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10.C. ITIYBAJIOBA

VYkpaiHChKHI JepKaBHUH YHIBEPCUTET 3UTI3HUYHOTO TPAHCTIOPTY

BUMYHEHI KOJIUBAHHS PIIUHU B HUJITHAPUYHOMY PE3EPBYAPI 3
BEPTUKAJIbBHUMMU ITEPEI'OPOJIKAMUA

3anpononosani memoou 0O0CRIONCEHHS 6IACHUX [ BUMYUIEHUX KOJIUBAHb DIOUHU 8
HCOPCMKUX YUNIHOPUYHUX pe3epsyapax 6e3 nepecopoooK ma 3d HAAGHICMI0 8ePMUKANTbHUX
nepe2opoooK npu 4acmrKo80OMy 3an08HeHHI piouHow. Beasicacmuvcs, wo piouna € He s13K01o
ma Hecmucaueoro, a ii pyX, GUKIUKAHUU Oi€l0 308HIWHIX GNIUBIE, € Oe368uxXposum. B yux
YMO8ax iCHye nomenyian weuokocmet, wo 3a00801abHae pisuannio Jlannaca. Cpopmynvosano
Kpatiogy 3a0ayy 015 3HAX00HCEHHs Yybo2o nomeHyiany Ha 3mouenux nosepxusax o0010HKU K
2PAHUYHI YMOBU OJisl PO38 A3aHHA Kpatiosoi 3adayi obuparomvcs ymosu Henpomikanua. Ha
BINbHIL NOBEPXHI PIOUHU 3A0AI0MbCA KIHeMamuyna ma cmamuyna ymosu. Cmamuuna ymosa
noiseae 8 pIiGHOCMI MUCKY HA NOGePXHI piounu ammocgepromy mucky. Tuck piounu
suzHauaemvbca 3 JiHeapizoeanozo inmeepana Kowi-Jlacpanyca. [na ¢opmyniosanns
KIHEMAMUYHOI YMOBU B800UMbCA 000AMKO8A HeBIi0OMA (QYHKYIA, AKA ONUCYE came pYX
sinbHoi nosepxui. Kinemamuuna ymosea nonseae 6 pieHOCmMi WBUOKOCMI PIOUHU, KA
ONUCYEMBC NOMEHYIAIOM WEUOKOCmell, ma WeUuoKocmi camoi 6invHoi nosepxui. Onucano
Memoo BU3HAYEHHS GIACHUX Hacmom i (opm 0as1 pozenswymux obononok. Lli gopmu
BUKOPUCMOBYIOMbCA AK cucmema 0a3ucHux QyHKyitl npu po3e a3anHi 3a0ay npo eUMYUIEeHI
Koaueanus piounu 8 pesepsyapax. Hegioomi ¢ynxyii 300pasxcyromecs y euensdi padis 3a
ompumanumu  oazucHumu  Qyukyiamu. Koeghiyienmu yux psadie €  yzaeanvHeHUMU
Koopounamamu. Posenanymo nepioouuni cunu 30y0axcenns, wo 0itoms y 6epmMuKaibHOMY ma
20PU3OHMANLHOMY HanpamKax. Bcmanosneno, wjo eepmuxanvie 30y004ceHHs ede 00 NOAGU
000amk06020 npuckopents. llpu ypomy ompumyemo cucmemy He38 A3aHux oughepenyianbHux
DIi6HAHb, KOJiCHe 3 AKUX € pisHAHHAM Mamve. Lle 0o36ona€ Odocnioumu sasuwa
napamempuuno2o pesouaucy. llokasano, wjo 6CMAHOBNEHHS BEPMUKAILHUX NePe2opoOOK
3¢cy8ae cnekmp pe3oHaHCHUX 4acmom 8 OiK UCOKOUACMOMHUX KOIUBAHb. 3 ICO8AHI NUMAHHS
30idicHocmi memody. Ilo6yoosani 3anedxicHocmi 3MiHU pi6Hs GLIbHOI NOGEPXHI 3a 4acoM 3a
ymosu Oii 2opuzoHmanvHoi cunu 30yodxcenns. Hasedeni ¢hazosi nopmpemu Ounamiynoi
cucmemu 3i 3a3HaA4eHHAM pe3oHaHncie. Memoo 0038015€ npogoOUmU Gi0CMPOIOBAHHA B0
HeOaxdCanux yacmom 30)00CeHb Ha CMadii NPOeKmMy8aHHs 3 Memol 3ano0ieanHs empamu
cminukocmi.

Knrouosi cnosa: yuninopuuui pesepsyapu, ioeanvhHa Hes si3ka piOUHA, 61ACHI ma

BUMYULEH] KONUBAHHA, pisHANHA Mambe, ¢pazosi nopmpemu.
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10.C. IIYBAJIOBA

YKpaI/IHCKI/Iﬁ I‘OC}’Z[apCTBCHHLIi;I YHUBCPCUTET KCJIC3HOJOPOKHOI'O TPAHCIIOPTA

BBIHYKJAEHHBIE KOJIEBAHUSA " KUIAKOCTH B IWJINHAPUYECKOM
PE3EPBYAPE C BEPTUKAJIbHBIMU INEPEI'OPOJIKAMMUA

IIpeonoocenvt Memoovl UCCIe008AHUS CBODOOHBIX U BGbIHYIHCOCHHLIX KOIeOAHUL
HCUOKOCMU 8 HCeCMKUX YUTUHOPUUECKUX pe3epeyapax 6e3 nepecopo0oK U npu HATUYUU
BEPMUKANILHBIX NEPe2OPOOOK NpU YACMUYHOM 3an0JHeHuu Hcuokocmoro. Cuumaemcs, umo
HCUOKOCMb ABNAEMCA HEBAZKOU U HECHCUMAEMOU, a ee O8UdCEHUe, Bbl36aHHOe Oelicmeuem
BHEWHUX 8030elicmeull, A8naemcs be3guxpesvim. B smux ycroeusx cywecmsyem nomeHyuan
ckopocmetll, Komopwiti yoosiemeopsem ypasnenuio Jlannaca. Cghopmynupoeana Kpaesas
3a0aua 01 HAX0dCOeHuss d5mo2o nomenyuana. Ha cmouennvix nosepxmocmsx 00onouku 6
Kauecmee ZcpanmuuHvlie Yca08usi Olsi peuleHus Kpaesou 3a0adu  6blOUparmcs YCiosus
Henpomekanusi. Ha c60000H0U nogepxnocmu HcuOKOCMU 3aA0arOmMcsa Kunemamuieckoe U
cmamuueckoe ycnosus. Cmamuueckoe yclogue COCMoOUm 6 paseHcmee OdagleHus Ha
NOBEPXHOCMU HCUOKOCMU AMMOCHepHOMY OasleHuro. Jlasnienue HcuoKocmu onpeoensiemcs
u3 nuHeapuzosannozo unmeepaia Kowu-Jlacpamsica. s popmyrupoeku KuHemamuieckozo
YCN08Us 8600UMCS OONOTHUMENbHAS HEeU38eCMHAsA (YHKYUSA, KOMOpas ONUCbI8Aem UMEHHO
osudiceHue c800600Hol nosepxnocmu. Kunemamuueckoe ycnosue cocmoum 6 pagencmee
CKOPOCMU  HCUOKOCMU, KOMOPAsi ONUCHIGAENCS NOMEHYUALIOM CKOpocmell, U CKOpOCmu
camoil c60000HoU nogepxnocmu. Onucan memoo onpeoenenusi COOCMBEHHbIX Yacmom u
Gopm c800600HBIX KONEOAHUI 011 PACCMOMPEHHBIX 00010UeK. Dmu Bopmbl UCHOILIVIOMCS
Kak cucmema OA3UCHBIX (QYHKYUL Npu peueHuu 3a0aiy O BbIHYHCOEHHbIX KONeOAHUAX
arcuoxocmu 6 peszepsyapax. Heuzeecmuvle ¢yukyuu uzobpasxcaomcs 6 uoe psioos no
NOIYUeHHbIM 0a3ucHvim Gynkyuim. Kosgpguyuenmor smux psooe sasensaromces 0600ueHHbIMU
Koopounamamu. Paccmompenvl nepuoouueckue cunvt 6030yxHcoenus, OeluCmsyrumux 8
BEPMUKAILHOM U  2OPUBOHMANbHOM Hanpasenenuax. Ecau usyyaemca eepmukanvroe
8030)oicOeHUs, MO MO 6edem K NOAGIEHUI0 OONOTHUMENbHO2O0 YCcKopenus. Ilpu smom
noxyuaem Cucmemy HeCeA3AHHbIX OUPOePeHYUaIbHbIX YPAGHEHUN, Kaxicooe U3 KOMOpbiX
aensaemcs ypasnenuem Mamve. Imo nossonsem uccie0osams AGIEHUS NAPAMEMPULECKO20
pesonanca. Ilokazano, umo ycmanoeieHue 8epmuKaIbHbLIX Nepe2opoooK cOo8usaem CHeKmp
PE30HAHCHBIX YACMOM 6 CHOPOHY 6bICOKOUACMOMHBIX KolebaHull. BvlscHenvl 6onpocul
cxooumocmu  memooa. Ilocmpoenvl  3a8ucumocmu  U3MeHeHus  YpoGHs  C80000HOU
HOBEPXHOCMU NO 6peMeHU NpU YCI08UU OeUCmBUs 20PUOHMALLHOU CUNbl B8030YHCOCHUS.
Ilpusedenvl gpazosvie nopmpemvi OUHAMUYECKOU CUCTEMbL C YKA3AHUEM PE30HAHCO8 6 cydae
oeticmeusi 8epmMuKaIbHOU Haepysku. Memod noseonsem nposooums OMCMpOUKY Om
HeJNCeNAmeNbHbIX — YACMOMm  GO3MYWJeHULl HA — Cmaoduu  NPOeKmuposanus ¢  Yeivio
npeoomepaujerus nomepu YyCmouyusocmu peszepsyapa.

Kniouesvie cnosa: yunumopuueckue pezepeyapbvl, UOedANbHAs HEBA3KAA HCUOKOCMDb,
Cc80000HbLE U BbIHYIICOEHHbLE KONleOanusl, ypasuenus Mamuve, ¢hazosvie nopmpemui.
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MIXED LIQUID FLOWS IN CYLINDRICAL RESERVOIR WITH VERTICAL
CROSSROADS

The methods of studying free and forced vibrations of a liquid in rigid cylindrical
tanks without partitions and at presence of vertical partitions with partial filling by a liquid
are offered. It is supposed that the fluid is ideal and incompressible one, and its motion,
caused by the action of external influences, is non-vortex. In these conditions, there exists a
velocity potential that satisfies the Laplace equation. The boundary value problem for this
potential is formulated. On the wetted surfaces of the shell as boundary conditions for the
solution of the boundary value problem, the conditions of non-penetration are chosen. On the
free surface of the liquid, the kinematic and static conditions are specified. The static
condition consists in the equality of pressure on the liquid free surface with to atmospheric
one. The liquid pressure is determined from the linearized Cauchy-Lagrange integral. To
formulate the kinematic condition, an additional unknown function is introduced, which
describes the motion of the free surface. The kinematic condition is the equality of the velocity
of the liquid, which is described by the velocity potential, and the velocity of the free surface
itself. The method to determine eigenfrequencies and modes for the considered shells is
described. These modes are used as a system of basic functions in solving problems of forced
Sfluctuations of fluid in reservoirs. Unknown functions are depicted in the form of series for the
received basic functions. The coefficients of these serias are generalized coordinates.
Periodic excitation forces acting in the vertical and horizontal directions are considered. If
vertical excitation is studied, this leads to appearance of additional acceleration. Here we
obtain a system of unbounded differential equations, each of which is the equation of
Mathieu. This allows us to investigate the phenomena of parametric resonance. It is shown
that the installation of vertical partitions moves the spectrum of resonant frequencies towards
high frequency oscillations. The questions of convergence of the method have been clarified.
Dependences of change in the level of free surface in time under the condition of horizontal
force of excitation were obtained. The phase portraits of a dynamic system with indication of
resonances are presented. The method allows as to carry out the adjustment of undesired
excitation frequencies at the design stage in order to prevent loss of stability.

Keywords: cylindrical reservoirs, ideal incompressible fluid, free and forced
oscillations, Matie's equation, phase portraits.

ITocTanoBKka npodJiemMu

Konreiinepu Ta pesepByapu uisd 30epiraHHs Ha(TH, JIETKO3aWMHUCTHX 1 OTPYHHHUX
PIIMH IIHPOKO BUKOPHUCTOBYIOTHCS B PI3HHX O0JIACTSIX I1HXXCHEPHOI MPAKTHKH, TaKUX SK
aBiaOyayBaHHs, XiIMi4HA 1 HadTOra3oBa MPOMHCIOBICTh, €HEPreTUYHE MAIIMHOOYIYyBaHHS,
Tpancropt. Ili pe3epByapu (QyHKIIOHYIOTh B yMOBaX MiABUIIEHUX TEXHOJIOTTYHHUX
HaBaHTaXEHb. B pe3ynbTari panToBoi Ail HABaHTa)KE€Hb, BUKJINKAHUX 3eMJICTPYCaMH, IHITUMHU
dbopc-MaKOpHUMH OOCTaBHHAMH, pIiauHA, MO0 30epiracTbCcsi B pe3epByapax, IOYHHAE
IHTCHCUBHI IUIECKAaHHS, SKI MOXYTb NPU3BECTH OO0 HEOE3NEYHHMX SIBUIL, IIOB’SI3aHHUX 3
BUIUICCKYBAaHHSM 3allOBHIOBa4Ya. ToMy BHBUEHHS JWHAMIYHOI TIOBEMIHKH pIAHHA Yy
pe3epByapax € aKTyaJlbHOIO 3a]1a4elo.

B miit poGoti 3amporoHOBaHI METOAM PO3B’SI3aHHs 3a7a4 KOJMBAaHb PIIUHU B
KOPCTKMX LWIHIPUYHHUX pe3epByapax Oe3 Meperopo]oK Ta 3a HasBHICTIO BEPTUKAIBHUX

https://doi.org/10.32782/2618-0340-2019-3-6
78



ITPUKIIAJTHI THNTAHHA MATEMATHYHOI' O MOJEJIOBAHHA T. 2, e 1, 2019 p.

neperopo/iok. BuBuaroThcs cuiam  30yMKEHHsS, WO [IIOTh B TOPH30HTAIBHOMY a0o
BEPTHKAITBHOMY HAIPSIMKY.
AHaJIi3 OCTAHHIX T0CTiIKEeHb Ta MyO0Jaikauii

[IneckanHs — ue (eHoMmeH, MOB'A3aHUN 3 IHTEHCUBHUM PYXOM DiIUHH B YaCTKOBO
3allOBHEHUX pe3epByapax. lle sBume Moke NpHU3BECTH JO HETaTUBHUX HACHIJKIB,
BUKJIMKAHMX JII€I0 PANITOBO MPHUKJIAICHUX HABAHTAXXEHB (3eMJIETPYCH, MaJiHH JIITaKiB Ta iH.).
Jnisi 3MEHICHHS aMIUTITYAH TUIECKaHb 3aCTOCOBYIOTh TMPHUCTPOi Y BHIJIAMI IEPETOPOIOK
pizHoi ¢opmu [1-4]. Birbuiicte MOCTIAHUKIB OOMEXYETHCS BHBUEHHSIM TOPU3OHTAIBHHUX
neperopoiok. B po6ori [3] po3pobiieHo miIxia 10 aHai3y BIUIMBY KOHIYHUX MEPETOPOIOK HA
YaCTOTH KOJIMBaHb PIIWHU B IMINHAPUIHOMY pesepByapi. Y [1, 3] 3’scoBaHo, mo ¢opma
MEePErOpPOJIKM Ta i1 JOKami3alis MaloTh CYTTEBE 3HAUCHHS MPU MPOEKTYBAaHHI pe3epBYyapiB 3
ONTUMATBFHUMHU TIapaMeTpaMH 3 ypaxyBaHHSM TE€OMETPHUYHUX Ta MIIHICHUX OOMEKEHb.
AHai3 10CHiHKEeHb, MPUCBSIYCHUX MpoOIeMaM IIJIECKaHHs PIIMHUA B pe3epByapax, HaJaHO B
pobotax [5—13]. ¥V mux poboTax po3risialoTbecss OOOJTOHKHU 3 PIAMHOI a0o0 3a BiJACYTHOCTI
MEePEropoIoK, a00 3 TOPU3OHTATLHUMHU TIEPETOPOIKaMH. BITbIICTh TOCTIIKEHb TPUCBIYECHO
BUBYCHHIO CHJI 30y/PKEHHSI, 110 1I0Th B TOPU30HTAIHHOMY HANpPSMKY.

Meta pocJaikenHs

MeToro JOCHiPKEHHSI € CTBOPEHHS METOAMKM I OLIHKMA aMIUTITYAH KOJHMBaHb
BUTbHOI TOBEPXHI PIAVMHYU B MUWJIHAPUYHUX pe3epByapax 3a Jii pi3HUX 30BHINIHIX BIUIMBIB Ta
aHaJi3 eh)eKTUBHOCTI BCTAHOBJICHHS MEPETOPOIOK B pe3epByapax AJsl 3MEHIICHHS aMILTITYAN
TUIECKaHb.

BukianeHHs1 0CHOBHOTO MaTepiay J0CTizKeHHS

VY nmaniif poOOTI pO3TISHYTI 3a/adi MpO BUIbHI Ta BUMYIIEHI KOJWBAHHS PiIUHU B
KOPCTKMX LWIHIPUYHHUX pe3epByapax O0e3 Meperopofok Ta 3 JABOMA BEPTHKAIbHUMH
neperopoakaMu. BBakaeTbes, 0 30BHINTHE HABAHTAKEHHSI MOXE JTISITH B TOPU30HTAIBHOMY
abo BepTHKaIbHOMY HanmpsiMKy. CxeMa pe3epByapiB HaBeieHa Ha puc. 1.

f -

().

Puc. 1. Ouainapuyni pesepByapu.

BBaxxaemo, 1o pignHa € HEB’S3KOK, HECTUCIHBOIO, a ii pyX Oe3BuxpoBuM. B mmx
yMOBax ICHY€ MOTEHITIa MBUAKOCTEH ¢(X,),z,f), TAKUH, IO

Tox Y oyt ooz
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Lle#t moTeHIT1a 3aJ0BOJIbHSE piBHSIHHIO Jlamaca.

CcdopmynboBaHo MilIaHy KpaioBy 3amady A LbOTO piBHSAHHA. [Ipm npomy Ha
OIYHMX TIOBEPXHSIX Ta JHHUIII Pe3epByapa 3aJal0ThCs YMOBU HEMPOTIKAHHS, a HA BUIbHIN
MOBEPXHI 3a/al0ThCSl KiHEMaTH4YHa Ta JAMHaMiyHa yMoBH. KiHemaTuuHa ymoBa mossrae y
TakoMy. SIKIIO TOYKa 3HaXOAMTHCS HA BUIbHIN MOBEPXHI PIIUHU y pe3epByapi B TOYATKOBUI
MOMEHT 4Yacy, TOAI BOHA 3QJMIIATUMETbCS Ha I TOBEPXHI MPOTArOM BCHOIO PYXY.
JlunaMiuHa yMOBa XapaKTEpHU3y€e PIBHICTh aTMOCHEPHOTO TUCKY Ta TUCKY PIIMHH Ha BiIBHIN
noBepxHi. HeBinomMmumu yHkuismu € moteHmian meuakocreir @ ta Gynkmis ¢, mo onucye
piBEHb MiAOMY BUTBHOI MOBEPXHi. 3B'S30K MiX HHUMHU JBOMa (DYHKIISIMU Ja€ TUHAMIYHA
rpaHUYHA YMOBa

o¢
—+gC=0.
Py ¢

Tyr { — d¢yHkuisa, sika omMcye 3MiHY piBHS BUIBHOI MOBEPXHI 3a 4acoM, g —
MIPUCKOPEHHS BUIBHOTO MaaiHHA. Hexalt piBHSHHS BUIBHOI MOBEPXHI B MOYATKOBHH MOMEHT
yacy mae Burisg = 0.

['pannuHi yMOBH KpaloBOi 3a/1a4i HAOYBAOTh BUTJTISLY:

o Loo
o r 00

99
or

[l
Oz

=0.

0=0,0==
2

=0,

r=R

OOuparoThCs HYJIBbOBI MOYATKOBI YMOBHU JJISI 3HAXOKCHHS HEBIAOMHX (YHKITIH, SKi
BIJIMIOBIAOTh TMPUNYIICHHIO, 10 B TMOYAaTKOBHA MOMEHT dYacy pe3epByap 3 PpiIUHOIO
3HAXOJMBCS Y CTaHI CIIOKOIO.

Tuck pingMHM Ha MOBEpPXHI pe3epByapy BH3HAUAETHCA 3 JIIHEAPI30BAHOTO IHTErpana
Komu-Jlarpanxa. 1le 103BoJisi€ BUpa3UTH TUCK PIIMHA Yepe3 MOTSHITIaT MBUIKOCTEH.

Maewmo Taki Bupas i interpaia Komri-Jlarpanxka 3a HasBHICTIO 30BHIIIHIX BIUTUBIB

p=po=n S +a (e, n

SKIIO JII€ CHJIa B TOPU30HTAIBHOMY HANpsIMKY, 2060
o
P—DPo="Py —+(as(f)+g)C 5 (2)

AKIILO JIi€ CHJIa B BEPTUKAIBHOMY HAIPSIMKY.

Tyr p,— armocdepHuil TuUCK, p,— TyCTHHA PIOAUHH, a (f) — HPUCKOPEHHS, IO

BIJINOB1/1a€ 30BHINTHROMY BIUIMBY, ¢ — MPUCKOPEHHS BUTHPHOTO TAJIiHHSA, Z — BEpTHUKaIbHA
KOOpJMHATa TOYKH B 00’ €Mi PiIUHU.

PosrnsnyTo mwmiHApwyHI  pe3epByapu. Jlns  nmMimiHApUYHMX —pe3epByapiB  0e3
neperopoku (opMHu KOJIMBaHb, SKi OTPUMaHI 3a JOMOMOTOI0 METOJy IHTEIpAIIbHUX PiBHSIHb
[4]. Lle mae 3Mory mpoBeCTH TOCHTIKEHHS KOJIMBaHb PIAVMHYU y HWJIIHIPUIHOMY pe3epByapi 3a
HasIBHICTIO BHYTPILIHIX TOPU30HTAIBHHUX Ta KOHIUYHUX meperopogok [3]. YV poboti [13]
JIOBEJICHO, 110 PO3B’A3KOM KpaioBoi 3amaul [uid pe3epByapa 3 BEPTHKAIbHUMHU
MePETOPOIKAMH € TMOTEHIIIAJ ¢, IKWH B IMTHAPUIHINA CUCTEMI KOOPAMHAT HaOyBa€ BUTIISY:
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h +h)/R
olr,z,t,0)= ;};A cos2mBsin(w,,t) cos c[fshgcf h)) ]sz(f,zrj.

YacToTu BUIBHUX KOJIMBAaHb PITUHU OOUHCITIOIOTHCS 32 (HOPMYIIOHO:
h
——r:mn ta h(é”; j, m=01l..; n=12,.

@ynxiis § ans onucy 3MiHHOTO PiBHA BIJIbHOT IOBEPXHI MOJAETHCS Y Takii ¢popmi:

5(7’ 271,9 ZZA o, cosZchos( o, )sz(wj

m=0 n=1 R

B naBenenux Bupazax J,, — ynkuii beccens nepuioro pony, &, — KOpeH1 piBHSIHHS

mn

d J2m (émnr/R)
dr

=0.

r=R

BumynieHi KoJMBaHHA PiAMHA B HWIIHAPUYHHUX pe3epByapax
[lepexomuMo a0 3agavi MPO BHUMYIICHI KOJMBAaHHA PIAWHH B HJIIHAPUYHUX
pe3epByapax IiJl MI€I0 TOPU3OHTAIBHOTO 30y/KeHHs. s 1poro Buiie chopmyabrOBaHa
KpaiioBa 3a1ada

dp
A

S, on

5 5
:8—4; p=pil, =0 L+ gl +a(e)x
S, t !

V=0
¢ ot

So

SIKImo  po3rsAfaeThCs 33Jada MpPO BHUMYILEHI KOJMBAaHHS DIIUHH M Ji€l0
BEPTHKAIBHOTO 30y/PKEHHS, MAEMO

. 00!

V2¢:O; 8@ -0;
S, on

on

G o9
=% pop)l. =02 @) =o.
5 o P=pils, =0; ot +eltra (t))Lo

[Tomamo moTeHIiaN MBUAKOCTEN y BUIIISIAL psay [14]:
M .
9=>.d0,. 3)
k=1

[TincraBuBIIM 1€l BHpa3 B TpPaHMYHY YMOBY Ha BUIbHIMl NOBEpPXHI Ta BUKOHABIIU
CKaJISIpHE MHOXKEHHS Ha BJIAacHI (OPMHU KOJIMBAaHb, IPUXOIUMO 0 TAKUX TU(EPEHIIATEHIX
CHIBBIAHOIIEHB B BUIAJKY il TOPU30HTAIBHOT CHIIH, 1110 30YIIKYE:

d, +oid, +at)F, =0; F, =(E;’—q:;)); k=1LM. 4)
k> Pk

Sxmio cuna, mo 30y1Kye, i€ B BEPTUKAIBHOMY HAMPSIMKY, TOJII MAEMO:
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c‘ik+mf{dk+as—(t)}=0; k=1,M . (5)
8

Posrnsaaemo BHUIIaIOK FapMOHquOFO 30BHIIIHLEOTO BILJINBY, TOOTO BBaxa€emMo, 110
a,(t)=acosot .

Po3B’s130k cucremu nudepeHiaIbHUX PiBHIHD (4) OTPUMAEMO Y BUTIISII:

dk(t)=%(cosa)t—cosa)l,{tl k=1,M.
e — @

3ayBakuMo, 110 CUCTEMa HE3B’s3aHUX AU(EpeHIiaIbHUX PIBHAHB (5) € CYKYIHICTIO
piBHSHB MaThe. YV 1IbOMY BUMAJKY CIIOCTEPIralOThCs MapaMeTpUdHi PE30HAHCH.
BigmiTHMO Tako, 10 y pa3i TOPU3OHTAIBHOTO 30yKeHHs 3 moaaHHs (1) BUIIIMBaE,
10 aKTMBHMUMHU (GopMaMM KOJIMBaHb € (OpMHU Iepiioi TrapMOHIKH, B TOW dYac sK JJis
BEePTHKAIBHOTO 30y/KEHHS 3 ToJaHHS (2) MaeMo, M0 AKTUBHUMH € (HOpMH HYIbOBOI
TapMOHIKH.
AHaJi3 YHCJI0BUX pe3y abTaTiB. ['opu3oHTA/ILHE 30Y/I:KEHHA
SIk mpukiax 4MCIOBOI peanizalii pO3MVISHEMO IMIIHAPUYHY OOOJIOHKY 3 JBOMA
BEPTUKAJIHHUMU MEPETOPOJKAMHE, a TAKOXK LIIIHAPUYHY 000JIOHKY 0e3 meperopook. Pasniyc
000JOHKM R=1M, a piBEHb 3amOBHEHHsA piguHOIO h=IM. OOojoHKa miggaHa il
FapMOHIYHOTO HABaHTAXKCHHS as(t):cos ot , mpukiaaaeHoro B3aoBxk oci Ox. 3rigHo 3

dbopmyIoro (6) OTpUMaEMO Taki 3HAYCHHS YacTOT BUTLHUX KOJMBAHb:
w, =5461; v, =8.11; v, =9.889; w,=1145.
SIKIIO Meperopo Ky BifICYTHI, TO 3HAUYEHHS YaCTOT € TAKUMH:
w,=414; w,=722; w;,=9.14; w,=10.7.
TakuM 4YHHOM, BCTAHOBJICHHS BEPTUKAIBHUX MEPETOPOJOK MPHU3BOAUTH IO
301IbIIEHHS HAMEHIIIUX YacTOT.

KonuBanus BinbHOI moBepxHi npu m=1 300paxeni Ha puc. 2, 3 ans nepoi i Apyroi
dbopMH KOJIMBAHB BiJIMOBITHO.

a)

Puc. 2. [lepmia ¢popma KoJIMBAHb BLILHOI HOBEPXHi PiINHN B IMIiHAPHYHHUX 000JI0HKAX.
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a) 0)
Puc. 3. Ipyra ¢popma koJMBaHb BLIbHOI NOBEPXHi PiIUHU B UMIIHAPUYHHUX 000T0HKAX.

Puc. 2a) ta 3a) BiAMOBINAIOTh KOJNHMBAHHIM PiIWHU B IUIIHAPUYHIA 00OIOHI 0e3
MEePETropoIOK, a puc. 20) Ta 36) — 000JIOHII 3 BEPTUKATBLHIUMH MEPETOPOIKAMH.

Jlnst anamizy 301KHOCTI MeTony OyJM TpOBEIEHI PO3paxyHKH 3MIHM PIiBHS BiIBHOT
MOBEPXHI MPH Pi3HIN KiMbKOCTI BracHuX ¢opm y Bupasi (3). Ha puc. 4 nmoka3zaHi pe3ynbraTi,
oTpumadi, konu M =1 ta M = 2. Toukamu 300pa>keHU pO3B’ 30K, SIKUW BianoBigae M =1, a
CYLUUTBHOIO TiHi€r0 — M = 2. baunmo, o oaHiel (opMH BIACHUX KOJIHMBAHb JOCTATHBHO JIJIS
3aJIOBUTBHOTO OMHUCY MPOIIECY 3MiHU PiBHS BUIBHOI MOBEPXHI.

Puc. 4. 36i:kHicTh 004N CTI0OBATBLHOTO METOAY.

Puc. 5a)-56) neMOHCTpYIOTh 3MiHY piBHSI BUIBHOI HMOBEPXHI PIIMHH 32 YacoM MpHU
4acToTaX BHUMYIIGHUX KOJIMBaHE ® =99 Ta ®=15.5 3a HaJIBHOCTI BEPTUKAIHHHUX
MIEPETOPOJIOK.

VY nopiBHSHHI 3 pe3ynbTaTamMH, OTpUMaHuMu B [15], GaunMo, 110 BCTaHOBJIECHHS
BEePTHKAIBHHUX TIEPErOPOJIOK 3]BUTAE CHEKTP PE30HAHCHHUX YaCTOT B OiK BHCOKOYACTOTHUX
KOJINBaHb.

3ayBakMMO, 1[0 YaCTOTHU CHUJIM, IO 30yproe, € OJMU3BKUMH JO0 BIIACHUX 4YacTOT
KOJIMBaHb PIAMHU B JKOPCTKOMY pe3epByapi 3 meperopoikaMu. SIKII0 po3TISTHEMO YacTOTY
cuiM 30ypeHHs piBHOWO ® =3.0, siIka BiJICTOITh BiJl BJACHUX 4YacTOT 000X OOOJOHOK, TOIi

aMILUTITYH IJIECKaHb PIIMHU 32 HASBHOCTI IIEPETOPOJIOK CYTTEBO 3MEHITYIOTHCS.

https://doi.org/10.32782/2618-0340-2019-3-6
83



ITPUKIIAJTHI TNTAHHA MATEMATHYHOI' O MOJEJIOBAHHA T. 2, Ve 1, 2019 p.

®=99 0=35.5
Puc. 5. 3mina piBHA BiJIbHOT NOBepXHi NpH pi3HUX M.

Ha puc. 6 300paxeHi aMIuiiTyau IUIECKaHb pPIIMHM B pe3epByapax, KOJH
as(t):cos 3t. YopHUM KOJIbOPOM IIO3HAYEHI aMIUIITYIu KOJMBaHb, IO BiJMOBIIAIOTH
000J0HIII 0€3 TeperopojoK, a 3eJeHUM — aMIUITyId KOJWBaHb BIILHOI TOBEPXHI B
ITIHAPUYHOMY pe3epByapi 3a HasiBHICTIO BEPTHUKAIBHUX MEPEropook. Po3risinanacs Touka
Ha BUIbHIM TOBEpXHI 3 KoopauHaTamMu z=1, r=1, TOOTO TOYKAa Ha TPAHUIl «PiAHHA-
000JIOHKaY.

d ]
1]
0,10 H

0,05

-0,05 -

-0,10 + J

Puc. 6. 3mina piBHA BiIbHOT NOBepXHi PiquHN B HMIIHAPUYHHUX 000J0HKAX.

TakuM dYHMHOM, BCTAaHOBIIGHHS TIEPETOPOJOK B pe3epByapax € JOIUIBHHM IS

3MEHIIEHHS aMIUTITYAH [JIECKaHb.
BepTukanbHe 30y1KeHHS

Posrnsimaemo KoMWBaHHS PiIMHUA B UWJIIHAPHYHIA 000JOHI 0€3 meperopoaok i
J€I0 TAPMOHIYHOTO BEPTUKAIBHOTO HAaBAHTAKCHHS:

a, (t) =—a cos(a) t).
Toni piBHsHHS (3) HAOYBaIOTh BUTJISAY KIIACHYHUX PIBHSIHb Matbe [16]:

d, )+ z2ld, () - acos(er)g W, (1) = 0.
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[ToGynyemo ¢da3zoBi mopTpeTy i€l JUHAMIYHOT CUCTEMH, KOJIM a =1 Ta MaloTh Micle
IIOYaTKOB1 YMOBH:

d (1)=0, d,0)=005 k=1,M.

Sk Oyno BKa3aHO BUIIE, K 0a3uCHI po3riasaaeMo (Gpopmu, MO BiAMOBIIAIOTh HYJIBOBIH
rapmositi. Tomi
x, =6.1224; v, =8.2962.

[Tepmi ¢opmMu KONMMBAaHB PIAMHU JUISI HYJIBOBOI TapMOHIKM s 00OJMIOHOK 0e3
MEPETOPOJIOK a) Ta 3 ABOMA BEPTHKAILHUMH MEeperopoakamu 0) 300paxkeHi Ha puc.7.

a) 0)

Puc. 7. llepma akciaabHO-cHMeTpH4YHA (pOPMA KOJTUBAHDb BUJILHOI IOBEPXHi PIAMHY B NMJIIHAPHYHUX
000JI0HKAX.

baunmo, mo ans akciallbHO-CUMETPHUYHUX KOJIMBAaHb HASBHICTH IIEPETOPOJIOK HE
HPUBOJHTH 10 3MiHH ()OPM KOJINBAHb.

JlOCIiqMMO BIUJIMB YaCTOTH CHIJIM 30ypeHHs Ha MOBEHIHKY JWHAMIYHOI CUCTEMH TpPHU
TaKMX 3HAYCHHSX YaCTOTH 30ypeHHS:

w =6.1283; 8.2962; 2-6.1283.

Ax OGasucHa (QyHKIA po3risianacs Teplia akcialbHO-cuMeTpudHa dopma. [lpu
bOMYy JJs1 000X OOOJIOHOK, IO pPO3MIAJATUCS, OTpUMaHi OJHAKOBI JAu(epeHIianbHi
PIBHSIHHS, a came

dy (1) +12[d, (1) - acos(ot)g | (1) =0, 3, =6.1224.

Ha puc. 8 300paxeHi ¢a3oBi mopTpeTu AMHAMIYHOI CUCTEMHU.

Crnocrepiraemo JiBa pe30HAHCH, 110 BIAMOBIAAIOTH MEPIIiid YacTOTI BUIBHUX KOJIMBAaHb
PIIMHYU B MWIIHAPUYHOMY pe3epByapi o = 6.1283 Ta MOBOEHIN mepiIiid 4acToTi o =2-6.1283.
Ile BinmoBimae orpuMaHuM B [16] maHuM mpo Te, 110 MapaMETPUYHHI PE30HAHC Ma€E MiCIIe,
KOJIN
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®=06.1283 »=28.2962 ®=2-6.1283

Puc. 8. ®a3oBi nopTpeTH TUHAMIYHOI CHCTEMH.

['onoBHUI mapaMeTpUYHUN PE30HAHC BiIOYBAETHCS MPU MOJBOEHIM YacCTOTI BUTBHHX

KOJIMBaHb PiZIMHH, TIPU IIOMY aMTLTiTy M d, (¢), d, (1) HeoGMeKeHO 3pOCTaIOTh.

BucHoBku
JlocIipKeHo MOBENIHKY PiIAMHU B LHMJTIHIPUYHHUX pe3epByapax 0e3 Meperoposiok Ta 3

BEPTHKAIBHHUMH TIEPErOpPOJIKAMH. BCTaHOBIIEHHS BEPTUKATBHUX TIEPErOPOJIOK 3IBUTAE
CIEKTP PE30HAHCHUX YacTOT B OIK BUCOKOYACTOTHUX KOJHMBaHb. Lle M03BONUTH MPOBOIUTH
BIJICTPOIOBAaHHS BiJ] HEOKaHUX YacTOT 30Y/DKeHb Ha CTajii MPOEKTYBAaHHS Ta 3amoOirTH
BTpaTi crikocTi. JlocmipkeHi SBUIIA MapaMETPUYHOTO PE30HAHCY NPU BEPTUKAIHHOMY
30y/IKEHI.
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