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Tetiana V. Manzhos'
OPTIMAL ADVERTISING POLICY FOR THE DIFFUSION
MODEL OF INNOVATIONS

This paper offers an optimal advertising strategy for new product diffusion model. We deve-
lop a diffusion model of innovations based on the Bass model by including the advertising factor.
This factor is incorporated as an integral of advertising intensity weighed on exponential term, so
all advertising strategies during the time of existence of a new product at a market have been con-
sidered. Using the standard methods of optimization the optimal strategy is found for a linear
advertising intensity function. A numerical example is given to illustrate the model.
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Terana B. Manxkoc

OIITUMAJIbHI PEKJIAMHI CTPATETIII ITPU MOJIEJIIOBAHHI
IHOITUTY HA IHHOBALHINMHUWU ITPOJAYKT
Y cmammi no6yooeano modeav oupysii innosauili 3 ypaxyeanHam 6nauey 6Cix peKiamHux
3ax00ie, wo 06y10 30liiCHeHO NPomMa20M 4acy ICHYGAHHA HA PUHKY IHHOBAUINHO20 NPOOYKMY.
Ilpoanaaizosano pizni pexaamui cmpamezii 3 mouxu 30py iHmeHCUGHOCMI GUMPAN HA PeKAAMY 6
uaci, 3HA0eHO0 ONMUMAAbHY 3 HUX 30 00HAKOGUX GUMPAM Ma AIHIliHOT yHKUIT inmencueHocmi.
Teopemuunuii mamepiaa npoiarocmpo8ano 4uUCA06UM NPUKAAOOM.

Karouosi caosa: ougysisn innosauiii; modeav bacca; onmumanvha pekaamua cmpameeis.
Dopm. 13. Puc. 1. Taba. 1. JTim. 10.

Tatpsana B. Manxoc
OIITUMAJIBHBIE PEKJIAMHBIE CTPATEI'N

TP MOJAEJINPOBAHUU CITPOCA
HA MTHHOBAIIMOHHBIN ITPOJYKT

B cmamve nocmpoena modeav ougppysuu umnnosauuii ¢ yuemom 6cex peKAAMHBIX
Mmeponpusmuii, KOmopoie UMeAl MeCH0 HaA NPOMANCEHUU B6Ce20 8PEMEHU CYUeCIE08aHUsS
UHHOBAUUOHHO020 npodyKma Ha puinke. IIposeden anaiuz pasHviX peKAAMHbIX cmpamezuii ¢
MOYKU 3pEeHUs UHIMEHCUGHOCIU 3AMPAMm HA PeKAAMY 60 6PeMeHU, HAll0eHa ONMUMAAbHAS U3 HUX
npu NOCMOSAHHBIX 3aMPAmMax u AuHeiHou ynkuyuu unmencuenocmu. Teopemuveckuii mamepuaa
HPOUAAIOCMPUPOBAH HUCAOBHIM NPUMEPOM.

Karoueswie caosa: oughgysus unnosayuii; modeav bacca; onmumanvhas peKAamHas cmpameus.

Introduction and brief historical overview. There are many problems in econo-
mics associated with forecasting the demand for a new product, a service or a tech-
nology. In this case statistical methods cannot be used due to the lack of historical
data on demand.

The diffusion model in marketing was initially developed by FEM. Bass (1969).
The was model designed to answer the question of how many customers will adopt a
new product in time t. It can be used in making pre-launch, launch and post-launch
strategic choices for capturing life-cycle dynamics of new products.

The Bass model is built on two basic assumptions, that potential adopters of an
innovation are influenced by two types of communication channels: media and inter-
personal channels. The main idea of the model is that the probability of a current pur-
chase is a linear function of the number of prior purchases. More precisely,
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where h(t) is the hazard function; p and g are the constant parameters representing
the coefficient of innovation (or the coefficient of external influence) and the coeffi-
cient of imitation (or the coefficient of internal influence), respectively. The hazard
function h(t) = f(t) /(1 — F(t)) is the rate of the first-purchase times density, where
F(t) are the cumulative density function of adopters at time t, f(t) = dF(t) / dt. The
interpretation of the hazard function is that if it is multiplied by small time increment
dt it represents the conditional probability that a random customer who has not made
the purchase will do it in the next small period dft.
After some rearrangement the equation (1) can be formulated as follows:

dN _ q

5 ~(Pm*@-pIN®D - [N), )
where m describes the market potential size of the new product and N(t) is the cumu-
lative number of adopters by time t.

Estimating the Bass model parameters can be provided in two ways. If we have
some set of historical sales data, linear or non-linear regression can be used
(Kenneth, Dinesh and Sheila, 2009). There are more sophisticated approaches for
the estimation of these parameters, including the maximum likelihood estimation
(Srinivasan and Mason, 1986) and the hierarchical Bayes estimation (Lenk and Rao,
1990). Otherwise, parameters can be estimated by judgmental methods such as the
analogy method or the Delphi method. Furthermore, using fuzzy logic for modelling
a diffusion process can be a future research on this direction.

By integrating the equation (2) considering the initial condition N(0) = 0 we
have

1- e—(P+CI)f
N @lpe ®

Since the appearance of the Bass model in 1969 diffusion models have been
increasingly complex. Several researchers generalized the original model by intro-
ducing marketing variables such as price and advertising.

B. Robinson and C. Lakhani (1975) were the first to introduce into the model a
price factor as an exponential term that multiplies the original Bass expression.
G. Feichtinger (1982) presented a model with varying market potential as a function
of product price. D. Horsky and L.S. Simon (1983) modified the Bass model by
introducing the coefficient of innovation p as a logarithmic function of advertising.

S. Kalish (1985) built a two-step theoretical model grounded in the utility maxi-
mization principle. In his model advertising and price were included in some way.

EM. Bass, D. Jain and T. Krishnan (1994) proposed a generalized form that
incorporates the effects of marketing mix variables on the likelihood of adoption.
They do so by adding to the original model a multiplicative factor

x(t)=1+aPr'(t)/Pr(t) +BA'(t)/ A(t),
where o, B — coefficients; PR(t), A(t) — price and advertising at time £, respectively.
There is the generalized Bass model software based on EM. Bass, D. Jain and
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T. Krishnan (1994) extension. In particular, it is an Excel model to forecast the adop-
tion of a new product.

Note that all mentioned here extensions of the Bass model link diffusion speed
only to instantaneous change of advertising and do not take into account advertising
"life-time". In this paper we introduce into the diffusion model a multiplicative fac-
tor which contains an integral of advertising intensity weighed on exponential term.
So all advertising strategies during the time of existence of a new product at a market
have been considered.

For an extensive review of the literature in this field the reader is referred to
(Radas, 2006).

Diffusion model with advertising.

1. Model assumptions and formulation. The main assumptions of the model are
the same as for the original Bass model:

1) diffusion process is binary (consumer either adopts, or waits to adopt);

2) constant maximum potential number of buyers (m);

3) eventually, all m will buy the product;

4) no repeat purchase or replacement purchase.

But the main difference in assumptions is the dependence of mass media and
word-of-mouth impact on adoption time through marketing strategies. It is repre-
sented in the model as a multiplier, which reflects the intensity of advertising till time
t.

Our model is developed to estimate the diffusion in the pre-established time
horizon of the product existence at a market [0;T]. Let /(t) — intensity of advertising
at time t; o, A — parameters; py — interest rate; G( T) — bound of costs on advertising
in time T.

Then the cumulative number of buyers N(t) at time t is the solution of the dif-
ferential equation:

ﬂ = - —i t — 4
L =(pm+@-pIN®D - [N )E +afexp\(x-O(x)dx E )
0<t<T, N(0)=0;
J’exp[—pox]l(x)dx <@(T). (5)
0

The condition (5) allows estimating cumulative demand in time T under differ-
ent intensive function of advertising /(x) when the costs on this campaign are constant
by accounting time value of money. Thus, investigating the solution function of the
problem (4—5) let us choose the optimal advertising strategy. Multiplier exp[A(x — 1)]
in the integral on the right part of the equation (4) weighs the influence of advertising

represented by /(x). For example, on Figure 1 linear function /(t)=40 —4—Ot is
t

represented by solid line, while the integral J' exp[1.5(x =1)]/(x)dx as a function
0

of t is drawn by dotted line. Thus, the rate of diffusion change reflects the intensity of
advertising.
Note, that the model (4) is classical if a = 0.
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Figure 1. Reflectlon of the diffusion rate by advertising intensity,
developed by the author

2. Solving the model in general case. The solution of (4) can be found by means
of integrating both parts of the differential equation:

aN = Et + a}exp[)\(x —1)](x)dx %t. (6)
pm+(@-pIN- 7 N? 0

Part of (6) by integrating is given as
N _ 1 N+mp/al
pm+(@-pN-IN? | N-m |

And taking into account the initial condition N(0) = 0 we have

1
InB.
a+tp q
Integrating the right part of (6) and taking into consideration the condition m >

N after all the general integral of (6) is obtained:

nENa/PrMEL (g E+ ajﬁexp[x(x —y)J(x)dx EfyB
0
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+C, c =const.

c=-

After rearranging the general solution of (4) is as follows

l
exp§p+q Eﬂ}‘[ﬁexp[k x =y)(x) dx@jy%1

N=m 0<t<T, (7)

0
q/p+exp§p+q %Hﬁﬁexp[)\ x=y)l(x dxgw%

where the function /(x) is so that [€xP[~Pox1/(x)dx < G(T).

0
The case of a linear intensity of advertising.
1. Solving the model. The most natural function of advertising intensity is linear
one because of its simplicity. Hence, let /(x) = a + bx which satisfies the condition
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Iexp[—pox]l(x)dx =G,. (8)
0

Then, the function (7) transforms into
Nty = m—_eelpr ot rasun]-1
q/p+explip+q)(t+as())]

(&)

where

2
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So we want to research different strategies of advertising expenditures in time T
when advertising budget have the same level G,. Hence, one parameter of the a and

b can be excluded from (9).
Thus, from the equation (8) we obtain:
G,p,e”" +bT _ b
e’ —1 P
Applying (11) to (10) the function N(t,b) is finally obtained.
2. Optimal strategy of advertising. The problem of optimal strategy choice is the
choice of parameters a and b, which maximize the cumulative number of buyers in
time T. As it was accepted the parameter a can be excluded from the model.
Therefore the problem is: N(t,b)| =1 =N(b) - max.
Note that the function N(b) can be rewritten as follows:

3]

a=

N(b):mﬁ’
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where
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The main properties of N(b) are:
a) continuity on b (as a superposition of elementary functions);
GoPs <bs< Gyppe™ ;
1-p,T—e ™™’ e’ —1-p,T
_ . yBe®(g/p+1)
M e
(q/p+ye™)
Consequently, the sign of N'(b) depends on the sign of B because of y > 0. Thus

2
ULDRNY SN} N SAUN. L - ¥}
2 e O e P -1 p, T

than the function N(b) is monotonically decreasing on its domain owing to a >
0, p + g > 0. In the opposite, this function is increasing.

b) it is defined for

¢) its derivative is  N'(b)

if
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Given the properties 1—3, it is possible to conclude that the optimal strategies are
as following:
1) if parameters A, T, py are so that > 0, than

_ Gypie™" .
opt —m, opt =0; (12)
2) if parameters A, T, p, are so that 3 < 0, than
opt = GO—pgT’ aopt = _boptT' (13)
1-p,T —e™™

Let x = AT, s = pyT. Note, when s is fixed than the function 3 = (z,s) > 0 for z
> z*, moreover the more is s, the less is some point z*.

So B > 0 when there is long-term project, advertising is inefficient, the value of
interest rate is quite large. But generally in real situations f < 0 and (13) is used for
finding the optimal solution.

3. Numerical example. Let us illustrate the theoretical research by numerical
examples. Differences in N(T) under different values of parameters a, b (including
optimal values) are presented in Table 1.

Table 1. Numerical examples, developed by the author

Data-in B a, b N(T)
a=0, b=0 (classical model
m=80000, T =1, without ;gdvertising) 3138.36
p=0.04, g=0.001, a=0, b=42183.8 3776.72
a=0.00005, A=25, | 0408<0 2=208107 , b=0 3944.79
Go =20000, p, =0.08 . =41073.8, b,, = -41073.8 41081
(due to formula (13))
m=80000, T=5, a=0, b=0 (Classic H;Odel 14532.2
_ _ without advertising
(f :_0(.)'0030’0; ,_f :0215 0715 > 0 a=7624.48, b=0 16352.2
G, =30000, p,=0.1 3opi =0 Doy =3325.8 16371.7
(due to formula (12))

Conclusions. In this study optimal strategies of advertising expenditures in time
T for the prediction of a demand for innovation product has been developed. In par-
ticular, the algorithm for finding optimal parameters a and b for intensity advertising
function /(x) = a + bx depending on the in-data A, py, T.

Future research in this area can be devoted to the creation of the diffusion inno-
vation model taking into consideration not only an advertising factor but also other
factors affecting the model, such as price etc. It would be interesting to consider the
case of fuzzy parameters A, o because of their imprecise nature.
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