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Semi-free R! action and Bott map

1 Introduction

Let M™ be a compact closed manifold of dimension at least 3. We
study the R'-Bott functions on M™. Separately investigated R!-invariant
Bott functions on M?2" with a semi-free circle action which has finitely
many fixed points. The aim of this paper is to find exact values of minimal
numbers of singular circles of some indices of R!-invariant Bott functions
on M?",

Closely related to R!-Bott function on a manifold M™ is a more
flexible object, the decomposition of round handle of M™. In its turn, to
study the round handles decomposition of M™ we use a diagram, i.e. a
graph which carries the information about the handles.

2 R!'-Bott maps

Let M™ be a smooth manifold and f : M™ — R! smooth function
or f: M™ — R! non-homotopy to zero a smooth map. Suppose that
x € M™ one of its critical points of f. In neighborhood U of critical
point z in both cases the map f can be viewed as a function with values
in R. Consider the Hessian T',.(f) : T,, x T,, — R at this point. Recall
that the index of the Hessian is called the maximum dimension of T,
where I';.(f) is negative definite. The index of I';(f) is called the index
of the critical point z, and the corank of I';(f) is called the corank of
. Suppose that the set of critical points of f forms a disjoint union of
smooth submanifolds K;: whose their dimensions do not exceed n — 1.

A connected critical submanifold K;g is called non-degenerate if the
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Hessian is non-degenerate on subspaces orthogonal to K;g (i.e. has corank
equal to n —ig) at each point = € K;g

Definition 2.1. A mapping f : M™ — R is called a Bott map if all of
its critical points form nondegenerate critical submanifolds which do not
intersect the boundary of M™.

Consider the following important example of Bott map:

Definition 2.2. A mapping f : M™ — R is called an R'-Bott map if
all of its critical points form nondegenerate critical circles.

Note that an R'-Bott map do not exist on any smooth manifold (see
Theorem 2.3).

Theorem 2.1. Let M™ be a smooth closed manifold and suppose that on
M™ there is R'- Bott map f : M™ — R'. Denote by v C M™ its critical
circle and let f(v) = a. Then there is interval (a — ¢,a +¢) C R! and
a system of coordinates in a neighborhood of v of one of the following

types:

1) Trivial v : S x D""(e) — M™; where D"~ (¢), a disc of radius e,
V(R'x0) =7, and f(v(0,2)) =a—af—..—a3+a3  +...+25_1,
for (0,z) € S* x D" 1(e).

2) Twisted 7 : ([0,1] x D""Y(g)/ ~) — M™, where T is a smooth
embedding such that (7([0,1]) x0/ ~) =~ and f(r(t,x)) = a— 2% —
we— a3+ @t o+ aloy, for (tx) € (7:]0,1] x D" He)/ ~).
Here ([0,1] x D""Y(e)/ ~) is diffeomorphic to S* x D""1(g) by
identifying 0 x D"~*(g) and
1 x D""1(g) by the mapping:

(0,1, ooy T, Trd1y ooy Tne1) > (1, —Z1, ey Txy — ALy ey Ty )-

The number X is called the index of the critical circle ~y.

Let M™ be a smooth manifold, and f : M™ — R! an R'-Bott map.
Each nice R!'-Bott map defines a filtration on manifold M™ : My(f) C
M (f) C ... € M,,_1(f) € M™. The existence of a nice R'-Bott map
from manifold M™ into the circle is equivalent to existance of a R'-round
handle decomposition on the manifold M™. We recall some necessary
definitions.
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Definition 2.3. We define an n-dimensional round handle Ry of index
X by My = M" x D x D"~ where D' is a disc of dimension i.

Define twisted n-dimensional round handle TMy of index A (0 < A <
n—1) by TMy = [0,1] x D* x D"=*~1/ ~ where identification is given by
the map: (0,21, ooy Tay Trt1y ey Tne1) > (L, =1, o, Ty —TA41y ooy Tre1)-

Definition 2.4. We say that the manifold MY is obtained from a smooth
manifold M™ by attaching a round handle of index X\ if
My =M"{J, St x DAx D" A1 where p : RYxODAx D" A~1 — gN™
is a smooth embedding.

Manifold MY is obtained from a smooth manifold M"™ by gluing a
twisted round handles of index A, if MY = N Uw[O, 1|xDAx D21/ ~,
where ¢ : ([0,1] x 9D x D"=A=1/ ~) — M™ is a smooth embedding.

Definition 2.5. The M'- round handle decomposition on the closed
manifold M™ is called a filtration

M1 [0,e] | JMg(R) € M'(R) C ... € M}_,(R) = M™,

where M™ 1 is a closed submanifold of M™, the manifold M*(R) obtained
from the manifold M | (R) by gluing round and twisted round handles of
index i .

In what follows we recall the relationship between S and the decom-
position by round handles ([11]).

Theorem 2.2. Let M™ be a smooth closed manifold. The following two
conditions are equivalent:

1) On the manifold M™ there is a nice R'-Bott map with the critical
circles Y1, ...,k of index Aq, ..., A\ with trivial coordinate systems
and critical circles 71, ...,y of indices 1, ..., iy with twisted coordi-
nate systems.

2) Manifold M™ admits a decomposition by round handles consisting of
round handles Ry, , ..., Ry, of index \i,..., A\ and of twisted round
handles
TR,,,....,TR,, of indices p1, ..., so that the critical circle ~; cor-
responds to a round handle Ry, (1 <i <k), and the critical circle
7 corresponds to a twisted round handle TR,,; (1 <j <1).
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Thus each nice R'-Bott map from manifold M™ into the R' generates
a round handle decomposition of M™ and vice versa.

We are interested in conditions when an R'-Bott map on M" has the
property that all of its critical circles have trivial coordinate system. We
recall the necessary facts from an [4].

Lemma 2.1. Let M" be a smooth closed manifold, f : M™ — R an
R'-Bott map, and c its critical value. Suppose € > 0, and that on the
interval [c—e, c+¢] there are no other critical values. Assume that on the
surface level f=1(c) there are critical circles vy, ..., vk of indices i, ..., Ak
with trivial coordinate systems and there are critical circles 4, ..., of in-
dices [, ..., by with twisted coordinate systems, then the homology groups
H.(f e —e,c+e], f~ c—¢€),Z) is generated exactly by the handles
which correspond to the critical circles

Y1y ooy Vs V15 s Y1- Fach circle v; generates two subgroups that are iso-
morphic to Z, a direct product of the homology group Hy,(f '[c —¢,c+
el, f7'(c —¢),Z), and the other in the homology group Hy,, (f *[c —
e,ctel, [~ (c—¢),Z). Each circle y; generates a subgroup Zo which is
direct product in a group H,, (ftc—e,cte], fHc—¢),Z).

Corolary 2.1. Let M™ be a smooth closed manifold, f : M™ — R! an
S1-Bott map, and ci, ..., cy, its critical values. Suppose £; > 0(1 <1i < k)
such that the interval [c; —e;, ¢;+¢€;] has no other critical values. Then on
a level surface f=1(c;) there are only critical circles with trivial coordinate
systems if and only if the nonzero homology groups H.(f[c; — ei,ci +
eil, [ (ci — &), Z) are free Abelian groups.

Thus we have a homological criterion when R'-Bott map do not have
critical circle with twisted coordinate systems.

In the next section, we give another class of R'-Bott map which do
not possess the critical circle with twisted coordinate systems.

Definition 2.6. Let M™ be a smooth closed manifold. ‘The number
N(M™) = p(H (M, Z)) — (i1 (M", Z)) ...+ (—1)H u(Ho (M, Z))
is called the i-th Euler characteristic of M™,where pu(H) is a minimal
number of generators H.

Definition 2.7. A dimension \ of closed manifold M™ is called singular
if H\(M™,Z) is a nonzero finite group distinct from Zo @ ... ® Zs and
Xa-1(M") = xa41(M™) = 0.

Definition 2.8. Let M™ be a smooth closed manifold. A round handle
decomposition is called quasiminimal, if one of the following holds:
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1) the number of round handles of index i equals to p(x;(M™)) + &,
where g; = 0,if dimension i + 1 is nonsingular and €; = 1,if dimen-
sion i + 1 is singular,

2) the number of round handles of index i equals to p(x;(M™)), if
dimension i + 1 is singular, then there is only one handle of index
14 2.

In both cases, the number of round handles of index i + 1 equals to
p(xir1(M™)). A round handle decomposition is called minimal, if number
of round handles of index i equals to p(x;(M™)) for all .

Using the decomposition of manifold on handles and the diagram tech-
nique, we can easily prove the following fact [4].

Proposition 2.1. Let M™ be a smooth closed simply connected manifold
(n > 5). Then M™ admits a quasiminimal decomposition into round
handles. If manifold M™ have not singular dimensions, then M™ admits
a minimal decomposition into round handles.

Definition 2.9. Let thelmanifold M™ admits R'-Bott function, then
R'-Morse number M[ (M™) of index i is the minimum number of
singular circles of index i taken over all R'-Bott functions on M™.

Lemma 2.2. Let on a closed manifold M™ exist a smoth function
f + M™ — R such that each connected component of the singular set
Y of f is either a nondegenerate critical point p;(i =1,...,k) or a non-
degenerate critical circle Sjl» (j = 1,...,1). Then the Euler characteristic

of the manifold M™ is equal to x(M™) = Zle(—l)md”(m).

Proof. It is known that for any Morse function on the manifold M™
g : M™ — R with critical points p;(i = 1, ..., q) there is the formula
x(M™) = 37 (—1)indez(ri) | By small perturbation of the function f
any non-degenerate critical circle Sjl» of index A can be replaced by non-
degenerate critical points of idexes A and A+ 1 [1]. Therefore the contri-
bution in the formula of Euler characteristic this critical points will not

give and we obtain the desired formula. [J

3 Manifolds with free R'-action

Let on smooth manifold M™ there is smooth free circle action. Then
of course the set M" /S is a manifold and natural projection p : M™ —
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M™/St is fibre bundle. Any smooth Rl-invariant map f : M" — R!
from the manifold M™ into the circle R! is called an R'-invariant
round Bott map if each connected component of the singular set ¥ is
non-degenerate critical circle.

It is clear that if f be a R'-invariant round Bott map from the man-
ifold M™ then it projection 7, (f) : M™/S* — R, is a Morse map. And
conversaly, if g : M™/S! — R! be a Morse map from the manifold M™/S*
then 77 1(g) = gom : M™ — S* is Rl-invariant round Bott map from the
manifold M™. The critical point of the index A of the map g correspond
to critical circle of the index A of the map 7 !(g).

Definition 3.1. Let on smooth manifold M™ there are smooth free
circle action 6 : M™ x S' — M™ and R'-invariant round Bott map
f:M"™ — S'. For the triple (M™,0, f) R'-equivariant round Morse-

1
Bott number of index 1, {qus (M™,0, f) is the minimum number of
singular circles of index i taken over all homotopic to f R'-invariant

round Bott map from M™ into R!.

Definition 3.2. Let on smooth manifold M™ there is Morse maps f :
M™ — R, For the couple (M™, f) Morse-Novikov number of index
1, M;(M™, f) is the minimum number of critical points of index i taken
over all homotopic to f Morse maps from M™ into R'.

It is clear that there is following fact.

Corolary 3.1. Let on smooth manifold M™ there is smooth free circle
action § : M"x R* — M™ and letp : M™ — M"™/R" is natural projection.
Suppose that f: M™/R' — R be a Morse map. Then EquRl (M™,0,f-
p) =M (M" /S, f).

Definition 3.3. Let on smooth manifold M™ there is smooth free cir-
cle action 0 : M™ x R* — M™. Then this circle action is minimal
if there exist R'-invariant round Bott map f : M™ — R! such that

MR (M7, 0, f) = S (M™, f) for all i.

Suppose that on smooth compact manifold M™(n > 6) there is smooth
free circle action § : M™ x R* — M™ and let p : M™ — M™/R! is natural
projection. Suppose that 71 (M™) ~ 71 (M"/R') ~ Z. Then from from
results of Novikov [2] it follows that

M;(M" /R, f) = p(H;(M" /R, Z)) + p(TorsH;—1(M" /R", Z))
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for any non-homotopy to zero Morse map f : M™/R' — R!. Therefore
corollary 3.1 implies that EquR (M™,0,f-p)= sm?l (M™, f)

Theorem 3.1. Let on smooth compact manifold M™(n > 6) there is
smooth free circle action. Suppose that m (M™) ~ m(M"/S') ~ Z.
Then this circle action is minimal if and only if

p(Hi(M"/SY, Z) + p(TorsH;—1(M"/S*, Z) = p(x:(M™))
for all i.

Proof. Necessary. Suppose that on M™ there is minimal smooth
free circle action. If n > 6 from results of Novikov [2] it follows that
Morse number in dimension i of the manifold M" /R is equal
M, (M"™)SY) = p(H(M™/RY, Z)) + u(TorsH;_1(M" /R, Z)). There is
equality
Mm;(Mn/St) = fquRl(M”). Because of the condition of minimal free
circle action there is equality 9t;(M"/R') = EquRl (M™) = ME (M) =
p(xi(M™)).

Sufficiently. Consider on manifold M™/R! Morse function with the
number of critical points of index 7 equal
M;(M™/RY) = u(H;(M"/R',Z)) + w(TorsH;,—1(M"/R',Z)). By the
construction and condition of the theorem we have the equalities
My(M"/S) = M (M") = p(o(M™)). But M (M") = p(xi(M"))
and therefore free action of R! is minimal. [J

4 Manifolds with semi-free R!'-action

Let M?" be a closed smooth manifold with semi-free R!-action which
has only isolated fixed points. It is known that every isolated fixed point p
of a semi-free R!-action has the following important property: near such
a point the action is equivalent to a certain linear S = SO(2)-action on
R2™. More precisely, for every isolated fixed point p there exist an open
invariant neighborhood U of p and a diffeomorphism A from U to an open
unit disk D in C" centered at origin such that h is conjugate to the given
Sl-action on U to the S'-action on C™ with weight (1,...,1). We will
use both complex, (z1,...,2,), and real coordinates (z1,y1,...,%n,Yn)
on C" = R* with z; = x; + v/—1y;. The pair (U, h) will be called a
standard chart at the point p. Let f : M?" — R! be a smooth R!-
invariant map from the manifold M?" into the circle R'. Denote by 3
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the set of singular points of the map f. It is clear that the set of isolated
singular points X¢(p;) C Xy of f coincides with the set of fixed points
MR

For a nondegenerate critical point p; there exist a standard chart
(Uj, hj) such that on U; the map f is given by the following formula:

f=flp)— |zl|2 . |z>\j\2 + |z>\j+1\2 + ...+ \zn|2

Notice that the index of nondegenerate critical point p; is always even.

Denote by X¢(R') the set singular points of the function f that are
disconnected union of circles. These circles will be called singular.

Acircles e & f(Rl) is called nondegenerate if there is an R!-invariant
neighborhood U of s on which R! acts freely and such that the point
7(s) is nondegenerate for the function 7.(f) : U/R! — R, induced on
U/R! by the natural map 7 : U — U/R'. An invariant version of Morse
lemma says that there exist an R'-invariant neighborhood U of the circle
s and coordinates (z1,...,2Z2,—1) on U/R" such that the function 7. (f)
has the following presentation:

T (f) = m(f(m(s)) —af — ... —aX + 234y ..+ 25,
By definition A is the index of singular circle s.

Definition 4.1. A smooth S'-invariant function f : M?** — R on a
manifold M>™ with o semi-free circle action which has isolated fized points
is called : RL-Bott function if each connected component of the singular
set Xr is either a nondegenerate fized point or a nondegenerate critical
circle.

Theorem 4.1. Assume that M?>" is the closed manifold with a smooth
semi-free circle action which has isolated fized points p1,...,pr. Let for
any fized point p; consider standard chart (U, h;) and function

fi=fiw) =1zl — =l P+ o P+ el

on Uj, where \; is an arbitrary integer from 0,1,...,n.
Then there exist an R'-invariant R:-Bott function f on M?*" such
that f = f; on Uj.

Proof. Consider on U; the function f;. Let m.(f;) : U;/S* — R,
continuos function induced on Uj /R! by the natural map 7 : U, —
Uj/R*. Tt is clear that function 7.(f;) is smooth on manifold (U; \
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p;)/R'. Denote by g smooth extension functions m.(f;) on M?"/R!. By
small deformation of the function g, that is fixed on U;/R!, we shall
find function g; on M?"/R" such that g, equal m.(f;) on U;/R' and ¢
have only non-degenerate critical points on M?" \ | J(U;/R"). Then the
function f = g1 o p satisfy conditions of the theorem. [J

Theorem 4.2. The number of fixed points of any smooth semi-free circle
action on M?" with isolated fized points is always even and equal to the
Euler characteristic of the manifold M?>™.

fi=filp1) +|z1)> + ...+ |2a]? on Uy and fi=filpi) — |12 — ... — |zn|?

on U; (2 < j <) and extend such functions to S'-invariant Bott function
f on manifold M?"\ Uy |JUzJ...lUU;. We suppose that U; is diffeo-
morfic to open disk D?" for any j. Consider manifold V2" = W2\ |J Uj;.
The boudary of manifod V2" is disconnected union of spheres S?"~1,
By construction of manifold V2" there is free cirle action. The bound-
ary of the manifold V2"/S? is disconnected union of complex projective
spaces CP"~'. If the number of the boundary components of the man-
ifold V?"/S' is odd then we glue pairwise boundary components and
obtain compact smoth manifold with with boundary CP"~*. From the
well known fact that the manifold CP" ™! is non-cobordant to zero it
follows that the number of fixed points of any smooth semi-free circle
action on M?2" with isolated fixed points is even. The value of the Euler
characteristic y(M?") = 2k is follow from Lemma 3.4.0

Definition 4.2. Let f be an R'-invariant S!-Bott function for smooth
semi-free circle action with isolated fixed points pi,...,por on a closed
manifold M?". Denote by \; the index of a critical point p; of the
function f. The state of the function f is the collection of numbers
A= (A, A2, ..., Aak), which we will be denoted by Sty(A). It is clear that
all numbers A; are even and (0 < A; < 2n).

Remark 4.1. [t follows from Theorem 4.2 that for every smooth semi-
free circle action on a closed manifold M?" with isolated fized points
D1y .-, P2k and any collection even numbers A = (A1, Az, ..., Aag), such
that 0 < \; < 2n there exists an R'-invariant RL-Bott functions f on
M?™ with state Sty(A).

Definition 4.3. Let M2™ be a closed smooth manifold with smooth semi-
free circle action which has finitely many fized points p1, ..., pok. Fizx any
collection even numbers A = (A1, Az, ..., Aag), such that 0 < \; < 2n.
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The R-Morse number ME' (M2" St(A)) of index i is the minimum
numbers of singular circles of index i taken over all R'-invariant RL-Bott
functions f on M>" with state Sts(A).

There is an unsolved problem: for a manifold M?" with a semi-free
circle action which has finitely many fixed points find exact values of
numbers M (M?2" St(A)) .

5 About R'-equivariant Morse numbers

ME (M2 SE(N))

Let M?" be a compact closed manifold of dimension with semi-
free circle action which has finite many fixed points pi,, ..., por. De-
note by m : M?** — M?"/R! canonical map. The set M*"/R! is
manifold with singular points 7(p1),, ..., 7(p2r). It is clear that neigh-
borhood of any singular point is cone over CP"~'. If f : M?" — R
be a smooth R'-invariant R!-Bott function on the manifold M?", then
m.(f) : M?"/R' — R is continuos function such that on smooth non-
compact manifold N2"~1 = )27 /RL\ U?il m(p;) it is Morse function.

Choose an invariant neighborhood U; of the point p; diffeomorphic to
the open unit disc D?"* C C" and set U = U?il U;. Consider compact
manifold V2~ = (M?"\ U)/R!, its boundary is a disconnected union
of complex projective spaces V21 = CP! ' U... U (CIP’S,C_l. It is clear
that manifold V2"~1\ 9V?"~! and manifold N?"~! are diffeomorphic.
We use a manifold V2"~ for the study of R'-invariant R!-Bott func-
tions on the manifold M?" with states St(A) = (0,...,0,2n,...,2n).
Let 9pV2"~! be a part of boundary of V2"~! consist from r compo-
nent CP?™=2 (2k —1 > r > 1), and 9,V 1 = gv2n—1\ gv2n-1,
On the manifold with boundary V?"~! constructed Morse function
f:V —[0,1], such that f~1(0) = 9oV?"~* and f~1(1) = 9,V?". Us-
ing the function f we constructed on the manifold M?" R!-equivariant
R!-Bott function F' with the state St(0,...,0,2n,...,2n), such that re-
striction 7. (F) on V coinside with f. Therefore Morse number of in-
dex i M;(V*=1,9yV2"~1) of manifold with boundary V?"~1 is equal
ME (M2 St0,...,0,2n, ...,2n).

Theorem 5.1. Let M?" (2n > 8) be a closed smooth manifold admits a
smooth semi-free circle action with isolated fized points p1,...,pak. Then
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for the manifold M?™ with the state St(A) = (0,...,0,2n,...,2n)

MZRI (MQ”, St(A) _ ]D)i(VQn—l,aOVQn—l) + §32)(V2"_1,30V2"_1)+

~

+Si+1(v2n717aov2n71) + dimN(Z[Tr])(H(iQ)(VQnilv 80‘/2”71))

(2)
for3 <i<2n-—4.

Proof. Choose an invariant neighborhood U; of the point p; diffeo-
morphic to the unit disc D*" C C" and set U = |J,U;. Let f; be a
function on U; equal

fi=l|z1l?+ ...+ |2.]% and fj on Uj equal f; =1 — |21 — ... — |z,/%,

for i = 1,..,7, j = r+1,....2k — r. Consider the manifold V2" =
(M?"\ U)/R". It is clear that its boundary is a disconnected union of
complex projective spaces 9V?" = CPf" 2 U...U (CPQQ,:/%Q.

Let 9oV?" be a part of boundary of V2" consist from r compo-
nent CP?"~2, that corespondent U; and 0;V?2" be a part of boundary
consist from component CP?"~2, that corespondent U;. On manifold
V2 = (M?"\ U)/R" constructed Morse function f : V — [0,1], such
that f=1(0) = 9oV?" and f~1(1) = §;V?". Using the function f we con-
structed on manifold M?" Sl-equivariant S!-Bott function F with the
state St(A) = (0,...,0,2n,...,2n), such that restriction F on U; coin-
side with f;, restriction F on U; coinside with f; and restriction m,(F)
on V coinside with f. Therefore Morse number of cobordism V equal
M (M?™, St(A)) In the paper [12] there is value of Morse number of a
cobordism. [J
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