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Y poboTi 3HaiiIeHO TOYHI TOPSIIKOBI OMIHKY HETIHIHHAX AIIPOKCUMATUBHUX
XapaKTePUCTHK (TaKUX fK HANKpalle m-4jJeHHe TPUTOHOMETPHUIHE HabIIH-
JKEHHsI, HaWKpalle m-4jeHHe OPTOrOHaJIbHEe TPUTOHOMETPUYHE HaOJIMzKe-
HHs, HAOJIVKEHHST M-<JICHHUME T'Pijii MOJiHOMAaMu) KJiacis ]-'jf - DYHKITIN
0araTbox 3MIHHUX Y IHTErpaJibHIil METPHIII.

B pabore HaiifeHbl TOYHBIE HOPSIKOBBIE OIEHKHN HEJIMHEHHBIX AITPOKCHU-
MATHBHBIX XapaKTEPUCTUK (TaKUX KaK JIydlle M—IeHHE TPUIOHOMETPH-
9eCKOoe TPUOJIMKEHHsI, JIyUIle M—IIeHHE OPTOTOHAJLHOE TPUTOHOMETDH-
YecKoe NPUOIMKEHNs, IPUOIIMKEHNE 11, —IJIEHHUMbI TPUJU [TOJMHOMAMH )
KJIacCOB .7-—;% » (DYHKIIMIT MHOTUX TEpEMEHHBIX B MHTEIPAJIBHON METPHUKE.

Introduction

Let d be a fixed natural number, let R? and Z? be the sets of all ordered
collections k := (k1,...,kq) of d real and integer numbers correspondi-
ngly. Let also T := [0, 27]¢ denote d-dimensional torus.

Further, let L, := L,(T%), 1 < p < oo, be the space of all Lebesgue-
measurable on R? 27-periodic in each variable functions f with finite
norm

11, = (<2w>djrd|f<x>?dx)p, | <p<oo

€SS SUP, cd |f($)‘, b = 0.
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Set (k,x) := kix1 +koxo+. .. +kqxa, ex(x) := e'®*) and for any f € L1,
we denote the Fourier coefficients of f by

Flk) = (2m)~ / f@enads, ke,

where Z is the complex conjugate of z.
The space SP := SP(T9), 0 < p < o0, (see, for example, |5] (Ch. XI))
is the space of all functions f € L such that

111 gr = IHIF ) Y rezalle, o) = ( > If(k)|p>p <oo. (1)

kezd

The functions f € Ly and g € L; are equivalent in the space SP, when
If— g”SP:O'

We denote by ZZ, 0 < p < o0, the space R? equipped with lp-(quasi-
Jnorm that is defined for z = {z;}&, € R? by

d P
|zlp = l|z1, = (Zi—l |xi|p> , 0<p< oo,
Sup; <i<q |[il, p = oo.

Let also ¢ = #(t), t > 1, be a positive decreasing function, (0) := (1)
and 0 < ¢,r < 0.

We investigate asymptotical behavior of some important approximati-
ve characteristics (in the sense of order estimates) of the classes of functi-
ons of several variables ¥ . defined by the following equality:

q,r?

Fhoi= {f €Ly o TN/ DR nezally s < 1}.

If (t) =t*, s € Nand r = oo, then FY  =: F: _ is a set of functions
whose sth partial derivatives have absolutely convergent Fourier series.
When ¢ =2, F; , is equivalent (modulo constants) to the unit ball of the
Sobolev class W5 .

Approximative characteristics of the classes ]-"3”77. for different r €
(0, 00] and for the various functions ¢ were investigated by many authors
(see, for example, [1]- [5]). In particular, in [1], the authors found the
exact order estimates of the quantities of the best m-term trigonometric
approximations of the classes F; ., s > 0, in the spaces L;,. Temlyakov [2]
obtained the exact order estimates of approximations of these classes by



Nonlinear approximation of the classes ... 295

m-term greedy polynomials in L,. In the case where ¢(t) is a positive
function that decreases to zero no faster than some power function, the
quantities of the best m-term one-sided trigonometric approximations
and the quantities of approximations by m-term one-sided Greedy-liked
polynomials of the classes F¥, were studied in [3].

It should be noted that in [4], |[5] (Ch. XI) Stepanets got the exact
values the best m-term trigonometric approximations of the classes ]—";fr
in the spaces SP. These results are used in the proof and presented in

section 4.

1 Approximative characteristics

In this section, we give the definition of the approximation quantities for
the functions of the classes F;‘jr, which are considered in this paper.

Further, for f € Lq,let {k;}72, = {ki(f)};2, denote the rearrangement
of vectors of Z% such that

~ o~

[f(k)| > [f(k2)| > ... (2)

In general case, this rearrangement is not unique. In such case, we take
any rearrangement satisfying .

We define ¥, to be the class of all complex trigonometric polynomials
of the form T:Zke o CRCRs where 7, is any collection of m different
vectors from the set Z<.

For f € F/,, we consider the following quantities:

1 = Gm(Dll = 11FC) =D Flk)e,|| (3)
=1
O£y = |If = 37 Fk)exll (4)
" kEYm
and
om(f)y = jinf |[F =Tl = inf |If = > exexlly,  (5)
" ok kEvm

where X is one of the spaces Ly, 1 < p < oo, or S, 0 < p < 00, ¢ are
any complex numbers. Here, it is assumed that the embedding f;fr cX
is true.
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The quantities and are respectively called the best m-term
trigonometric and the best m-term orthogonal trigonometric approxi-
mations of the function f in the space X. The quantity is called the
approximation of the function f by m-term greedy polynomials in the
space X.

For a set 9 C X, we put

aﬂ‘n‘)’t = sup - (f and 0, (M), = sup o (f) -
) sup () x ) sup (F)x

In general case, the quantities (3|) depend on the choice of the rearrangement
satisfying . So, for the unique definition, we put

G(M) = sup inf [|f() =Y Flki(H))ex,(sllx - (6)

fen {k(£)}2, =1

In @, for any function f € 91, we consider the infimum on all rearrange-
ments, satisfying , but it should be noted that results, formulated in
this paper, are also true for any other rearrangements, satisfying .

Research of the quantities of the form 7 goes back to the paper of
S.B. Stechkin [6]. Order estimates of these quantities on different classes
of functions of one and several variables were obtained by many authors.
In particular, the bibliography of papers with the similar results can be
found in |7], [8], [9]-

Note that for f € Ly,

on(f)y, < om(f)y, <1 =GP, ™)

P

and by virtue of , for f € SP,

Um(f)sp :O'#z(f)sp = Hf_Gm(f)HSp' (8)

2 Main results

The main purpose of this work is to find the dependence of the choice of
the parameters r, ¢ and g on the rate of convergence to zero, as m — oo,
of the approximative characteristics of the classes .7:;”,7".

For a real number a, we denote (a); = max{0,a}. As mentioned
above, in the case where 1(t) is a power function, i.e., ¥(t) = ¢~ %,
s > 0, for all 1 < p < oo, the exact order estimates of the quantities
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00 were obtained in |1| and [2]|, correspondi-

om(FY )Lp and Gm(f;[joo)Lp

ngly. In particular, from Theorems 6.1 1] and 3.1 [2], it follows that for
all s > d(1 — %)Jr,

on(Fpo)y, =m i, 1<p<oo, 9)
and L
Gm(]:fim)Lp = {méiﬁli 2 <p<oo (10)

For positive sequences a(m) and S(m), the expression ’a(m) = b(m)’
means that there are constants 0 < K; < K such that for any m € N,
a(m) < Kf(m) (in this case, we write 'a(m) < B(m)’) and a(m) >
K;18(m) (in this case, we write 'a(m) > B(m)’).

From the following Theorem [2.6] in particular, it follows that for the
quantities o, (.F{}Zjoo)Lp and Gm(]:;/jOO)Lp, the estimates of forms and
(10) are satisfied for a wider set of the functions . To formulate this
statement, we use the following notation: let B denote the set of all
positive decreasing functions such that

lim 9 (t) =0, (11)

t—o0

and for all ¢ > 1, the following relation is true:

1< ()/0(2h) < K. (12)

Here and in what follows, K, Kg,... are positive constants which are
independent of the variable ¢t.

Teopema 2.6. Assume that 1 <r <oo, 1 <p<oo,0<qg<oo,p €B
and in the case p/(p — 1) < q, moreover, for all t, larger than a certain
number to, ¥(t) is conver and satisfies the condition

' @)1/9(t) > Ko > B, ' (t) := ' (t+), (13)
where 8 = d(% — 1) when 1 < p <2 and B :=d(l - % - %), when

q
2 <p<oo. Then

1 1
" S = w(mé)m o, 1<p<2
Cm(Far)y, = omFar)y, = {w(mbml—é—é, 2<p<co
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forall1 <p <2,

O (Fify)y, = w(ma)m? "1, (14)

and for all 2 < p < 00,

1—

Q=

ym?

-

W(m K om(Fy)y, € pmi)m

In the case 2 < p < oo, the following theorem is true.

Teopema 2.7. Assume that 1 <r < 00, 2 < p < o0, 0 < q < o0, the
function i belongs to the set B and for all t, larger than a certain number

to, ¥(t) is conver and satisfies condition with = d(1 — %)4_. Then
relation holds.

Note that conditions in Theorems [2.6] and 2.7] guarantee the embeddi-
ng ngrCLp.

Putting r = oo and () =t~*°, s > 0, from Theorems and we
obtain the following corollary:

Hacnaimok 2.2. Assume that 1 < p < 00, 0 < ¢ < 00, s is a positive
number, which in the case p/(p — 1) < q, satisfies the inequality s > 3,
where (8 is defined in Theorem [2.6, Then for all 1 < p < oo, relation
relation (@) holds and for all 1 < p < 2, relation (@) holds. If s >
d(1— %)+, then relation @ holds for all 1 < p < oco.

This statement complements the results mentioned above of |1] and [2]
in the following sense:

e from Corollary in particular, it follows that in the case 1 <

q < p/(p—1), relation (9) (for 1 < p < 2) and relation (for
1 < p < c0) also hold for all s > 0,

o ifl <p<2andgq>p/(p—1), then relations @ and also hold
for all s such that d(% — %) <s<d(1- %)7

e if 2 < p<ooandqg>p/(p—1), then relation (10) also holds for
all s such that d(1 — % - %) <s<d(l- %),

e in the case 2 < p < oo, conditions on s in Corollary (for validity
of relation (9)) are the same as in Theorem 6.1 [1].
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Note also that if 0 < ¢ < p/(p — 1), then the conditions of Theorem
are satisfied, for example, for the function ¢ (t) = t~*In°(t+e), where
s > 0, e € R, as well as for the function (t) = In°(t +¢), ¢ < 0. If
1<p/(p—1) < gand 1< p < 2, then the conditions of Theorem
are satisfied for the function ¢(t) = ¢t *In°(t 4 e), where ¢ € R and

1

s>d(3— 2)- 1 <p/(p—1) <qand 2 <p < oo, then the conditions

of Theorem [2.6| are satisfied for the function 1 (¢) = t~*In°(¢ + e), where
e€Rand s> d(1— zl) — é) The conditions of Theorem are satisfied

for the function t(t) = ¢t~*In°(¢t + €), where € € R and s > d(1 — %)+.
The proof of Theorems [2.6] and [2.7] will be given in Section 5.

3 Order estimates for some functionals and their
applications

4.1. Let ¥ = {¥(j)}32, be a nonincreasing positive sequence such that

lim ¥(5) =0. (15)
Jj—+oo
The following Lemma [3.2]is essentially used for proving upper estimates
in Theorem This lemma gives exact order estimates for the following
functionals H,,(¥,s), which in the case s € (0,1], are defined by the
equality

w =

1 _
H(05) = suplt = m) (3 00)) (16)
I>m :
j=1
and for s € (1,00), they are defined by the equality
l _sl oo L
H05)i= (- (S 00) T+ X w)) an
j=1 =l 1
where 1/s+1/s' =1,
> T () <o, (18)
j=1
and the number [, is given by relation
1 &
T5(1,,) < S UTE(G) < Tl + 1), (19)

Iy, — M
m j=1
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Note that in the terms of similar functionals, solutions of many problems
of approximation theory are formulated (see, eg, [4], |5] (Ch. XI), [10]
(Ch.VI), [11], [12], [13]). Therefore, the problem of finding such estimates
is interesting.

Let d € N, My, ¢; and ¢y be fixed positive numbers. Let also v =
{vi}52, be an increasing sequence of natural numbers such that vy := 1
and for all n, greater than a certain number ny,

Mo(n— 1) < Vi := Y v < Mo(n + c2)”. (20)
k=0

Further, let S4(My) = Sq(Mpy, 1, c2) denote the set of all positive noni-
ncreasing step sequences W, satisfying condition , which are represented
as

U(t)=v¢n), te Va-1,Vo], n=1,2,..., (21)

where 1 is the decreasing sequence of different values of the sequence W.

Without loss of generality, we assume that the sequences 1) are restri-
ctions of certain positive continuous functions 1 (t) of continuous argument
t > 1 on the set of natural numbers N.

JIema 3.2. Let s € (0,00), d € N, the sequence U belongs to the set
Sa(My) and the sequence of its different values is a restriction of a certain
function €B on the set N. Furthermore, in case s > 1, we also assume
that for all t, greater than a certain number to, the function ¥(t) is convex
and satisfies condition with 8 = d/s’'. Then the following relation is
true:

1

H, (T3 8) = b(ma)m =+, (22)

Let us note that for any ¥ € S;(My), condition (with 8 =d/s)
guarantees convergence of the series in , when s > 1. Indeed, in this
case, for all 7 > tq,

[ ()I/¥(7) = Ko/ (23)

Integrating each part of this relation in the range from ty to ¢, t >ty,
we obtain v (t) <t~ Ko < t=4/5" Therefore, in view of (21) and 7 we
conclude

[e’e} 0o 00 oo
> () =) v (m) < Y nt T ()< Y- n e Ko< oo,
Jj=1 n=1 n=1

n=1
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Also note that in the case where the sequences ¥ are restrictions of
certain positive convex functions ¥(t) of continuous argument ¢ > 1 on
the set N, the functionals H,, (¥, s) were considered in [13].

4.2. Proof of Lemma First, consider the case s € (0, 1]. In view
of and , the functionals H,,(¥;s) can be represented as

s

= Up Z_an—l T ~
Hm<w,s>=ls§3<1—m>(; g+ ) < (),

where n; denote a number such that

V-1 <1<V, (24)
By virtue of , we see that
vp = ndL (25)
and for all [ > m > ng,
(/M) — o < my < (I/Mg)# +c1 + 1. (26)

If v € B, then for any s >0 and [ =2,3,...,

I (1/2)? nd—1 Loopd—1 14
O AP SR A Dy A )

Therefore,
! L d—1 d
Up, n l
= = . 27
2 ) =< 2w = w0 @
Further, by virtue of and the definition of the set B, we see that
W) =P((1/My)a) =< (l4). In view of , we conclude that

_ nd \7F

= sup (1) (1 — m) /15 < (m)sup(l — m)/l*. (28)
I>m I>m
For t > 0, m € N and s € (0,1), the function h(t) = h(t,s) =
(t —m)/t+ attains its maximal value at the point t, = m/(1 — s), and

h(ts,s) = s(m/(1— s))'"%. (29)
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If s = 1, then the function h(t) = h(t;1) is non-decreasing and tends to
1 as t increases. Therefore,

suph(t;1) =sup (t —m)/t = lim (t—m)/t=1. (30)
>0 >0 t—+oo

Combining 7, we obtain necessary upper estimates:

3

Ho(9,5) = Hy (), 5) = ls;lpw(z%xz —m)/l* < p(md)ym!' =,

Taking into account and the inclusion ¥ € B, we also obtain the
lower estimates
1

Hp (¥, 5) = Hp (3, 5) > $((2m) 1)(2m — m) /(2m)* < (m@)m' ==

Now, we consider the case s > 1. To simplify the notes, we set

l -1
Qm(T,1) == (l—m)(zlll_s(j)) , 1>m, l€N.

For any [ > m, we have

Qm(qjal + 1) = Qm(\IIa l)“r

+ (\Ifs(l +1) = Qm(¥, l>> v ( i W_S(i)) 71

and
Ui(l4+1)=Qm(¥,l+ 1)+

+ (xps(l +1) = Qm(Y, l)) Jil v (j) ( lii \P_s(i)> 717

Therefore, in view of monotonicity of the function ¥ and relation ,
we conclude that for all I > ,,, @ (¥,1) > Qm(¥,14+1) > U*(1+1) and
for alll € [m, 1), Qm(P,1) < Qm(¥,l+1) < U¥(l+1). This yields that

According to (19), we get W(l,,, +1) > W(L,,). Hence, if the function W (t)
is represented in the form , then

Nl

b =V, = > v (32)
=0



Nonlinear approximation of the classes ... 303

where n;,, is defined in for I = I,,. In this case, the functionals
H,,(¥,s), s € (1,00) can be represented as

where

M

1 Un,
L —m =1 Y5 (n)
By virtue of (31), for the function

Y (my,,) <

<y~ ¥(n,, +1). (34)

= Un l—an,1 !
2wt e ) ’

where n; is defined in 7 the following relation is satisfied:

Gt = 1= m)(

sup Qo (1,1) = Qo (¥, L) = (L — ) ( S ”)) L 3)

I>m n—1 ws<n
Then similarly to the case s € (0, 1], we show that
Q1) = 5up Qi (1,1) = *(m3). (36)
>m

Taking into account 7 and the definition of the set B, we see that

1
P(n,,) < p(m). (37)
Since ¢ € B, then in view of , we conclude that for any [ € N,

00 21
STt () > Yt (n) > 1T (1), (38)
n=I[+1 n=I[+1

By virtue of , the function td¢* (t) decreases to zero at t > tg.
Therefore,

oo
oo oo

Syt (n) < > nt T (n) < / t 1S () dt =: ).

n=Il+1 n=I[+1 1
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Integrating by parts, we obtain

oo

1 d s’ —1 _
Ji < g [ 1 )|y’ (t)|dt =

l

M) d
K()S/ K()S,

T

Then in view of (13)), we see that J; < %)% (I). Hence, we get the

estimate
o0

7 v (n) < 1% (D), (39)

n=Il+1
that together with proves the relation
(oo}
S vt (n) = 1 (). (40)

n=Il+1

In the end of the proof, let us show that

=

n, Xmd.

m

(41)

Indeed, by virtue of and ., we see that m := (m/My)a — ¢y <
(m/MO)d —cy < my,,. On the other hand, integrating each part of
in the range from m to ny, , m > tp, we obtain ¥(m)/Y(ny,,) >
(nlm/ﬁz)KO.Therefore, in view of and (12)), we see that m > n;, and
relation (41)) is true.

Thus, combining the relations 7 , , 7 and we

obtain the estimate , ie.,
o ’ 1 1 (1_7
H,,(¥,s) = Hy(¢,s) < <1/)55 (md) - <m/1/)s(md)> +

1/s’
+map® (md)) = (ma)mv < p(ma)m'~s.

4.3. In this section, we apply Lemma [3.2] for estimation of the exact
upper bounds of the quantltles . on the classes .7-'1/’. in the spaces
SP(T?). For all 0 < p, q < oo, the exact Values of the quantltles Om (.F;/fr)sp ;
as well as the exact values of the quantities G, and o;- ]—';/’7,) .
(due to (B)) were obtained by A.I. Stepanets ( . i (SCh XI)). In parti-
cular, from Theorem 9.1 of (Ch. XI), it follows that for all m € N,



Nonlinear approximation of the classes ... 305

0 < ¢ < p < oo and for any positive function ¥ = ¥(t), t > 0, satisfying

condition ,

P

0P (FL) gn = sup(l —m) (i () " (42)

I>m j=1

where ¢ = 9(j), j = 1,2,..., is the decreasing rearrangement of the
system of numbers 1/1(|k:| ), kGZd If 0 < p < ¢ < oo and the positive
function ¢ = (t), t > 0, satisfies the condition

S 4 (Jkl,) < oo, (43)

kezd

then from Theorem 9.4 of 5] (Ch. XI) it follows that

_p_ 0o a=p

T Ffr) g (= m (Z 0) "+ X EE6) T )
=1 j=lm+1

where ¢ = 9(j), j = 1,2,..., is the decreasing rearrangement of the

system of numbers 1 (|k|,), k €Z?, and the number [, is defined by

lm
_— 357G <9 1)

Taking into account notation and (17), we can write relations

and as

U;:n(]:w )SP = Hm(l/;p,q/p), 0<p, qg<oo.

P lm) <

q,r
Furthermore, if the number V;, := |AZ | of elements of the set
Afw ={keZ:|kl,<n, n=0,1,...}.

for all sufficiently large n € N (n is greater than some positive number
ng) satisfies the following condition:

M, (n—c)? <V, = |Aflw,| < M, (n+cp)?, (45)

where M,., c¢; and cy are certain positive constants, then the sequence
¥ =1(j),7=1,2,..., belongs to the set Sq(M,) = Sd(MT7C17CQ) Thus,
by virtue of Lemma @ we can formulate the following statement:
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Assertion 4.1. Assume that 0 < r < o0, 0 < p < 00, 0 < g < o0,
condition holds, v € B and in the case p < q, moreover, for all t,
larger than a certain number ty, YP is convex and condition holds
with B = d( ). Then

1_1
P q

Tm(FL) g = w(md yms . (46)

It is clear that in the case r = 0o, condition is satisfied and M, =
vol{k € R: || <1}=24.1fr =1, then M; =vol{k € R¢: |k|; <1}=2%/d!.
Unfortunately, we do not know whether a similar relation for other r is
valid. However, one can formulate the following corollary:

Hacuimok 3.3. Assume that 0 < p < o0, 0 < g < 00, condition
holds, ¥ € B and in the case p < q, moreover, for all t, larger than
a certain number ty, YP is convex and condition holds with 8 =

d(% — %) Then for all 1 < r < oo, relation (@) 1s true.

Indeed, for any numbers r € [1,00], 0 < ¢ < oo and for any positive

decreasing function

FU CF CFY . (47)
Therefore, if conditions of Corollary are satisfied, then for all r €
[1, o0],

p(mi)

_1
P

Y(ma

1_
ma

~—

L Om(Fi) g K Om(FL) go < Om(Fing) o <

Py
=

m

4 Proof of Theorems [2.6] and 2.7

5.1. Proof of Theorem [2.6]
Upper estimates. In the case 1 < p < 2, by virtue of and , we
have

Om(For)y, € Gm(Fen), < GmlFgh)p, < om(Fgh) g

Thus, to obtain the required upper estimates, it is sufficient to use Corollary
3.3l for 5P = S2.

If 2 < p < o0, then using the Hausdorff-Young inequality (see, for
example, [14] (p. 16)), relation and Corollary [3.3] we get

Om(Fan)y,, € Gml(Fep), <
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1 _1_1
< Gm(}';/jr)sp, < am(}';fr)sp, < Y(maym' v,

Lower estimate. Let T, n € N, denote the set of all polynomials of
the form R
Tn = Z Tn(k)ek,
[kloo<n

and let A4,(7,), 0 < g < oo, denote the subset of all polynomials T,,, € Ty,
such that ||T|4, < 1. From Theorem 5.2 of |1}, it follows that for any

0<g<oo,1<p<oo,n=12...andm=(2n+1)%-1)/2,
On(Ag(T)), = Kml/271/1,
For a fixed n € N, consider the set
P(dn) Aq(Tn) ={TE€Tn:||T| g <t(dn)}.

Due to monotonicity v, for any polynomial T € ¢ (dn).A4(7,), we have

STIT®R) kDI < S T (R)/(dlkl)|? <

kezd k] oo <n
< X Tw)/pan)r <1
|Eloo <n
Therefore, 1(dn).A,4(Ty,) is contained in the set F, ;p, 1- In view of definition
of the set B, for alln = 1,2,... and m = ((2n + 1)% — 1)/2, we obtain
am(f;/jl)Lpzam(zz;(dn)Aq(m)Lp S p(dn)m? @ > P(ma)m? 1.

Taking into account the relations @ and , monotonicity of the quanti-
ty om and inclusion ¥ € B, we see that for all 1 < p < oo and all
1<r <o,

Gl Fo)p, > Om(Fop) > om(Fop), >

> on(Fiy),, > mi)m?

In the case 2 < p < oo, for the quantities UTJ;L(Féfr)Lp and Gm(‘ngv")Lp’
this estimate can be improved. For this purpose, consider the function

fi= Z ﬁ(k)ekzom Z €k,

|kllgn7n ‘kllgnnz
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where Cp =37 0 07 ([j]1), o = [(2m/]\/[1)1/d} and M; = 2¢/d!.
It is obviously that f; € ]-"w1 Due to , for all sufficiently large n, the

number |A? 1| of elements of the set Ad 1 ={ke€Z: |kl =n, neN}
satisfies the condition

Mi(n —c3) ™t < |AL | = AL | = [AL | 1| < Mi(n —cq)™
where ¢3 and ¢4 are some positive numbers. Therefore, by virtue of (27),

d

nom, —1
C 9= i = "m = m .
w22 ) = Gt )

For any collection v, C Z%, using Nikol’skii’s inequality |15] and (45)), we
obtain

Therefore, for all 2 < p < oo, the following estimates are true:

> C,,m™ %

-3 filk

k€vyn

|kl1<nm:ké&vn ' 'Loo

Gl F)y, > om(Fiy), >0 L(F ), >

q,m Ly

> 00 (f1)y, > (mi)m! 75,
Theorem [2.6] is proved.

5.2. Proof of Theorem is similar to the proof of the upper
estimates in Theorem 6.1 |1].

JIema 4.3. [1] For each 0 < ¢ < o0, each n = 1,2,..., and 1 < m <
(2n 4+ 1), we have

Tm(Ay(To), < Cm? iL(n?/m), 0<q<1, (48)
where L(z) = (1 + (Inx) )2 and
om(Ag(T), < On" im™3L(n?/m), 1<g<oo,  (49)

with C' depending only on q and d.
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For any f € f;foo, we use the decomposition

f= Zf;s
i=0

~ ~

where fj :=3 0, 1<y <20 f(K)ex, j = 1, and fo = f(0). We note that

fj/w(2j71) GAq(,]-Zj)a j=12... (50)

For any N = 1,2,..., we approximate f as follows. Let Ny be the
largest integer j such that m; := [(j — N)7?2V > 1 (with [2] denoting
the greatest integer in z), i.e. Ny = [2¥ +N]. If j < N, we set P; := fj.

If N < j < Np, then by virtue of , and , there is polynomial
P; € ¥, such that

1
q

1 . .
1fi = Pill, <mj *L@"/m;)p27"), 0<q<1.  (51)
and

1 = Pill, <2 Dm 2 L@ fmy)p(271), 1<q<oo.  (52)

No
Set P = Y Py. Since

7=0
No
22N+ 144+ Y (G- N)TR2N < a2V,
j=N+1

where a depends only on d, then P is a linear combination of at most
a2V exponentials ej,. Hence, P is in ¥ o~va. We also have

No s}
1f =Pl < D Wi=Pill, + > Ifill, = Si+5. (53)
j=N+1 j=No+1

For all z > 1, we have [z] > x/2. Therefore, for sufficiently large N and
N < j < Ny, from the definition of L(z), we have

L2%/my) < 1+ WmEGNHG - N2 < (G- N)2. (54

First, consider the case 0 < ¢ < 1. Reasoning similar to the proof of
([39), it is easy to show that if the function i belongs to the set B and
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for all ¢, larger than a certain number %y, ¥ is convex and it satisfies
condition with a fixed § > 0, then for any a € R and sufficiently
large t > N, the function h, (t) := 2°%(t — N)®(2!71) decreases to
zero, as well as

o0

>0 2P = Ny ) < 20N (2N, (55)
j=N+1

In this case, § = 0. By virtue of , and , we obtain the
estimate of the first sum S; in :

S1< Y (G- NPETD2NGER G- Ny ) <
j=N+1
< 2_N(%_%) Z (] - N)%_%¢(2j—1) < 2—1\/’(%—%)1/}(2N). (56)
J=N+1

To estimate Sy, we note that from

S > W= > (X )<
j=No+1 J=No+1 2i-1<|k|o0<27
< Y illg < X v <pEM).
j=No+1 j=No+1

Further, let us note that if for all ¢, larger than a certain number ¢,
1) is convex and satisfies the condition , then for any o > 0, we have
w(QN(a+1)) < ¢(2N)2_N°‘.

From the definition of Ny, we have Ny > N + 2% — 1. Tt follows
that if N is sufficiently large (depending only on d and q), then Ny >
N(1+d/q— d/2). Hence,

Sy < p(2VOFE—2)) « 27 NG5y (2N,
Using this and in , we find that

oava(f), <IIf = Pll, <27 NG DyeN). (57)
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In the case 1 < ¢ < oo, condition is satisfied with 8 = d — d/q.
By virtue of 7 and , we have

o0
Si< 2% 2D - N < p(@V)2VETD . (58)
J=N+1

To estimate Sy, we use Holder’s inequality, , and the inequalities
Ny > N+2% —1and hy 5(No) < has(N+1) with o = 1 and 8 = d—d/q,

00 > . f(k)
Sy < Z 17l < Z W 1)( Z W) =
j=No+1 j=No+1 27 kloo <2/
<Y (@20 «p(2No)2 Mol (2N )N,
j=No+1

Using this and in , we see that in this case, relation is also
true. Therefore, the upper estimate in follows from the monotonicity
of o, and inclusion ¢ € B.
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