x)

)
dxdt =

=
1
π

sup
g∈B2

∥∥∥∥∥
π∫

−π

g(x+ t)
(
Ψβ̄(x)− Uδ(λ;µ;x)

)
dx

∥∥∥∥∥
L∞

=

=
1
π

sup
g∈B2

π∫
−π

g(x)
(
Ψβ̄(x)− Uδ(λ;µ;x)

)
dx =

1
π

∥∥Ψβ̄ − Uδ(λ;µ)
∥∥
L2

=

=
1
π

∥∥∥∥ ∞∑
k=1

ψ(k)
(
(1−λk(δ)) cos

(
kx−βkπ

2

)
+µk(δ) sin

(
kx−βkπ

2

))∥∥∥∥
L2

=

=
1√
π

( ∞∑
k=1

(
(1− λk(δ))2 + µ2

k(δ)
)
ψ2(k)

)1/2

.

Òåîðåìó äîâåäåíî.
Çàóâàæåííÿ 1. Ç òåîðåìè 1 äàíî¨ ðîáîòè i òåîðåìè 1 ç ðîáîòè

[3] âèïëèâà¹, ùî

Eδ(Lψβ̄,1;λ;µ)L2 = Eδ(Cψβ̄,2;λ;µ)C ,
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äå Eδ(Cψβ̄,2;λ;µ)C = sup
f∈Cψ

β̄,2

‖f(x)− Uδ(λ;µ; f ;x)‖C , à Cψβ̄,2 = C ∩ Lψ
β̄,2
.

Òàêèì ÷èíîì, ìàþòü ìiñöå âñi òâåðäæåííÿ ïî íàáëèæåííþ êëàñiâ
Lψ
β̄,1

â ìåòðèöi ïðîñòîðó L2, ÿêi ¹ àíàëîãi÷íèìè äî òâåðäæåíü, ùî

ñòîñóþòüñÿ ðiâíîìiðíèõ íàáëèæåíü êëàñiâ Cψ
β̄,2

, îòðèìàíèõ ó [3]. Íà-

âåäåìî äåÿêi ç íèõ.
Ðîçãëÿíåìî ëiíiéíi ïîëiíîìiàëüíi ìåòîäè íàáëèæåííÿ ôóíêöié

ç êëàñiâ Lψ
β̄,1

. Íåõàé Λ = ‖λ(n)
k ‖ i M = ‖µ(n)

k ‖, n = 0, 1, . . . ,
k = 0, 1, . . . , � íåñêií÷åííi òðèêóòíi ìàòðèöi ÷èñåë òàêi, ùî:

λ
(n)
0 = 1, µ

(n)
0 = 0, n = 0, 1, 2, . . . ,

λ
(n)
k = 0, µ

(n)
k = 0, k = n+ 1, n+ 2, . . . ,

lim
n→∞

λ
(n)
k = 1, lim

n→∞
µ

(n)
k = 0, k = 1, 2, . . . ,

(7)

i ëiíiéíèé îïåðàòîð Un = Un(Λ; M) êîæíié ôóíêöi¨ f ∈ L1 ñòàâèòü ó
âiäïîâiäíiñòü òðèãîíîìåòðè÷íèé ïîëiíîì

Un(Λ; M; f ;x) =
a0

2
+

n∑
k=1

(λ(n)
k (ak cos kx+ bk sin kx)+

+µ(n)
k (−bk cos kx+ ak sin kx)), (8)

äå ak i bk � êîåôiöi¹íòè Ôóð'¹ ôóíêöi¨ f.
Äëÿ ìåòîäiâ Un òåîðåìà 1 ôîðìóëþ¹òüñÿ òàêèì ÷èíîì.
Òåîðåìà 1′. Íåõàé ïîñëiäîâíiñòü ψ(k) çàäîâîëüíÿ¹ óìîâó (2), à

Λ = ‖λ(n)
k ‖ i M = ‖µ(n)

k ‖ � óìîâè (7). Òîäi äëÿ äîâiëüíî¨ ïîñëiäîâ-

íîñòi äiéñíèõ ÷èñåë β̄ = βk i äîâiëüíîãî n ∈ N

En(Lψβ̄,1; Λ;M)L2 = sup
f∈Lψ

β̄,1

‖f(x)− Un(Λ; M; f ;x)‖L2 =

=
1√
π

(
n∑
k=1

(
(1− λ

(n)
k )2 + (µ(n)

k )2
)
ψ2(k) +

∞∑
k=n+1

ψ2(k)

)1/2

. (9)
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Ç òåîðåìè 1′ äëÿ äåÿêèõ êëàñè÷íèõ ëiíiéíèõ ìåòîäiâ íàáëèæåííÿ
âèïëèâàþòü òàêi íàñëiäêè.

ßêùî

λ
(n)
k =

{
1, 0 ≤ k ≤ n,
0, k > n,

i µ
(n)
k ≡ 0,

òî òðèãîíîìåòðè÷íèé ïîëiíîì Un(Λ; M; f ;x) ¹ ÷àñòèííîþ ñóìîþ
Ôóð'¹ Sn(f ;x) ôóíêöi¨ f ïîðÿäêó n. Â öüîìó âèïàäêó

En(Lψβ̄,1; Λ;M)L2 = E(Lψ
β̄,1

;Sn)L2 =
1√
π

( ∞∑
k=n+1

ψ2(k)

)1/2

. (10)

Äëÿ êëàñiâ Lψ
β̄,1

ïðè ψ(k) = qk, 0 < q < 1, ç (10) îäåðæó¹ìî

E(Lψ
β̄,1

;Sn)L2 =
qn+1√
π(1− q2)

. (11)

Ïðè βk ≡ β, β ∈ R, ðiâíiñòü (11) óòî÷íþ¹ àñèìïòîòè÷íó ðiâíiñòü
(12) ç [4] ó òîìó ñåíñi, ùî çàçíà÷åíà ðiâíiñòü (12) ç [4] ïðè p = 2
çàëèøèòüñÿ âiðíîþ, ÿêùî â íié âèëó÷èòè çàëèøêîâèé ÷ëåí.

Ç (9) i (10) âèïëèâà¹, ùî íàéêðàùèì ëiíiéíèì ìåòîäîì íàáëèæåí-

íÿ âèãëÿäó (8) êëàñiâ Lψ
β̄,1

ó ìåòðèöi ïðîñòîðó L2 ¹ ìåòîä Ôóð'¹. Öåé

ôàêò ìîæíà îòðèìàòè ç iíøèõ ìiðêóâàíü. Íåõàé f ∈ Lp, 1 ≤ p ≤ ∞,
i

En(f)Lp = inf
Tn
‖f − Tn‖Lp

� íàéêðàùå íàáëèæåííÿ ôóíêöi¨ f â ìåòðèöi ïðîñòîðó Lp òðèãîíî-
ìåòðè÷íèìè ïîëiíîìàìè ïîðÿäêó íå âèùîãî íiæ n.

Íåõàé äàëi N ⊂ Lp i Un � ëiíiéíèé îïåðàòîð âèãëÿäó (8). Òîäi
âåëè÷èíó

En(N)Lp = inf
Un

sup
f∈N

‖f − Un(f)‖Lp (12)

íàçèâàþòü íàéêðàùèì ëiíiéíèì íàáëèæåííÿì êëàñó N çà äîïîìîãîþ
ëiíiéíèõ îïåðàòîðiâ âèãëÿäó (8) ó ìåòðèöi ïðîñòîðó Lp, à îïåðàòîð
U∗n, ÿêèé ðåàëiçó¹ inf ó ïðàâié ÷àñòèíi (12), íàçèâà¹òüñÿ íàéêðàùèì
ëiíiéíèì îïåðàòîðîì íàáëèæåííÿ êëàñó N.

Âèêîíó¹òüñÿ íàñòóïíå òâåðäæåííÿ.
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Òåîðåìà 2. Íåõàé 1 ≤ p ≤ ∞, à ïîñëiäîâíîñòi ψ = ψ(k) i β̄ = βk
òàêi, ùî ψ(k) 6= 0 ∀k ∈ N i Ψβ̄ ∈ Lp. Òîäi äëÿ äîâiëüíîãî n ∈ N

En(Lψβ̄,1)Lp =
1
π
En(Ψβ̄)Lp . (13)

Äîâåäåííÿ. Íåâàæêî ïåðåêîíàòèñÿ, ùî ÿêùî ψ(k)6=0 äëÿ ∀k∈N,
òî äëÿ áóäü-ÿêî¨ f ∈ Lψ

β̄,1
i äîâiëüíîãî òðèãîíîìåòðè÷íîãî ïîëiíî-

ìà ç íóëüîâèì ñåðåäíiì çíà÷åííÿì T 0
n(t) =

n∑
k=1

(αk cos kt + γk sin kt),

αk, γk ∈ R, çãîðòêà

a0

2
+

π∫
−π

fψ
β̄

(x− t)T 0
n(t)dt (14)

çîáðàæó¹òüñÿ ó âèãëÿäi ïîëiíîìà Un(Λ; M; f ;x), îçíà÷åíîãî â (8), ïðè

λ
(n)
k =

αk
ψ(k)

cos
βkπ

2
+

γk
ψ(k)

sin
βkπ

2
,

µ
(n)
k =

γk
ψ(k)

cos
βkπ

2
− αk
ψ(k)

sin
βkπ

2
;

i íàâïàêè, äîâiëüíèé òðèãîíîìåòðè÷íèé ïîëiíîì Un(Λ; M; f ;x)
âèãëÿäó (8) çîáðàæó¹òüñÿ ó âèãëÿäi çãîðòêè (14) ç ïîëiíîìîì T 0

n(t),
êîåôiöi¹íòè ÿêîãî ìàþòü âèãëÿä

αk = ψ(k)
(
λ

(n)
k cos

βkπ

2
− µ

(n)
k sin

βkπ

2

)
,

γk = ψ(k)
(
λ

(n)
k sin

βkπ

2
+ µ

(n)
k cos

βkπ

2

)
.

Òîìó, ç óðàõóâàííÿì (1), (8) i (12), ìà¹ìî

En(Lψβ̄,1)Lp = inf
Un

sup
f∈Lψ

β̄,1

‖f − Un(f)‖Lp =



252 À.Ñ. Ñåðäþê, I. Â. Ñîêîëåíêî

= inf
T 0
n

sup
f∈Lψ

β̄,1

∥∥∥∥∥∥ 1
π

π∫
−π

fψ
β̄

(x− t)
(
Ψβ̄(t)− T 0

n(t)
)
dt

∥∥∥∥∥∥
Lp

=

= inf
T 0
n

sup
ϕ∈B0

1

∥∥∥∥∥∥ 1
π

π∫
−π

ϕ(x− t)
(
Ψβ̄(t)− T 0

n(t)
)
dt

∥∥∥∥∥∥
Lp

.

Âðàõîâóþ÷è, ùî (Ψβ̄ −T 0
n) ⊥ 1, ñïiââiäíîøåííÿ (6) òà iíâàðiàíòíiñòü

Bp′ âiäíîñíî çñóâó àðãóìåíòà, îäåðæó¹ìî

En(Lψβ̄,1)Lp =

=
1
π

inf
T 0
n

sup
ϕ∈B1

sup
g∈Bp′

π∫
−π

g(x)

π∫
−π

ϕ(t)
(
Ψβ̄(x− t)− T 0

n(x− t)
)
dtdx =

=
1
π

inf
T 0
n

sup
g∈Bp′

sup
ϕ∈B1

π∫
−π

ϕ(t)

π∫
−π

g(x)
(
Ψβ̄(x− t)− T 0

n(x− t)
)
dxdt =

=
1
π

inf
T 0
n

sup
g∈Bp′

∥∥∥∥
π∫

−π

g(x+ t)
(
Ψβ̄(x)− T 0

n(x)
)
dx

∥∥∥∥
L∞

=

=
1
π

inf
T 0
n

sup
g∈Bp′

π∫
−π

g(x)
(
Ψβ̄(x)− T 0

n(x)
)
dx.

ßê âiäîìî ç [2, c. 27], äëÿ äîâiëüíî¨ ôóíêöi¨ u ∈ Lp, 1 ≤ p ≤ ∞,
ìà¹ ìiñöå ñïiââiäíîøåííÿ äâî¨ñòîñòi:

inf
α∈R

‖u− α‖Lp = sup
g∈B0

p′

π∫
−π

g(t)u(t)dt,
1
p

+
1
p′

= 1. (15)

Îñêiëüêè (Ψβ̄ − T 0
n) ⊥ 1, òî â ñèëó (15)

En(Lψβ̄,1)Lp =
1
π

inf
T 0
n

sup
g∈B0

p′

π∫
−π

g(x)
(
Ψβ̄(x)− T 0

n(x)
)
dx =
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=
1
π

inf
T 0
n

inf
α∈R

‖Ψβ̄(t)− T 0
n(t)− α‖Lp =

1
π
En(Ψβ̄)Lp .

Òåîðåìó 2 äîâåäåíî.
Ç ìiðêóâàíü, âèêîðèñòàíèõ ïðè äîâåäåííi òåîðåìè 2, âèïëèâà¹ òà-

êîæ, ùî ïðè ψ(k) 6= 0 äëÿ ∀k ∈ N, äëÿ êëàñó Lψ
β̄,1

ñåðåä óñiõ ëiíiéíèõ

ìåòîäiâ íàáëèæåííÿ Un âèãëÿäó (8) ó ìåòðèöi ïðîñòîðó Lp íàéêðà-
ùèì ¹ ìåòîä U∗n(Λ; M; f ;x), ùî ïîðîäæåíèé ñèñòåìîþ ÷èñåë

λ
(n)
k =

α∗k
ψ(k)

cos
βkπ

2
+

γ∗k
ψ(k)

sin
βkπ

2
,

µ
(n)
k =

γ∗k
ψ(k)

cos
βkπ

2
− α∗k
ψ(k)

sin
βkπ

2
,

äå α∗k i γ
∗
k � êîåôiöi¹íòè ïîëiíîìà íàéêðàùîãî íàáëèæåííÿ òâiðíîãî

ÿäðà Ψβ̄ ó ìåòðèöi ïðîñòîðó Lp. Îñêiëüêè En(Ψβ̄)2 = ‖Ψβ̄−Sn(Ψβ̄)‖2,

òî íàéêðàùèì ëiíiéíèì ìåòîäîì íàáëèæåííÿ U∗n êëàñiâ Lψ
β̄,1

ó ìåò-

ðèöi ïðîñòîðó L2 ¹ ìåòîä Ôóð'¹.
Íàâåäåìî íàñëiäîê ç òåîðåìè 1′ äëÿ ìåòîäó Âàëëå Ïóññåíà. Íåõàé

n = 0, 1, 2, . . . , 0 ≤ m ≤ n, m ∈ N, i

λ
(n)
k =


1, 0 ≤ k ≤ n−m,
1− k−n+m

m+1 , n−m < k ≤ n,

0, k > n,
µ

(n)
k ≡ 0.

Òîäi ïîëiíîì Un(Λ; M; f ;x) âèãëÿäó (8) ¹ ñóìîþ Âàëëå Ïóññåíà
Vn,m(f ;x) ôóíêöi¨ f i çãiäíî ç (9)

E(Lψ
β̄,1

; Λ;M)L2 = E(Lψ
β̄,1

;Vn,m)L2 =

=
1√
π

(
1

(m+1)2

n∑
k=n−m+1

(k−n+m)2ψ2(k) +
∞∑

k=n+1

ψ2(k)

)1/2

, (16)

Â [5, ñ. 1680] äîâåäåíî, ùî ïðè 0 < q < 1

1
(m+ 1)2

n∑
k=n−m+1

(k−n+m)2q2k +
∞∑

k=n+1

q2k =
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=
q2(n−m+1)(1 + q2 − q2(m+1)(2m+ 3− q2(2m+ 1)))

(m+ 1)2(1− q2)3
. (17)

Ç (16) i (17) äëÿ êëàñiâ Lψ
β̄,1

ïðè ψ(k) = qk, 0 < q < 1, îòðèìó¹ìî
ðiâíiñòü

E(Lψ
β̄,1

;Vn,m)L2 =

=
qn−m+1

√
π(m+ 1)

√
1 + q2 − q2(m+1)(2m+ 3− q2(2m+ 1))

(1− q2)3
. (18)

Ïðè βk ≡ β, β ∈ R, ðiâíiñòü (18) óòî÷íþ¹ àñèìïòîòè÷íó ðiâíiñòü
(71), îòðèìàíó â [5]. À ñàìå, çàçíà÷åíà ðiâíiñòü (71) ç [5] çàëèøà¹òüñÿ
âiðíîþ, ÿêùî â íié âèëó÷èòè çàëèøêîâèé ÷ëåí.
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