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(2n, 2m)-ïðîìåíåâié ñèñòåìi òî÷îê

Çíàéäåíî ìàêñèìóì ôóíêöiîíàëó, ùî ñêëàäà¹òüñÿ iç äîáóòêiâ âíóòðiø-
íiõ ðàäióñiâ äëÿ äîâiëüíî¨ ñòåïåíi âíóòðiøíiõ ðàäióñiâ îáëàñòåé.

Maximum the �nd for functional, which the consist with product inner
radius for arbitrary degrees of inner radius domains.

Âñòóï.

Ó ãåîìåòðè÷íèé òåîði¨ ôóíêöié êîìïëåêñíîãî çìiííîãî åêñòðåìàëü-
íi çàäà÷i äëÿ ôóíêöiîíàëiâ ñêëàäåíèõ iç äîáóòêiâ âíóòðiøíiõ ðàäióñiâ
îáëàñòåé ïðåäñòàâëÿþòü äîáðå âiäîìèé êëàñè÷íèé íàïðÿì. Âèíèêíåí-
íÿ öüîãî íàïðÿìó ïîâ'ÿçàíî ç ðîáîòîþ àêàäåìiêà Ì.À. Ëàâðåíòü¹âà [1],
äå âïåðøå ïîñòàâëåíà òà ðîçâ'ÿçàíà çàäà÷à ïðî äîáóòîê êîíôîðìíèõ
ðàäióñiâ äâîõ íåïåðåòèííèõ îäíîçâ'ÿçíèõ îáëàñòåé. Ó ïîäàëüøîìó öþ
çàäà÷ó óçàãàëüíèëè òà ïîñèëèëè ó áàãàòüîõ ðîáîòàõ (äèâ., íàïð. [2 �
13]).

Íåõàé N, R � ìíîæèíè íàòóðàëüíèõ òà äiéñíèõ ÷èñåë âiäïîâiäíî, C
� ïëîùèíà êîìïëåêñíèõ ÷èñåë, C = C

⋃
{∞} � ¨¨ îäíîòî÷êîâà êîìïàê-

òèôiêàöiÿ àáî ñôåðà Ðiìàíà, R+ = (0,∞).
Íåõàé n,m ∈ N. Ñèñòåìó òî÷îê

A2n,2m = {ak,p ∈ C : k = 1, 2n, p = 1, 2m },

íàçâåìî (2n, 2m)-ïðîìåíåâîþ ñèñòåìîþ òî÷îê, ÿêùî ïðè âñiõ k = 1, 2n
âèêîíóþòüñÿ ñïiââiäíîøåííÿ:

0 < |ak,1| < . . . < |ak,2m| <∞;
arg ak,1 = arg ak,2 = . . . = arg ak,2m =: θk;
0 = θ1 < θ2 < . . . < θn < θn+1 := 2π.

(1)
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Äëÿ òàêèõ ñèñòåì òî÷îê ââåäåìî ó ðîçãëÿä íàñòóïíi âåëè÷èíè:

αk =
1

π
[θk+1 − θk] , k = 1, 2n, αn+1 := α1, α0 := αn,

2n∑
k=1

αk = 2.

Ïðè âèêîíàííi óìîâ αk = 1
n , k = 1, 2n ñèñòåìó òî÷îê A2n,2m áóäåìî

íàçèâàòè ðiâíîêóòîâîþ.
Ðîçãëÿíåìî ñèñòåìó êóòîâèõ îáëàñòåé:

Pk = {w ∈ C : θk < argw < θk+1}, k = 1, 2n.

Äëÿ äîâiëüíî¨ (2n, 2m)-ïðîìåíåâî¨ ñèñòåìè òî÷îê ðîçãëÿíåìî íà-
ñòóïíi "êåðóþ÷è" ôóíêöiîíàëè

M
(
A

(1)
2n,2m

)
=

n∏
k=1

m∏
p=1

[
χ

(∣∣∣a2k−1,2p−1∣∣∣ 1
α2k−1

)
χ

(∣∣∣a2k−1,2p−1∣∣∣ 1
α2k−2

)] 1
2

|a2k−1,2p−1|,

M
(
A

(2)
2n,2m

)
=

n∏
k=1

m∏
p=1

[
χ

(∣∣∣a2k−1,2p∣∣∣ 1
α2k−1

)
χ

(∣∣∣a2k−1,2p∣∣∣ 1
α2k−2

)] 1
2

|a2k−1,2p|,

M
(
A

(3)
2n,2m

)
=

n∏
k=1

m∏
p=1

[
χ

(∣∣∣a2k,2p∣∣∣ 1
α2k

)
χ

(∣∣∣a2k,2p∣∣∣ 1
α2k−1

)] 1
2

|a2k,2p|,

M
(
A

(4)
2n,2m

)
=

n∏
k=1

m∏
p=1

[
χ

(∣∣∣a2k,2p−1∣∣∣ 1
α2k

)
χ

(∣∣∣a2k,2p−1∣∣∣ 1
α2k−1

)] 1
2

|a2k,2p−1|,

äå χ(t) = 1
2 (t+ 1

t ), t ∈ R+.

Íåõàé D, D ⊂ C � äîâiëüíà âiäêðèòà ìíîæèíà òà w = a ∈ D,
òîäi ÷åðåç D(a) ïîçíà÷èìî çâ'ÿçíó êîìïîíåíòó D, ÿêà ìiñòèòü òî÷êó
a. Äëÿ äîâiëüíî¨ (2n, 2m)-ïðîìåíåâî¨ ñèñòåìè A2n,2m = {ak,p ∈ C : k =
1, 2n, p = 1, 2m } òà âiäêðèòî¨ ìíîæèíè D, A2n,2m ⊂ D ïîçíà÷èìî
÷åðåç Dk (as,p) çâ'ÿçíó êîìïîíåíòó ìíîæèíè D (as,p)

⋂
Pk, ÿêà ìiñòèòü

òî÷êó as,p, k = 1, 2n, s = k, k + 1, p = 1, 2m, an+1,p := a1,p.
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Áóäåìî ââàæàòè, ùî âiäêðèòà ìíîæèíà D, A2n,2m ⊂ D çàäîâîëüíÿ¹
óìîâi íåíàëÿãàííÿ âiäíîñíî (2n, 2m)-ïðîìåíåâî¨ ñèñòåìè òî÷îê A2n,2m,
ÿêùî âèêîíó¹òüñÿ óìîâà

Dk(ak,s)
⋂
Dk(ak+1,p) = ∅, (2)

k = 1, 2n, p, s = 1, 2m ïî âñiì êóòàì Pk.
Ïîçíà÷èìî ÷åðåç r(B; a) � âíóòðiøíié ðàäióñ îáëàñòi B ⊂ C âiä-

íîñíî òî÷êè a ∈ B (äèâ. [4 � 6, 14]).
Ïðåäìåòîì âèâ÷åííÿ íàøî¨ ðîáîòè å íàñòóïíi çàäà÷i.
Çàäà÷à 1. Íåõàé n,m ∈ N, n ≥ 2, m ≥ 2, α ∈ R+. Âèçíà÷èòè

ìàêñèìóì âåëè÷èíè

J =

n∏
k=1

m∏
p=1

rα (B2k−1,2p−1, a2k−1,2p−1) r (B2k−1,2p, a2k−1,2p)×

×rα (B2k,2p, a2k,2p) r (B2k,2p−1, a2k,2p−1) ,

äå A2n,2m � äîâiëüíà (2n, 2m)-ïðîìåíåâà ñèñòåìà òî÷îê âèäó (1), à
{Bk,p} � äîâiëüíèé íàáið ïîïàðíî íåïåðåòèííèõ îáëàñòåé, ak,p ∈ Bk,p ⊂
C, òà îïèñàòè åêñòðåìàëi (k = 1, 2n, p = 1, 2m).

Çàäà÷à 2. Íåõàé n,m ∈ N, n ≥ 2, m ≥ 2, α ∈ R+. Âèçíà÷èòè
ìàêñèìóì âåëè÷èíè

I =

n∏
k=1

m∏
p=1

rα (D, a2k−1,2p−1) r (BD,2p, a2k−1,2p)×

×rα (D, a2k,2p) r (D, a2k,2p−1) ,

äå A2n,2m � äîâiëüíà (2n, 2m)-ïðîìåíåâà ñèñòåìà òî÷îê âèäó (1), à D
� äîâiëüíà âiäêðèòà ìíîæèíà, ÿêà çàäîâîëüíÿ¹ óìîâi íåíàëÿãàííÿ (2),
ak,p ∈ D ⊂ C, òà îïèñàòè åêñòðåìàëi (k = 1, 2n, p = 1, 2m).

Òåîðåìà 1. Íåõàé n,m ∈ N, n ≥ 2, α ∈ R+. Òîäi äëÿ äîâiëü-
íî¨ (2n, 2m)-ïðîìåíåâî¨ ñèñòåìè òî÷îê A2n,2m, òà äîâiëüíîãî íàáîðó
ïîïàðíî íåïåðåòèííèõ îáëàñòåé {Bk,p}, ak,p ∈ Bk,p ⊂ C, k = 1, 2n,
p = 1, 2m ñïðàâåäëèâà íåðiâíiñòü

n∏
k=1

m∏
p=1

rα (B2k−1,2p−1, a2k−1,2p−1) r (B2k−1,2p, a2k−1,2p) r
α (B2k,2p, a2k,2p)
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×r (B2k,2p−1, a2k,2p−1) ≤
(

2

mn

)2nm(α+1) (
M
(
A

(1)
2n,2m

)
M
(
A

(3)
2n,2m

))α
×M

(
A

(2)
2n,2m

)
M
(
A

(4)
2n,2m

)( αα

|
√
α− 1||

√
α−1|2 |

√
α+ 1||

√
α+1|2

)nm
.

Çíàê ðiâíîñòi äîñÿãà¹òüñÿ, êîëè òî÷êè ak,p òà îáëàñòi Bk,p ¹, âiä-
ïîâiäíî, ïîëþñàìè òà êðóãîâèìè îáëàñòÿìè êâàäðàòè÷íîãî äèôåðåí-
öiàëó

Q(w)dw2 = w2n−2 (1 + w2n
)2m−2×

×
i(α− 1)

(
(wn + i)

4m − (wn − i)4m
)
− 2(1 + α)

(
w2n + 1

)2m(
(wn + i)

4m
+ (wn − i)4m

)2 dw2. (3)

.
Òåîðåìà 2. Íåõàé n,m ∈ N, n ≥ 2, α ∈ R+. Òîäi äëÿ äîâiëüíî¨

(2n, 2m)-ïðîìåíåâî¨ ñèñòåìè òî÷îê A2n,2m, òà äîâiëüíî¨ âiäêðèòî¨
ìíîæèíè D, ÿêà çàäîâîëüíÿ¹ óìîâi íåíàëÿãàííÿ (2), ak,p ∈ D ⊂ C,
k = 1, 2n, p = 1, 2m ñïðàâåäëèâà íåðiâíiñòü

n∏
k=1

m∏
p=1

rα (D, a2k−1,2p−1) r (D, a2k−1,2p) r
α (D, a2k,2p) r (D, a2k,2p−1) ≤

≤
(

2

mn

)2nm(α+1) (
M
(
A

(1)
2n,2m

)
M
(
A

(3)
2n,2m

))α
M
(
A

(2)
2n,2m

)
×M

(
A

(4)
2n,2m

)( αα

|
√
α− 1||

√
α−1|2 |

√
α+ 1||

√
α+1|2

)nm
.

Çíàê ðiâíîñòi äîñÿãà¹òüñÿ, êîëè

D =
⋃
k,p

Bk,p,

à òî÷êè ak,p òà îáëàñòi Bk,p ¹, âiäïîâiäíî, ïîëþñàìè òà êðóãîâèìè
îáëàñòÿìè êâàäðàòè÷íîãî äèôåðåíöiàëó (3).

Äîâåäåííÿ òåîðåìè 1. Äîâåäåííÿ òåîðåìè ñïèðà¹òüñÿ íà ìåòîä
êóñêîâî-ïîäiëÿþ÷îãî ïåðåòâîðåííÿ (äèâ. [4 � 6]).

Ðîçãëÿíåìî îäíîçíà÷íó ãiëêó áàãàòîçíà÷íî¨ àíàëiòè÷íî¨ ôóíêöi¨

zk(w) = −i
(
e−iθkw

) 1
αk (4)
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ÿêà, ïðè êîæíîìó k = 1, 2n, ðåàëiçó¹ îäíîëèñòíå òà êîíôîðìíå âiäî-
áðàæåííÿ îáëàñòi Pk íà ïðàâó ïiâïëîùèíó Rez > 0, ïðè öüîìó ïðîìiíü
argw = 1

2 (θk + θk+1) ïåðåòâîðþ¹òüñÿ ó äîäàòíó äiéñíó âiñü.
Òîäi ôóíêöiÿ

ζk(w) :=
1− zk(w)

1 + zk(w)
(5)

îäíîëèñòíî òà êîíôîðíî âiäîáðàæà¹ îáëàñòü Pk íà îäèíè÷íèé êðóã
U = {z : |z| ≤ 1}, k = 1, 2n.

Ïîçíà÷èìî ω
(1)
k,p := ζk (ak,p), ω

(2)
k−1,p := ζk−1 (ak,p), an+1,p := a1,p,

ω
(2)
0,p := ω

(2)
n,p, ζ0 := ζn (k = 1, 2n, p = 1, 2m).

Ñiìåéñòâî ôóíêöié {ζk(w)}2nk=1, çàäàíèõ ðiâíiñòþ (5), ¹ äî-
ïóñòèìèì äëÿ êóñêîâî-ïîäiëÿþ÷îãî ïåðåòâîðåííÿ (äèâ. íàïð.,
[6, 8, 9]) îáëàñòåé

{
Bk,p : k = 1, 2n, p = 1, 2m

}
âiäíîñíî ñè-

ñòåìè êóòiâ {Pk}2nk=1. Äëÿ äîâiëüíî¨ ìíîæèíè ∆ ∈ C ïîçíà-

÷èìî (∆)∗ :=
{
w ∈ C : 1

w ∈ ∆
}
. Íåõàé Ω

(1)
k,p ïîçíà÷à¹ çâ'ÿçíó

êîìïîíåíòó ìíîæèíè ζk
(
Bk,p

⋂
P k
)⋃ (

ζk
(
Bk,p

⋂
P k
))∗

, ÿêà ìi-

ñòèòü òî÷êó ω
(1)
k,p, à Ω

(2)
k−1,p � çâ'ÿçíó êîìïîíåíòó ìíîæèíè

ζk−1
(
Bk,p

⋂
P k−1

)⋃ (
ζk−1

(
Bk,p

⋂
P k−1

))∗
, ÿêà ìiñòèòü òî÷êó ω

(2)
k−1,p,

k = 1, 2n, p = 1, 2m, P 0 := Pn, Ω
(2)
0,p := Ω

(2)
n,p. Çðîçóìiëî, ùî Ω

(s)
k,p ¹,

âçàãàëi êàæó÷è, áàãàòîçâ'ÿçíèìè îáëàñòÿìè, k = 1, 2n, p = 1, 2m,

s = 1, 2. Ïàðà îáëàñòåé Ω
(2)
k−1,p òà Ω

(1)
k,p ¹ ðåçóëüòàòîì ïîäiëÿþ÷îãî

ïåðåòâîðåííÿ îáëàñòi Bk,p âiäíîñíî ñiìåéñòâ {Pk−1, Pk}, {ζk−1, ζk} â
òî÷öi ak,p, k = 1, 2n, p = 1, 2m.

Ç ôîðìóëè (5) îòðèìà¹ìî íàñòóïíi âèðàçè∣∣∣ζk(w)− ζk(ak,p)
∣∣∣ ∼ [αkχ(∣∣∣ak,p∣∣∣ 1

αk

)
|ak,p|

]−1
|w − ak,p|,

w → ak,p, w ∈ P k.∣∣∣ζk−1(w)− ζk−1(ak,p)
∣∣∣ ∼ [αk−1χ(∣∣∣ak,p∣∣∣ 1

αk−1

)
|ak,p|

]−1
|w − ak,p|,

w → ak,p, w ∈ P k−1, k = 1, 2n, p = 1, 2m. (6)

Ç òåîðåìè 1.9 [6] (äèâ. òàêîæ [4, 5]) òà ôîðìóë (6) îòðèìà¹ìî íåðiâ-
íîñòi

r (Bk,p, ak,p) 6
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r
(

Ω
(1)
k,p, ω

(1)
k,p

)
r
(

Ω
(2)
k−1,p, ω

(2)
k−1,p

) [
αkχ

(∣∣ak,p∣∣ 1
αk

)
|ak,p|

]
×

×
[
αk−1χ

(∣∣ak,p∣∣ 1
αk−1

)
|ak,p|

]} 1
2

, k = 1, 2n, p = 1, 2m. (7)

Íà îñíîâi ñïiââiäíîøåíü (7), îòðèìà¹ìî:

n∏
k=1

m∏
p=1

rα (B2k−1,2p−1, a2k−1,2p−1) r (B2k−1,2p, a2k−1,2p) r
α (B2k,2p, a2k,2p)

×r (B2k,2p−1, a2k,2p−1) ≤
n∏
k=1

m∏
p=1

[
αα+1
2k−1α

α+1
2k−2

(
χ

(∣∣∣a2k−1,2p−1∣∣∣ 1
α2k−1

))α

×
(
χ

(∣∣∣a2k−1,2p−1∣∣∣ 1
α2k−2

))α
|a2k−1,2p−1|2α

(
χ

(∣∣∣a2k−1,2p∣∣∣ 1
α2k−1

))
×
(
χ

(∣∣∣a2k−1,2p∣∣∣ 1
α2k−2

))
|a2k−1,2p|2αα+1

2k αα+1
2k−1

(
χ

(∣∣∣a2k,2p∣∣∣ 1
α2k

))α
×
(
χ

(∣∣∣a2k,2p∣∣∣ 1
α2k−1

))α
χ

(∣∣∣a2k,2p−1∣∣∣ 1
α2k

)
χ

(∣∣∣a2k,2p−1∣∣∣ 1
α2k−1

)
|a2k,2p|2α

×|a2k,2p−1|2
] 1

2
n∏
k=1

m∏
p=1

[
rα
(

Ω
(1)
2k−1,2p−1, ω

(1)
2k−1,2p−1

)
×

×rα
(

Ω
(2)
2k−2,2p−1, ω

(2)
2k−2,2p−1

)
r
(

Ω
(1)
2k−1,2p, ω

(1)
2k−1,2p

)
×

×r
(

Ω
(2)
2k−2,2p, ω

(2)
2k−2,2p

)
rα
(

Ω
(1)
2k,2p, ω

(1)
2k,2p

)
rα
(

Ω
(2)
2k−1,2p, ω

(2)
2k−1,2p

)
×

× r
(

Ω
(1)
2k,2p−1, ω

(1)
2k,2p−1

)
r
(

Ω
(2)
2k−1,2p−1, ω

(2)
2k−1,2p−1

)] 1
2

. (8)

Âiäìiòèìî, ùî

n∏
k=1

m∏
p=1

[
rα
(

Ω
(1)
2k−1,2p−1, ω

(1)
2k−1,2p−1

)
rα
(

Ω
(2)
2k−2,2p−1, ω

(2)
2k−2,2p−1

)
×

×r
(

Ω
(1)
2k−1,2p, ω

(1)
2k−1,2p

)
r
(

Ω
(2)
2k−2,2p, ω

(2)
2k−2,2p

)
rα
(

Ω
(1)
2k,2p, ω

(1)
2k,2p

)
×

rα
(

Ω
(2)
2k−1,2p, ω

(2)
2k−1,2p

)
r
(

Ω
(1)
2k,2p−1, ω

(1)
2k,2p−1

)
×
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×r
(

Ω
(2)
2k−1,2p−1, ω

(2)
2k−1,2p−1

)] 1
2

=

=

n∏
k=1

[
m∏
p=1

rα
(

Ω
(1)
2k−1,2p−1, ω

(1)
2k−1,2p−1

)
r
(

Ω
(1)
2k−1,2p, ω

(1)
2k−1,2p

)
×

×rα
(

Ω
(2)
2k−1,2p, ω

(2)
2k−1,2p

)
r
(

Ω
(2)
2k−1,2p−1, ω

(2)
2k−1,2p−1

) m∏
p=1

rα
(

Ω
(1)
2k,2p, ω

(1)
2k,2p

)
×r
(

Ω
(1)
2k,2p−1, ω

(1)
2k,2p−1

)
r
(

Ω
(2)
2k,2p, ω

(2)
2k,2p

)
rα
(

Ω
(2)
2k,2p−1, ω

(2)
2k,2p−1

)] 1
2

,

(9)
n∏
k=1

m∏
p=1

(
αα+1
2k−1α

α+1
2k−2 · α

α+1
2k αα+1

2k−1
) 1

2 =
2n∏
k=1

α
m(α+1)
k , (10)

n∏
k=1

m∏
p=1

[(
χ

(∣∣∣a2k−1,2p−1∣∣∣ 1
α2k−1

))α(
χ

(∣∣∣a2k−1,2p−1∣∣∣ 1
α2k−2

))α
×

(
χ

(∣∣∣a2k−1,2p∣∣∣ 1
α2k−1

))(
χ

(∣∣∣a2k−1,2p∣∣∣ 1
α2k−2

))
|a2k−1,2p−1|2α×

×
(
χ

(∣∣∣a2k,2p∣∣∣ 1
α2k

))α
|a2k−1,2p|2

(
χ

(∣∣∣a2k,2p∣∣∣ 1
α2k−1

))α
×

× χ

(∣∣∣a2k,2p−1∣∣∣ 1
α2k

)
|a2k,2p|2α|a2k,2p−1|2χ

(∣∣∣a2k,2p−1∣∣∣ 1
α2k−1

)] 1
2

=

=
(
M
(
A

(1)
2n,2m

)
M
(
A

(3)
2n,2m

))α
M
(
A

(2)
2n,2m

)
M
(
A

(4)
2n,2m

)
. (11)

Iç (8) âðàõîâóþ÷è (9), (10), (11), îòðèìà¹ìî íàñòóïíi ñïiââiäíîøåí-
íÿ

n∏
k=1

m∏
p=1

rα (B2k−1,2p−1, a2k−1,2p−1) r (B2k−1,2p, a2k−1,2p)×

×rα (B2k,2p, a2k,2p) r (B2k,2p−1, a2k,2p−1) ≤

≤
2n∏
k=1

α
m(α+1)
k

(
M
(
A

(1)
2n,2m

)
M
(
A

(3)
2n,2m

))α
M
(
A

(2)
2n,2m

)
M
(
A

(4)
2n,2m

)

×
n∏
k=1

[
m∏
p=1

rα
(

Ω
(1)
2k−1,2p−1, ω

(1)
2k−1,2p−1

)
r
(

Ω
(1)
2k−1,2p, ω

(1)
2k−1,2p

)
×
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×rα
(

Ω
(2)
2k−1,2p, ω

(2)
2k−1,2p

)
r
(

Ω
(2)
2k−1,2p−1, ω

(2)
2k−1,2p−1

) m∏
p=1

rα
(

Ω
(1)
2k,2p, ω

(1)
2k,2p

)

×r
(

Ω
(1)
2k,2p−1, ω

(1)
2k,2p−1

)
r
(

Ω
(2)
2k,2p, ω

(2)
2k,2p

)
rα
(

Ω
(2)
2k,2p−1, ω

(2)
2k,2p−1

)] 1
2

.

(12)
Âðàõîâóþ÷è, ùî

2n∏
k=1

αk ≤
(

1

n

)2n

,

ç ïîïåðåäíüîãî ñïiââiäíîøåííÿ, ìà¹ìî

n∏
k=1

m∏
p=1

rα (B2k−1,2p−1, a2k−1,2p−1) r (B2k−1,2p, a2k−1,2p)×

×rα (B2k,2p, a2k,2p) r (B2k,2p−1, a2k,2p−1) ≤

≤
(

1

n

)2nm(α+1) (
M
(
A

(1)
2n,2m

)
M
(
A

(3)
2n,2m

))α
M
(
A

(2)
2n,2m

)
M
(
A

(4)
2n,2m

)
×

n∏
k=1

[
m∏
p=1

rα
(

Ω
(1)
2k−1,2p−1, ω

(1)
2k−1,2p−1

)
r
(

Ω
(1)
2k−1,2p, ω

(1)
2k−1,2p

)
×

×rα
(

Ω
(2)
2k−1,2p, ω

(2)
2k−1,2p

)
r
(

Ω
(2)
2k−1,2p−1, ω

(2)
2k−1,2p−1

) m∏
p=1

rα
(

Ω
(1)
2k,2p, ω

(1)
2k,2p

)

×r
(

Ω
(1)
2k,2p−1, ω

(1)
2k,2p−1

)
r
(

Ω
(2)
2k,2p, ω

(2)
2k,2p

)
rα
(

Ω
(2)
2k,2p−1, ω

(2)
2k,2p−1

)] 1
2

.

(13)
Ç òåîðåìû 4.2.2 [7] îòðèìà¹ìî íåðiâíîñòi

m∏
p=1

rα
(

Ω
(1)
2k−1,2p−1, ω

(1)
2k−1,2p−1

)
r
(

Ω
(1)
2k−1,2p, ω

(1)
2k−1,2p

)
×

×rα
(

Ω
(2)
2k−1,2p, ω

(2)
2k−1,2p

)
r
(

Ω
(2)
2k−1,2p−1, ω

(2)
2k−1,2p−1

)
≤

≤
2m∏
p=1

rα
(
G

(1)
2p−1, g

(1)
2p−1

)
r
(
G

(1)
2p , g

(1)
2p

)
,
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m∏
p=1

rα
(

Ω
(1)
2k,2p, ω

(1)
2k,2p

)
r
(

Ω
(1)
2k,2p−1, ω

(1)
2k,2p−1

)
r
(

Ω
(2)
2k,2p, ω

(2)
2k,2p

)
×

×rα
(

Ω
(2)
2k,2p−1, ω

(2)
2k,2p−1

)
≤

2m∏
p=1

r
(
G

(2)
2p−1, g

(2)
2p−1

)
rα
(
G

(2)
2p , g

(2)
2p

)
, (14)

äå G
(1)
2p−1, G

(1)
2p , G

(2)
2p−1, G

(2)
2p � êðóãîâi îáëàñòi, à g

(1)
2p−1, g

(1)
2p , g

(2)
2p−1, g

(2)
2p �

ïîëþñè êâàäðàòè÷íîãî äèôåðåíöiàëó

Q (ζk) dζ2k = ζ2m−2k

i(1− α)ζ4mk + 2(1 + α)ζ2mk + i(α− 1)

(ζ4mk + 1)
2 dζ2k , k = 1, 2n

(15)
Êîðèñòóþ÷èñü íåðiâíîñòÿìè (14) ç (13) îòðèìà¹ìî

n∏
k=1

m∏
p=1

rα (B2k−1,2p−1, a2k−1,2p−1) r (B2k−1,2p, a2k−1,2p)×

×rα (B2k,2p, a2k,2p) r (B2k,2p−1, a2k,2p−1) ≤
(

1

n

)2nm(α+1)

×

×
(
M
(
A

(1)
2n,2m

)
M
(
A

(3)
2n,2m

))α
M
(
A

(2)
2n,2m

)
M
(
A

(4)
2n,2m

)
×

×

(
2m∏
p=1

r (G2p−1, g2p−1) rα (G2p, g2p)

)n
, (16)

äå G2p−1, G2p � êðóãîâi îáëàñòi, à g2p−1, g2p � ïîëþñè êâàäðàòè÷íîãî
äèôåðåíöiàëó (15).

Iç îñòàííüîãî ñïiââiäíîøåííÿ, âèêîðèñòîâóþ÷è òåîðåìó 4.1.2 [7], îò-
ðèìà¹ìî òâåðäæåííÿ òåîðåìè. Òåîðåìà 1 äîâåäåíà.

Äîâåäåííÿ òåîðåìè 2. Çðàçó âiäìiòèìî, ùî ç óìîâè íåíàëÿãàííÿ
âèïëèâà¹, ùî capC\D > 0 òà ìíîæèíà D ìà¹ óçàãàëüíåíó ôóíêöiþ

Ãðiíà gD(z, a), äå gD(z, a) =


gD(a)(z, a), z ∈ D(a),

0, z ∈ C\D(a),

lim
ζ→z

gD(a)(ζ, a), ζ ∈ D(a), z ∈ ∂D(a)
�

óçàãàëüíåíà ôóíêöiÿ Ãðiíà âiäêðèòî¨ ìíîæèíè D âiäíîñíî òî÷êè a ∈
D, à gD(a)(z, a) � ôóíêöiÿ Ãðiíà îáëàñòi D(a) âiäíîñíî òî÷êè a ∈ D(a).

Ó ïîäàëüøîìó áóäåìî êîðèñòóâàòèñÿ ìåòîäàìè ðîáiò [6, 7]. Ðîç-
ãëÿíåìî ìíîæèíè E0 = C\D; E(ak,p, t) = {w ∈ C : |w − ak,p| 6 t},
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k = 1, 2n, p = 1, 2m, n > 2, n,m ∈ N, t ∈ R+. Äëÿ äîñòàòíüî ìàëèõ
t > 0 ââåäåìî ó ðîçãëÿä êîíäåíñàòîð

C (t, D, A2n,2m) = {E0, E1, E2} ,

äå E1 =
n⋃
k=1

m⋃
p=1

(E(a2k−1,2p−1, t) ∪ E(a2k,2p, t)) , E2 =

n⋃
k=1

m⋃
p=1

(E(a2k,2p−1, t) ∪ E(a2k−1,2p, t)). �ìíiñòþ êîíäåíñàòîðà

C (t, D, A2n,2m) íàçèâà¹òüñÿ âåëè÷èíà (äèâ. [5])

capC (t, D, A2n,2m) = inf

∫ ∫ [
(G′x)2 + (G′y)2

]
dxdy,

äå íèæíÿ ãðàíü áåðåòüñÿ ïî âñiì äiéñíèì, íåïåðåðâíèì òà ëiïøèöåâèì

â C ôóíêöiÿì G = G(z), òàêèì, ùî G
∣∣∣
E0

= 0, G
∣∣∣
E1

=
√
α, G

∣∣∣
E2

= 1

Âåëè÷èíà, îáåðíåíà ¹ìíîñòi êîíäåíñàòîðà C, íàçèâà¹òüñÿ ìîäóëåì
öüîãî êîíäåíñàòîðà

|C| = [capC]
−1

Ç òåîðåìè 1 [6] îòðèìà¹ìî

|C (t,D,A2n,2m) | = 1

2π

1

2nm (α+ 1)
log

1

t
+M(D,A2n,2m) + o(1), t→ 0,

(17)
äå

M(D,A2n,2m) =
1

2π

1

4n2m2 (α+ 1)
2×

×
[
α

n∑
k=1

m∑
p=1

(log r(D, a2k,2p) + log r(D, a2k−1,2p−1)) +

+
n∑
k=1

m∑
p=1

(log r(D, a2k,2p−1) + log r(D, a2k−1,2p)) +

+α
∑

(k,p) 6=(q,s)

(gD(a2k,2p, a2q,2s) + gD(a2k−1,2p−1, a2q−1,2s−1)) +

+2
√
α

∑
(k,p)6=(q,s)

(gD(a2k,2p, a2q−1,2s) + gD(a2k,2p, a2q,2s−1)+
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+gD(a2k−1,2p−1, a2q−1,2s) + gD(a2k−1,2p−1, a2q,2s−1)) +

+2α
∑

(k,p) 6=(q,s)

gD(a2k,2p, a2q−1,2s−1) +
∑

(k,p) 6=(q,s)

(gD(a2k−1,2p, a2q−1,2s)+

+gD(a2k,2p−1, a2q,2s−1)) + 2
∑

(k,p)6=(q,s)

gD(a2k−1,2p, a2q,2s−1)
]
. (18)

Íàäàëi, áóäåìî âèêîðèñòîâóâàòè ôóíêöiþ (5) òà ïîçíà÷åííÿ ω
(1)
k,p,

ω
(2)
k−1,p, an+1,p, ω

(2)
0,p, ζ0, ∆, (∆)∗, ââåäåíi íàìè ïðè äîâåäåííi òåî-

ðåìè 1. Íåõàé, òàêîæ, Ω
(1)
k,p ïîçíà÷à¹ çâ'ÿçíó êîìïîíåíòó ìíîæè-

íè ζk
(
D
⋂
P k
)⋃ (

ζk
(
D
⋂
P k
))∗

, ÿêà ìiñòèòü òî÷êó ω
(1)
k,p, à Ω

(2)
k−1,p �

çâ'ÿçíó êîìïîíåíòó ìíîæèíè ζk−1
(
D
⋂
P k−1

)⋃ (
ζk−1

(
D
⋂
P k−1

))∗
,

ÿêà ìiñòèòü òî÷êó ω
(2)
k−1,p, k = 1, 2n, p = 1, 2m, P 0 := P 2n, Ω

(2)
0,p := Ω

(2)
n,p.

ßñíî, ùîΩ
(s)
k,p ¹, âçàãàëi êàæó÷è, áàãàòîçâ'ÿçíèìè îáëàñòÿìè, k = 1, 2n,

p = 1, 2m, s = 1, 2. Ïàðà îáëàñòåé Ω
(2)
k−1,p è Ω

(1)
k,p ¹ ðåçóëüòàòîì ïîäiëÿþ-

÷îãî ïåðåòâîðåííÿ âiäêðèòî¨ ìíîæèíè D âiäíîñíî ñiìåéñòâ {Pk−1, Pk},
{ζk−1, ζk} â òî÷öi ak,p, k = 1, 2n, p = 1, 2m.

Ðîçãëÿíåìî êîíäåíñàòîðè

Ck (t, D, A2n,2m) =
(
E

(k)
0 , E

(k)
1 , E

(k)
2

)
,

äå

E(k)
s = ζk

(
Es
⋂
P k

)⋃[
ζk

(
Es
⋂
P k

)]∗
,

k = 1, 2n, s = 0, 1, 2, {Pk}2nk=1 � ñèñòåìà êóòiâ, ÿêà âiäïîâiäà¹ ñèñòåìi
òî÷îê A2n,2m, îïåðàöiÿ [A]∗ ñòàâèòü ó âiäïîâiäíiñòü áóäü-ÿêié ìíîæèíi
A ⊂ C ìíîæèíó, ñèìåòðè÷íó ìíîæèíi A âiäíîñíî êîëà |w| = 1. Çâiäñè
âèïëèâà¹, ùî êîíäåíñàòîðó C (t, D, A2n,2m), ïðè ïîäiëÿþ÷îìó ïåðå-

òâîðåííi âiäíîñíî {Pk}2nk=1 òà {ζk}2nk=1, âiäïîâiäà¹ íàáið êîíäåíñàòîðiâ

{Ck (t, D, A2n,2m)}2nk=1, ñèìåòðè÷íèõ âiäíîñíî {z : |z| = 1}. Ó âiäïîâiä-
íîñòi ç ðîáîòàìè [6, 7] îòðèìà¹ìî

capC (t,D,A2n,2m) >
1

2

2n∑
k=1

capCk (t,D,A2n,2m) . (19)
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Çâiäñè âèïëèâà¹

|C (t,D,A2n,2m) | 6 2

(
2n∑
k=1

|Ck (t,D,A2n,2m) |−1
)−1

. (20)

Ôîðìóëà (17) âèçíà÷à¹ àñèìïòîòèêó ìîäóëÿ C (t, D, A2n,2m) ïðè
t → 0, à âåëè÷èíà M (D,A2n,2m) ¹ çâåäåíèé ìîäóëü ìíîæèíè D âiä-
íîñíî A2n,2m. Âèêîðèñòîâóþ÷è ôîðìóëè (6) òà òîé ôàêò, ùî D çàäî-
âîëüíÿ¹ óìîâi íåíàëÿãàííÿ âiäíîñíî ñèñòåìè A2n,2m, îòðèìà¹ìî àíà-
ëîãi÷íi ïðåäñòàâëåííÿ äëÿ êîíäåíñàòîðiâ Ck (t,D,A2n,2m), k = 1, 2n

|Ck (t,D,A2n,2m) | = 1

4πm (α+ 1)
log

1

t
+Mk (D,A2n,2m) + o(1), t→ 0,

(21)
äå

M2k−1 (D,A2n,2m) =
1

8πm2 (α+ 1)
2×

×

α m∑
p=1

log
r
(
Ω

(1)
2k−1,2p−1, ω

(1)
2k−1,2p−1

)
[α2k−1χ (|a2k−1,2p−1|α2k−1) |a2k−1,2p−1|]

−1 +

+α

m∑
p=1

log
r
(
Ω

(2)
2k−1,2p, ω

(2)
2k−1,2p

)
[α2k−1χ (|a2k,2p|α2k−1) |a2k,2p|]

−1 +

+

m∑
t=1

log
r
(
Ω

(2)
2k−1,2t−1, ω

(2)
2k−1,2t−1

)
[α2k−1χ (|a2k,2t−1|α2k−1) |a2k,2t−1|]

−1 +

+

m∑
t=1

log
r
(
Ω

(1)
2k−1,2t, ω

(1)
2k−1,2t

)
[α2k−1χ (|a2k−1,2t|α2k−1) |a2k−1,2t|]

−1

 ,
M2k (D,A2n,2m) =

1

8πm2 (α+ 1)
2×

×

α m∑
p=1

log
r
(
Ω

(1)
2k,2p, ω

(1)
2k,2p

)
[α2kχ (|a2k,2p|α2k) |a2k,2p|]

−1 +
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+α

m∑
p=1

log
r
(
Ω

(2)
2k,2p−1, ω

(2)
2k,2p−1

)
[α2kχ (|a2k+1,2p−1|α2k) |a2k+1,2p−1|]

−1 +

+

m∑
t=1

log
r
(
Ω

(2)
2k,2t, ω

(2)
2k,2t

)
[α2kχ (|a2k+1,2t|α2k) |a2k+1,2t|]

−1 +

+

m∑
t=1

log
r
(
Ω

(1)
2k,2t−1, ω

(1)
2k,2t−1

)
[α2kχ (|a2k,2t−1|α2k) |a2k,2t−1|]

−1

 , k = 1, n.

Ç äîïîìîãîþ (21) îòðèìà¹ìî

|Ck (t,D,A2n,2m)|−1 =
4πm (α+ 1)

log 1
t

(
1 +

4πm (α+ 1)

log 1
t

Mk (D,A2n,2m) +

+o

(
1

log 1
t

))−1
=

4πm (α+ 1)

log 1
t

−

−
(

4πm (α+ 1)

log 1
t

)2

Mk (D,A2n,2m) + o

((
1

log 1
t

)2
)
, t→ 0. (22)

Äàëi, ç (22) âèïëèâà¹, ùî

2n∑
k=1

|Ck (t,D,A2n,2m)|−1 =
8πmn (α+ 1)

log 1
t

−

−
(

4πm (α+ 1)

log 1
t

)2 2n∑
k=1

Mk (D,A2n,2m) + o

((
1

log 1
t

)2
)
, t→ 0.

(23)
Ó ñâîþ ÷åðãó, (23) äîçâîëÿ¹ îòðèìàòè òàêå ñïiââiäíîøåííÿ(

2n∑
k=1

|Ck (t,D,A2n,2m)|−1
)−1

=
log 1

t

8πmn (α+ 1)
×

×

(
1− 2πm (α+ 1)

n log 1
t

2n∑
k=1

Mk (D,A2n,2m) + o

(
1

log 1
t

))−1
=
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=
log 1

t

8πmn (α+ 1)
+

1

4n2

2n∑
k=1

Mk (D,A2n,2m) + o(1), t→ 0. (24)

Íåðiâíîñòi (19) òà (20), âðàõîâóþ÷è (17) òà (24), äîçâîëÿþòü ïî-
ìiòèòè, ùî

1

2π

1

2nm (α+ 1)
log

1

t
+M(D,A2n,2m) + o(1) 6

6
log 1

t

4πmn (α+ 1)
+

1

2n2

2n∑
k=1

Mk (D,A2n,2m) + o(1). (25)

Ç (25) ïðè t→ 0 îòðèìà¹ìî, ùî

M(D,A2n,2m) 6
1

2n2

2n∑
k=1

Mk (D,A2n,2m) . (26)

Ôîðìóëè (18), (21) òà (26) ïðèâîäÿòü äî íàñòóïíîãî âèðàçó

1

2π

1

4n2m2 (α+ 1)
2

[
α

n∑
k=1

m∑
p=1

(log r(D, a2k,2p) + log r(D, a2k−1,2p−1)) +

+

n∑
k=1

m∑
p=1

(log r(D, a2k,2p−1) + log r(D, a2k−1,2p)) +

+α
∑

(k,p) 6=(q,s)

(gD(a2k,2p, a2q,2s) + gD(a2k−1,2p−1, a2q−1,2s−1)) +

+2
√
α

∑
(k,p)6=(q,s)

(gD(a2k,2p, a2q−1,2s) + gD(a2k,2p, a2q,2s−1)+

+gD(a2k−1,2p−1, a2q−1,2s) + gD(a2k−1,2p−1, a2q,2s−1)) +

+2α
∑

(k,p) 6=(q,s)

gD(a2k,2p, a2q−1,2s−1) +
∑

(k,p) 6=(q,s)

(gD(a2k−1,2p, a2q−1,2s)+

+gD(a2k,2p−1, a2q,2s−1)) + 2
∑

(k,p)6=(q,s)

gD(a2k−1,2p, a2q,2s−1)
]
≤

≤ 1

16πn2m2 (α+ 1)
2×
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×

α n∑
k=1

m∑
p=1

log
r
(
Ω

(1)
2k−1,2p−1, ω

(1)
2k−1,2p−1

)
[α2k−1χ (|a2k−1,2p−1|α2k−1) |a2k−1,2p−1|]

−1 +

+α

n∑
k=1

m∑
p=1

log
r
(
Ω

(2)
2k−1,2p, ω

(2)
2k−1,2p

)
[α2k−1χ (|a2k,2p|α2k−1) |a2k,2p|]

−1 +

+

n∑
k=1

m∑
t=1

log
r
(
Ω

(2)
2k−1,2t−1, ω

(2)
2k−1,2t−1

)
[α2k−1χ (|a2k,2t−1|α2k−1) |a2k,2t−1|]

−1 +

+
n∑
k=1

m∑
t=1

log
r
(
Ω

(1)
2k−1,2t, ω

(1)
2k−1,2t

)
[α2k−1χ (|a2k−1,2t|α2k−1) |a2k−1,2t|]

−1 +

+α

n∑
k=1

m∑
p=1

log
r
(
Ω

(1)
2k,2p, ω

(1)
2k,2p

)
[α2kχ (|a2k,2p|α2k) |a2k,2p|]

−1 +

+α

n∑
k=1

m∑
p=1

log
r
(
Ω

(2)
2k,2p−1, ω

(2)
2k,2p−1

)
[α2kχ (|a2k+1,2p−1|α2k) |a2k+1,2p−1|]

−1 +

+

n∑
k=1

m∑
t=1

log
r
(
Ω

(2)
2k,2t, ω

(2)
2k,2t

)
[α2kχ (|a2k+1,2t|α2k) |a2k+1,2t|]

−1 +

+

n∑
k=1

m∑
t=1

log
r
(
Ω

(1)
2k,2t−1, ω

(1)
2k,2t−1

)
[α2kχ (|a2k,2t−1|α2k) |a2k,2t−1|]

−1

 .
Ç îñòàííüîãî, îòðèìà¹ìî ñïiââiäíîøåííÿ (12). Çàêií÷åííÿ äîâåäåí-

íÿ ïðîâîäèòüñÿ àíàëîãi÷íî äîâåäåííþ òåîðåìè 1. Òåîðåìà 2 äîâåäå-

íà.
Ïiä êiíåöü, õî÷ó âèðàçèòè ïîäÿêó Áàõòiíó Îëåêñàíäðó Êîñòÿíòè-

íîâè÷ó çà ïîñòàíîâêó çàäà÷i òà ðÿä öiííèõ âêàçiâîê.
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