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PRACTICAL ASPECTS OF MARKOWITZ THEORY
APPLICATION FOR PORTFOLIO ANALYSIS

The paper deals with H. Markowitz’s model for optimal portfolio selection of European and
American instruments. The procedure for construction and analysis of a multi-asset portfolio is
presented. Combinations of assets of 20 companies selected from DAX30, DJIA, EURONEXT100,
NASDAQ100 and WIG30 are analyzed. It is shown that the theoretical values of the return on a
portfolio and the risk of a portfolio, determined on the basis of historical data, differ from their real
values. It is noted that average value should not be used for portfolio selection.
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Bitoana 2Kumoscki, Arnexka Cyposenb
ITPAKTUYHI ACITIEKTU 3ACTOCYBAHHSA TEOPII

MAPKOBIIIA B [IOPTOEJIbHOMY AHAJII3I

Y cmammi pozeasnymo 3acmocyeanns nopmeeavnozo amnaaizy 6 mooeai Maprosiua.
Ilpeocmaeaeno npouedypy ¢popmyeanns ma amnaaizy 6azamoxomMnoHeHMHO20 nopmeas.
Ilopmeeai daa npuxaady chopmy1b08ano 041 €6poneiicvK020 ma AMEPUKAHCOK020 PIHAHCOBUX
punkie. Jlaa anaaizy o6pano no 20 xomnaniii 3 Gipucosumu indexcamu na: DAX30, DJIA,
EURONEXT100, NASDAQ100, a maxoxc WIG30. Iloxazano, wo nopma npubymrosocmi, a
MaKoxyc pusuK, GU3HA4EHUI HA OCHOBI ICMOPUMHUX 0aHUX, GIOXUAAIOMBCA 8I0 PEAIbHUX 3HAYEHD
Hopm npubymxoeocmi ma pusuxy. Kopeaauin mixc peatonumu 3nauenusamu Hopm npubymroeo-
cmi 041 nopmeeaie, suznauenux 3a Mapxosiuem, ma ix meopemuuHuUMU 3HAUEHHAMU, PO3PAXO-
GAHUMU NPU NPOEKMYBAHHS CKAady nopmgheas, € docums caaokoro. Jlooamkoeo éiomiueno, wo
cepeodHeE 3HA4EHHS He MOJice CAY2Y8aniu 0CHOBOI0 045 no6ydoeu nopmeeas.

Karouosi caosa: mooenv Mapkogiya, éubip nopmebensi; Hopma npubymroeocmi; pusuk.
Dopm. 29. Puc. 5. Taba. 11. Jlim. 11.

Burouaba ZKunoscku, Arnexka Cyposely
ITPAKTUYECKHME ACITIEKTbI IIPUMEHEHUWA TEOPUN

MAPKOBMUIIA B ITIOPT®EJIbHOM AHAJIM3E

B cmamve paccmompeno npumenenue ¢ nopmeeavnom anaause modeau Maprosuua.
Ilpedcmaesaeno npoyedypy opmuposanus u anaiuza MHOOKOMHOHEHMHO20 nopmepens.
Ilpumepnote nopmepeau bvtau chopmyauposansvt 043 e8pONEICK020 U AMEPUKAHCKO20 (PUHAHCO-
6vix poinkos. Jlaa anaausza eviopansvt no 20 Komnanui ¢ o6upxcesvimu undexcamu na: DAX30,
DJIA, EURON\EXT100, NASDAQ100, a maxxce WIG30. Iloxazano, umo nopma npuéoLivio-
cmu, a makyce puck, onpedeiénnvle Ha 0CHO8e UCHIOPUHECKUX OAHHBIX, OMKAOHSIONCSL OM Peais-
HbIX 3Ha4eHuil Hopm npubbvLau u pucka. Koppeasuus meixncoy pearvHolmu 3HAHEHUAMU HOPM NPU-
OvLavHocmu 045 nopmebeaeil, onpedeaénnvix no Mapxoguuy, u ux meopemusecKumu 3Ha4eHusMu,
PACCHUMAHHBIMU NPU NPOCKMUPOBAHUU COCIMABA nopmgeas, sA6A1emcs 04eHb caadol.
Jlonoanumeavno ommeueno, 4mo cpedree 3Ha4eHUe He MONCEM CAYICUIMND OCHOGOI NPU NOCMpoe-
Huu nopmgheasn.

Karoueswie caosa: modenv Maprosuua; evi60p nopmaepens; Hopma npudbial; puck.

1. Introduction. Modern portfolio theory (MPT), developed in the 1950s by
H. Markowitz (1952; 1991) and simply called "portfolio theory" by him, has revolu-
tionized investment practice (Bernstein, 1992). MPT explains how to find the best
possible diversification strategy for a portfolio. On the basis of Markowitz’s theory,
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rational investors can construct optimal portfolios under uncertainty. From a large
number of portfolios, a rational investor can choose the one that offers the highest
level of expected return for a given level of risk, and the one that offers the lowest level
of risk for a given level of return. Portfolio theory assumes that a rational investor will
not invest in a portfolio if a second portfolio exists with the same expected return and
lower risk or with the same risk and higher expected return. Expected return and the
risk associated with investment are represented by the mean and the variance or stan-
dard deviation, respectively.

But since 1970s (Jensen et al., 1972) some criticism has been levelled against
MPT. The shortcomings of the Markowitz model proceed from that investors in real
life are not rational and markets may not be efficient (Shleifer, 2000; Koponen,
2003). In reply to criticism of Markowitz Model some modifications have been
applied (Brodie et al., 2009).

In this work we deal with portfolios that consist of a large number of assets. This
case was also studied by Bai et al. (2009). These authors proved that "the traditional
return estimate for the optimal self-financing portfolio obtained by plugging the sam-
ple mean and covariance matrix into its theoretic value is always overestimated and,
in return, makes the self-financing MV optimization procedure impractical”. In order
to reduce this overprediction they used the bootstrap technique (Kosowski et al.,
2006; Scherer, 2002).

In this work we would like to present a procedure for the construction of a multi-
asset portfolio for which risk has the minimal value. This is a generalization of the
procedure for two assets previously described by (Rzymowski et al., 2013). We show
that:

- there is no satisfactory correlation between the real and the theoretical ave-
rage rates of return, and that there is no satisfactory correlation between the real and
the theoretical risk measures;

- average value should not be used for portfolio selection.

2. Methodology description. In this paper the following notation is used:

a4 a4 a4
a» a5 80

A=l ", A= .., A,=|."|eR" (1)
a1,n az,n am,n

are the vectors of the successive asset prices of m selected companies in a fixed peri-
od. Therefore,

a1,2 - 31,1 am,z - am,1
a4 8m,
G138 8ma ~8me
X, = a,, o X ap, eR™! 2)
atn - a1,n—1 am,n - am,n—1
a1.n—l arrl.a'1'—1
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are the vectors of return rates. Additionally, we create the following vectors:

Hy
M=\ |epm, 3)
He
na.—a,.
where  u; = 1 12 BT s the mean value of the coordinates of the vector X;
n—1iz a

i1
(the average rate of return for the company shares A;), and vectors

1 1
1 1
J,=|i|eR", J,=|:|eR", (4)
1 1
_1_ _1_
and the matrix
ap-ay 8mo ~ 8, |
M = = _)um
a, ay,
a3 —ap —u A3 —8npo —u
Xu = a2 e a2 St ©)
a1n a1,n-1 am,n am n-1
Hy —Hy
81n1 51 ]

The dimension of the matrix X, is (n — 1) x m (n — 1 rows, m columns). The
columns of matrix X, are created by the coordinates of the vectors X, — 1, ...,

Xm _.umJn'

Each vector

IlIIIII’II'1
w
w=|.? |eR™ (6)
W."ﬂ
that satisfies the condition
Zw ;=1 7
j=1

we call a portfolio. The set of all portfolios weR™ is denoted by P,,,. we P™ is an
efficient portfolio if
w;>0, j=12,...,m. )

According to Markowitz, the mean value of the portfolio
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W,
w=|. 2 |ep ©)
w,
is the sum
Hm (W)d:(w»M> = Jiwﬁuf’ (10)

and the risk of the portfolio is the number

olw)= 1 x,w (11)
Jn—2""

2.1. Auxiliary lemma. Lemma: If the vectors J,, X, ..., X, are linearly indepen-
dent, then the minimal risk portfolio w,,;, is presented by the formula:
1 -1
Wiin = . ] (XAT'!XM) I+ (12)
(06X ) ")
Warning: w,,,;, does not have to be an efficient portfolio.
Proof: Let us define:
F(w)=[ X, w|f,weR™. (13)
Of course
T Wiia )= min o(w) < F(W,y, )= min F(w). (14)
Note that
WX =W, =ZW;(X;—ﬂ,-Jm)=XMW. (15)
j=1 i=1 j=1
where X; - u;J,,,i=1,2,...,m are linearly independent. Therefore, for each weR™
f(w)=2x,,X,, (16)

is a positively determined matrix. It follows from this that f:R™ — R is a differen-
tiable, strictly convex function satisfying the condition

li inf(w )=co.
fim minf{w)=co (17)
Thus, there exists exactly one w,,,, € P™ such that
flw,, )= minflw).
(Wi ) = min £(w) (18)

Moreover, since J,, is perpendicular to the affine space P™ < R™, there exists a
A € R such that

f‘(wmin):lel\;xMwmin =2Mm' (19)
Consequently, w,;, = R(X;X M )_1Jm and by the relation w,,, e P™
1= W) = 20X ) " ), (20)

which completes the proof.
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2.2. Portfolio construction procedure. In order to compare the theoretical and the
real average rates of return, and the theoretical and the real risk measures, we propose
the following procedure of portfolio construction.

Step 0. The full period of observation t =1, 2, ..., N is divided into k separate sub-
periods.

0,=(12...,n), 0, =(n+1n+2...2n), ..., O, =((k - +1...kn).  (21)

Each subperiod has n observations.

Step 1. The asset prices of m selected companies A;, A,, ..., A, in a fixed first
period are observed. Therefore, m vectors A, A,, ..., A, of asset prices, according to
equation (1), are obtained. Then for those vectors the following quantities are calcu-
lated in the first period:

- vectors of rates of return according to equation (2);

- average rate of return according to equation (3);

- efficient portfolio according to equation (12), introducing the following nota-
tion

min = wi = ' ' (22)
Wim
- average rate of return of efficient portfolio according to equation (10), where
w=w,,; .
- risk according to equation (11), where w=w, .

Step 2. Let K be the capital that is to be invested. At the beginning of the next
subperiod O, = (n + 1, n + 2, ..., 2n), we assume that we are buying shares in com-

pany A, for w;I,K, shares in company A, for w;lzK, .., and shares in company A,,

. e . w,.K
for w; K. Inview of the indivisibility of shares we buy approximately g, = 1
1,n+1
) w ) w, K
shares in company A;, Qa0 = shares in company A, ..., and q,,  —
2,n+1 am,n+1

shares in company A,,,, where qay, Qao, ---, Gam are integers. Therefore, we obtain the
vector
A
a.=| 72| 23)

9 am
Then, in the period O, = (n + 1, n + 2, ..., 2n), we calculate:
- the subsequent values of the portfolio w;

P, =(quA), t=n+2,n+3,...2n, where A, = (au, az,,...,am_,); (24)
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- the portfolio rates of return w,

Z, :ﬂ, t=n+2,n+3,....2n; (25)
P
- the portfolio average rate of return w1'
B 1 2n
Z,=—— YZ,; 26
" n-1 r_;-:a ‘ (20

- the portfolio risk measure w1'
1 2n _
s Sz @)
Step 3. We repeat the procedure described above for subsequent subperiods O, =
n+1,n+2,..,2n),053=02n+1,..,3n),0,=(k—1)n+ 1, ..., kn). The port-
folio w, in the last subperiod Oy is not calculated. As a result, we obtain the theo-

retical sequences of average rates of return and the sequences of risk measures of the
portfolios w/; in the periods Oy, ..., Oy_s:

(znz0), 07000 s) (28)
and, corresponding to them, in the next period their real values:
(Z002.) (O0nn0). (29)

If Markowitz portfolio was a good tool that could help make better investment
decisions, there should be a strong positive correlation between the sequences of

average rates of return (z;,. . .,z;_1) and (22,. . .,Ek). Analogously, a strong positive
correlation should be observed between the sequences of standard deviations
(O'; ,...,D’;_J and (0' 210- 0 )-To verify this, we calculate the correlation coefficients

r, :r((z;,___,z;_il(fz,_,_,fk )) and r, =r((cr1',...,cr,:_1)(o, ,...,crk_,)), which measure
the correlation between the theoretical and the real sequences of average return rates
and between the theoretical and the real sequences of risk measures, respectively.

3. Research objective and data sources. The portfolio construction procedure is
applied to the companies listed on various European and US stock exchanges. For
European stock exchanges, the companies used to calculate the following stock mar-
ket indices are chosen at:

- DAX30 (Frankfurt Stock Exchange);

- EURONEXT100 (Paris Stock Exchange);

- WIG30 (Warsaw Stock Exchange).

For the US stock exchange, the companies used to calculate the stock market
indices are chosen:

- DIJIA (New York Stock Exchange — NYSE);

- NASDAQI100 (NASDAQ Stock Market).

20 companies are chosen for each stock market in Europe and the US to be con-
sidered (Table 1).

Because the portfolio construction procedure is associated with the division of
the full observation period t =1, 2, ..., N into k disjoint subperiods with the length n,
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and because it is known that the length of the observation period has significant influ-
ence on the results, the portfolios for each selected stock market are analysed in two
ways. For variant I, N =936, n = 26 and k = 36. n = 26 corresponds to the period of
approximately one month. For variant II the number of observations is the same, but
the length and the number of periods are changed: we choose n = 36, k = 26.

Table 1. The selected companies listed at stock markets under consideration:
DAX30, EURONEXT100, WIG30, DJIA and NASDAQ100, authors’ own research

on the basis (www.gielda.onet.pl; finance.yahoo.com)

No. DAX30 EURONEXT100 WIG30 DJA NASDAQ100
1 ADS.DE ACA.PA ACP AXP AAPL
2 ALV.DE ALU.PA ATT BA ADBE
3 BMW.DE BN.PA BHW CVvX ADSK
4 CBK.DE BNP.PA BRE DIS AMZN
5 CON.DE CA.PA BRS GE AMGN
6 DAI.DE CO.PA CPS JPM CERN
7 DB1.DE CS.PA GTC KO DLTR
8 DBK.DE DEC.PA ING MCD GMCR
9 DPW.DE DG.PA KER MRK GOOG
10 DTE.DE LG.PA KGH NKE INTC
11 EOAN.DE MC.PA LTS PFE MAT
12 HEN3.DE ML.PA NET PG MSFT
13 FRE.DE OR.PA PEO T MU
14 IFX.DE ORA.PA PKN TRV NVDA
15 LHA.DE RCO.PA PKO UNH SHLD
16 LXSDE RI.PA PGN uTx SPLS
17 MRK.DE RNO.PA SNS Vv VIAB
18 RWE.DE SU.PA TPS VZ VOD
19 SDF.DE VIV.PA TVN WMT WYNN
20 SIE.DE ZC.PA LBW XOM YHOO

Preservation of the same number of observations for all the markets analysed
leads to different periods for different markets. The first day of observation (31st
December 2009) is the same for all markets. In Table 2 the stock markets (represent-
ed by the given stock indices) and the corresponding time periods are presented.

Table 2. Considered periods for the selected stock markets represented
by stock market indices, authors' construction on the basis of
(www.gielda.onet.pl; finance.yahoo.com)

No. Index Period
1 DAX30 31.12.2009-12.08.2013
2 EURONEXT100 31.12.2009-6.08.2013
3 WIG30 31.12.2009-23.09.2013
4 DJA 31.12.2009-19.09.2013
5 NASDAQ100 31.12.2009-19.09.2013

The price of shares at Warsaw Stock Exchange is a closing price
(www.gielda.onet.pl). The prices of shares on the other stock exchanges are closing
prices adjusted for dividends and splits (finance.yahoo.com). The value of the capital
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for investments, which is described in step 2 of the procedure, is K = 10,000 units,
regardless the market.

In this work all portfolios for which condition (8) is not met are rejected.
Moreover, we only consider those portfolios for which condition (8) is satisfied in at
least 11 subperiods. Therefore, in variant I we consider only those portfolios that have
at least 11 x 26 = 286 observations, and in variant II those that have at least 11 x 36 =
396 observations.

4. Results.

4.1. Results concerning numbers of portfolios. Applying the portfolio construction
procedure described in Section 2.1 to companies listed in Table 1 we did not obtain
any portfolios with at least 6 and more assets that exist for at least 11 subperiods start-
ing from the first subperiod.

The numbers of all possible portfolios with many assets (2, 3, 4 and 5 assets) for
all the stock markets in variant I that are analysed are presented in Table 3), and the
same results but for variant II are presented in Table 4). There are no portfolios with
more than 5 assets for any of the stock exchanges that we analysed.

In Tables 3 and 4: 1) denotes the portfolios that exist for at least 11 subperiods
starting from the first subperiod; 2) denotes the portfolios that exist for exactly 11 sub-
periods; 3) denotes the portfolios that exist for the maximum number of subperiods
in the analysis (k = 36 in variant I and k = 26 in variant II).

Comparing the results presented in Tables 3 and 4, one can see that for each
stock market analysed the number of all portfolios that exist in the case of variant |
(n =26, k= 36) is less than the number of all portfolios that exist in the case of vari-
ant II (n = 36 and k = 26), for all cases 1), 2) and 3).

The unique exception to this rule in our results concerns the three-asset portfo-
lio at the Frankfurt Stock Exchange — there are no portfolios in variant II with 3 or
more assets that exist for the full period of observation.

Table 3. Number of portfolios with many assets for different stock
markets for variant | (n = 26, kK = 36), authors’ own research

Number of
sbpeross | 023D |23 [n]2(3[|2]|3|D|2]|3
P&rgrclﬂ(';j DAX30 | EURONEXT100| WiIG30 DJA NASDAQ100
2aset |64] 0]12| 41 | 1] 6 |107] 046|509 3] 9 |85 10| 13
3aset |22 1| 1| 1 0] 0 |9 |4]|2]6]2]0|18]8]0
4aset | 0] 0] 0] 0]0] 0 |14|2]0]0]0o]o0o|1]21]o0
5asst |0| 0] 0| 0 |0| 0 |o]o|O|lOo|O|]O|O]O]O
Sum 86| 1 |13| 42 | 1| 6 |217|6|48[65] 5 | 9 |104| 19 | 13

1) denotes the portfolios that exist for at least 11 subperiods starting from the first subperiod;
2) denotes the portfolios that exist for exactly 11 subperiods; 3) denotes the portfolios that exist
for the maximum number of subperiods under analysis.

Regarding the results presented in Tables 3 and 4, the portfolios that exist for the
maximum number of subperiods in the analysis consist of 3 assets at most.

A unique five-asset portfolio exists for exactly 11 subperiods (Table 4). This port-
folio can be constructed for the Warsaw Stock Exchange and contains shares of the
following companies: BHW, GTC, KER, PEO and PGN.
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Table 4. Number of multi-asset portfolios for different stock markets
for variant Il | (n = 36, k = 26), authors’ own research

Number of
sbpeross | 0|23 D |2 ]3| |2]39|D 23|23
Portfolios/ | v 35 | EURONEXT100|  WIG30 DJA NASDAQ100
Markets

2-asset 74 16| 19| 57 | 15 | 14 |133|4 |98 | 74 |34|25|/98 | 44| 33

3-asset 30[16| 0 8 4 0 [190]33[39| 27|20 1|51[3]| 2

4-asset 0/0|0] 2|1 ] 0]|3%|23/0]J]0]0|]O0]J2]1]0O0

5-asset 0/0|0] O 0 0 111/]0)J]0]0]0OJO]O0O]O

Sum 104|132 |19] 66 | 20 | 14 [359|61|137{101|54|26)151| 80 | 35
1) denotes the portfolios that exist for at least 11 subperiods starting from the first subperiod;
2) denotes the portfolios that exist for exactly 11 subperiods; 3) denotes the portfolios that exist
for the maximum number of subperiods under analysis.

4.2. Results concerning correlation. The next results for portfolios of many assets
concern correlation between the theoretical and real average rates of return and
between theoretical and real risk measures.

The values of the correlation coefficient between theoretical and real average
rates of return are presented in Table 5 for variant I and in Table 6 for variant I1.

For all stock markets analysed, Tables 5 and 6 present the minimal and maximal
values of the correlation coefficient between theoretical and real average rates of
return for two-, three-, four- and five-asset portfolios.

The biggest values for the correlation coefficient between theoretical and real
average rates of return are observed for the portfolios at the Warsaw Stock Exchange.
In variant I this value is equal 0.65 (Table 5) for the three-asset portfolio (ATT, BHW,
LBW), and in variant II it is equal to 0.57 (Table 6) for the four-asset portfolio (BRE,
KER, LTS, TVN). The correlation between the theoretical and real average rates of
return is therefore poor.

Table 5. Minimal and maximal values of the correlation coefficient between
theoretical and real average rates of return for multi-asset portfolios
at European and US stock markets for variant | (n = 26, k = 36),
authors’ own research

Portfolios/ | 1\x30 | EURONEXT100| WIG30 DJA  |NASDAQL00
Markets
Correlation
coefficients min | max | min max | min | max | min | max | min | max
for average

rates of return
2-asset -059 | 0.32 | -0.77 0.17 | -0.49| 045 | -059 | 0.51 | -0.44 | 0.39
3-asset -048 | 002 | -059 | -059 | -0.72| 0.65 | -052 | 0.23 | -0.39 | 0.36
4-asset - - - - -0.72 | 0.50 - - 0.04 | 0.04

The comparison between theoretical and real average rates of return for the port-
folio with the maximal value of the correlation coefficient for average rates of return
is presented in Figure 1a. This portfolio exists for 14 subperiods.

The smallest positive value of the correlation coefficient between theoretical and
real average rates of return corresponds to the three-asset portfolio that has been con-
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structed in variant I for the Frankfurt Stock Exchange. This value is equal to 0.02
(Table 5). The portfolio consists of the following assets: CBK.DE, FRE.DE and
SDEDE. Figure 1b presents the comparison between theoretical and real average
rates of return for this portfolio. This portfolio exists for 16 subperiods.

Table 6. Minimal and maximal values of the correlation coefficient between
theoretical and real average rates of return for the multi-asset portfolios
at European and US stock markets for variant Il (n = 36, k = 26),
authors’ own research

e e DAX30 |EURONEXT100| WIG30 DJA  |NASDAQ100
Markets
Correlation
coefficients . : . . !

min max min max min max min max min max
for average

rates of return
2-asset -051 | 0.24 | -0.54 0.23 |-058| 0.27 | -0.57 | 0.41 | -0.78 | 0.29
3-asset -0.30 | 0.23 | -0.32 0.17 | -0.57| 0.48 | -0.50 | 0.16 | -0.60 | -0.15

4-asset - - -0.07 | -0.07 | -0.37 | 0.57 - - -0.28 | -0.18
5-asset - - - - 014 | 014 | - - - -
variant|
ATT BHW LBW
=g theor real

0,008
= 0,006
g 0,004
E 0,002
§ 0 /\ / ‘\\Q
%ﬂ -0,002 12 13
3 -0,004

-0,006

perind

a) for the three-asset portfolio (ATT, BHW, LBW) in variant | (n = 26, k = 36) for the Warsaw Stock Exchange

variant|
CBK.DE FRE.DE SDF.DE

—@=—theor real

0,006
£ 0,004 A
Z oo «
(=] V‘
2 0 ﬂ
I
- 102 4567891011121314141
an -0,002
o]
a
@ -0,004

0,006

period

b) for the three-asset portfolio (CBK.DE, FRE.DE, SDF.DE) in variant | (n = 26, k = 36)
for the Frankfurt Stock Exchange

Figure 1. Comparison between theoretical (teor) and real (real) average rates
of return, authors’ own research

AKTYAJIbHI NTPOBJIEMW EKOHOMIKN Ne8(170), 2015



MATEMATUYHI METOAMN, MOAEJ1 TA IH®OPMALIMAHI TEXHOJ1IOrII B EKOHOMILI 419

variant| WIG30

0,8

i

0,6

’

0,4

|\|| ‘| | H
0

i
0,2

04

i

0,6

correlation coefficient hetween the
theoretical and real average rate
of return

-0,8
three-asset portfolio
a) for all 96 three-asset portfolios in variant | (n = 26, k = 36) for the Warsaw Stock Exchange

variant IIWIG30

0,6

0.4

0,2

]

31

\I i .|\I|‘||| | |
| |
Il = |
0,2

-0,4

correlation coefficient between the
theoretical and real average rate
of return
o

-0,6

3

four-asset portfolio
b) for all 35 four-asset portfolios in variant Il (n = 36, k = 26) for the Warsaw Stock Exchange
variant| DAX30

0,1

]

AT 3|I‘H*“”

¥y |
~ n
[=al

-0,3

g

of return

-0,4

-0,5

g

correlation coefficient between the
theoretical and real average rate

-0,6

three-asset portfolio
c) for all 22 three-asset portfolios in variant | (n = 26, k = 36) for the Frankfurt Stock Exchange
Figure 2. Correlation coefficients between theoretical and real average rates
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Figure 2 presents the values of the correlation coefficient between theoretical
and real average rates of return. Figure 2a presents the results for all three-asset port-
folios in our analysis that were constructed from the companies listed at the Warsaw
Stock Exchange in variant I; Figure 2b presents the results for four-asset portfolios in
variant II; Figure 2c presents the results for all three-asset portfolios in our analysis
that were constructed for the companies listed at the Frankfurt Stock Exchange for
variant I. In the case of the three-asset portfolios at this stock exchange there is a large
asymmetry. Among the 22 portfolios presented in Figure 2c, there are only two with
a positive correlation coefficient. This result attests to the disadvantage of the
Markowitz theory.

In the same way as for the average rates of return, the analysis of investment risk
for multi-asset portfolios was performed. The results concerning the minimal and
maximal values of the correlation coefficient between theoretical and real risk mea-
sures are presented in Table 7 for variant I and in Table 8 for variant II.

Table 7. Minimal and maximal values of the correlation coefficient between
theoretical and real standard deviations for multi-asset portfolios
at European and US stock markets for variant | (n = 26, k = 36),
authors’ own research

Portfolios/
Markets DAX30 EURONEXT100 WIG30 DJA NASDAQ100
Correlation
coefficients min | max min max min | max | min | max | min | max
for standard
deviation
2-asset -0.25| 0.75 | -0.31 0.67 | -042| 0.64 | -022 | 0.46 | -0.41 | 0.58
3-asset -0.20| 0.71 | -0.07 | -0.07 | -0.38| 0.63 | -0.02 | 0.26 | -0.19 | 0.66
4-asset - - - - -0.26 | 0.22 - - 0.37 | 0.37

Table 8. Minimal and maximal values of the correlation coefficient between
theoretical and real standard deviations for multi-asset portfolios
at European and US stock markets for variant Il (n = 36, k = 26),
authors’ own research

DAX30 EURONEXT100 WIG30 DJA NASDAQ100

Portfolios/
Markets
Correlation
coefficients
for standard
deviation
2-asset -0.34 | 0.67 | -0.29 061 |-0.30| 0.60 | -0.41 | 056 | -0.51 | 0.58
3-asset -0.21 | 0.62 | -0.09 051 |-044] 057 | -043| 048 | -0.32 | -0.37
4-asset - - 0.1 0.1 -0.45| 0.47 - - -0.31| 0.22
5-asset - - - - 0.25 | 0.25 - - - -

min | max min max min | max | min | max | min | max

The biggest value for the correlation coefficient between theoretical and real risk
measure is observed for the two-asset portfolios constructed for the Frankfurt Stock
Exchange. The biggest value for the portfolio constructed in variant I is equal to 0.75,
and in variant I — 0.67. Even these values indicate that the correlation between the-
oretical and real risk measures is not strong. Figure 3a presents the comparison
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between theoretical and real risk measures for the portfolio with the maximal value of
the standard deviation in variant I. This result is obtained for a two-asset portfolio that
consists of EOAN.DE and LHA.DE. This portfolio exists for 22 subperiods. Figure
3b presents a comparison between theoretical and real risk measures for the portfolio
with a minimal value of the standard deviation. This minimal value is equal to 0.1
(Table 8). This result is obtained for the four-asset portfolio (DEC.PA, DG.PA,
ML.PA and ZC.PA) in variant II for the Paris Stock Exchange. This portfolio exists
only for 11 subperiods.

variantl|
EOAN.DE LHA.DE

== thoor real

0,015 —e
00 \-J "-*‘I‘Y'Av‘

1 2 3 45 G 7 8 9 10111213 14151617 18 19 20 21 22

period
a) for the two-asset portfolio (EOAN.DE, LHA.DE) in variant | (n = 26, k = 36) for the Frankfurt Stock Exchange

variantll
DEC.PADG.PA ML.PAZC.PA

== thoor real

0,03

0,025

o \
0,015 .
001 ‘\.r .—-‘.._\/-——-. — ]

G,005

risk

period

b) for four-asset portfolios in variant Il (n = 36, k = 26) for the Paris Stock Exchange
Figure 3. Comparison between theoretical (theor) and real (real)
risk measures), authors’ own research

Figure 4a presents the values of the correlation coefficient between theoretical
and real risk measures in variant I for the Frankfurt Stock Exchange for all two-asset
portfolios that were analysed. Figure 4b presents the same but for variant II.
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Figure 4. Correlation coefficients between theoretical and real risk measures,
authors’ own research

The values of the correlation coefficients between theoretical and real rates of
return and between theoretical and real risk measures observed in Figures 2a, 2b, 2c,
4a and 4b are small. Moreover, a negative correlation can be observed for certain port-
folios (Figures 2a, 2b, 2c, 4a and 4b).

Even for those portfolios for which the value of the correlation coefficient
between theoretical and real rates of return is maximal, there is a mismatch between
theoretical and real rates of return (Figure 1a). Likewise, a mismatch can be observed
between theoretical and real risk measures (Figure 3a).

Figures 1a, 1b, 3a and 3b show the examples of mismatches between theoretical
and real rates of return and between theoretical and real risk measures, but this result
can be observed for all the European and US markets analysed (see the results for the
values of the correlation coefficients presented in Tables 5—8).
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4.3. Results concerning the average rate of return. The average rate of return has
been analysed for all companies from table 1 because it is one of the two main mea-
sures of the quality of portfolio construction under Markowitz’s theory.

In the analysis, the average return rate was determined for different numbers of
observations. The question is: does there exist a f,;, < t,,ax Such that a; < a;,, or ¢,
< t< 1y hile the average rate of return in the analysed period from £, to #,4x 1S POS-
itive? Three cases were considered: t,, = N = 936, thax = tmin T 500, tnax = tmin T
250.

First case: t,,, = N = 936.

For each of the 18 companies presented in Table 9, out of the 100 companies
presented in Table 1, there exists such a t,,,;,- The number of observations for these
periods from ¢, to to = N = 936 for these companies is larger than 150, and for
15 companies of the 18 the number of observations is larger than 500. The results for
the New York Stock Exchange are not presented here because i, exists for only
3 companies of the 20 presented in Table 1 and the number of observations from ¢,
to tax = N =936 is less than 100.

Table 9. Companies and corresponding time values of i, on the basis
of the periods presented in Table 2 for t,,,, = N = 936, authors’ own research
DAX30 EURONEXT100 WIG30 NASDAQ100
Companies | t

No min | Companies | t .| Companies | t . | Companies | t .
1 BMW.DE 778 ACA.PA 343 ACP 639 ADSK 344
2 DBK.DE 341 ALU.PA 421 BRS 758 GMCR 433
3 IFX.DE 349 BNP.PA 294 PEO 218 NVDA 360
4 SIE.DE 322 CA.PA 326 TVN 342 SHLD 334
5 LG.PA 10
6 VIV.PA 277

The second case: t,,, = tin + 500.

Such £, exists for 21 companies, as presented in Table 10, out of the 100 com-
panies that are presented in Table 1. For 14 companies of those 21, there exists more
than one value of ¢,;,,. For the New York Stock Exchange no such £, exists.

The third case: t,, = t,in + 250.

In this case it emerges that for each of 37 companies (Table 11) out of the 100
presented in Table 1 there exists such a t,,,;,. For 13 companies of those 37, there exists
more than one value of f;,.

The circle corresponds to the result presented in Table 9, the square corresponds

to the result presented in Table 10 and the triangle corresponds to the result present-
ed in Table 11.

Figure 5 presents the results of t,,,;, for LG.PA. For this company, in the period
from t,,, = 10 to f,ox = N = 936 the average rate of return is positive, but for each
t > 10 the inequality a; < & is true. We can observe a similar result in the period from
tmin = 236 to t,5 = 763 and in the period from t,,;, = 409 to t,,,, = 659.
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Table 10. Companies and corresponding time values of t,;, on the basis
of the periods presented in Table 2 for {,,,, = t,,i, + 500, authors’ own research

DAX30 EURONEXT100 WIG30 NASDAQ100
No | Companies| t_. | Companies| t_ | Companies| t . | Companies| T .
390, 328,
DB1.DE 395, ACA.PA 30181_ BHW 330, ADBE 57%978’
1 400 333
300-
302,
304, 252, gg
DBK.DE 385- ALU.PA 433 PEO 256, ADSK '
349,
387, 326 356
389,
2 390
294~ 433,
3 LHA.DE 269 BNP.PA 297 PKN 324 GMCR 435
370, 333-
376~ 336
CA.PA 377, PKO 401 MU '
339,
388 340
4 393
5 CS.PA 74 NVDA 366
327-
329,
DEC.PA 345,
352,
6 354
7 LG.PA 263
279,
280,
RNO.PA 288—
292,
8 294
277—
VIV.PA 280,
9 287

5. Conclusions. The calculation was performed for the multi-asset portfolios for
two variants connected with the number of observations: N =936, n =26 and k = 36
in variant I and N =936, n = 36 and k = 26 in variant I1. The results obtained for both
variants confirm the shortcomings of the Markowitz model mentioned in the
Introduction. The results presented in the graphs and tables show there is no satisfac-
tory correlation between real and theoretical average rates of return, and there is no
satisfactory correlation between real and theoretical risk measures, regardless which
market (European or American) is selected. The correlation coefficient values are
greater for the correlation between theoretical and real risk measures represented by
the standard deviations than they are for the correlation between theoretical and real
average return rates.
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Figure 5. Closing prices for LG.PA at the Paris Stock Exchange for the period
from 31.12.2009 to 6.08.2013, authors’ own research

Additionally, in many cases the correlation coefficients are negative for both the
average rate of return and the measure of risk.

We hope that the results we obtained were not just caused by the global number
of observations N and the number of observations in each period n.

Moreover, the results obtained in the final section confirm the previous observa-
tion in (Rzymowski and Surowiec, 2013) that the average rates of return determined
on the basis of historical data should not be used for portfolio construction.
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