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In the paper we consider the extremal problems in geometric theory
of functions of complex variables that are associated with estimates
of functionals de�ned on the systems of non-overlapping domains. In
particular, we generalize some known results of this topic.

Ðîáîòà ïðèñâÿ÷åíà äîñëiäæåííþ åêñòðåìàëüíèõ çàäà÷ ãåîìåòðè÷íî¨
òåîði¨ ôóíêöié êîìïëåêñíî¨ çìiííî¨, ïîâ'ÿçàíèõ ç îöiíêàìè ôóíêöiî-
íàëiâ, çàäàíèõ íà ñèñòåìàõ íåïåðåòèííèõ îáëàñòåé. Çîêðåìà, îñíîâíà
óâàãà ïðèäiëÿ¹òüñÿ ïîñèëåííþ îäíîãî âiäîìîãî ðåçóëüòàòó ó äàíié òå-
ìàòèöi.

Çàäà÷i ïðî åêñòðåìàëüíå ðîçáèòòÿ çàéìàþòü âàæëèâå ìiñöå â ãåî-
ìåòðè÷íié òåîði¨ ôóíêöié êîìïëåêñíî¨ çìiííî¨ i ìàþòü áàãàòó iñòîðiþ
(äèâ., íàïðèêëàä, [1�19]). Âïåðøå åêñòðåìàëüíi ðîçáèòòÿ ðîçãëÿäàëèñü
ïðè îòðèìàííi îöiíîê äîáóòêó ñòåïåíiâ êîíôîðìíèõ ðàäióñiâ íåïåðå-
òèííèõ îáëàñòåé. Öÿ òåìàòèêà áåðå ïî÷àòîê çi ñòàòòi Ì.Î. Ëàâð¹íò'¹âà
1934 ðîêó [1] i äàëi ðîçâèâàëàñü â äîñëiäæåííÿõ áàãàòüîõ àâòîðiâ (äèâ.,
íàïðèêëàä, [2�19]). Ñëiä çàóâàæèòè, ùî âàæëèâèì åëåìåíòîì äîñëiä-
æåííÿ òàêèõ åêñòðåìàëüíèõ çàäà÷ ¹ ãëèáîêi ðåçóëüòàòè òåîði¨ êâàäðà-
òè÷íèõ äèôåðåíöiàëiâ, ÿêi îïèñóþòü ëîêàëüíó i ãëîáàëüíó ñòðóêòóðó
¨õ òðà¹êòîðié [3].
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1. Îñíîâíi ïîíÿòòÿ. Íåõàé N, R � ìíîæèíè íàòóðàëüíèõ i äiéñ-
íèõ ÷èñåë âiäïîâiäíî, C � êîìïëåêñíà ïëîùèíà, C = C

⋃
{∞} � ¨¨

îäíîòî÷êîâà êîìïàêòèôiêàöiÿ, R+ = (0,∞). Íåõàé r(B, a) � âíóòðiø-
íié ðàäióñ îáëàñòi B ⊂ C âiäíîñíî òî÷êè a ∈ B (äèâ., íàïðèêëàä, [5,
ñ. 14]; [7, ñ. 71]; [8, ñ. 30]).

Íåõàé n ∈ N, n > 2. Ñèñòåìó òî÷îê An :=
{
ak ∈ C : k = 1, n

}
òàêó,

ùî |ak| ∈ R+ ïðè k = 1, n òà 0 = arg a1 < arg a2 < . . . < arg an < 2π,
áóäåìî íàçèâàòè n-ïðîìåíåâîþ. Ïîçíà÷èìî

Pk = Pk(An) := {w : arg ak < argw < arg ak+1},

θk := arg ak, an+1 := a1, θn+1 := 2π. Âåëè÷èíè αk := 1
π [θk+1 − θk],

αn+1 := α1, k = 1, n, áóäåìî íàçèâàòè êóòîâèìè ïàðàìåòðàìè n-

ïðîìåíåâî¨ ñèñòåìè òî÷îê An. Î÷åâèäíî, ùî
n∑
k=1

αk = 2. Äàíà ðîáîòà

áàçó¹òüñÿ íà çàñòîñóâàííi êóñêîâî-ðîçäiëÿþ÷îãî ïåðåòâîðåííÿ, ðîçâè-
íóòîãî â ðîáîòàõ [4, ñ. 48�50]; [5, ñ. 27�30]; [8, ñ. 120].

Ìåòîþ äàíî¨ ðîáîòè ¹ îòðèìàííÿ òî÷íèõ îöiíîê çâåðõó äëÿ ôóíê-
öiîíàëà íàñòóïíîãî âèãëÿäó:

Jn(γ) = [r (B0, 0) r (B∞,∞)]
γ

n∏
k=1

r (Bk, ak) , (1)

äå γ ∈ R+, An = {ak}nk=1 � n-ïðîìåíåâà ñèñòåìà òî÷îê, ÿêà ðîçòàøî-
âàíà íà îäèíè÷íîìó êîëi, B0, B∞, {Bk}nk=1 � ñóêóïíiñòü íåïåðåòèííèõ
îáëàñòåé, ak ∈ Bk, k = 1, n, 0 ∈ B0, ∞ ∈ B∞.

Ïðè γ = 1
2 i n ≥ 2 îöiíêà ôóíêöiîíàëó (1) äëÿ ñèñòåìè íåïåðåòèí-

íèõ îáëàñòåé áóëà îòðèìàíà Â.Ì. Äóáiíiíèì [4, ñ. 59]. Ã.Â. Êóçüìiíà
[6, ñ. 267], ïîñèëèëà ðåçóëüòàò ðîáîòè [4] i ïîêàçàëà, ùî äàíà îöiíêà

ñïðàâåäëèâà ïðè γ ∈
(

0, n
2

8

]
, n ≥ 2. Çàçíà÷èìî, ùî ïðè n = 2 îöiíêà

ôóíêöiîíàëó (1) ðîáîòè [6] â òî÷íîñòi ñïiâïàäà¹ ç îöiíêîþ ðîáîòè [4].
Â ðîáîòàõ Î.Ê. Áàõòiíà òà I.Â. Äåíåãè [19], [17], [18] áóëî îòðèìàíî
îöiíêó ôóíêöiîíàëó (1) äëÿ γ ∈

(
0, 35
]
(ïðè n = 2), γ ∈

(
0, 65
]

(ïðè
n = 3) òà γ ∈ (0, 2, 1] (ïðè n = 4).

Â äàíié ðîáîòi îòðèìàíî ïîñèëåíó îöiíêó ôóíêöiîíàëó (1) äëÿ çíà-
÷åíü n = 2, n = 3, n = 4.

2. Îñíîâíi ðåçóëüòàòè.

Òåîðåìà 1. Íåõàé 0 < γ ≤ γ2, γ2 = 0, 65. Òîäi äëÿ äîâiëüíî¨ 2-
ïðîìåíåâî¨ ñèñòåìè òî÷îê A2 = {ak}2k=1 òàêî¨, ùî |ak| = 1, k = 1, 2,
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i äîâiëüíîãî íàáîðó âçà¹ìíî íåïåðåòèííèõ îáëàñòåé B0, B1, B2, B∞
(0 ∈ B0 ⊂ C, ∞ ∈ B∞ ⊂ C, a1 ∈ B1 ⊂ C, a2 ∈ B2 ⊂ C), ñïðàâåäëèâà
íåðiâíiñòü

[r (B0, 0) r (B∞,∞)]
γ
r (B1, a1) r (B2, a2) 6

6 [r (Λ0, 0) r (Λ∞,∞)]
γ
r (Λ1, λ1) r (Λ2, λ2) , (2)

äå îáëàñòi Λ0, Λ∞, Λ1, Λ2 � êðóãîâi îáëàñòi, à òî÷êè 0, ∞, λ1, λ2 �
ïîëþñè êâàäðàòè÷íîãî äèôåðåíöiàëó

Q(w)dw2 = −γw
4 + (4− 2γ)w2 + γ

w2(w2 − 1)2
dw2. (3)

Òåîðåìà 2. Íåõàé 0 < γ ≤ γ3, γ3 = 1, 22. Òîäi äëÿ äîâiëüíî¨ 3-
ïðîìåíåâî¨ ñèñòåìè òî÷îê A3 = {ak}3k=1 òàêî¨, ùî |ak| = 1, k = 1, 3,
i äîâiëüíîãî íàáîðó âçà¹ìíî íåïåðåòèííèõ îáëàñòåé B0, B1, B2, B3,
B∞ (0 ∈ B0 ⊂ C, ∞ ∈ B∞ ⊂ C, a1 ∈ B1 ⊂ C, a2 ∈ B2 ⊂ C, a3 ∈ B3 ⊂
C), ñïðàâåäëèâà íåðiâíiñòü

[r (B0, 0) r (B∞,∞)]
γ

3∏
k=1

r (Bk, ak) 6

6 [r (Λ0, 0) r (Λ∞,∞)]
γ

3∏
k=1

r (Λk, λk) , (4)

äå îáëàñòi Λ0, Λ∞, Λ1, Λ2, Λ3 � êðóãîâi îáëàñòi, à òî÷êè 0, ∞, λ1,
λ2, λ3 � ïîëþñè êâàäðàòè÷íîãî äèôåðåíöiàëó

Q(w)dw2 = −γw
6 + (9− 2γ)w3 + γ

w2(w3 − 1)2
dw2. (5)

Òåîðåìà 3. Íåõàé 0 < γ ≤ γ4, γ4 = 2, 15. Òîäi äëÿ äîâiëüíî¨ 4-
ïðîìåíåâî¨ ñèñòåìè òî÷îê A4 = {ak}4k=1 òàêî¨, ùî |ak| = 1, k = 1, 4,
i äîâiëüíîãî íàáîðó âçà¹ìíî íåïåðåòèííèõ îáëàñòåé B0, Bk, B∞ (0 ∈
B0 ⊂ C, ∞ ∈ B∞ ⊂ C, ak ∈ Bk ⊂ C, k = 1, 4), ñïðàâåäëèâà íåðiâíiñòü

[r (B0, 0) r (B∞,∞)]
γ

4∏
k=1

r (Bk, ak) 6
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6 [r (Λ0, 0) r (Λ∞,∞)]
γ

4∏
k=1

r (Λk, λk) , (6)

äå îáëàñòi Λ0, Λ∞, Λ1, Λ2, Λ3 i Λ4 � êðóãîâi îáëàñòi, à òî÷êè 0, ∞,
λ1, λ2, λ3 i λ4 � ïîëþñè êâàäðàòè÷íîãî äèôåðåíöiàëó

Q(w)dw2 = −γw
8 + (16− 2γ)w4 + γ

w2(w4 − 1)2
dw2. (7)

3. Äîâåäåííÿ òåîðåìè 1. Ïðè äîâåäåííi òåîðåì 1 � 3 áóäå çðó÷íî
ñêîðèñòàòèñÿ ðåçóëüòàòîì íàñòóïíî¨ ëåìè.

Íåõàé Φ(τ) = τ2τ
2 · |1− τ |−(1−τ)2 · (1 + τ)−(1+τ)

2

, τ > 0.
Ëåìà. Íåõàé n ∈ N, n > 2, γ ∈ R+. Òîäi äëÿ áóäü-ÿêî¨ n-ïðîìåíåâî¨

ñèñòåìè òî÷îê An = {ak}nk=1 òàêî¨, ùî |ak| = 1, k = 1, n, i äîâiëüíîãî
íàáîðó âçà¹ìíî íåïåðåòèííèõ îáëàñòåé B0, Bk, B∞ (a0 = 0 ∈ B0 ⊂ C,
∞ ∈ B∞ ⊂ C, ak ∈ Bk ⊂ C, k = 1, n), ñïðàâåäëèâà íåðiâíiñòü

[r (B0, 0) r (B∞,∞)]
γ

n∏
k=1

r (Bk, ak) 6

6 2n

(
n∏
k=1

αk

)(
n∏
k=1

Φ(τk)

)1/2

, (8)

äå τk = αk
√
γ, k = 1, n. Çíàê ðiâíîñòi â íåðiâíîñòi (8) äîñÿãà¹òüñÿ

òîäi, êîëè îáëàñòi B0, B∞, Bk i òî÷êè 0, ∞, ak, k = 1, n, ¹, âiäïîâiäíî,
êðóãîâèìè îáëàñòÿìè òà ïîëþñàìè êâàäðàòè÷íîãî äèôåðåíöiàëà

Q(w)dw2 = −γw
2n + (n2 − 2γ)wn + γ

w2(wn − 1)2
dw2.

Äîâåäåííÿ ëåìè. Ïðè äîâåäåííi äàííî¨ ëåìè íàøi äîñëiäæåííÿ ïðî-
âîäÿòüñÿ iç çàñòîñóâàííÿì ðîçäiëÿþ÷îãî ïåðåòâîðåííÿ (äèâ., íàïðè-
êëàä, [4, ñ. 48]; [5, ñ. 27�30]; [8, ñ. 120�124]; [7, ñ. 87�92]). Àíàëîãi÷-
íî ìiðêóâàííÿì, ïðîâåäåíèì â ðîáîòi [7, ñ. 261], ðîçãëÿíåìî ñèñòåìó

ôóíêöié ζ = πk(w) = −i
(
e−iθkw

) 1
αk , k = 1, n. Íåõàé Ω

(1)
k , k = 1, n, ïî-

çíà÷à¹ îáëàñòü ïëîùèíè Cζ , îòðèìàíó â ðåçóëüòàòi îá'¹äíàííÿ çâ'ÿçíî¨
êîìïîíåíòè ìíîæèíè πk(Bk

⋂
P k), ùî ìiñòèòü òî÷êó πk(ak), çi ñâî¨ì

ñèìåòðè÷íèì âiäîáðàæåííÿì âiäíîñíî óÿâíî¨ âiñi. Â ñâîþ ÷åðãó, ÷åðåç
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Ω
(2)
k , k = 1, n, ïîçíà÷èìî îáëàñòü ïëîùèíè Cζ , îòðèìàíó â ðåçóëüòàòi

îá'¹äíàííÿ çâ'ÿçíî¨ êîìïîíåíòè ìíîæèíè πk(Bk+1

⋂
P k), ùî ìiñòèòü

òî÷êó πk(ak+1), çi ñâî¨ì ñèìåòðè÷íèì âiäîáðàæåííÿì âiäíîñíî óÿâíî¨

âiñi, Bn+1 := B1, πn(an+1) := πn(a1). Êðiì òîãî, Ω
(0)
k ïîçíà÷à¹ îáëàñòü

ïëîùèíè Cζ , îòðèìàíó â ðåçóëüòàòi îá'¹äíàííÿ çâ'ÿçíî¨ êîìïîíåíòè
ìíîæèíè πk(B0

⋂
P k), ùî ìiñòèòü òî÷êó ζ = 0, çi ñâî¨ì ñèìåòðè÷íèì

âiäîáðàæåííÿì âiäíîñíî óÿâíî¨ âiñi. Íàáið îáëàñòåé {Ω(∞)
k }nk=1 ¹ ðå-

çóëüòàòîì ðîçäiëÿþ÷îãî ïåðåòâîðåííÿ äîâiëüíî¨ îáëàñòi B∞ âiäíîñíî

íàáîðó {Pk}nk=1 i {πk}nk=1 â òî÷öi ζ = ∞. Ïîçíà÷èìî πk(ak) := ω
(1)
k ,

πk(ak+1) := ω
(2)
k , k ∈ {1, n}, πn(an+1) := ω

(2)
n .

Iç âèçíà÷åííÿ ôóíêöié πk âèïëèâà¹, ùî

|πk(w)− ω(1)
k | ∼

1

αk
|ak|

1
αk
−1 · |w − ak|, w → ak, w ∈ Pk,

|πk(w)− ω(2)
k | ∼

1

αk
|ak+1|

1
αk
−1 · |w − ak+1|, w → ak+1, w ∈ Pk,

|πk(w)| ∼ |w|
1
αk , w → 0, w ∈ Pk.

Òîäi, âèêîðèñòîâóþ÷è âiäïîâiäíi ðåçóëüòàòè ðîáiò [4, ñ. 54]; [5, ñ. 29],
ìà¹ìî íåðiâíîñòi

r (Bk, ak) 6

r
(

Ω
(1)
k , ω

(1)
k

)
· r
(

Ω
(2)
k−1, ω

(2)
k−1

)
1
αk
|ak|

1
αk
−1 · 1

αk−1
|ak|

1
αk−1

−1


1
2

, (9)

k = 1, n, Ω
(2)
0 := Ω(2)

n , ω
(2)
0 := ω(2)

n ,

r (B0, 0) 6

[
n∏
k=1

rα
2
k

(
Ω

(0)
k , 0

)] 1
2

, (10)

r (B∞,∞) 6

[
n∏
k=1

rα
2
k

(
Ω

(∞)
k ,∞

)] 1
2

. (11)

Óìîâè ðåàëiçàöi¨ çíàêó ðiâíîñòi â íåðiâíîñòÿõ (9) � (11) ïîâíiñòþ îïè-
ñàíi â òåîðåìi 1.9 [5, ñ. 29]. Íà îñíîâi öèõ ñïiââiäíîøåíü îòðèìó¹ìî
íåðiâíiñòü

Jn(γ) 6
n∏
k=1

(
r
(

Ω
(0)
k , 0

)
r
(

Ω
(∞)
k ,∞

)) γα2
k

2 ×
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×

r
(

Ω
(1)
k , ω

(1)
k

)
· r
(

Ω
(2)
k , ω

(2)
k

)
(

1
αk

)2
(|ak||ak+1|)

1
αk
−1


1
2

.

Äàëi, âðàõîâóþ÷è ìåòîäè ðîáiò [7, ñ. 262]; [9, ñ. 300]; [11, ñ. 871], iç
îñòàííüîãî ìà¹ ìiñöå

Jn(γ) 6 2n

(
n∏
k=1

αk

)
×

×
n∏
k=1


r
(

Ω
(1)
k , ω

(1)
k

)
· r
(

Ω
(2)
k , ω

(2)
k

)
(
|ak|

1
αk + |ak+1|

1
αk

)2 (
r
(

Ω
(0)
k , 0

)
r
(

Ω
(∞)
k ,∞

))γα2
k


1
2

,

|ω(1)
k | = |ak|

1
αk , |ω(2)

k | = |ak+1|
1
αk , |ω(1)

k − ω
(2)
k | = |ak|

1
αk + |ak+1|

1
αk .

Âèðàç, ùî ñòî¨òü ó ôiãóðíèõ äóæêàõ îòðèìàíî¨ íåðiâíîñòi, ¹ çíà÷åííÿì
ôóíêöiîíàëó

Kτ = [r (B0, 0) r (B∞,∞)]
τ2

· r (B1, a1) r (B2, a2)

|a1 − a2|2
(12)

íà ñèñòåìi íåïåðåòèííèõ îáëàñòåé {Ω(0)
k ,Ω

(1)
k ,Ω

(2)
k ,Ω

(∞)
k }, i âiäïîâiäíié

ñèñòåìi òî÷îê {0, ω(1)
k , ω

(2)
k ,∞} (k ∈ {1, 2}).

Îöiíêà ôóíêöiîíàëó (12), ó âèïàäêó ôiêñîâàíèõ ïîëþñiâ, áóëà çíàé-
äåíà âïåðøå Â.Ì. Äóáiíiíèì [4], [14], ïiçíiøå � Ã.Â. Êóçüìiíîþ [12],
�.Ã. �ìåëüÿíîâèì [13], À.Ë. Òàðãîíñüêèì [15].

Íà îñíîâi òåîðåìè 4.1.1 [7, ñ. 167] òà iíâàðiàíòíîñòi ôóíêöiîíàëó
(12) îòðèìó¹ìî îöiíêó

Kτ 6 Φ(τ), τ ≥ 0,

äå Φ(τ) = τ2τ
2 · |1− τ |−(1−τ)2 · (1 + τ)−(1+τ)

2

. Òîäi

Jn(γ) 6

(
2
√
γ

)n
·

(
n∏
k=1

αk
√
γ

)[
n∏
k=1

Φ(τk)

]1/2
= (13)

=

(
2
√
γ

)n
·

[
n∏
k=1

(
τ
2τ2
k+2

k · |1− τk|−(1−τk)
2

· (1 + τk)−(1+τk)
2
)] 1

2

,
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äå τk =
√
γ · αk, k = 1, n. Ðåàëiçàöiÿ çíàêó ðiâíîñòi ïåðåâiðÿ¹òüñÿ áåç-

ïîñåðåäíüî. Ëåìà äîâåäåíà.
Ïîâåðòà¹ìîñü äî äîâåäåííÿ òåîðåìè 1. Âðàõîâóþ÷è ðåçóëüòàò ëåìè

i óìîâó òåîðåìè 1, ùî n = 2, iç íåðiâíîñòi (13) ìà¹ìî

J2(γ) 6

(
2
√
γ

)2

·

(
2∏
k=1

αk
√
γ

)[
2∏
k=1

Φ(τk)

]1/2
6 (14)

6
4

γ
·

[
2∏
k=1

(
τ
2τ2
k+2

k · |1− τk|−(1−τk)
2

· (1 + τk)−(1+τk)
2
)] 1

2

,

äå τk =
√
γ · αk, k = 1, 2.

Ðîçãëÿíåìî äåòàëüíiøå ôóíêöiþ Ψ(x) = x2x
2+2 · |1 − x|−(1−x)2 ·

(1 + x)−(1+x)
2

. Ψ(x) � ëîãàðèôìi÷íî âèïóêëà íà ïðîìiæêó [0, x0], äå
x0 ≈ 0, 88441, Ψ(x0) = 0, 07002. Íà ïðîìiæêó [0, x1] (x1 ≈ 0, 58142 �
òî÷êà ìàêñèìóìó ôóíêöi¨ Ψ(x), Ψ(x1) ≈ 0, 08674) ôóíêöiÿ çðîñòà¹ âiä
çíà÷åííÿ Ψ(0) = 0 äî Ψ(x1), i ñïàäà¹ íà ïðîìiæêó (x1,∞]. Äàëi, çàñòî-
ñîâóþ÷è äî ôóíêöi¨ Ψ(x) iäå¨ ðîáiò [16],[19], à òàêîæ äåÿêi äîäàòêîâi
ìiðêóâàííÿ, îòðèìó¹ìî òâåðäæåííÿ òåîðåìè 1.

4. Äîâåäåííÿ òåîðåìè 2. Äîâåäåííÿ òåîðåìè 2, â îñíîâíîìó, àíà-
ëîãi÷íå äîâåäåííþ òåîðåìè 1, àëå âiäìiòèìî ðiçíèöþ ìiæ äîâåäåííÿìè
öèõ òåîðåì.

Âðàõîâóþ÷è, ùî n = 3, ç íåðiâíîñòi (13) îòðèìà¹ìî ñïiââiäíîøåííÿ

J3(γ) 6

(
2
√
γ

)3
(

3∏
k=1

αk
√
γ

)(
3∏
k=1

Φ(τk)

)1/2

=

=
8

γ
√
γ

[
3∏
k=1

(
τ
2τ2
k+2

k · |1− τk|−(1−τk)
2

· (1 + τk)−(1+τk)
2
)] 1

2

,

äå τk =
√
γ · αk, k = 1, 3.

Ðîçãëÿíåìî ôóíêöiþ

Ψ(x) = x2x
2+2 · |1− x|−(1−x)

2

· (1 + x)−(1+x)
2

.

Íåõàé γ = γ3. Ïîêàæåìî, ùî äëÿ äîâiëüíèõ τ1, τ2, τ3 òàêèõ, ùî τ1 +
τ2 + τ3 = 2

√
γ3, âèêîíó¹òüñÿ íåðiâíiñòü

Ψ(τ1)Ψ(τ2)Ψ(τ3) 6 Ψ3

(
2

3

√
γ3

)
. (15)
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Äëÿ τ1, τ2, τ3 ∈ (0, x0], x0 ≈ 0, 88441, òâåðäæåííÿ (15) ñëiäó¹ ç ëîãà-
ðèôìi÷íî¨ îïóêëîñòi ôóíêöi¨ Ψ(x).

Íåõàé τ3 ∈ (x0,∞), τ1, τ2 ∈ (0, x0], òîäi

3∏
k=1

Ψ(τk) 6 Ψ(x0)Ψ2(x1) 6 Ψ3

(
2

3

√
γ3

)
(16)

(òàê ÿê Ψ(x0)Ψ2(x1) ≈ 5, 268 · 10−4, à Ψ3
(
2
3

√
γ3
)
≈ 5, 289 · 10−4).

Íåõàé τ2, τ3 ∈ (x0,∞), τ1 ∈ (0, x0], òîäi

Ψ2(τ2)Ψ(τ1) 6 Ψ2(x0)Ψ(x1) < Ψ3

(
2

3

√
γ3

)
(òàê ÿê Ψ(x0)2 ·Ψ(x1) ≈ 4, 252 · 10−4, à Ψ3

(
2
n

√
γ3
)
≈ 5, 289 · 10−4).

Çâiäñè ìà¹ìî, ùî òâåðäæåííÿ (15) ìà¹ ìiñöå äëÿ âñiõ τ1, τ2, τ3.
Ñïðàâåäëèâiñòü òåîðåìè 2 ïðè γ ∈ (0; 1, 125] ñëiäó¹ ç ðîáîòè [6, ñ. 267].
ßêùî 1, 125 < γ < γ3, òî â íåðiâíîñòi (16) âåëè÷èíà Ψ3

(
2
3

√
γ3
)
áóäå

çáiëüøóâàòèñÿ, à äîáóòîê Ψ(x0)Ψ2(x1) çàëèøèòüñÿ íåçìiííèì. Òàêèì
÷èíîì, ïðèõîäèìî äî âèñíîâêó, ùî íåðiâíiñòü (16), à îòæå i (15), ìà¹
ìiñöå i äëÿ γ ∈ (0, γ3]. Ðåàëiçàöiÿ çíàêà ðiâíîñòi ïåðåâiðÿ¹òüñÿ áåçïîñå-
ðåäíüî.

Òåîðåìà 2 äîâåäåíà.

5. Äîâåäåííÿ òåîðåìè 3. Àíàëîãi÷íî äîâåäåííþ òåîðåì 1 òà 2,
âðàõîâóþ÷è, ùî n = 4 ìà¹ìî ñïiââiäíîøåííÿ

J4(γ) 6
16

γ2

(
4∏
k=1

(
τ
2τ2
k+2

k · |1− τk|−(1−τk)
2

· (1 + τk)−(1+τk)
2
)) 1

2

,

äå τk =
√
γ · αk, k = 1, 4. Íåõàé

Ψ(x) = x2x
2+2 · |1− x|−(1−x)

2

· (1 + x)−(1+x)
2

.

Ðîçãëÿíåìî âèïàäîê γ = γ4. Ïîêàæåìî, ùî äëÿ äîâiëüíèõ τ1, τ2, τ3,
τ4 òàêèõ, ùî τ1 + τ2 + τ3 + τ4 = 2

√
γ4, âèêîíó¹òüñÿ íåðiâíiñòü

4∏
k=1

Ψ(τk) 6 Ψ4

(
1

2

√
γ4

)
. (17)
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Äëÿ τ1, τ2, τ3, τ4 ∈ (0, x0], x0 ≈ 0, 88441, òâåðäæåííÿ (17) ñëiäó¹ ç ëîãà-
ðèôìi÷íî¨ îïóêëîñòi ôóíêöi¨ Ψ(x).

Íåõàé äëÿ ïðîñòîòè τ1 6 τ2 6 τ3 6 τ4. Íåõàé τ4 ∈ [x0,∞), τ1, τ2, τ3 ∈
(0, x0), òîäi

4∏
k=1

Ψ(τk) =

3∏
k=1

Ψ(τk) ·Ψ(τ4) 6

6 Ψ3(τ1) ·Ψ(x0) < Ψ4

(
1

2

√
γ4

)
(îñêiëüêè Ψ3(τ1) ·Ψ(x0) ≈ 4, 14751 ·10−5, à Ψ4

(
1
2

√
γ4
)
≈ 4, 32133 ·10−5).

Äîäàòêîâî âèêîðèñòîâóþ÷è äåÿêi ïðîìiæíi îáðàõóíêè ïðèõîäèìî äî
âèñíîâêó, ùî íåðiâíiñòü (17) ìà¹ ìiñöå äëÿ âñiõ τk ∈ (0, x0], k = 1, 3,
τ4 ∈ (x0,∞].

Ðîçãëÿíåìî âèïàäîê τ3, τ4 ∈ (x0,∞), τ1, τ2 ∈ (0, x0]. Òîäi

4∏
k=1

Ψ(τk) 6 Ψ2(x0)Ψ2(x1) < Ψ4

(
1

2

√
γ4

)
(òàê ÿê Ψ(x0)2 ·Ψ2(x1) ≈ 3, 68887 · 10−5).

Íåõàé τ2, τ3, τ4 ∈ (x0,∞), τ1 ∈ (0, x0], òîäi

4∏
k=1

Ψ(τk) 6 Ψ(x1)Ψ3(x0) < Ψ4

(
1

2

√
γ4

)
(îñêiëüêè Ψ(x1) ·Ψ3(x0) ≈ 2, 97777 · 10−5).

Çâiäñè ñëiäó¹, ùî òâåðäæåííÿ (17) ìà¹ ìiñöå äëÿ âñiõ τ1, τ2, τ3, τ4.
Iç âñüîãî âèùå ñêàçàíîãî, îòðèìó¹ìî, ùî äëÿ åêñòðåìàëüíîãî íàáîðó
ìîæëèâèé òiëüêè âèïàäîê, êîëè τk ∈ (0, x0], k = 1, 4, i τ1 = τ2 =
τ3 = τ4. Ñïðàâåäëèâiñòü òåîðåìè 3 ïðè γ ∈ (0; 2] ñëiäó¹ ç ðîáîòè [6,
ñ. 267]. Äëÿ âñiõ γ < γ4 âñi ïîïåðåäíi ìiðêóâàííÿ çáåðiãàþòüñÿ. Òàêèì
÷èíîì, (17) ìà¹ ìiñöå i äëÿ γ ∈ (0, γ4]. Îòæå, âèêîíó¹òüñÿ íàñòóïíå
ñïiââiäíîøåííÿ

J4(γ) 6
16

γ2

(
Ψ

(
1

2

√
γ

))2

, γ ∈ (0, γ4].

Ðåàëiçàöiÿ çíàêà ðiâíîñòi ïåðåâiðÿ¹òüñÿ áåçïîñåðåäíüî. Òåîðåìà 3 äî-
âåäåíà.
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6. Íàñëiäêè. Íàâåäåìî äåêiëüêà öiêàâèõ íàñëiäêiâ, îòðèìàíèõ ç
îñíîâíèõ ðåçóëüòàòiâ. Íåõàé L ïîçíà÷à¹ êëàñ âñiõ îäíîëèñòèõ i ðåãó-
ëÿðíèõ â êðóçi |z| < 1 ôóíêöié w = fk(z), k ∈ {0, 1, n,∞}, ÿêi âiäîáðà-
æàþòü êðóã |z| < 1 íà íåïåðåòèííi îáëàñòi B0, Bk, B∞ òàêi, ùî ìiñòÿòü
âiäïîâiäíi òî÷êè 0, ak, ∞, k = 1, n, i ïðè÷îìó f0(0) = 0, fk(0) = ak,
f∞(0) =∞, k = 1, n.

Íàñëiäîê 1. Íåõàé 0 < γ ≤ γ2, γ2 = 0, 65. Òîäi äëÿ äîâiëüíî¨ 2-
ïðîìåíåâî¨ ñèñòåìè òî÷îê A2 = {ak}2k=1 òàêî¨, ùî |ak| = 1, k = 1, 2,
i äîâiëüíîãî íàáîðó âçà¹ìíî íåïåðåòèííèõ îäíîçâ'ÿçíèõ îáëàñòåé B0,
B1, B2, B∞ (0 ∈ B0, ∞ ∈ B∞, a1 ∈ B1, a2 ∈ B2), i íàáîðó ôóíêöié
f0(z), f∞(z), f1(z), f2(z) êëàñó L, ñïðàâåäëèâà íåðiâíiñòü

[|f ′0(0)| · |f ′∞(0)|]γ
2∏
k=1

|f ′k(0)| 6 [r (Λ0, 0) r (Λ∞,∞)]
γ

2∏
k=1

r (Λk, λk) ,

äå îáëàñòi Λ0 = B0, Λ∞ = B∞, Λ1 = B1, Λ2 = B2 � êðóãîâi îáëàñòi, à
òî÷êè 0, ∞, λ1 = a1, λ2 = a2 � ïîëþñè êâàäðàòè÷íîãî äèôåðåíöiàëó
(3).

Íàñëiäîê 2. Íåõàé 0 < γ ≤ γ3, γ3 = 1, 22. Òîäi äëÿ äîâiëüíî¨ 3-
ïðîìåíåâî¨ ñèñòåìè òî÷îê A3 = {ak}3k=1 òàêî¨, ùî |ak| = 1, k = 1, 3,
i äîâiëüíîãî íàáîðó âçà¹ìíî íåïåðåòèííèõ îäíîçâ'ÿçíèõ îáëàñòåé B0,
Bk, B∞ (0 ∈ B0, ∞ ∈ B∞, ak ∈ Bk), i íàáîðó ôóíêöié f0(z), f∞(z),
fk(z) êëàñó L, k = 1, 3, ñïðàâåäëèâà íåðiâíiñòü

[|f ′0(0)| · |f ′∞(0)|]γ
3∏
k=1

|f ′k(0)| 6 [r (Λ0, 0) r (Λ∞,∞)]
γ

3∏
k=1

r (Λk, λk) ,

äå îáëàñòi Λ0 = B0, Λ∞ = B∞, Λk = Bk � êðóãîâi îáëàñòi, à òî÷êè
0, ∞, λk = ak, k = 1, 3, � ïîëþñè êâàäðàòè÷íîãî äèôåðåíöiàëó (5).

Íàñëiäîê 3. Íåõàé 0 < γ ≤ γ4, γ4 = 2, 15. Òîäi äëÿ äîâiëüíî¨ 4-
ïðîìåíåâî¨ ñèñòåìè òî÷îê A4 = {ak}4k=1 òàêî¨, ùî |ak| = 1, k = 1, 4,
i äîâiëüíîãî íàáîðó âçà¹ìíî íåïåðåòèííèõ îäíîçâ'ÿçíèõ îáëàñòåé B0,
Bk, B∞ (0 ∈ B0, ∞ ∈ B∞, ak ∈ Bk), i íàáîðó ôóíêöié f0(z), f∞(z),
fk(z) êëàñó L, k = 1, 4, ñïðàâåäëèâà íåðiâíiñòü

[|f ′0(0)| · |f ′∞(0)|]γ
4∏
k=1

|f ′k(0)| 6 [r (Λ0, 0) r (Λ∞,∞)]
γ

4∏
k=1

r (Λk, λk) ,

äå îáëàñòi Λ0 = B0, Λ∞ = B∞, Λk = Bk � êðóãîâi îáëàñòi, à òî÷êè
0, ∞, λk = ak, k = 1, 4, � ïîëþñè êâàäðàòè÷íîãî äèôåðåíöiàëó (7).
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