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We obtained a constructive description of monogenic functions taking val-
ues in the three-dimensional commutative harmonic semi-simple algebra
by means of holomorphic functions of the complex variable. We proved
that the mentioned monogenic functions have the Gateaux derivatives of
all orders.

1. Introduction. Analytic function methods in the complex plane
for plane potential fields inspire searching analogous effective methods for
spatial potential fields.

Apparently, W. Hamilton (1843) made the first attempts to construct
an algebra associated with the three-dimensional Laplace equation

0? 0? 0?
(W+f9y2+8£> u(z,y,z):O (1)

in that sense that components of hypercomlex functions satisfy Eq. (1) but
the Hamilton’s quaternions form a noncommutative algebra.

C. Segre [1] constructed an algebra of commutative quaternions that
can be considered as a two-dimensional commutative semi-simple algebra
over the field of complex numbers. For functions taking values in the Segre
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algebra some analogues of results of the classic theory of analytic functions
of complex variable are established (see, for example, [2, 3]).

Commutative associative algebras in which there exist three linearly
independent elements e, eo, ez satisfying the equality

e test+er=0 (2)

are considered in the papers [4 — 9]. Such algebras are called harmonic
(cf. [4, 7, 8]). We say also that such a triad {e1, e, e3} is harmonic.

I. P. Mel'nichenko [6] noticed that functions differentiable doubly in the
sense of Gateaux form the largest class of functions ® satisfying identically
the equalities

0? 0? 0?

(52t 52t 52) 2O =P QG+ G+D =0, @)

where ®” is the Gateaux second derivative of the function ®, and he proved

that there exists a three-dimensional harmonic algebra over the field of
complex numbers only.

All three-dimensional harmonic algebras with unit are found in the
paper [7], and all harmonic bases in these algebras are described in the
monograph [8].

S.A. Plaksa and V.S. Shpakivskyi [9] obtained a constructive de-
scription of monogenic (i.e. continuous and differentiable in the sense of
Gateaux) functions taking values in the three-dimensional harmonic alge-
bra with two-dimensional radical by means of holomorphic functions of
the complex variable. Moreover, the infinite differentiability in the sense
of Gateaux of the mentioned monogenic functions is proved in [9]. Similar
results are established in the paper [10] for monogenic functions taking
values in the three-dimensional harmonic algebra with one-dimensional
radical.

Below, we consider monogenic functions taking values in the three-
dimensional harmonic semi-simple algebra and obtain results similar to
the mentioned results from the papers [9, 10].

2. Preliminaries. Let A; be a three-dimensional commutative associa-
tive Banach algebra over the field of complex numbers C and let {13, I5, I3}
be a basis of the algebra A; with the multiplication table

L2=1I, Itl; =0, kj=123 k#j.
Here ].:Il+[2+13
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Algebra A; is harmonic (see [8, p. 38]) because there exist harmonic
bases {e1, €2, e3} in A;. All harmonic bases in A; are described in Theorem
1.10 [8]. In particular, a basis {e1, €2, es} is harmonic if decompositions of
its elements with respect to the basis {I1, I2, Is} are of the form

€1 :Il +IQ+IS>
ez = nily + naly + n3ls, (4)

ez = myly +mals + m3ls,

where ny and my for kK = 1,2, 3 are complex numbers satisfying the rela-
tions

1+n24+m2=0, 1+n3+m3=0, 1+n+mi=0,

nl(m2 — mg) + Tlg(mg — ml) + ng(ml — mg) 7é 0.

Let F5 := {¢ = wey + yes + ze3 : x,y,z € R} be a linear span in A,
over the field of real numbers R. In what follows, ( = xe; + yes + ze3 and
x,y,z € R.

Let 2 be a domain in E3. We say that a continuous function ® :  — Ay
is monogenic in Q if ® is differentiable in the sense of Gateaux in every
point of €, i.e. if for every ¢ € Q there exists an element ®'(¢) € A; such
that

lim (®(¢+eh) —®(())e !t =hd' () VheE Es.
e—0+0
d’(¢) is the Gateaux derivative of the function ® in the point .

Consider the decomposition of a function ® : Q — Ay with the respect

to the basis {eq, ez, e3}:

() = Z Uj(x,y,2)e; . (5)

If the functions U; are R-differentiable in Qg := {(z,y, 2) : xe1 + yes +
zeg € Q} for j =1,2,3, ie.

oU; oU; oU;
Ujle+ Az, y+ Dy, 2+ Az) = Uj(z,y, 2) = aixjAa:—l— 8yj Ay+T;Az+
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+o (VAP + (AP + (B2)7), (A2) + (Ap)* + (A2)2 -0,

then it is follows from Theorem 1.3 [8] that the function ® is monogenic
in the domain € if and only if the following Cauchy — Riemann conditions

are satisfied in Q:
ov 0D oo 0P

Gy w3 o
It will be shown below that the components Uy, Uz, Us of the decompo-
sition (5) of a monogenic function ® : Q@ — A; are infinitely differentiable

in the domain Q.
The algebra A; has three maximal ideals

3
Te={C= Y anl, a; €C}, k=123
J=1,j#k
The radical of algebra A; consists only of the zero element. Thus, A;

is a semi-simple algebra (see [11, p.133]).
Consider three linear functionals f : A; — C for £ = 1, 2,3 such that

felle) =1, firly) =0, j=1,2,3, k#j. (6)

It follows from (6) that the maximal ideal J is the kernel of functional
fr for k = 1,2,3. It is well known [11, p.135] that fi are multiplicative
functionals for all k =1,2,3 .

From equations (4) and (6) we obtain the following relations:

fu(Q) = fu(ver +yes + ze3) = v +npy + mpz =&, k=1,2,3.

It follows from the equality

*1:i] l[ i]
¢ §1l+€22+§3 ’ 0

that the element ( = x + yes + zeg € E3 is invertible in A; if and only if
& #0for k=1,2,3.

It follows from the equality (7) that noninvertible elements form three
straight line in Fs:

Ly : {te; : e}, := (RengImmy — ImniRemy)e; — Immyea+

+Imnges , t € R}, k=1,2,3.



356 R. P. Pukhtaievych

The straight lines L1, Lo and L3 have at least one common point 0 but
two of them may coincide. For example, for the harmonic basis

€1 = 1, €og = iIl, €3 = iIQ — i[g. (8)
we have the equality L; = {tes : t € R}, Ly = L3 = {tea : t € R}.

3. An auxiliary affirmations. We say that a domain Q C FEj is
convez in the direction of the straight line L if {) contains every segment
which is parallel to L and connects two points (1, {2 € Q.

Lemma 1. Let a domain 2 C FE3 be convex in the direction of the
straight line Ly, for some k € {1,2,3} and ® : Q — Ay be a monogenic
function in Q. If (1,(a € Q and (2 — (1 € Ly, then

®(C2) — @(C1) € Ty 9)

The relations (9) is proved in a such way as in the proof of Lemma 2.1
[12] where you must take €, Ly, fi instead of Q¢, L, f, respectively.

Note that the condition of convexity of € in the direction of the line
Ly, is essential for the truth of Lemma 1. We show it in an example, where
we construct both a domain  which is not convex in the direction of L
and a monogenic function ® : Q — A; for which the relation (9) is not
satisfied for some (q, (o € Q such that (o — (3 € L.

Example 1. Consider the harmonic basis (8). In this case L1 = {tes :
t € R} and & = z + dy. Consider a domain 2 which is the union of sets

Q1= {zer tyes +2e3 € B3 1 |&1] <2,0 <2 <2,—-7/4 <arg& < 3m/2},
Qg :={ze1 +yes +ze3 € B3 : [&1] <2,2< 2 <4, m/2 <argéy <3m/2},
Qs :={we1 +yea + ze3 € B3 1 [&1] < 2,4 <2 <6, 7/2 <argly <97/4}.

and is constructed similarly to the domain Q¢ in Example 2.5 [12]. It is
evident that the domain Q C FEj3 is not convex in the direction of the
straight line L.

In the domain {&; € C: |&| < 2, —7/4 < arg&; < 3w/2} of the complex
plane let us consider a holomorphic branch Hi (&) := In|&| + iarg& of
analytic function Ln¢&; for which H;(1) = 0. In the domain {& € C :
|&1] < 2, /2 < argé& < 9m/4} let us consider a holomorphic branch
Hy(&) :==1In|&| +iargé; of function Lng; for which Ha(1) = 2mi.



Monogenic functions in a harmonic semi-simple algebra 357

Consider the extension ®; of function H; into the set Q7 U s and the
extension @5 of function Hs into the set 25 U Q3 constructed with using
the following formulas:

Q1(¢) = Hi(&1) 1, P2(C) = Ha(61) 11,

where ( = xe; + yes + zes.
Inasmuch as ®1(¢) = ®2(¢) everywhere in {25, the function

@(C) _ { @1(() for C S Ql UQQ,
P5(¢) for ¢ €€

is monogenic in the domain ). At the same time, for the points (; = e; +e3
and (3 = e; + 5ez we have (o — (1 € Ly but

D(¢2) = (¢1) = (H2(1) — Hi() [y = 2mily ¢ Ty,

i.e. the relation (9) is not fulfilled.

Now, let a domain Q) C FE3 be convex in the direction of the straight
line Ly, for all k € {1,2,3} and Dy, := f;,(Q) for k=1,2,3.

Let Ag be the linear operator which assigns a holomorphic function
Fy . Dy — C to every monogenic function ® : Q@ — A; by the formula

Fy (k) = fu(®(C)), (10)

where ( = xeq + yes + zeg and & = fi(C) for k = 1,2,3. It follows from
Lemma 1 that the value Fy (&) does not depend on a choice of a point ¢
for which f(¢) = & for all k € {1,2,3}.

Similar operators A which map monogenic functions taking values in
certain commutative algebras onto holomorphic functions of the complex
variable are explicitly constructed in the papers [9, 13, 14]|. Furthermore,
principal extensions of holomorphic functions of the complex variable are
used there as generalized inverse operators A1) satisfying the equality
AAGD A = A. Tt was also established for every monogenic function ® that
values of the monogenic function ® — A~ A® belong to a certain maximal
ideal J of given algebra. Finally, after describing all monogenic functions
taking values in the ideal J, constructive descriptions of monogenic func-
tions taking values in the mentioned algebras by means of holomorphic
functions of the complex variable are obtained in the papers [9, 14].
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Note that principal extensions of holomorphic functions of the complex
variable into domains of the linear span F3 C A; are explicitly constructed
in Theorem 1.11 [§].

But operators generalized inverse to the operators Ay for k = 1,2, 3 can
not be expressed in the form of principal extensions of holomorphic func-
tions of the complex variable. Indeed, in the general case, the mentioned
principal extensions are not defined in the domain 2 where monogenic
functions ® : QQ — A; are given.

We proceed to constructing operators which are generalized inverse to
the operators Ay for k =1,2,3.

Let By be the operator which assigns a function & : @ — A; to every
holomorphic function Fj : Dy — C by the formula

Dr(¢) = Frlu) Ik, &= fr(Q), V(eQ. (11)

Lemma 2. Let a domain Q C Es be convex in the direction of the
straight line Ly for some k € {1,2,3} and the function Fj, : D — C

be holomorphic in the domain Dy. Then the function (11) is monogenic

in the domain €2, and the Gateauxr n-th derivatives @in)

functions in Q for any n.

are monogenic

Proof. Let h := hje; + hoes + hzes € E3 be an arbitrary nonzero
element. Denote 7 := fi(hi1e1 + hoea + hses) = hy + niha + myhs, where
ng and my, are the coefficients of the decomposition (4). It is follows from
this denotation and the decomposition (4) that nl; = hlj.

We find the limit

Qi (¢ +eh) — @1(¢) Fy.(& +en) — Fi.(&)

lim =1I; lim =
e—0+0 € e—=+0+0 €
F — I
—pn tim TRE D ZFE) o p ey a0,

e—040 en

where ®7.(¢) = F}(&k) Ik
Thus, the function (11) is monogenic in the domain . In a similar
way we establish that the Gateaux n-th derivatives @,(Cn) are momnogenic

functions in € for any n. The lemma is proved.

It follows from Lemma 2 that the operator By is generalized inverse to
the operator Ay for all k = 1,2, 3.
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3. A constructive description of monogenic functions taking
values in the algebra A;. The following analogue of Theorem 1 [9] (see
also Theorem 2.4 [8]) holds true for monogenic functions ® : Q — A;.

Theorem 1. Let a domain  C FEs3 be convexr in the direction of
the straight line Ly for oll k € {1,2,3}. Then every monogenic function
D : Q — Ay can be expressed in the form

(I)(g) = BkAkq)(C) + q)Ok(C)a k= 17 27 37

where @ (¢) is a monogenic in Q function taking values in the ideal Jy,.

Proof. Consider the function ®g; = & — By Ax® which is monogenic
in Q due to Lemma 2. Taking into account the equalities (10), (11), (6),
we obtain

f1(@01(€)) = f1(2(¢) — BrAr®(()) = f1(®(C)) — f1(BrAx®(()) =

=1 (&) — Fi(&) =0.
Thus, ®g1(¢) € J1. The theorem is proved.

The following theorem describes all monogenic functions taking values
in the ideals 7, k=1,2,3.

Theorem 2. Let a domain @ C E3 be convexr in the direction of
the straight line Ly for all k € {1,2,3}. Then every monogenic function
Do 1 Q — Ti can be expressed in the form

3
Jj=1,j#k

where &5 = f;(¢) and Fj is a function holomorphic in the domain D;.

Proof. Inasmuch as ®; is a monogenic function taking values in the
ideal Ty,

3
(I)Ok(C) = Z ‘/j(l’,y,Z)Ij7 (12)
=1, j#k
where V; : Qp — C.
Acting onto the equality (12) by the operator A; with j =1,2,3, j # k,
and taking into account the equalities (10), (6), we obtain the equality
Aj®or = V;. At the same time, A;Ppy is a function F; holomorphic in
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the domain D; due to the definition of the operator A;. The theorem is
proved.

It follows from Theorem 1, Theorem 2 and the equality (11) that in an
arbitrary domain 2 convex in the direction of the straight line Ly for all
k € {1,2,3}, every monogenic function ®(¢) can be explicitly constructed
with using three holomorphic functions in the form:

() = F1(&1) 1 + Fa(&2) 12 + F3(83) 13, (13)

where ¢; = f;(¢) and F; is a function holomorphic in the domain D; for
j=1,2,3.

A similar result is established for analytic functions of a bicomplex
variable in any domain of the Segre algebra without an assumption about
convexity of domain in the direction of any straight lines (see, for example,
[2, 3]). In contrast to it, the condition of convexity of €2 in the direction of
the straight line Ly, for all k € {1, 2, 3} is essential for monogenic functions
@ : Q — A to be represented in the form (13) as it follows from Example 1.

The following statement follows from the equality (13) because its right-
hand part is a monogenic function in the domain A := {{ = ze;+yea+zes :
fk(() € Dy, k= ]_’2,3}

Theorem 3. Let a domain Q2 C FE3 be conver in the direction of the
straight line Ly, for all k € {1,2,3} and a function ® : Q — A; be mono-
genic in . Then ® can be continued to a function monogenic in the do-
main A.

The following statement is true for monogenic functions in an arbitrary
domain 2.

Theorem 4. For every monogenic function ® : Q — Aq in an arbitrary
domain Q, the Gateauz n-th derivatives ®™ are monogenic functions in
Q for any n.

Proof. Consider a ball U C 2 with the center in an arbitrary point
Co = xpe1 + yoea + zpes € ). Inasmuch as U is a convex set, in the
neighbourhood U of the point {; we have the equality (13). Now, the
statement of theorem follows from Lemma 2.

Now, we can state that every monogenic function ® : Q — A, satisfies
the equalities (3) in Q due to Theorem 4 and the equality (2), i.e. the
components Uy, Us, Us from (5) satisfy the three-dimensional Laplace
equation in the domain Qg .
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