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We establish universal distortion bounds for arbitrary holomorphic func-
tionals on some Teichmiiller spaces and on general classes of univalent
functions in quasidisks.

1. Introductory remarks and results.

1.1. Classes of functions. Let L be an oriented quasicircle on the
Riemann sphere C = C U {oo} with interior and exterior domains D and
D* so that D* contains the infinite point and D is bounded. Denote by
¥(D*) the collection of univalent functions on D* with expansions

f(2)=2+4+bg+ bz~ +0(1/2%) mnear z= oo, (1.1)

and let 3°(D*) be its subset, which consists of f admitting quasiconformal
extensions across L (hence to C).

Any f € X0 is a solution to the Schwarz equation S, := (w”/w') —
—(w"/w')?/2 = ¢ with given holomorphic ¢ in D*, and to the Beltrami
equation dzw = pd,w with p from the ball of Beltrami coefficients

Belt(D); = {11 € Lo(C): p(z)|D* =0, [ull < 1}.

The admissible Schwarzians Sy range over a bounded domain in the com-
plex Banach space B(D*) of holomorphic functions ¢ : D* — C with norm
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|l = supp- Ap2|¢(2)|, generated by the hyperbolic metric Ap-(2)|dz| of
curvature —4 on D*. This domain models the universal Teichmiiller space
T = T(D*) with the base point D*.

Both equations determine f up to a constant ¢, or equivalently, up to
a translation w — w + b. We fix this constant by passing to

f(z) = f(2) = 1(0), (1.2)

which means that f is normalized by (1.1) and f(0) = 0. All other admis-
sible values of b = f(0) are those for which f(z) # 0 on D*. This ensures
compactness of ¥°(D*) in the topology of uniform convergence on closed
sets in C. For any f* € X°(D*), the admissible translations are generat-
ed only by b running over the closure of the complementary domain to
(D).

One can vary the functions (1.2) by

o= () =w- [ uQ)gw,Qdan+O(ulZ) (¢ =&+im), (13
f(D)

where g(w,() = 1/(¢ —w) — 1/¢ and the ratio O(||p||%,)/|lp]|%, remains
uniformly bounded on C as [|pljcc — 0 (see, e.g. [Krl]). A simple modi-
fication of (1.3) yields the variation for f#* with small ||x]/c and another
additional normalization, for example, f(1) = 1.

1.2. Holomorphic functionals. Consider on X°(D*) a holomorphic
(continuous and Gateaux C-differentiable) functional J(f), which means
that for any f € £9(D*) and small ¢t € C,

J(f +th) =J(f) +tJth+O(t?), t—0, (1.4)

in the topology of locally uniform convergence on D*; here J ;ch is a C-linear
functional. B

Any J is lifted to a holomorphic function J(S¢;b) on the Bers fiber
space Fib(T) over T consisting of pairs (¢,b) C B x C, where p = Sy € T
and b = f(0). By Bers’ Isomorphism Theorem [Be2|, Fib(T) is biholo-
morphically equivalent to the Teichmiiller space of the punctured disk
A\ {0}, hence, a Banach domain. Therefore, for each fixed b (or equiv-
alently, by in (1.1)), the functional J is lifted to a holomorphic function

Jy(Sf) = J(Sf;b) on the space T(D*) and to a holomorphic function
Jp(f*) on the ball Belt(D); related by Jy(-) = Jp 0 ¢(+) where ¢ is the
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canonical factorizing projection Belt(D); — T(D*) (see, e.g., [Be2], [GL],
[Kr1]).

Using the well-known representation of J by a complex Borel mea-
sure on C, one extends this functional to all holomorphic functions on D*
(cf. [Sch]). In particular, the value Jiq(g(id, 2)) of J on the identity map
id(z) = z is well defined.

We assume that the functional derivative

tho(2) = Jia(g(id, 2)) (1.5)

is a meromorphic function on C without singularities in D, and 1y belongs
to the space A;(D) of integrable holomorphic functions on D. Put

Tl == [ 1atatia. =) daay. (1.6)

All this holds, for example, for the general distortion functionals of the
form

J():=d(f @), () f O )i £ () (), O () (1LT)
where z; are distinguished distinct points in D* with prescribed orders o
(with J(0) =0, J'(0) # 0). Another important example is given by

J(f) = 9(Sy),
where ¢ is a holomorphic function T(D*) — C.

1.3. Main theorems. The purpose of this paper is to establish some
universal distortion estimates for arbitrary holomorphic functionals J.

Theorem 1.1. Any functional (1.4) with J(0) = 0, J'(0) # 0 is
estimated for all 0 < k < 1 from below by

max [ J(f*)] = || Fiallk. (1.8)

llll oo <k
This lower bound is sharp and it is attained for small k.

Theorem 1.2. For each holomorphic functional J on ¥°(D*) with
J(id) = 0 and holomorphic integrable derivative J4(g(id,-)), there ex-
ists a holomorphic Jo : X°(D*) — C with Jo(id) = 0, Jj;4(9(id,")) =
= ji’d(g(id, -)) = o, which satisfies

sup | Jo(f)| = I Jiall- (1.9)
£0(D*)
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The equality (1.9) means that the corresponding function jO(Sf)/HJi’dH in
the Teichmiiller space T(D) is maximizing for the Carathéodory distance
between any two points of the disk

A(Jia) = {or(tlJa(g(id, )|/ Ta) (9(id, )} € T(D),
and this distance coincides with the Teichmailler—Kobayashi distance.

This theorem sheds light on the intrinsic connection between the ex-
tremals of many holomorphic functionals in geometric function theory and
extremal functions for invariant distances in the universal Teichmiiller
space.

1.4. Remarks.

1. One can replace in Theorem 1.1 the assumption f(z) # 0 in D*,
for example, by f(1) =1 (generically in the Carathéodory sense); then in
(1.3), gw,C) = 1/(C —w) — 1/(C — 1),

2. The proof of both theorems is geometric and relies on the properties
of subharmonic functions of negative Gaussian curvature considered on
the Teichmiiller geodesic disks in the universal Teichmiiller space.

Other holomorphic disks intrinsically connected with univalent func-
tions are their homotopy disks, applied, for example, in [Kr4].

3. There have been many investigations addressed to distortion es-
timates for univalent functions with quasiconformal extensions (see, e.g.,
[GR], [Krl], [KK], [Kul], [Ku2], [Le], [Sc|, [Sh]). All of those were con-
cerned with much more specific functionals and involved completely dif-
ferent methods.

Rather complete distortion theory is now bilt up for quasiconformal
maps with sufficiently small dilatations fow which many variational prob-
lems have been solved explicitly (see [Kr3], [Krb]). Theorems 1.1 and 1.2
complete these results.

Creating a general distortion theory for univalent functions with k-
quasiconformal extensions for generic k < 1 still remains a very complicate
open problem.

The problem to get a general distortion theory for univalent functions
with quasiconformal extensions for generic k£ < 1 still remains open.

4. In the case of the disk A* := {z € C : |z| > 1}, we get the
well-known class ¥ = X(A*) of univalent C-holomorphic functions with
expansions (1.1) on A*. For any f € X, there is a sharp estimate |b;| <
< k(f), with equality only for f(z) = z + by + b1z~ (see, e.g., |[Kul]).
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Thus (1.8) implies the following corollary to Theorem 1.1 which is useful
for investigation of functionals with ||.J/;]] = 1.

Corollary 1.3. For all holomorphic functionals J on ¥* with J(id) =

=0, J,; #0,
max [J(f*)] = [[Fall [br(f*)].
lillee <t

2. Proof of Theorem 1.1.

The proof is based on three lemmas. The first one relates to a general-
ization of the Gaussian curvature due to Royden (cf. [Ah], [He|, [Ro]).

As is well known, the curvature of a C?-smooth metric A > 0 is defined
by ky = —(Alog \)/A2, where A means the Laplacian 490.

A subharmonic metric A in a domain G on C (or on a Riemann surface)
has curvature at most K in the potential sense at a point zg if there is
a disk U about zg in which the function log A + K Poty(A?), where Pot
denotes the logarithmic potential

Pot b= o [ [ hO)logl¢ ~ sldedn (¢ =¢+in, @)
U

is subharmonic. Since the Laplacian A Poty h = h (in the sense of dis-
tributions), one can replace U by any open subset V' C U, because the
function Poty (M%) — Poty (A?) is harmonic on U. It is equivalent that the
corresponding inequality

Alog\ > —K\? (2.2)

holds in the sense of distributions. This property is invariant under con-
formal maps.

We shall use Royden’s lemma, estimating from below the circularly
symmetric (radial) metrics satisfying (2.2).

Lemma 2.1 [Ro]. If a circularly symmetric conformal metric A(|z|)|dz|
in the unit disk has curvature at most —4 in the potential sense, then

A(r) > —2

—_— 2.
> (2.3)

where a = A\(0).
The right hand-side of (2.3) defines a supporting conformal metric for
A at the origin with constant Gaussian curvature —4 on the whole disk A.
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Now consider the hyperbolic metric of the unit disk ds = Aa(¢)|d(| of
curvature —4, with Aa(¢) = 1/(1 — |¢]?).
For a given sequence of holomorphic functionals {J,,,(¢)} on the space
T with |J,, ()] < 1 and a holomorphic map h : A — T, define on the
holomorphic disk A(A) by pulling back Aa the conformal metrics
[(Jm 0 B)'(1)]

Am(t) = (Jm o h)" Aa = T (Lo D (2.4)

whose Gaussian curvature equals —4 at all noncritical points. Consider the
upper envelopes of these quantities

J(p) = sup | T (0)]

and
Ag(t) = sup Am(t) (2.5)

followed by their upper regularization «*(¢) = lim sup u(t').
t'—t
The enveloping metric (2.5) is subharmonic and also has curvature at
most —4 in the potential sense on A (cf. [Kr2], [Ro]). It can be regarded
as the infinitesimal form of 7.
Note that the function J is contionuos. Indeed, for any fixed m, the
function Jy,(¢) — Jm(¢o) a holomorphic map of the ball

{peT: [lp—wols <d}, d=dist(po,dT)

into the disk {|w| < 2}. Hence, by Schwarz’s lemma,

2
| T () = Im(w0)| < =l — ol

and 5
I[hx (@) = [hx(po)l] < [hx(p) = hx(w0)l < Sl = ¢oll,

which easily yieds that J(p) satisfies locally the same estimate.

Since J (¢) admits the mean value inequality property, it is a plurisub-
harmonic function on T. Its resriction to any holomorphic disk A(A) in T
is subharmonic. In particular, the enveloping functional 7 and its metric
A7 are subharmonic on Teichmiiller disks

A(to) = {tlvol /¢ : [t| < 1} C Belt(A);.
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In addition, we have

Lemma 2.2. For any sequence Jy, with limsup |J, ()| < 1, the limit

m—» 00

J () = limsup [ Jm (¢)]

m—r oo

functional

is reconstructed on Teichmiller disks A(vo) from its metric Ay, defined
similar to (2.5), by

tanh ™' [F (F"I¥ol/vo)] = /)\J(t)dt, 0<r<l. (2.6)
0

More special lemmas on the reconstruction of the enveloping functional
by its infinitesimal metric were applied in [Kr2|, [Kr4].
Proof. Fix r € (0,1). Then for any appropriate J,,, we have the equal-
ities
Im (T) T

tanh ™' [J,, (r)] = / 1|_C”|L|2 :/AJm(t)ldtl,
0 0

and, taking a monotone increasing subsequence

)\1 = )\Jml, )\2 = max()\!]m y )\Jm2 ), )\3 = IIIZ%X()\JM1 y )\.]m2 y )\ng ), ce
so that lim A, (t) = sup,, As,, (t) = limsup A, (t),
p—00 m— oo
tank™ 7 (77100 = sup [ s, (@it = [ sups, Oldt].@27)

For any fixed p,

T

/)‘p(t)\dtl < tanh ™' [T (f7101 00,

0

thus (2.7) yields

/ Ay (8)dt < tanh [ (fr1ol /o).

0
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The inverse inequality follows in a similar way. This implies the desired
equality (2.6), completing the proof of the lemma.

We proceed to the proof of the theorem and select on the boundary
quasicircle L a dense subset

6:{215227”'7 'ZM7"'}7

getting a sequence of holomorphic maps

T (t) = J(Speo, f(zm) s A A, m=12,...

with po = |1o|/to. Using these functions, we define J(t) = sup,, |Jm (t)|
and the corresponding subharmonic conformal metrics (2.5) of the curva-
ture —4 at noncritical points.

Similarly to above, the envelope metric A 7(t) = sup,,, Am (¢) is subhar-
monic on A and, due to [Kr3], its curvature is at most —4 in the potential
sence. Lemma 2.2 yields that J is the integrated form of this metric along
the radii in a Teichmiiller geodesic disk:

1]

tanh ™~ [F (fH¥ol/vo)] = /)\J(rew)dr, 0 = argt. (2.8)
0

Now we make use of circular averaging

This mean is well defined for any measurable real-valued function u on the
disk, locally bounded from above, and inherits certain important properties
of its original function. For example, if u is subharmonic on A, then so
is Mu. Moreover, in this case Mu(r) is convex with respect to logr. By
Jensen’s inequality, for any convex function w on a real interval containing
the values of both w and Mu, we have the inequality w(Mu) < Mw(u).
We also have

Lemma 2.3 [Ro|. Let Adz| be a conformal metric on the unit disk
which has curvature at most —4 in the potential sense. Then the metric
X = eM¥, where u = log A\, also has curvature at most —4 in the potential
sense.
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Letting in (2.8) |¢| = k and averaging both sides, we get

K K 2T

/ng(r)dr = %//Aj(reie)dedr = Mtanh_l[j(fﬂwo\/wo)] >
T
0 0 0
> tanh ™ [MF(fiI¥ol/Po)]
On the other hand, by Lemmas 2.1 and 2.3,

K

r adr 1
/M/\j(T‘)d?“ > /m = tanh™ " (ak),
0 0

while from (1.2) and definition of A7,
a=MXz(0) = A7 (0) = [[Fial-

These relations result in (1.8). The sharpness of this bound follows from

Proposition 2.4 [Kr5|. For any holomorphic functional J on %°(D*)
whose range domain has more than two boundary points, there exists a
number ko(J) > 0 such that the values of J on the ball

Belt(D), = {n € Belt(D)1 : ||ulloo < k}

for all k < ko(J) are located in the closed disk A(J(id), M) centered at
the point J(id) and with radius

My(F) = max | J(fH1Pol/ 00y — g (id)).

The boundary points of this disk correspond to p = t|1po|/1o with |t| = k.
This completes the proof of the theorem.
3. Proof of Theorem 1.2.
Let V be a domain in a complex Banach space endowed with a pseudo-

distance p. A holomorphic map h : A — V is called a complex p-
geodesic if there exist t; # t5 in A such that

da(ti,t2) = p(h(t1), h(t2));

one says also that the points h(t1) and h(t2) can be joined by a complex
p-geodesic (see [Ve])).
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If h is a complex cy-geodesic then it is also dy-geodesic and the above
equality holds for all points t1, t2 € A, so h(A) is a holomorphic disk in
V hyperbolically isometric to A.

Certain sufficient conditions ensuring the existence of complex geodesics
have been given in [Di], [DTV] for convex Banach domains. The main un-
derlying properties are the equality of invariant metrics and weak* com-
pactness. Theorem 1.1 allows us to apply the same arguments.

Recall that a Banach space X is called the dual of a Banach space Y if
X =Y/, that is, X is the space of bounded linear functionals z(y) = (x, y)
on Y; then Y is called the predual of X. The weak* topology o(X,Y) on
X determined by Y is the topology of pointwise convergence on points of
Y,ie,zp, € X 2 2€ X ino(X,Y) asn — oo if and only if x,(y) = z(y)
forally e Y.

If X has a predual Y then, by the Alaoglu—Bourbaki theorem, the
closure X of its open unit ball is weakly* compact.

We model T(D) as a bounded domain D in the corresponding Ba-
nach space B(D*) and note that this space is dual to the space A;(D*)
of integrable holomorphic functions on D* (satisfying f(z) = O(z™%) as
z — 00 (see, e.g. [Bel]). As was mentioned above, by the Alaoglu-Boubaki
theorem the weak*-closure of D in o(B(T), A1(T")) is compact.

Now let ¢1 and ¢y be distinct points in D. By Theorem 1.1,

dp (1, 92) = cp(p1, p2) = inf{da(h™"(p1),h " (g2)) : h € Hol(A,D)};

hence there exist sequences {h,} C Hol(A,D) and {r,}, 0 < r, < 1,
such that h,(0) = ¢1 and h,(r,) = @2 for all n, lim r, = r < 1 and
n—oo

cr(p1,902) =da(0,7). Let hy(t) = > apmt™ for all t € A and n.
m=0
Take a ball B(0,R) = {¢ € B(I') : ||¢|| < R} containing D. For any
¢ € B(0, R), the Cauchy inequalities imply ||an |8 < R for all n and m.
Passing, if needed, to a subsequence of {h,}, one can suppose that for a
fixed m, the sequence a,, ,,, is weakly* convergent to a,, € B(I') as n — oo,
that is

HILII;O<an,WL7w>A = <a’ma ¢>A for any 1/’ S A1~

Hence h(t) = > a;,t™ defines a holomorphic function from A into B(T').
m=0
Since an,o = ¢1 for all n, we have h(0) = ¢;.
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Now, let a, 0 < a < 1, and € > 0 be given. Choose mg so that

o0
r Z a™ < e.

m=myg
If € Ai(D), [[¢[| =1, then
mo—1 [e%s}
sup [(hn(0) = h(1), ¥)a] < S Hanm = am 0)al +2r > a™
t|<a m=1 m=mgo

for all n, which implies that h, is convergent to h in o(B(I'), A1 (T"))
uniformly on compact subsets of A* as n — oo. Since the closure D is
o(B(T), A1(T")) compact, h(A) C D. Using that h is holomorphic and

h(0) € D, one concludes that h(A) C D. For r < ' < 1,
i =halra) = g [ B0, L [ ROR g

21 t—rn 211 t—r
[t|=r’ [t|=r’

as n — 0o. Hence,
da(0,7) = dp (1, p2) = cp(h(0), A(r)),

and h is simultaneously complex dp and cp geodesics.
In a similar way, one obtains that there exists a holomorphic map
h : A — D such that for any two points t1,t5 € A,

da(ti,t2) = dp(h(t1), h(t2)) = co(h(t1), h(t2)),

and that for any point ¢ € T(D) and any nonzero tangent vector v at this
point, there exists at least one complex geodesic h* : A — T(D) such
that h(0) = and A/(0) is colinear to v.

Since both metrics dr and cr of the space T(D) are equal to its Te-
ichmiiller metric, the above complex geodesic maps h and g define the
corresponding extremal disks h(A) and g(A) in this space.

4. Additional remarks.
4.1. Univalent functions in bounded domains. In a similar way,
one can consider holomorphic functionals on the class S°(D) of univalent

OO
functions in a bounded quasidisk D with expansions F(z) = z + > a, 2"
2

near the origin z = 0 € D with quasiconformal extensions to D*.



218 S. L. Krushkal

Their inversions fr(z) = 1/F(1/z) are univalent and do not vanish in
D' ={z: 1/z € D}, and one derives from Theorem 1.1 a similar result
for S°(D).

4.2. Generalization. Both theorems can be extended to more general
functionals J(f) whose derivative (1.4) has a finite number of simple poles
in the domain D, where the maps are quasiconformal. Accordingly, instead
of (1.6), one can estimate the functionals of the form

J(f):J(f(al)af(CLZ)a 7f(am); f(Zl)af/(Zl)a"' 7f(a1)(zl);"';
f(zp)’f/(zp)ﬂ"' 7f(ap)(zp))a

where a1, as, ..., an, are distinct fixed points in D, and 21, 22, ... ,2, are
distinct fixed points in D* with assigned orders a;, o, ... , 0y, respec-
tively.

This involve the invariant metrics on Teichmiiller spaces of the punc-
tured quasidisks D \ {a1,as,...,a,}. The details will be presented else-
where.
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