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ÐÀÖIÎÍÀËÜÍI ÍÀÁËÈÆÅÍÍß ÊËÀÑIÂ ÇÃÎÐÒÎÊ
ÏÅÐIÎÄÈ×ÍÈÕ ÔÓÍÊÖIÉ

In this work the rational approximation of the classes of 2π-periodic functions

which represented by the convolution of the functions from Lp(0, 2π] with �xed

kernels, which are given in the form of the sum of series on the system of

Takenaka-Malmquist are investigated. The order estimates for values of best

uniform rational approximation with �xed poles for the functions of these

classes were found.

Â ðîáîòi äîñëiäæåíî ðàöiîíàëüíi íàáëèæåííÿ êëàñiâ 2π�ïåðiîäè÷íèõ

ôóíêöié, ÿêi çîáðàæàþòüñÿ çãîðòêàìè ôóíêöié ç Lp(0, 2π] ç ôiêñîâà-

íèìè ÿäðàìè, çàäàíèìè ó âèãëÿäi ñóìè ðÿäó çà ñèñòåìîþ Òàêåíàêà�

Ìàëüìêâiñòà. Çíàéäåíî ïîðÿäêîâi îöiíêè äëÿ âåëè÷èí íàéêðàùèõ ðiâíî-

ìiðíèõ ðàöiîíàëüíèõ íàáëèæåíü ç ôiêñîâàíèìè ïîëþñàìè äëÿ ôóíêöié iç

çàçíà÷åíèõ êëàñiâ.

Òðàäèöiéíî äëÿ íàáëèæåííÿ 2π�ïåðiîäè÷íèõ ôóíêöié äiéñíî¨ ÷è
êîìïëåêñíî¨ çìiííèõ âèêîðèñòîâóþòüñÿ àãðåãàòè, ÿêi áóäóþòüñÿ íà
îñíîâi ÷àñòèííèõ ñóì ðÿäiâ Ôóð'¹ çà òðèãîíîìåòðè÷íîþ ñèñòåìîþ
àáî æ ïðÿìîêóòíi ëiíiéíi ñåðåäíi ðÿäiâ Ôóð'¹. Âèáið ó ðîëi áàçèñó
òðèãîíîìåòðè÷íî¨ ñèñòåìè {eikt}k∈Z ¹ öiëêîì ïðèðîäíiì i âèïðàâ-
äàíèì. Äëÿ áàãàòüîõ êëàñiâ 2π�ïåðiîäè÷íèõ ôóíêöié, ÿê öå çàñâiä-
÷óþòü ðåçóëüòàòè ïðî ïîïåðå÷íèê, òàêèé áàçèñ ¹ íàéêðàùèì â òîìó
ðîçóìiííi, ùî ëiíiéíà îáîëîíêà, íàòÿãíóòà íà íüîãî ¹ åêñòðåìàëüíèì
ïiäïðîñòîðîì äëÿ êîëìîãîðîâñüêîãî ïîïåðå÷íèêà (äèâ., íàïðèêëàä,
[1, 2]).

Ó âèïàäêó íàáëèæåííÿ àíàëiòè÷íèõ ôóíêöié êëàñó Ãàðäi ñèòóà-
öiÿ ìàëî ÷èì âiäðiçíÿ¹òüñÿ âiä 2π�ïåðiîäè÷íîãî âèïàäêó. Òóò ïðè-
ðîäíî ó ðîëi áàçèñó áðàòè ñèñòåìó ñòåïåíiâ {zk}∞k=0, ÿêà íà îäèíè÷-
íîìó êîëi T = {z : |z| = 1} çáiãà¹òüñÿ ç òðèãîíîìåòðè÷íîþ ñèñòåìîþ
{eikt}∞k=0. Àëå ó âèïàäêó íàáëèæåííÿ àíàëiòè÷íèõ ÷è ãàðìîíi÷íèõ
ôóíêöié íà êîìïàêòíèõ ìíîæèíàõ âñåðåäèíi îäèíè÷íîãî êðóãà
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àïðîêñèìàòèâíi âëàñòèâîñòi ñòåïåíåâî¨ ñèñòåìè ïîãiðøóþòüñÿ. ßê
ïîêàçàíî â [3, 4] ó òàêîìó âèïàäêó îïòèìàëüíîþ ñèñòåìîþ â ñåí-
ñi êîëìîãîðîâñüêîãî ïîïåðå÷íèêà ¹ ñèñòåìà Òàêåíàêè�Ìàëüìêâiñòà
ðàöiîíàëüíèõ ôóíêöié ç ïîëþñàìè çîâíi îäèíè÷íîãî êîëà. Ç îãëÿäó
íà öåé òà iíøi âiäîìi ôàêòè äîñëiäæåííÿ àïðîêñèìàòèâíèõ âëàñòèâî-
ñòåé ñèñòåìè Òàêåíàêà�Ìàëüìêâiñòà ÿê äëÿ êëàñiâ àíàëiòè÷íèõ òàê
i 2π�ïåðiîäè÷íèõ ôóíêöié ïðåäñòàâëÿ¹ çíà÷íèé íàóêîâèé iíòåðåñ.

Â äàíié ðîáîòi ìè äîñëiäæó¹ìî ðàöiîíàëüíi íàáëèæåííÿ êëàñiâ
2π�ïåðiîäè÷íèõ ôóíêöié, ÿêi çîáðàæàþòüñÿ çãîðòêàìè ôóíêöié ç
Lp(0, 2π] ç ôiêñîâàíèìè ÿäðàìè, çàäàíèìè ó âèãëÿäi ñóìè ðÿäó çà
ñèñòåìîþ Òàêåíàêà�Ìàëüìêâiñòà. Çíàéäåíî ïîðÿäêîâi îöiíêè äëÿ âå-
ëè÷èí íàéêðàùèõ ðiâíîìiðíèõ ðàöiîíàëüíèõ íàáëèæåíü ç ôiêñîâà-
íèìè ïîëþñàìè äëÿ ôóíêöié iç çàçíà÷åíèõ êëàñiâ. Íàøi äîñëiäæåííÿ
ó öüîìó íàïðÿìêó ñòàëè ïîøèðåííÿì iäåé i ìåòîäiâ ðîáîòè [5].

Íåõàé {ak}∞k=0 � ïîñëiäîâíiñòü êîìïëåêñíèõ ÷èñåë ak ∈ C, ak ∈
D = {z ∈ C : |z| < 1}, ïðè÷îìó ak = 0 ïðè k = 0, k ≥ n + 1.
Ðîçãëÿíåìî ñèñòåìó ðàöiîíàëüíèõ ôóíêöié

ϕ0(z) =
1√
2π
, ϕk(z) =

√
1− |ak|2

2π
· 1
1− akz

·
k−1∏
j=0

z − aj
1− ajz

, k ∈ N.

(1)
Ñèñòåìà âèãëÿäó (1) áóëà ïîáóäîâàíà â ðîáîòàõ [6, 7]. ßê ïîêàçàíî

â [8], öÿ ñèñòåìà ¹ îðòîíîðìàëüíîþ íà îäèíè÷íîìó êîëi, òîáòî∫
|ξ|=1

ϕk(ξ)ϕm(ξ) |dξ| =

{
0, k 6= m,

1, k = m.
(2)

Ïðè öüîìó òàêîæ âèêîíóþòüñÿ ðiâíîñòi∫
|ξ|=1

ϕk(ξ)ϕm(ξ) |dξ| = 0, k = 0, 1, 2, . . . , m = 1, 2, . . . . (3)

Â ñâîþ ÷åðãó, ÿê ïîêàçàíî â ðîáîòi [5], ñèñòåìà òðèãîíîìåòðè÷íèõ
ðàöiîíàëüíèõ ôóíêöié

ρ0(t)=
1√
2π
, ρk(t)=

√
2·Re ϕk(eit), τk(t)=

√
2·Im ϕk(eit), k ∈ N, (4)
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áóäå îðòîíîðìîâàíîþ íà [0; 2π], òîáòî

2π∫
0

ρk(t)ρm(t) dt =

{
0, k 6= m,

1, k = m.

i
2π∫
0

τk(t)τm(t) dt =

{
0, k 6= m,

1, k = m.

Íåõàé äàëi Lp = Lp(0; 2π], p ≥ 1, � ïðîñòið Ëåáåãà âèìiðíèõ 2π-
ïåðiîäè÷íèõ ôóíêöié g ç íîðìîþ

||g||Lp
= ||g||p =

( 2π∫
0

|g(t)|p dt

)1/p

. (5)

Âèçíà÷èìî ÿäðî

Kψ(x; t) =
∞∑
k=1

ψ(k)[ρk(x)ρk(t) + τk(x)τk(t)], (6)

äå ψ(k) � äîâiëüíà íåçðîñòàþ÷à íóëü-ïîñëiäîâíiñòü, i ðîçãëÿíåìî
êëàñ 2π-ïåðiîäè÷íèõ ôóíêöèé, ÿêi ìîæóòü áóòè ïîäàíi ó âèãëÿäi
çãîðòêè

f(x) = A0 +

2π∫
0

g(t)Kψ(x; t) dt, g ∈ Lp. (7)

×åðåç C = C(0; 2π] ïîçíà÷èìî ïðîñòið íåïåðåðâíèõ äiéñíîçíà÷-
íèõ 2π-ïåðiîäè÷íèõ ôóíêöié ç íîðìîþ

||f ||C = sup
x∈[0;2π]

|f(x)|

i ïîêëàäåìî
Rn(f) = Rn(f ; a1, a2, ..., an) =

= inf
αk,βk

∥∥∥∥∥f(·)−

(
n∑
k=0

αkρk(·) +
n∑
k=1

βkτk(·)

)∥∥∥∥∥
C

, (8)
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äå ak ∈ D, k = 1, 2, . . . , n, � íàáið ÷èñåë, ÿêi âèçíà÷àþòü ñèñòåìó (1),
à αk, βk � äiéñíi êîåôiöi¹íòè. Âåëè÷èíà Rn(f) íàçèâà¹òüñÿ íàéêðà-
ùèì ðiâíîìiðíèì ðàöiîíàëüíèì íàáëèæåííÿì.

×åðåç Θp ïîçíà÷èìî ìíîæèíó ïîñëiäîâíîñòåé ψ(n), êîæíà ç ÿêèõ
çàäîâîëüíÿ¹ íàñòóïíèì óìîâàì:

1. ψ(n), n = 1, 2, . . . , ìîíîòîííî íåçðîñòà¹;

2. çíàéäåòüñÿ ÷èñëî ε > 0 i äîäàòíà ñòàëà K òàêi, ùî äëÿ âñiõ

íàòóðàëüíèõ k1 > k2 ≥ 1 âèêîíó¹òüñÿ íåðiâíiñòü k
1
p +ε

1 ψ(k1) ≤
Ck

1
p +ε

2 ψ(k2);

Îñíîâíèì ðåçóëüòàòîì ðîáîòû ¹ íàñòóïíå òâåðäæåííÿ.

Òåîðåìà 1. Íåõàé g ∈ Lp, 1 ≤ p < ∞ i ψ ∈ Θp. Òîäi çãîðò-
êà âèãëÿäó (7) ¹ íåïåðåðâíîþ ïåðiîäè÷íîþ ôóíêöi¹þ i âèêîíó¹òüñÿ
íåðiâíiñòü

Rn(f) ≤ Kψ(n)n1/p. (9)

Çàóâàæèìî, ùî ó âèïàäêó ψ(k) = kr, r > 1/p, k ∈ N òâåðäæåííÿ
òåîðåìè 1 ñïiâïàäà¹ ç ðåçóëüòàòîì ðîáîòè [5].

Äîâåäåííÿ. Ïîêëàäåìî ó ñïiââiäíîøåííi (4) k = n + m i ïðåä-
ñòàâèìî îðòîãîíàëüíi ôóíêöi¨ ó âèãëÿäi

ρk(t) =
√

2Re

 1√
2π

k−1∏
j=0

eit − aj
1− ajeit

 =

=
1√
π

Re

 n∏
j=0

eit − aj
1− ajeit

· eimt
 =

=
1√
π

sin (Φn(t) +mt) , m ∈ N, (10)

i àíàëîãi÷íî

τk(t) =
1√
π

cos (Φn(t) +mt) , m ∈ N, (11)
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äå

Φn(t) =

t∫
0

n∑
j=1

1− |aj |2

1− 2|aj | cos(θ − arctg aj) + |aj |2
dθ. (12)

Íåõàé 1 < p < ∞, 1
p + 1

q = 1. Òîäi, âðàõîâóþ÷è ñïiââiäíîøåííÿ

(10) i (11), i çàñòîñîâóþ÷è íåðiâíiñòü Ìiíêîâñüêîãî äëÿ äîâiëüíîãî
m ∈ N, îòðèìà¹ìî

I =

( 2π∫
0

∣∣∣∣∣
∞∑

k=n+m

ψ(k)

(
ρk(x)ρk(t) + τk(x)τk(t)

)∣∣∣∣∣
q

dt

)1/q

=

=

( 2π∫
0

∣∣∣∣∣
∞∑
j=m

ψ(n+ j)

[
1√
π

sin(Φn(t) + jt) · 1√
π

sin(Φn(x) + jx)+

+
1√
π

cos(Φn(t) + jt) · 1√
π

cos(Φn(x) + jx)

]∣∣∣∣∣
q

dt

)1/q

=

=
1
π

( 2π∫
0

∣∣∣∣∣
∞∑
j=m

ψ(n+ j) cos(Φn(x)− Φn(t) + j(x− t))

∣∣∣∣∣
q

dt

)1/q

=

=
1
π

( 2π∫
0

∣∣∣∣∣
∞∑
j=m

ψ(n+ j) cos(Φn(x)− Φn(t)) cos j(x− t)−

− sin(Φn(x)− Φn(t)) sin j(x− t)

∣∣∣∣∣
q

dt

)1/q

.

Îñêiëüêè Φn(x)− Φn(t) íå çàëåæèòü âiä m, òî

I ≤ 1
π

( 2π∫
0

∣∣∣∣∣
∞∑
j=m

ψ(n+ j) cos j(x− t)

∣∣∣∣∣
q

dt

)1/q

+

+
1
π

( 2π∫
0

∣∣∣∣∣
∞∑
j=m

ψ(n+ j) sin j(x− t)

∣∣∣∣∣
q

dt

)1/q

=
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=
1
π

( 2π∫
0

∣∣∣∣∣
∞∑
j=m

ψ(n+ j) cos jt

∣∣∣∣∣
q

dt

)1/q

+

+
1
π

( 2π∫
0

∣∣∣∣∣
∞∑
j=m

ψ(n+ j) sin jt

∣∣∣∣∣
q

dt

)1/q

= J1 + J2. (13)

Áåðó÷è äî óâàãè ðiâíiñòü

cos jy = Dj(y)−Dj−1(y),

äå

Dj(y) =
1
2

+
j∑

k=1

cos ky =
sin 2j+1

2 t

2 sin t
2

� ÿäðî Äiðèõëå ïîðÿäêó j, i çàñòîñîâóþ÷è ïåðåòâîðåííÿ Àáåëÿ, çíà-
õîäèìî

∞∑
j=m

ψ(n+ j) cos jt = −ψ(n+m) ·Dm−1(t)+

+
∞∑
j=m

(ψ(n+ j)− ψ(n+ j + 1))Dj(t). (14)

Âiäîìî (äèâ., íàïðèêëàä, [5]), ùî äëÿ ÿäðà Äiðèõëå âèêîíó¹òüñÿ
îöiíêà

||Dj(·)||q ≤ Kj1/p. (15)

Âèêîðèñòîâóþ÷è ñïiââiäíîøåííÿ

J1 =
1
π

∥∥∥∥∥∥
∞∑
j=m

ψ(n+ j) cos jt

∥∥∥∥∥∥
q

≤

≤ K

 ∞∑
j=m

∆ψ(n+ j)j
1
p + ψ(n+m)m

1
p

 , 1 < q ≤ ∞,
1
p

+
1
q

= 1,
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i
∞∑
j=m

∆ψ(n+ j)j
1
p < ψ(m+ n)m

1
p ,

îäåðæàíi â ðîáîòi [9] (äèâ. ñïiââiäíîøåííÿ (21) i (22), âiäïîâiäíî),
îäåðæó¹ìî îöiíêó

J1 ≤ Kψ(n+m)(n+m)1/p. (16)

Áåðó÷è äî óâàãè âëàñòèâîñòi ñïðÿæåíîãî ÿäðà Äiðèõëå i âèêîðè-
ñòîâóþ÷è àíàëîãi÷íi ìiðêóâàííÿ, çíàõîäèìî

J2 ≤ Kψ(n+m)(n+m)1/p. (17)

Ïiäñòàâëÿþ÷è îöiíêè (16) i (17) ó ñïiââiäíîøåííÿ (13), îòðèìó¹ìî
íåðiâíiñòü∥∥∥∥∥

∞∑
k=n+m

ψ(k)[ρk(x)ρk(t) + τk(x)τk(t)]

∥∥∥∥∥
q

≤ Kψ(n+m)(n+m)1/p. (18)

Ç íåðiâíîñòi (18) ç óðàõóâàííÿì îçíà÷åííÿ ìíîæèíè Θp (óìîâà 3)
âèïëèâà¹, ùî Lq íîðìà çàëèøêà ÿäðà (6) ìîæåò áóòè çðîáëåíîþ ÿê
çàâãîäíî ìàëîþ ðiâíîìiðíî âiäíîñíî x, i òîìó ç (7) i ñïiââiäíîøåííÿ

|f(x1)− f(x2)| ≤
2π∫
0

|g(t)||Kψ(x1; t)−Kψ(x2; t)| dt ≤

≤ ‖g‖p‖Kψ(x1; ·)−Kψ(x2; ·)‖q,

îòðèìó¹ìî, ùî f ∈ C.
Áåðó÷è äî óâàãè âèçíà÷åííÿ íàéêðàùîãî íàáëèæåííÿ (8), âèêî-

ðèñòîâóþ÷è íåðiâíiñòü Ãåëüäåðà i îöiíêó (18), çíàõîäèìî

Rn(f) ≤

∥∥∥∥∥
2π∫
0

g(t)
∞∑

k=n+1

ψ(k)[ρk(·)ρk(t) + τk(·)τk(t)] dt

∥∥∥∥∥
C

≤

≤ K‖g‖pψ(n+ 1)(n+ 1)1/p ≤ Kψ(n)n1/p, (19)
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i ó âèïàäêó 1 < p <∞ òåîðåìó äîâåäåíî.
ßêùî æ p = 1, òî âèêîðèñòîâóþ÷è àíàëîãi÷íi ìiðêóâàííÿ i âðà-

õîâóþ÷è ïðè öüîìó åëåìåíòàðíi íåðiâíîñòi

|Dj(·)| ≤
1
2

+ j, |D̃j(·)| ≤ j,

îäåðæó¹ìî∥∥∥∥∥
∞∑

k=n+m

ψ(k)[ρk(·)ρk(t) + τk(·)τk(t)]

∥∥∥∥∥
C

≤ K(n+m)ψ(n+m),

çâiäêè âèïëèâà¹, ùî îöiíêà (19) áóäå âèêîíóâàòèñü. Òåîðåìó äîâåäå-
íî ïîâíiñòþ.
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