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У роботi знайдено точнi порядковi оцiнки нелiнiйних апроксимативних
характеристик (таких як найкраще 𝑚-членне тригонометричне набли-
ження, найкраще 𝑚-членне ортогональне тригонометричне наближе-
ння, наближення 𝑚-членними грiдi полiномами) класiв ℱ𝜓

𝑞,𝑟 функцiй
багатьох змiнних у iнтегральнiй метрицi.

В работе найдены точные порядковые оценки нелинейных аппрокси-
мативных характеристик (таких как лучше 𝑚–членне тригонометри-
ческое приближения, лучше 𝑚–членне ортогональное тригонометри-
ческое приближения, приближение 𝑚 –членнимы гриди полиномами)
классов ℱ𝜓

𝑞,𝑟 функций многих переменных в интегральной метрике.

Introduction

Let 𝑑 be a fixed natural number, let ℝ𝑑 and ℤ𝑑 be the sets of all ordered
collections 𝑘 := (𝑘1, . . . , 𝑘𝑑) of 𝑑 real and integer numbers correspondi-
ngly. Let also 𝕋𝑑 := [0, 2𝜋]𝑑 denote 𝑑-dimensional torus.

Further, let 𝐿𝑝 := 𝐿𝑝(𝕋𝑑), 1 ≤ 𝑝 ≤ ∞, be the space of all Lebesgue-
measurable on ℝ𝑑 2𝜋-periodic in each variable functions 𝑓 with finite
norm

||𝑓 ||
𝐿𝑝

:=

⎧⎨⎩
(︂
(2𝜋)−𝑑

∫︁
𝕋𝑑

|𝑓(𝑥)|𝑝𝑑𝑥
)︂ 1

𝑝

, 1 ≤ 𝑝 <∞,

ess sup𝑥∈𝕋𝑑 |𝑓(𝑥)|, 𝑝 = ∞.
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Set (𝑘, 𝑥) := 𝑘1𝑥1+𝑘2𝑥2+ . . .+𝑘𝑑𝑥𝑑, 𝑒𝑘(𝑥) := 𝑒𝑖(𝑘,𝑥) and for any 𝑓 ∈ 𝐿1,
we denote the Fourier coefficients of 𝑓 bŷ︀𝑓(𝑘) := (2𝜋)−𝑑

∫︁
𝕋𝑑

𝑓(𝑥)𝑒𝑘(𝑥)𝑑𝑥, 𝑘 ∈ ℤ𝑑,

where 𝑧 is the complex conjugate of 𝑧.
The space 𝑆𝑝 := 𝑆𝑝(𝕋𝑑), 0 < 𝑝 < ∞, (see, for example, [5] (Ch. XI))

is the space of all functions 𝑓 ∈ 𝐿1 such that

||𝑓 ||
𝑆𝑝 := ||{| ̂︀𝑓(𝑘)|}𝑘∈ℤ𝑑 ||𝑙𝑝(ℤ𝑑) =

(︂ ∑︁
𝑘∈ℤ𝑑

| ̂︀𝑓(𝑘)|𝑝)︂ 1
𝑝

<∞. (1)

The functions 𝑓 ∈ 𝐿1 and 𝑔 ∈ 𝐿1 are equivalent in the space 𝑆𝑝, when
‖𝑓 − 𝑔‖

𝑆𝑝=0.

We denote by 𝑙𝑑𝑝, 0 < 𝑝 ≤ ∞, the space ℝ𝑑 equipped with 𝑙𝑝-(quasi-
)norm that is defined for 𝑥 = {𝑥𝑖}𝑑𝑖=1 ∈ ℝ𝑑 by

|𝑥|𝑝 := ||𝑥||𝑙𝑝 =

⎧⎨⎩
(︂∑︀𝑑

𝑖=1 |𝑥𝑖|𝑝
)︂ 1

𝑝

, 0 < 𝑝 <∞,

sup1≤𝑖≤𝑑 |𝑥𝑖|, 𝑝 = ∞.

Let also 𝜓 = 𝜓(𝑡), 𝑡 ≥ 1, be a positive decreasing function, 𝜓(0) := 𝜓(1)
and 0 < 𝑞, 𝑟 ≤ ∞.

We investigate asymptotical behavior of some important approximati-
ve characteristics (in the sense of order estimates) of the classes of functi-
ons of several variables ℱ𝜓

𝑞,𝑟, defined by the following equality:

ℱ𝜓
𝑞,𝑟 :=

{︂
𝑓 ∈ 𝐿1 : ||{| ̂︀𝑓(𝑘)|/𝜓(|𝑘|𝑟)}𝑘∈ℤ𝑑 ||𝑙𝑞(ℤ𝑑) ≤ 1

}︂
.

If 𝜓(𝑡) = 𝑡−𝑠, 𝑠 ∈ ℕ and 𝑟 = ∞, then ℱ𝜓
𝑞,∞ =: ℱ𝑠

𝑞,∞ is a set of functions
whose 𝑠th partial derivatives have absolutely convergent Fourier series.
When 𝑞=2, ℱ𝑠

𝑞,∞ is equivalent (modulo constants) to the unit ball of the
Sobolev class 𝑊 𝑠

2 .
Approximative characteristics of the classes ℱ𝜓

𝑞,𝑟 for different 𝑟 ∈
(0,∞] and for the various functions 𝜓 were investigated by many authors
(see, for example, [1]– [5]). In particular, in [1], the authors found the
exact order estimates of the quantities of the best 𝑚-term trigonometric
approximations of the classes ℱ𝑠

𝑞,∞, 𝑠 > 0, in the spaces 𝐿𝑝. Temlyakov [2]
obtained the exact order estimates of approximations of these classes by
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𝑚-term greedy polynomials in 𝐿𝑝. In the case where 𝜓(𝑡) is a positive
function that decreases to zero no faster than some power function, the
quantities of the best 𝑚-term one-sided trigonometric approximations
and the quantities of approximations by 𝑚-term one-sided Greedy-liked
polynomials of the classes ℱ𝜓

𝑞,∞ were studied in [3].
It should be noted that in [4], [5] (Ch. XI) Stepanets got the exact

values the best 𝑚-term trigonometric approximations of the classes ℱ𝜓
𝑞,𝑟

in the spaces 𝑆𝑝. These results are used in the proof and presented in
section 4.

1 Approximative characteristics

In this section, we give the definition of the approximation quantities for
the functions of the classes ℱ𝜓

𝑞,𝑟, which are considered in this paper.
Further, for 𝑓 ∈ 𝐿1, let {𝑘𝑙}∞𝑙=1 = {𝑘𝑙(𝑓)}∞𝑙=1 denote the rearrangement

of vectors of ℤ𝑑 such that

| ̂︀𝑓(𝑘1)| ≥ | ̂︀𝑓(𝑘2)| ≥ . . . . (2)

In general case, this rearrangement is not unique. In such case, we take
any rearrangement satisfying (2).

We define Σ𝑚 to be the class of all complex trigonometric polynomials
of the form 𝑇 =

∑︀
𝑘∈𝛾𝑚 𝑐𝑘𝑒𝑘, where 𝛾𝑚 is any collection of 𝑚 different

vectors from the set ℤ𝑑.
For 𝑓 ∈ ℱ𝜓

𝑞,𝑟, we consider the following quantities:

||𝑓 −𝐺𝑚(𝑓)||
𝑋

:= ||𝑓(·)−
𝑚∑︁
𝑙=1

̂︀𝑓(𝑘𝑙)𝑒𝑘𝑙 ||𝑋 , (3)

𝜎⊥
𝑚(𝑓)

𝑋
:= inf

𝛾𝑚
||𝑓 −

∑︁
𝑘∈𝛾𝑚

̂︀𝑓(𝑘)𝑒𝑘||𝑋 , (4)

and
𝜎𝑚(𝑓)

𝑋
:= inf

𝑇∈Σ𝑚

||𝑓 − 𝑇 ||
𝑋

= inf
𝛾𝑚,𝑐𝑘

||𝑓 −
∑︁
𝑘∈𝛾𝑚

𝑐𝑘𝑒𝑘||𝑋 , (5)

where 𝑋 is one of the spaces 𝐿𝑝, 1 ≤ 𝑝 ≤ ∞, or 𝑆𝑝, 0 < 𝑝 < ∞, 𝑐𝑘 are
any complex numbers. Here, it is assumed that the embedding ℱ𝜓

𝑞,𝑟 ⊂ 𝑋
is true.
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The quantities (5) and (4) are respectively called the best 𝑚-term
trigonometric and the best 𝑚-term orthogonal trigonometric approxi-
mations of the function 𝑓 in the space 𝑋. The quantity (3) is called the
approximation of the function 𝑓 by 𝑚-term greedy polynomials in the
space 𝑋.

For a set N ⊂ 𝑋, we put

𝜎⊥
𝑚(N)

𝑋
:= sup

𝑓∈N
𝜎⊥
𝑚(𝑓)

𝑋
and 𝜎𝑚(N)

𝑋
:= sup

𝑓∈N
𝜎𝑚(𝑓)

𝑋
.

In general case, the quantities (3) depend on the choice of the rearrangement
satisfying (2). So, for the unique definition, we put

𝐺𝑚(N)
𝑋

:= sup
𝑓∈N

inf
{𝑘𝑙(𝑓)}∞

𝑙=1

||𝑓(·)−
𝑚∑︁
𝑙=1

̂︀𝑓(𝑘𝑙(𝑓))𝑒𝑘𝑙(𝑓)||𝑋 . (6)

In (6), for any function 𝑓 ∈ N, we consider the infimum on all rearrange-
ments, satisfying (2), but it should be noted that results, formulated in
this paper, are also true for any other rearrangements, satisfying (2).

Research of the quantities of the form (3)–(5) goes back to the paper of
S.B. Stechkin [6]. Order estimates of these quantities on different classes
of functions of one and several variables were obtained by many authors.
In particular, the bibliography of papers with the similar results can be
found in [7], [8], [9].

Note that for 𝑓 ∈ 𝐿𝑝,

𝜎𝑚(𝑓)
𝐿𝑝

≤ 𝜎⊥
𝑚(𝑓)

𝐿𝑝
≤ ||𝑓 −𝐺𝑚(𝑓)||

𝐿𝑝
. (7)

and by virtue of (1), for 𝑓 ∈ 𝑆𝑝,

𝜎𝑚(𝑓)
𝑆𝑝 = 𝜎⊥

𝑚(𝑓)
𝑆𝑝 = ||𝑓 −𝐺𝑚(𝑓)||

𝑆𝑝 . (8)

2 Main results

The main purpose of this work is to find the dependence of the choice of
the parameters 𝑟, 𝜓 and 𝑞 on the rate of convergence to zero, as 𝑚→ ∞,
of the approximative characteristics of the classes ℱ𝜓

𝑞,𝑟.
For a real number 𝑎, we denote (𝑎)+ = max{0, 𝑎}. As mentioned

above, in the case where 𝜓(𝑡) is a power function, i.e., 𝜓(𝑡) = 𝑡−𝑠,
𝑠 > 0, for all 1 ≤ 𝑝 ≤ ∞, the exact order estimates of the quantities
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𝜎𝑚(ℱ𝜓
𝑞,∞)

𝐿𝑝
and 𝐺𝑚(ℱ𝜓

𝑞,∞)
𝐿𝑝

were obtained in [1] and [2], correspondi-
ngly. In particular, from Theorems 6.1 [1] and 3.1 [2], it follows that for
all 𝑠 > 𝑑(1− 1

𝑞 )+,

𝜎𝑚(ℱ𝑠
𝑞,∞)

𝐿𝑝
≍ 𝑚− 𝑠

𝑑−
1
𝑞+

1
2 , 1 ≤ 𝑝 ≤ ∞, (9)

and

𝐺𝑚(ℱ𝑠
𝑞,∞)

𝐿𝑝
≍

{︃
𝑚− 𝑠

𝑑−
1
𝑞+

1
2 , 1 ≤ 𝑝 < 2,

𝑚− 𝑠
𝑑−

1
𝑞+1− 1

𝑝 , 2 ≤ 𝑝 <∞.
(10)

For positive sequences 𝛼(𝑚) and 𝛽(𝑚), the expression ’𝑎(𝑚) ≍ 𝑏(𝑚)’
means that there are constants 0 < 𝐾1 < 𝐾2 such that for any 𝑚 ∈ ℕ,
𝛼(𝑚) ≤ 𝐾2𝛽(𝑚) (in this case, we write ’𝛼(𝑚) ≪ 𝛽(𝑚)’) and 𝛼(𝑚) ≥
𝐾1𝛽(𝑚) (in this case, we write ’𝛼(𝑚) ≫ 𝛽(𝑚)’).

From the following Theorem 2.6, in particular, it follows that for the
quantities 𝜎𝑚(ℱ𝜓

𝑞,∞)
𝐿𝑝

and 𝐺𝑚(ℱ𝜓
𝑞,∞)

𝐿𝑝
, the estimates of forms (9) and

(10) are satisfied for a wider set of the functions 𝜓. To formulate this
statement, we use the following notation: let 𝐵 denote the set of all
positive decreasing functions such that

lim
𝑡→∞

𝜓(𝑡) = 0, (11)

and for all 𝑡 ≥ 1, the following relation is true:

1 < 𝜓(𝑡)/𝜓(2𝑡) ≤ 𝐾. (12)

Here and in what follows, 𝐾, 𝐾0, . . . are positive constants which are
independent of the variable 𝑡.

Теорема 2.6. Assume that 1 ≤ 𝑟 ≤ ∞, 1 ≤ 𝑝 <∞, 0 < 𝑞 <∞, 𝜓 ∈ 𝐵
and in the case 𝑝/(𝑝− 1) < 𝑞, moreover, for all 𝑡, larger than a certain
number 𝑡0, 𝜓(𝑡) is convex and satisfies the condition

𝑡|𝜓′(𝑡)|/𝜓(𝑡) ≥ 𝐾0 > 𝛽, 𝜓′(𝑡) := 𝜓′(𝑡+), (13)

where 𝛽 := 𝑑( 12 − 1
𝑞 ), when 1 < 𝑝 ≤ 2 and 𝛽 := 𝑑(1 − 1

𝑝 − 1
𝑞 ), when

2 ≤ 𝑝 <∞. Then

𝐺𝑚(ℱ𝜓
𝑞,𝑟)𝐿𝑝

≍ 𝜎⊥
𝑚(ℱ𝜓

𝑞,𝑟)𝐿𝑝
≍

{︃
𝜓(𝑚

1
𝑑 )𝑚

1
2−

1
𝑞 , 1 ≤ 𝑝 ≤ 2,

𝜓(𝑚
1
𝑑 )𝑚1− 1

𝑝−
1
𝑞 , 2≤ 𝑝<∞

,
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for all 1 ≤ 𝑝 ≤ 2,
𝜎𝑚(ℱ𝜓

𝑞,𝑟)𝐿𝑝
≍ 𝜓(𝑚

1
𝑑 )𝑚

1
2−

1
𝑞 , (14)

and for all 2 < 𝑝 <∞,

𝜓(𝑚
1
𝑑 )𝑚

1
2−

1
𝑞 ≪ 𝜎𝑚(ℱ𝜓

𝑞,𝑟)𝐿𝑝
≪ 𝜓(𝑚

1
𝑑 )𝑚1− 1

𝑝−
1
𝑞 .

In the case 2 < 𝑝 ≤ ∞, the following theorem is true.

Теорема 2.7. Assume that 1 ≤ 𝑟 ≤ ∞, 2 < 𝑝 ≤ ∞, 0 < 𝑞 < ∞, the
function 𝜓 belongs to the set 𝐵 and for all 𝑡, larger than a certain number
𝑡0, 𝜓(𝑡) is convex and satisfies condition (13) with 𝛽 = 𝑑(1− 1

𝑞 )+. Then
relation (14) holds.

Note that conditions in Theorems 2.6 and 2.7 guarantee the embeddi-
ng ℱ𝜓

𝑞,𝑟⊂𝐿𝑝.
Putting 𝑟 = ∞ and 𝜓(𝑡) = 𝑡−𝑠, 𝑠 > 0, from Theorems 2.6 and 2.7 we

obtain the following corollary:

Наслiдок 2.2. Assume that 1 ≤ 𝑝 < ∞, 0 < 𝑞 < ∞, 𝑠 is a positive
number, which in the case 𝑝/(𝑝 − 1) < 𝑞, satisfies the inequality 𝑠 > 𝛽,
where 𝛽 is defined in Theorem 2.6. Then for all 1 ≤ 𝑝 < ∞, relation
relation (10) holds and for all 1 ≤ 𝑝 ≤ 2, relation (9) holds. If 𝑠 >
𝑑(1− 1

𝑞 )+, then relation (9) holds for all 1 ≤ 𝑝 ≤ ∞.

This statement complements the results mentioned above of [1] and [2]
in the following sense:

∙ from Corollary 2.2, in particular, it follows that in the case 1 <
𝑞 ≤ 𝑝/(𝑝− 1), relation (9) (for 1 ≤ 𝑝 ≤ 2) and relation (10) (for
1 ≤ 𝑝 <∞) also hold for all 𝑠 > 0,

∙ if 1 < 𝑝 ≤ 2 and 𝑞 > 𝑝/(𝑝−1), then relations (9) and (10) also hold
for all 𝑠 such that 𝑑( 12 − 1

𝑞 ) < 𝑠 ≤ 𝑑(1− 1
𝑞 ),

∙ if 2 < 𝑝 < ∞ and 𝑞 > 𝑝/(𝑝 − 1), then relation (10) also holds for
all 𝑠 such that 𝑑(1− 1

𝑝 −
1
𝑞 ) < 𝑠 ≤ 𝑑(1− 1

𝑞 ),

∙ in the case 2 < 𝑝 ≤ ∞, conditions on 𝑠 in Corollary 2.2 (for validity
of relation (9)) are the same as in Theorem 6.1 [1].
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Note also that if 0 < 𝑞 ≤ 𝑝/(𝑝 − 1), then the conditions of Theorem
2.6 are satisfied, for example, for the function 𝜓(𝑡) = 𝑡−𝑠 ln𝜀(𝑡+𝑒), where
𝑠 > 0, 𝜀 ∈ ℝ, as well as for the function 𝜓(𝑡) = ln𝜀(𝑡 + 𝑒), 𝜀 < 0. If
1 < 𝑝/(𝑝 − 1) < 𝑞 and 1 < 𝑝 ≤ 2, then the conditions of Theorem 2.6
are satisfied for the function 𝜓(𝑡) = 𝑡−𝑠 ln𝜀(𝑡 + 𝑒), where 𝜀 ∈ ℝ and
𝑠 > 𝑑( 12 − 1

𝑞 ). If 1 < 𝑝/(𝑝 − 1) < 𝑞 and 2 < 𝑝 < ∞, then the conditions
of Theorem 2.6 are satisfied for the function 𝜓(𝑡) = 𝑡−𝑠 ln𝜀(𝑡+ 𝑒), where
𝜀 ∈ ℝ and 𝑠 > 𝑑(1− 1

𝑝 −
1
𝑞 ). The conditions of Theorem 2.7 are satisfied

for the function 𝜓(𝑡) = 𝑡−𝑠 ln𝜀(𝑡+ 𝑒), where 𝜀 ∈ ℝ and 𝑠 > 𝑑(1− 1
𝑞 )+.

The proof of Theorems 2.6 and 2.7 will be given in Section 5.

3 Order estimates for some functionals and their
applications

4.1. Let Ψ = {Ψ(𝑗)}∞𝑗=1 be a nonincreasing positive sequence such that

lim
𝑗→+∞

Ψ(𝑗) = 0. (15)

The following Lemma 3.2 is essentially used for proving upper estimates
in Theorem 2.6. This lemma gives exact order estimates for the following
functionals 𝐻𝑚(Ψ, 𝑠), which in the case 𝑠 ∈ (0, 1], are defined by the
equality

𝐻𝑚(Ψ, 𝑠) := sup
𝑙>𝑚

(𝑙 −𝑚)

(︂ 𝑙∑︁
𝑗=1

Ψ−𝑠(𝑗)

)︂− 1
𝑠

, (16)

and for 𝑠 ∈ (1,∞), they are defined by the equality

𝐻𝑚(Ψ, 𝑠) :=

(︂
(𝑙𝑚 −𝑚)𝑠

′
(︂ 𝑙∑︁
𝑗=1

Ψ−𝑠(𝑗)

)︂− 𝑠′
𝑠

+

∞∑︁
𝑗=𝑙𝑚+1

Ψ𝑠
′
(𝑗)

)︂ 1
𝑠′

, (17)

where 1/𝑠+ 1/𝑠′ = 1,
∞∑︁
𝑗=1

Ψ𝑠
′
(𝑗) <∞, (18)

and the number 𝑙𝑚 is given by relation

Ψ−𝑠(𝑙𝑚) ≤ 1

𝑙𝑚 −𝑚

𝑙𝑚∑︁
𝑗=1

Ψ−𝑠(𝑗) < Ψ−𝑠(𝑙𝑚 + 1). (19)
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Note that in the terms of similar functionals, solutions of many problems
of approximation theory are formulated (see, eg, [4], [5] (Ch. XI), [10]
(Ch.VI), [11], [12], [13]). Therefore, the problem of finding such estimates
is interesting.

Let 𝑑 ∈ ℕ, 𝑀0, 𝑐1 and 𝑐2 be fixed positive numbers. Let also 𝜈 =
{𝜈𝑖}∞𝑖=0 be an increasing sequence of natural numbers such that 𝜈0 := 1
and for all 𝑛, greater than a certain number 𝑛0,

𝑀0(𝑛− 𝑐1)
𝑑 < 𝑉𝑛 :=

𝑛∑︁
𝑘=0

𝜈𝑘 ≤𝑀0(𝑛+ 𝑐2)
𝑑. (20)

Further, let 𝒮𝑑(𝑀0) = 𝒮𝑑(𝑀0, 𝑐1, 𝑐2) denote the set of all positive noni-
ncreasing step sequences Ψ, satisfying condition (15), which are represented
as

Ψ(𝑡) = 𝜓(𝑛), 𝑡 ∈ (𝑉𝑛−1, 𝑉𝑛], 𝑛 = 1, 2, . . . , (21)

where 𝜓 is the decreasing sequence of different values of the sequence Ψ.
Without loss of generality, we assume that the sequences 𝜓 are restri-

ctions of certain positive continuous functions 𝜓(𝑡) of continuous argument
𝑡 ≥ 1 on the set of natural numbers ℕ.

Лема 3.2. Let 𝑠 ∈ (0,∞), 𝑑 ∈ ℕ, the sequence Ψ belongs to the set
𝒮𝑑(𝑀0) and the sequence of its different values is a restriction of a certain
function 𝜓∈𝐵 on the set ℕ. Furthermore, in case 𝑠 > 1, we also assume
that for all 𝑡, greater than a certain number 𝑡0, the function 𝜓(𝑡) is convex
and satisfies condition (13) with 𝛽 = 𝑑/𝑠′. Then the following relation is
true:

𝐻𝑚(Ψ; 𝑠) ≍ 𝜓(𝑚
1
𝑑 )𝑚1− 1

𝑠 . (22)

Let us note that for any Ψ ∈ 𝒮𝑑(𝑀0), condition (13) (with 𝛽 = 𝑑/𝑠′)
guarantees convergence of the series in (18), when 𝑠 > 1. Indeed, in this
case, for all 𝜏 ≥ 𝑡0,

|𝜓′(𝜏)|/𝜓(𝜏) ≥ 𝐾0/𝜏. (23)

Integrating each part of this relation in the range from 𝑡0 to 𝑡, 𝑡>𝑡0,
we obtain 𝜓(𝑡)≪ 𝑡−𝐾0 ≪ 𝑡−𝑑/𝑠

′
. Therefore, in view of (21) and (20), we

conclude

∞∑︁
𝑗=1

Ψ𝑠
′
(𝑗)=

∞∑︁
𝑛=1

𝜈𝑛𝜓
𝑠′(𝑛)≪

∞∑︁
𝑛=1

𝑛𝑑−1𝜓𝑠
′
(𝑛)≪

∞∑︁
𝑛=1

𝑛𝑑−1𝑛−𝑠
′𝐾0<∞.
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Also note that in the case where the sequences Ψ are restrictions of
certain positive convex functions 𝜓(𝑡) of continuous argument 𝑡 ≥ 1 on
the set ℕ, the functionals 𝐻𝑛(Ψ, 𝑠) were considered in [13].

4.2. Proof of Lemma 3.2. First, consider the case 𝑠 ∈ (0, 1]. In view
of (16) and (21), the functionals 𝐻𝑚(Ψ; 𝑠) can be represented as

𝐻𝑚(Ψ, 𝑠) = sup
𝑙>𝑚

(𝑙 −𝑚)

(︂ 𝑛𝑙−1∑︁
𝑛=1

𝜈𝑛
𝜓𝑠(𝑛)

+
𝑙 − 𝑉𝑛𝑙−1

𝜓𝑠(𝑛𝑙)

)︂− 1
𝑠

=: ̃︀𝐻𝑚(𝜓, 𝑠),

where 𝑛𝑙 denote a number such that

𝑉𝑛𝑙−1 < 𝑙 ≤ 𝑉𝑛𝑙
. (24)

By virtue of (20), we see that

𝜈𝑛 ≍ 𝑛𝑑−1. (25)

and for all 𝑙 > 𝑚 ≥ 𝑛0,

(𝑙/𝑀0)
1
𝑑 − 𝑐2 ≤ 𝑛𝑙 < (𝑙/𝑀0)

1
𝑑 + 𝑐1 + 1. (26)

If 𝜓 ∈ 𝐵, then for any 𝑠 > 0 and 𝑙 = 2, 3, . . .,

𝑙𝑑

𝜓𝑠(𝑙)
≪ (𝑙/2)𝑑

𝜓𝑠(𝑙/2)
≪

∑︁
𝑙/2≤𝑛≤𝑙

𝑛𝑑−1

𝜓𝑠(𝑛)
≪

𝑙∑︁
𝑘=1

𝑛𝑑−1

𝜓𝑠(𝑛)
≪ 𝑙𝑑

𝜓𝑠(𝑙)
.

Therefore,
𝑙∑︁

𝑛=1

𝜈𝑛
𝜓𝑠(𝑛)

≍
𝑙∑︁

𝑛=1

𝑛𝑑−1

𝜓𝑠(𝑛)
≍ 𝑙𝑑

𝜓𝑠(𝑙)
. (27)

Further, by virtue of (26) and the definition of the set 𝐵, we see that
𝜓(𝑛𝑙)≍𝜓((𝑙/𝑀0)

1
𝑑 )≍𝜓(𝑙

1
𝑑 ). In view of (27), we conclude that

̃︀𝐻𝑚(𝜓, 𝑠) ≍ sup
𝑙>𝑚

(𝑙 −𝑚)

(︂
𝑛𝑑𝑙

𝜓𝑠(𝑛𝑙)

)︂− 1
𝑠

≍

≍ sup
𝑙>𝑚

𝜓(𝑙
1
𝑑 )(𝑙 −𝑚)/𝑙

1
𝑠 ≪ 𝜓(𝑚

1
𝑑 ) sup

𝑙>𝑚
(𝑙 −𝑚)/𝑙

1
𝑠 . (28)

For 𝑡 > 0, 𝑚 ∈ ℕ and 𝑠 ∈ (0, 1), the function (𝑡) = (𝑡, 𝑠) =

(𝑡−𝑚)/𝑡
1
𝑠 attains its maximal value at the point 𝑡* = 𝑚/(1− 𝑠), and

(𝑡*, 𝑠) = 𝑠(𝑚/(1− 𝑠))1−
1
𝑠 . (29)
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If 𝑠 = 1, then the function (𝑡) = (𝑡; 1) is non-decreasing and tends to
1 as 𝑡 increases. Therefore,

sup
𝑡>0

(𝑡; 1) = sup
𝑡>0

(𝑡−𝑚)/𝑡 = lim
𝑡→+∞

(𝑡−𝑚)/𝑡 = 1. (30)

Combining (3)–(30), we obtain necessary upper estimates:

𝐻𝑚(Ψ, 𝑠) = ̃︀𝐻𝑚(𝜓, 𝑠) ≍ sup
𝑙>𝑚

𝜓(𝑙
1
𝑑 )(𝑙 −𝑚)/𝑙

1
𝑠 ≪ 𝜓(𝑚

1
𝑑 )𝑚1− 1

𝑠 .

Taking into account (3) and the inclusion 𝜓 ∈ 𝐵, we also obtain the
lower estimates

𝐻𝑚(Ψ, 𝑠) = ̃︀𝐻𝑚(𝜓, 𝑠) ≫ 𝜓((2𝑚)
1
𝑑 )(2𝑚−𝑚)/(2𝑚)

1
𝑠 ≍ 𝜓(𝑚

1
𝑑 )𝑚1− 1

𝑠 .

Now, we consider the case 𝑠 > 1. To simplify the notes, we set

𝑄𝑚(Ψ, 𝑙) := (𝑙 −𝑚)

(︂ 𝑙∑︁
𝑗=1

Ψ−𝑠(𝑗)

)︂−1

, 𝑙 ≥ 𝑚, 𝑙 ∈ ℕ.

For any 𝑙 > 𝑚, we have

𝑄𝑚(Ψ, 𝑙 + 1) = 𝑄𝑚(Ψ, 𝑙)+

+

(︂
Ψ𝑠(𝑙 + 1)−𝑄𝑚(Ψ, 𝑙)

)︂
Ψ−𝑠(𝑙 + 1)

(︂ 𝑙+1∑︁
𝑖=1

Ψ−𝑠(𝑖)

)︂−1

and
Ψ𝑠(𝑙 + 1) = 𝑄𝑚(Ψ, 𝑙 + 1)+

+

(︂
Ψ𝑠(𝑙 + 1)−𝑄𝑚(Ψ, 𝑙)

)︂ 𝑙∑︁
𝑗=1

Ψ−𝑠(𝑗)

(︂ 𝑙+1∑︁
𝑖=1

Ψ−𝑠(𝑖)

)︂−1

,

Therefore, in view of monotonicity of the function Ψ and relation (19),
we conclude that for all 𝑙 ≥ 𝑙𝑚, 𝑄𝑚(Ψ, 𝑙) > 𝑄𝑚(Ψ, 𝑙+1) > Ψ𝑠(𝑙+1) and
for all 𝑙 ∈ [𝑚, 𝑙𝑚), 𝑄𝑚(Ψ, 𝑙) ≤ 𝑄𝑚(Ψ, 𝑙+1) ≤ Ψ𝑠(𝑙+1). This yields that

sup
𝑙>𝑚

𝑄𝑛(Ψ, 𝑙) = 𝑄𝑚(Ψ, 𝑙𝑚). (31)

According to (19), we get Ψ(𝑙𝑚+1) > Ψ(𝑙𝑚). Hence, if the function Ψ(𝑡)
is represented in the form (21), then

𝑙𝑚 = 𝑉𝑘𝑙𝑚 =

𝑛𝑙𝑚∑︁
𝑖=0

𝜈𝑖 (32)
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where 𝑛𝑙𝑚 is defined in (24) for 𝑙 = 𝑙𝑚. In this case, the functionals
𝐻𝑚(Ψ, 𝑠), 𝑠 ∈ (1,∞) can be represented as

𝐻𝑚(Ψ, 𝑠)=

(︂
(𝑙𝑚 − 𝑛)𝑠

′
(︂ 𝑛𝑙𝑚∑︁
𝑛=1

𝜈𝑛
𝜓𝑠(𝑛)

)︂− 𝑠′
𝑠

+

+

∞∑︁
𝑛=𝑛𝑙𝑚+1

𝜈𝑛𝜓
𝑠′(𝑛)

)︂ 1
𝑠′

:= ̃︀𝐻𝑚(𝜓, 𝑠), (33)

where

𝜓−𝑠(𝑛𝑙𝑚) ≤ 1

𝑙𝑚 −𝑚

𝑛𝑙𝑚∑︁
𝑗=1

𝜈𝑛
𝜓𝑠(𝑛)

< 𝜓−𝑠(𝑛𝑙𝑚 + 1). (34)

By virtue of (31), for the function

̃︀𝑄𝑚(𝜓, 𝑙) := (𝑙 −𝑚)

(︂ 𝑛𝑙−1∑︁
𝑛=1

𝜈𝑛
𝜓𝑠(𝑛)

+
𝑙 − 𝑉𝑛𝑙−1

𝜓𝑠(𝑛𝑙)

)︂−1

,

where 𝑛𝑙 is defined in (24), the following relation is satisfied:

sup
𝑙>𝑚

̃︀𝑄𝑚(𝜓, 𝑙) = ̃︀𝑄𝑚(𝜓, 𝑙𝑚) = (𝑙𝑚 −𝑚)

(︂ 𝑛𝑙𝑚∑︁
𝑛=1

𝜈𝑛
𝜓𝑠(𝑛)

)︂−1

. (35)

Then similarly to the case 𝑠 ∈ (0, 1], we show that̃︀𝑄𝑚(𝜓, 𝑙𝑚) = sup
𝑙>𝑚

̃︀𝑄𝑚(𝜓, 𝑙) ≍ 𝜓𝑠(𝑚
1
𝑑 ). (36)

Taking into account (34)–(36) and the definition of the set 𝐵, we see that

𝜓(𝑛𝑙𝑚) ≍ 𝜓(𝑚
1
𝑑 ). (37)

Since 𝜓 ∈ 𝐵, then in view of (25), we conclude that for any 𝑙 ∈ ℕ,

∞∑︁
𝑛=𝑙+1

𝜈𝑛𝜓
𝑠′(𝑛) ≫

2𝑙∑︁
𝑛=𝑙+1

𝑛𝑑−1𝜓𝑠
′
(𝑛) ≫ 𝑙𝑑𝜓𝑠

′
(𝑙). (38)

By virtue of (13), the function 𝑡𝑑𝜓𝑠
′
(𝑡) decreases to zero at 𝑡 > 𝑡0.

Therefore,

∞∑︁
𝑛=𝑙+1

𝜈𝑛𝜓
𝑠′(𝑛) ≪

∞∑︁
𝑛=𝑙+1

𝑛𝑑−1𝜓𝑠
′
(𝑛) ≪

∞∫︁
𝑙

𝑡𝑑−1𝜓𝑠
′
(𝑡)𝑑𝑡 =: 𝒥𝑙.
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Integrating by parts, we obtain

𝒥𝑙 ≤
1

𝐾0

∞∫︁
𝑙

𝑡𝑑𝜓𝑠
′−1(𝑡)|𝜓′(𝑡)|𝑑𝑡 = 𝑙𝑑𝜓𝑠

′
(𝑙)

𝐾0𝑠′
+

𝑑

𝐾0𝑠′
𝒥𝑙.

Then in view of (13), we see that 𝒥𝑙 ≪ 𝑙𝑑𝜓𝑠
′
(𝑙). Hence, we get the

estimate
∞∑︁

𝑛=𝑙+1

𝜈𝑛𝜓
𝑠′(𝑛) ≪ 𝑙𝑑𝜓𝑠

′
(𝑙), (39)

that together with (38) proves the relation

∞∑︁
𝑛=𝑙+1

𝜈𝑛𝜓
𝑠′(𝑛) ≍ 𝑙𝑑𝜓𝑠

′
(𝑙). (40)

In the end of the proof, let us show that

𝑛𝑙𝑚 ≍ 𝑚
1
𝑑 . (41)

Indeed, by virtue of (32) and (26), we see that ̃︀𝑚 := (𝑚/𝑀0)
1
𝑑 − 𝑐2 ≤

(𝑙𝑚/𝑀0)
1
𝑑 − 𝑐2 ≤ 𝑛𝑙𝑚 . On the other hand, integrating each part of

(23) in the range from ̃︀𝑚 to 𝑛𝑙𝑚 , ̃︀𝑚 > 𝑡0, we obtain 𝜓(̃︀𝑚)/𝜓(𝑛𝑙𝑚) ≥
(𝑛𝑙𝑚/̃︀𝑚)𝐾0 .Therefore, in view of (37) and (12), we see that ̃︀𝑚≫ 𝑛𝑙𝑚 and
relation (41) is true.

Thus, combining the relations (3), (27), (36), (37), (40) and (41) we
obtain the estimate (22), i.e.,

𝐻𝑚(Ψ, 𝑠) = ̃︀𝐻𝑚(𝜓, 𝑠) ≍
(︂
𝜓𝑠𝑠

′
(𝑚

1
𝑑 ) ·

(︂
𝑚/𝜓𝑠(𝑚

1
𝑑 )

)︂(1− 1
𝑠 )𝑠

′

+

+𝑚𝜓𝑠
′
(𝑚

1
𝑑 )

)︂1/𝑠′

≍ 𝜓(𝑚
1
𝑑 )𝑚

1
𝑠′ ≍ 𝜓(𝑚

1
𝑑 )𝑚1− 1

𝑠 .

4.3. In this section, we apply Lemma 3.2 for estimation of the exact
upper bounds of the quantities (3)–(5) on the classes ℱ𝜓

𝑞,𝑟 in the spaces
𝑆𝑝(𝕋𝑑). For all 0<𝑝, 𝑞 <∞, the exact values of the quantities 𝜎𝑚(ℱ𝜓

𝑞,𝑟)𝑆𝑝 ,
as well as the exact values of the quantities 𝐺𝑚(ℱ𝜓

𝑞,𝑟)𝑆𝑝 and 𝜎⊥
𝑚(ℱ𝜓

𝑞,𝑟)𝑆𝑝

(due to (8)) were obtained by A.I. Stepanets ( [4], [5] (Ch. XI)). In parti-
cular, from Theorem 9.1 of [5] (Ch. XI), it follows that for all 𝑚 ∈ ℕ,
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0 < 𝑞 ≤ 𝑝 < ∞ and for any positive function 𝜓 = 𝜓(𝑡), 𝑡 ≥ 0, satisfying
condition (11),

𝜎𝑝𝑚(ℱ𝜓
𝑞,𝑟)𝑆𝑝 = sup

𝑙>𝑚
(𝑙 −𝑚)

(︁ 𝑙∑︁
𝑗=1

𝜓−𝑞(𝑗)
)︁− 𝑝

𝑞

, (42)

where 𝜓 = 𝜓(𝑗), 𝑗 = 1, 2, . . ., is the decreasing rearrangement of the
system of numbers 𝜓(|𝑘|𝑟), 𝑘∈ℤ𝑑. If 0 < 𝑝 < 𝑞 < ∞ and the positive
function 𝜓 = 𝜓(𝑡), 𝑡 ≥ 0, satisfies the condition∑︁

𝑘∈ℤ𝑑

𝜓
𝑝𝑞

𝑞−𝑝 (|𝑘|𝑟) <∞, (43)

then from Theorem 9.4 of [5] (Ch. XI) it follows that

𝜎𝑝𝑚(ℱ𝜓
𝑞,𝑟)𝑆𝑝=

(︂
(𝑙𝑚 −𝑚)

𝑞
𝑞−𝑝

(︂ 𝑙𝑚∑︁
𝑗=1

𝜓−𝑞(𝑗)

)︂ 𝑝
𝑞−𝑝

+

∞∑︁
𝑗=𝑙𝑚+1

𝜓
𝑝𝑞

𝑞−𝑝 (𝑗)

)︂ 𝑞−𝑝
𝑞

, (44)

where 𝜓 = 𝜓(𝑗), 𝑗 = 1, 2, . . ., is the decreasing rearrangement of the
system of numbers 𝜓(|𝑘|𝑟), 𝑘∈ℤ𝑑, and the number 𝑙𝑚 is defined by

𝜓−𝑞(𝑙𝑚) ≤ 1

𝑙𝑚 −𝑚

𝑙𝑚∑︁
𝑗=1

𝜓−𝑞(𝑗) < 𝜓−𝑞(𝑙𝑚 + 1).

Taking into account notation (16) and (17), we can write relations
(42) and (44) as

𝜎𝑝𝑚(ℱ𝜓
𝑞,𝑟)𝑆𝑝 = 𝐻𝑚(𝜓𝑝, 𝑞/𝑝), 0 < 𝑝, 𝑞 <∞.

Furthermore, if the number 𝑉𝑛 := |Δ𝑑
𝑛,𝑟| of elements of the set

Δ𝑑
𝑛,𝑟 := {𝑘 ∈ ℤ𝑑 : |𝑘|𝑟 ≤ 𝑛, 𝑛 = 0, 1, . . .}.

for all sufficiently large 𝑛 ∈ ℕ (𝑛 is greater than some positive number
𝑛0) satisfies the following condition:

𝑀𝑟(𝑛− 𝑐1)
𝑑 < 𝑉𝑛 = |Δ𝑑

𝑛,𝑟| ≤𝑀𝑟(𝑛+ 𝑐2)
𝑑, (45)

where 𝑀𝑟, 𝑐1 and 𝑐2 are certain positive constants, then the sequence
𝜓 = 𝜓(𝑗), 𝑗 = 1, 2, . . ., belongs to the set 𝒮𝑑(𝑀𝑟) = 𝒮𝑑(𝑀𝑟, 𝑐1, 𝑐2). Thus,
by virtue of Lemma 3.2, we can formulate the following statement:
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Assertion 4.1. Assume that 0 < 𝑟 ≤ ∞, 0 < 𝑝 < ∞, 0 < 𝑞 < ∞,
condition (45) holds, 𝜓 ∈ 𝐵 and in the case 𝑝 < 𝑞, moreover, for all 𝑡,
larger than a certain number 𝑡0, 𝜓𝑝 is convex and condition (13) holds
with 𝛽 = 𝑑( 1𝑝 −

1
𝑞 ). Then

𝜎𝑚(ℱ𝜓
𝑞,𝑟)𝑆𝑝 ≍ 𝜓(𝑚

1
𝑑 )𝑚

1
𝑝−

1
𝑞 . (46)

It is clear that in the case 𝑟 = ∞, condition (45) is satisfied and 𝑀∞=
𝑣𝑜𝑙{𝑘∈ℝ𝑑 : |𝑘|∞ ≤ 1}=2𝑑. If 𝑟=1, then𝑀1 = 𝑣𝑜𝑙{𝑘∈ℝ𝑑 : |𝑘|1 ≤ 1}=2𝑑/𝑑!.
Unfortunately, we do not know whether a similar relation for other 𝑟 is
valid. However, one can formulate the following corollary:

Наслiдок 3.3. Assume that 0 < 𝑝 < ∞, 0 < 𝑞 < ∞, condition (45)
holds, 𝜓 ∈ 𝐵 and in the case 𝑝 < 𝑞, moreover, for all 𝑡, larger than
a certain number 𝑡0, 𝜓𝑝 is convex and condition (13) holds with 𝛽 =
𝑑( 1𝑝 −

1
𝑞 ). Then for all 1 ≤ 𝑟 ≤ ∞, relation (46) is true.

Indeed, for any numbers 𝑟 ∈ [1,∞], 0 < 𝑞 < ∞ and for any positive
decreasing function 𝜓

ℱ𝜓
𝑞,1 ⊂ ℱ𝜓

𝑞,𝑟 ⊂ ℱ𝜓
𝑞,∞. (47)

Therefore, if conditions of Corollary 3.3 are satisfied, then for all 𝑟 ∈
[1,∞],

𝜓(𝑚
1
𝑑 )

𝑚
1
𝑞−

1
𝑝

≪ 𝜎𝑚(ℱ𝜓
𝑞,1)𝑆𝑝 ≪ 𝜎𝑚(ℱ𝜓

𝑞,𝑟)𝑆𝑝 ≪ 𝜎𝑚(ℱ𝜓
𝑞,∞)

𝑆𝑝 ≪ 𝜓(𝑚
1
𝑑 )

𝑚
1
𝑞−

1
𝑝

.

4 Proof of Theorems 2.6 and 2.7.

5.1. Proof of Theorem 2.6.
Upper estimates. In the case 1 ≤ 𝑝 ≤ 2, by virtue of (7) and (8), we

have

𝜎𝑚(ℱ𝜓
𝑞,𝑟)𝐿𝑝

≪ 𝐺𝑚(ℱ𝜓
𝑞,𝑟)𝐿𝑝

≪ 𝐺𝑚(ℱ𝜓
𝑞,𝑟)𝐿2

≪ 𝜎𝑚(ℱ𝜓
𝑞,𝑟)𝑆2 .

Thus, to obtain the required upper estimates, it is sufficient to use Corollary
3.3 for 𝑆𝑝 = 𝑆2.

If 2 ≤ 𝑝 < ∞, then using the Hausdorff–Young inequality (see, for
example, [14] (p. 16)), relation (8) and Corollary 3.3, we get

𝜎𝑚(ℱ𝜓
𝑞,𝑟)𝐿𝑝

≪ 𝐺𝑚(ℱ𝜓
𝑞,𝑟)𝐿𝑝

≪
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≪ 𝐺𝑚(ℱ𝜓
𝑞,𝑟)

𝑆𝑝′
≪ 𝜎𝑚(ℱ𝜓

𝑞,𝑟)
𝑆𝑝′

≪ 𝜓(𝑚
1
𝑑 )𝑚1− 1

𝑝−
1
𝑞 .

Lower estimate. Let 𝒯𝑛, 𝑛 ∈ ℕ, denote the set of all polynomials of
the form

𝑇𝑛 =
∑︁

|𝑘|∞≤𝑛

̂︀𝑇𝑛(𝑘)𝑒𝑘,
and let 𝒜𝑞(𝒯𝑛), 0 < 𝑞 <∞, denote the subset of all polynomials 𝑇𝑚 ∈ 𝒯𝑚
such that ||𝑇 ||

𝑆𝑞 ≤ 1. From Theorem 5.2 of [1], it follows that for any
0 < 𝑞 <∞, 1 ≤ 𝑝 <∞, 𝑛 = 1, 2, . . . and 𝑚 = ((2𝑛+ 1)𝑑 − 1)/2,

𝜎𝑚(𝒜𝑞(𝒯𝑛))𝐿𝑝
≥ 𝐾𝑚1/2−1/𝑞.

For a fixed 𝑛 ∈ ℕ, consider the set

𝜓(𝑑𝑛)𝒜𝑞(𝒯𝑛)={𝑇∈𝒯𝑛 : ||𝑇 ||𝑆𝑞≤𝜓(𝑑𝑛)}.

Due to monotonicity 𝜓, for any polynomial 𝑇 ∈ 𝜓(𝑑𝑛)𝒜𝑞(𝒯𝑛), we have∑︁
𝑘∈ℤ𝑑

| ̂︀𝑇 (𝑘)/𝜓(|𝑘|1)|𝑞 ≤ ∑︁
|𝑘|∞≤𝑛

| ̂︀𝑇 (𝑘)/𝜓(𝑑|𝑘|∞)|𝑞 ≤

≤
∑︁

|𝑘|∞≤𝑛

| ̂︀𝑇 (𝑘)/𝜓(𝑑𝑛)|𝑞 ≤ 1

Therefore, 𝜓(𝑑𝑛)𝒜𝑞(𝒯𝑛) is contained in the set ℱ𝜓
𝑞,1. In view of definition

of the set 𝐵, for all 𝑛 = 1, 2, . . . and 𝑚 = ((2𝑛+ 1)𝑑 − 1)/2, we obtain

𝜎𝑚(ℱ𝜓
𝑞,1)𝐿𝑝

≥𝜎𝑚(𝜓(𝑑𝑛)𝒜𝑞(𝒯𝑛))𝐿𝑝
≫𝜓(𝑑𝑛)𝑚

1
2−

1
𝑞 ≫𝜓(𝑚

1
𝑑 )𝑚

1
2−

1
𝑞 .

Taking into account the relations (7) and (47), monotonicity of the quanti-
ty 𝜎𝑚 and inclusion 𝜓 ∈ 𝐵, we see that for all 1 ≤ 𝑝 ≤ ∞ and all
1 ≤ 𝑟 ≤ ∞,

𝐺𝑚(ℱ𝜓
𝑞,𝑟)𝐿𝑝

≫ 𝜎⊥
𝑚(ℱ𝜓

𝑞,𝑟)𝐿𝑝
≫ 𝜎𝑚(ℱ𝜓

𝑞,𝑟)𝐿𝑝
≫

≫ 𝜎𝑚(ℱ𝜓
𝑞,1)𝐿𝑝

≫ 𝜓(𝑚
1
𝑑 )𝑚

1
2−

1
𝑞 .

In the case 2 < 𝑝 <∞, for the quantities 𝜎⊥
𝑚(ℱ𝜓

𝑞,𝑟)𝐿𝑝
and 𝐺𝑚(ℱ𝜓

𝑞,𝑟)𝐿𝑝
,

this estimate can be improved. For this purpose, consider the function

𝑓1 =
∑︁

|𝑘|1≤𝑛𝑚

̂︀𝑓1(𝑘)𝑒𝑘 = 𝐶𝑚
∑︁

|𝑘|1≤𝑛𝑚

𝑒𝑘,
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where 𝐶−𝑞
𝑚 :=

∑︀
|𝑗|1≤𝑛𝑚

𝜓−𝑞(|𝑗|1), 𝑛𝑚 := [(2𝑚/𝑀1)
1/𝑑] and 𝑀1 = 2𝑑/𝑑!.

It is obviously that 𝑓1 ∈ ℱ𝜓
𝑞,1. Due to (45), for all sufficiently large 𝑛, the

number |̃︀Δ𝑑
𝑛,1| of elements of the set ̃︀Δ𝑑

𝑛,1 := {𝑘 ∈ ℤ𝑑 : |𝑘|1 = 𝑛, 𝑛 ∈ ℕ}
satisfies the condition

𝑀1(𝑛− 𝑐3)
𝑑−1 < |̃︀Δ𝑑

𝑛,1| = |Δ𝑑
𝑛,1| − |Δ𝑑

𝑛−1,1| ≤𝑀1(𝑛− 𝑐4)
𝑑−1,

where 𝑐3 and 𝑐4 are some positive numbers. Therefore, by virtue of (27),

𝐶−𝑞
𝑚 ≍

𝑛𝑚∑︁
𝑛=1

𝑛𝑑−1

𝜓𝑞(𝑛)
≍ 𝑛𝑑𝑚
𝜓𝑞(𝑛𝑚)

≍ 𝑚

𝜓𝑞(𝑚
1
𝑑 )
.

For any collection 𝛾𝑛 ⊂ ℤ𝑑, using Nikol’skii’s inequality [15] and (45), we
obtain⃒⃒⃒⃒⃒⃒⃒⃒

𝑓1 −
∑︁
𝑘∈𝛾𝑛

̂︀𝑓1(𝑘)𝑒𝑘 ⃒⃒⃒⃒⃒⃒⃒⃒
𝐿𝑝

≫ 𝐶𝑚𝑚
− 1

𝑝

⃒⃒⃒⃒⃒⃒⃒⃒ ∑︁
|𝑘|1≤𝑛𝑚: 𝑘/∈𝛾𝑛

𝑒𝑘

⃒⃒⃒⃒⃒⃒⃒⃒
𝐿∞

≍ 𝜓(𝑚
1
𝑑 )𝑚1− 1

𝑝−
1
𝑞 .

Therefore, for all 2 ≤ 𝑝 <∞, the following estimates are true:

𝐺𝑚(ℱ𝜓
𝑞,𝑟)𝐿𝑝

≫ 𝜎⊥
𝑚(ℱ𝜓

𝑞,𝑟)𝐿𝑝
≫ 𝜎⊥

𝑚(ℱ𝜓
𝑞,1)𝐿𝑝

≫

≫ 𝜎⊥
𝑚(𝑓1)𝐿𝑝

≫ 𝜓(𝑚
1
𝑑 )𝑚1− 1

𝑝−
1
𝑞 .

Theorem 2.6 is proved.

5.2. Proof of Theorem 2.7 is similar to the proof of the upper
estimates in Theorem 6.1 [1].

Лема 4.3. [1] For each 0 < 𝑞 ≤ ∞, each 𝑛 = 1, 2, . . ., and 1 ≤ 𝑚 ≤
(2𝑛+ 1)𝑑, we have

𝜎𝑚(𝒜𝑞(𝒯𝑛))𝐿∞
≤ 𝐶𝑚

1
2−

1
𝑞𝐿(𝑛𝑑/𝑚), 0 < 𝑞 ≤ 1, (48)

where 𝐿(𝑥) = (1 + (ln𝑥)+)
1/2 and

𝜎𝑚(𝒜𝑞(𝒯𝑛))𝐿∞
≤ 𝐶𝑛𝑑−

𝑑
𝑞𝑚− 1

2𝐿(𝑛𝑑/𝑚), 1 < 𝑞 ≤ ∞, (49)

with 𝐶 depending only on 𝑞 and 𝑑.
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For any 𝑓 ∈ ℱ𝜓
𝑞,∞, we use the decomposition

𝑓 =

∞∑︁
𝑗=0

𝑓𝑗 ,

where 𝑓𝑗 :=
∑︀

2𝑗−1≤|𝑘|∞<2𝑗
̂︀𝑓(𝑘)𝑒𝑘, 𝑗 ≥ 1, and 𝑓0 = ̂︀𝑓(0). We note that

𝑓𝑗/𝜓(2
𝑗−1) ∈ 𝒜𝑞(𝒯2𝑗 ), 𝑗 = 1, 2, . . . (50)

For any 𝑁 = 1, 2, . . ., we approximate 𝑓 as follows. Let 𝑁0 be the
largest integer 𝑗 such that 𝑚𝑗 := [(𝑗 −𝑁)−22𝑁𝑑] ≥ 1 (with [𝑥] denoting
the greatest integer in 𝑥), i.e. 𝑁0 = [2

𝑁𝑑
2 +𝑁 ]. If 𝑗 ≤ 𝑁 , we set 𝑃𝑗 := 𝑓𝑗 .

If 𝑁 < 𝑗 ≤ 𝑁0, then by virtue of (48), (49) and (50), there is polynomial
𝑃𝑗 ∈ Σ𝑚𝑗 such that

||𝑓𝑗 − 𝑃𝑗 ||𝐿𝑝
≪ 𝑚

1
2−

1
𝑞

𝑗 𝐿(2𝑗𝑑/𝑚𝑗)𝜓(2
𝑗−1), 0 < 𝑞 ≤ 1. (51)

and

||𝑓𝑗 − 𝑃𝑗 ||𝐿𝑝
≪ 2𝑗(𝑑−

𝑑
𝑞 )𝑚

− 1
2

𝑗 𝐿(2𝑗𝑑/𝑚𝑗)𝜓(2
𝑗−1), 1 < 𝑞 <∞. (52)

Set 𝑃 =
𝑁0∑︀
𝑗=0

𝑃𝑘. Since

(2 · 2𝑁 + 1)𝑑 +

𝑁0∑︁
𝑗=𝑁+1

(𝑗 −𝑁)−22𝑁𝑑 ≤ 𝑎2𝑁𝑑,

where 𝑎 depends only on 𝑑, then 𝑃 is a linear combination of at most
𝑎2𝑁𝑑 exponentials 𝑒𝑘. Hence, 𝑃 is in Σ𝑎2𝑁𝑑 . We also have

||𝑓 − 𝑃 ||
𝐿𝑝

≤
𝑁0∑︁

𝑗=𝑁+1

||𝑓𝑗 − 𝑃𝑗 ||𝐿𝑝
+

∞∑︁
𝑗=𝑁0+1

||𝑓𝑗 ||𝐿𝑝
=: 𝑆1 + 𝑆2. (53)

For all 𝑥 ≥ 1, we have [𝑥] ≥ 𝑥/2. Therefore, for sufficiently large 𝑁 and
𝑁 < 𝑗 ≤ 𝑁0, from the definition of 𝐿(𝑥), we have

𝐿(2𝑗𝑑/𝑚𝑗) ≤ (1 + ln(2𝑑(𝑗−𝑁)+1(𝑗 −𝑁)2))
1
2 ≪ (𝑗 −𝑁)

1
2 . (54)

First, consider the case 0 < 𝑞 ≤ 1. Reasoning similar to the proof of
(39), it is easy to show that if the function 𝜓 belongs to the set 𝐵 and
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for all 𝑡, larger than a certain number 𝑡0, 𝜓 is convex and it satisfies
condition (13) with a fixed 𝛽 ≥ 0, then for any 𝛼 ∈ ℝ and sufficiently
large 𝑡 > 𝑁 , the function 𝛼,𝛽(𝑡) := 2𝛽𝑡(𝑡 − 𝑁)𝛼𝜓(2𝑡−1) decreases to
zero, as well as

∞∑︁
𝑗=𝑁+1

2𝛽𝑗(𝑗 −𝑁)𝛼𝜓(2𝑗−1) ≪ 2𝛽𝑁𝜓(2𝑁 ). (55)

In this case, 𝛽 = 0. By virtue of (51), (54) and (55), we obtain the
estimate of the first sum 𝑆1 in (53):

𝑆1 ≪
∞∑︁

𝑗=𝑁+1

(𝑗 −𝑁)2(
1
𝑞−

1
2 )2−𝑁𝑑(

1
𝑞−

1
2 )(𝑗 −𝑁)

1
2𝜓(2𝑗−1) ≪

≪ 2−𝑁( 𝑑
𝑞−

𝑑
2 )

∞∑︁
𝑗=𝑁+1

(𝑗 −𝑁)
2
𝑞−

1
2𝜓(2𝑗−1) ≪ 2−𝑁( 𝑑

𝑞−
𝑑
2 )𝜓(2𝑁 ). (56)

To estimate 𝑆2, we note that from (50)

𝑆2 ≤
∞∑︁

𝑗=𝑁0+1

||𝑓𝑗 ||𝐿∞
≤

∞∑︁
𝑗=𝑁0+1

(︁ ∑︁
2𝑗−1≤|𝑘|∞<2𝑗

| ̂︀𝑓(𝑘)|)︁ ≤

≤
∞∑︁

𝑗=𝑁0+1

||𝑓𝑗 ||𝑆𝑞 ≪
∞∑︁

𝑗=𝑁0+1

𝜓(2𝑗−1) ≪ 𝜓(2𝑁0).

Further, let us note that if for all 𝑡, larger than a certain number 𝑡0,
𝜓 is convex and satisfies the condition (13), then for any 𝛼 > 0, we have
𝜓(2𝑁(𝛼+1)) ≪ 𝜓(2𝑁 )2−𝑁𝛼.

From the definition of 𝑁0, we have 𝑁0 ≥ 𝑁 + 2
𝑁𝑑
2 − 1. It follows

that if 𝑁 is sufficiently large (depending only on 𝑑 and 𝑞), then 𝑁0 ≥
𝑁(1 + 𝑑/𝑞 − 𝑑/2). Hence,

𝑆2 ≪ 𝜓(2𝑁(1+ 𝑑
𝑞−

𝑑
2 )) ≪ 2−𝑁( 𝑑

𝑞−
𝑑
2 )𝜓(2𝑁 ).

Using this and (56) in (53), we find that

𝜎𝑎2𝑁𝑑(𝑓)
𝐿𝑝

≤ ||𝑓 − 𝑃 ||
𝐿𝑝

≪ 2−𝑁( 𝑑
𝑞−

𝑑
2 )𝜓(2𝑁 ). (57)
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In the case 1 < 𝑞 < ∞, condition (13) is satisfied with 𝛽 = 𝑑 − 𝑑/𝑞.
By virtue of (52), (54) and (55), we have

𝑆1≪ 2−
𝑁
2

∞∑︁
𝑗=𝑁+1

2𝑗(𝑑−
𝑑
𝑞 )(𝑗 −𝑁)

3
2𝜓(2𝑗−1) ≪ 𝜓(2𝑁 )2−𝑁( 𝑑

𝑞−
𝑑
2 ). (58)

To estimate 𝑆2, we use Hölder’s inequality, (50), (55) and the inequalities
𝑁0 ≥ 𝑁+2

𝑁𝑑
2 −1 and 𝛼,𝛽(𝑁0) ≤ 𝛼,𝛽(𝑁+1) with 𝛼 = 1 and 𝛽 = 𝑑−𝑑/𝑞,

𝑆2 ≤
∞∑︁

𝑗=𝑁0+1

||𝑓𝑗 ||𝐿∞
≤

∞∑︁
𝑗=𝑁0+1

𝜓(2𝑗−1)
(︁ ∑︁

2𝑗−1≤|𝑘|∞<2𝑗

⃒⃒⃒⃒ ̂︀𝑓(𝑘)
𝜓(2𝑗−1)

⃒⃒⃒⃒)︁
≤

≤
∞∑︁

𝑗=𝑁0+1

𝜓(2𝑗−1)2(𝑗−1)(𝑑− 𝑑
𝑞 ) ≪ 𝜓(2𝑁0)2𝑁0(𝑑− 𝑑

𝑞 ) ≪ 𝜓(2𝑁 )2𝑁( 𝑑
2−

𝑑
𝑞 ).

Using this and (58) in (53), we see that in this case, relation (57) is also
true. Therefore, the upper estimate in (13) follows from the monotonicity
of 𝜎𝑚 and inclusion 𝜓 ∈ 𝐵.
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