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Aim. To develop an efficient method of building a numerical model for the process of moisture transfer under
trickle irrigation, with the mathematical modeling of the method involving the system of differential equations
in partial derivatives of Klute-Richards, and to perform computing experiments regarding flat-vertical profile
moisture transfer with point sources. Methods. The mathematical apparatus of the theory of differential schemes
of solving differential equations in partial derivatives, and Newton’s method of iterative approximate solving
of non-linear equations. Results. A stable differential two-step symmetrized algorithm (TS-algorithm) along
with the corresponding scheme of the method of numerical solution for initially-boundary task for Richards’
equation was created. The method was realized in the form of a computer program in C++ language, the
computing experiments were performed with three deeper points, the humidity zones for volume moisture and
potential were obtained. Conclusions. The numerical method was suggested, ensuring the efficient solution
to Richards’ non-linear equation in conditions of several deep point sources. The algorithm structure allows
reducing the system of non-linear algebraic equations with many unknowns to solving independent non-linear
equations with one unknown. The presented method may easily be expanded for three-dimensional cases. The
results of computing experiments are in agreement with natural observations.

Keywords: trickle irrigation, humidity zone, moisture transfer, numerical modeling, equations of Klute-

Richards.
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INTRODUCTION

Trickle irrigation is one of the most efficient ways of
microirrigation, under which water is supplied locally
in dosed portions into the pre-root zone of plants using
the dispensing droppers. On the one hand, it raises the
problem of sustaining the soil humidity level, optimal
for plants, and on the other hand — the minimization of
water use. In particular, the solution to this problem is
related to forecasting the moisture distribution depend-
ing on the capacity of droppers, their position (deeper or
on the surface), as well as the density of their placing.

The current work is the continuation of the studies
[1] on numerical modeling of the moisture transfer
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process under trickle irrigation, where mathemati-
cal modeling was based on the system of differen-
tial equations in partial derivatives of Klute-Rich-
ards [2], which considers the conditions of moisture
transfer process in the most complete way. The re-
searchers either linearize the model and reduce the
task to solving the system of linear algebraic equa-
tions at any moment of time [1, 3], or solve the non-
linear system iterationally at any moment of time
[4], which requires considerable computing resourc-
es, especially in the three-dimensional case. The
suggested numerical method ensures efficient solv-
ing of Richards’ non-linear equation in conditions of
deeper point sources due to the splitting of the non-
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Fig. 2. Generalized dependences P, = (W) for different types
of soils: 1 — sandy; 2 — light loamy; 3 — medium loamy; 4 —
heavy loamy

linear system, which easily and efficiently covers the
three-dimensional case.

The work was based on the assumption that there are
no dissolved salts in the irrigation water, the process of
moisture spreading is isothermal, the soil structure is
not deformed, the pressure of soil air equals the atmo-
spheric pressure, the moisture in soil is not condensed,
moisture transfer occurs under the impact of capillary,
gravitational forces, moisture gradients, evaporation,
and the intake force of the plant root system.

This work was aimed at developing an efficient
method for numerical modeling of the moisture trans-
fer process under trickle irrigation, and at performing
computing experiments for flat-vertical profile mois-
ture transfer with point sources.

MATERIALS AND METHODS

Taking axial symmetry into consideration, let us re-
duce the three-dimensional task of moisture transfer to
the task of flat-vertical moisture transfer.
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In the rectangular region G = {(x, z)] 0 < x < a,
—b < z < 0}(Fig. 1) let us consider the non-linear dif-
ferential equation:
oW _o le) U
&t~ o %3 )+ S (0% ) = 0,

0<<T..

(1

Here the unknowns are: W — volume humidity;
U =P + z-piezometric head; P — hydrodynamic poten-
tial, dependent on W: P = ¢(W); ¢ — a known function,
which depends on the soil type and may be built rath-
er accurately using tenziometric method (Fig. 2) [5];
f(x, z, t) = f.(x, z, t) = f (X, z, t) — the function of sources
(droppers) and drains (moisture intake by plant roots).
In conditions of point sources (droppers) the function
f.(x, z, 1) presents a linear combination of J-functions
of Dirac.

It should be noted that the equation (1) may be writ-
ten in the terms of the head [6]:

cn&Z =2 (kUL J+ 2 (kWY Jtfixz0, (1)

where C(W)ﬂ — the function of water saturation
from the head, defined in an experimental way.

The coefficient of moisture transfer is a given depen-
dence which may be experimentally defined. The Ave-
rianov’s formula [7, 8] was used in this work as a pos-
sible variant of approximation:

KN =K, (=) @
where K; — filtration coefficient; W — volume humi-di-
ty of soil; W* — maximal molecular moisture capacity

(MMMC) according to Lebedev; m — complete mois-
ture capacity of soil.

The equation (1) is supplemented as follows
With the initial condition:

W ,_, = W,(x, z) — a given function; (3)

and boundary conditions:

on the surface z = 0:

U = 0 (deeper sources — absent from the surface) or ,
U=h, (4)
where h,_— the height of capillary rising;

on the lower boundary z = —b:

W _
32-0; )
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on the right and left vertical boundaries:

U rll ©

Solving thee initial-boundary task (1)-(6), (8) will
allow forecasting the dynamics of the change in the
volume humidity and the head in the given time inter-
val under given parameters of droppers in the given
conditions.
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RESULTS AND DISCUSSION

Model analysis. Taking into account the formula
(2), let us write the equation (1) in a non-divergent
form:

k' aUaW auaw
(W)(ax ox 0z 9z )

(1"
+k(W)(aU aU)+f

where k(W)= 35K(W W)“;

W m-w
To use the main hydrophysical characteristic — depen-
dence P, = f(W) in the presented mathematical model,
it is more convenient to apply smooth approximations
of dependences from the charts in Fig. 2 in the analytic
form [9, 10]:

pom=m( W0

where x and n — empiric parameters, selected experi-
mentally or by Newton’s method.

Here we receive the formula of dependence of the
unknown piezometric head on the unknown volume
humidity:

v = (W) 2 =g, (®)

The numerical discrete model. The numerical solu-
tion of the presented initial-boundary task (1), (2)—
(6), (8) was efficient via the method of finite differ-
ences, namely, a two-step symmetrized algorithm (TS-
algorithm) [11] in combination with Newton’s method
for non-linear equations.

The idea of a TS-algorithm is as follows. The re-
gion of G is applied an even net,

Q {(x,z,t)x =ih  Z =—jh,
t =ng, |—OM1,1—OM n=0,N}
divided into two subsets (Fig. 3).
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Fig. 3. Net Q, +I
Q% {(x, z, t)li +]j+n-even} (x)and
Q@ {(x, z, t)li +j+n-even} (o).

Let us define the initials on the net;

W°ij =W,(ih, —jh), i=0,M,j=0,M, 9)
and boundary conditions:
pOw Y = i - ). (10)
Mo = Wi _
Y 0 (11)
Wr.1+17 W+1 W‘H’li Wn:rl
1 v o My My _ 12
A 0, 7 0. (12)

To find the solution of W™, at each subsequent
(n + 1) time step in the inner joints we shall use the
schemes with central differences: at first we shall find
the solution of W™ in joints (x;, z, t,.,) € Q®, by the
evident differential scheme:
wr = wey ool (wmy), 1= LML = LMD
where (13)

ir &

U, we,— W

i~1j

L) = kW(W:)( s

X X

(];;*1 — l]l;*l VVI‘/’:I — VI{Jn]) ( itlj 2(][/" +(]:1f
2h, 2h, k7 h:
lj;*’ B 2Ul/" +l]’;*1 n

then in joints (x, z, t,.,) € Q®,_ by the non-evident dif-
ferential scheme
\Nn+1ij = Wnij + TLhr(Wn+1ij)'
Taking into consideration the fact that the values in
neighboring joints are found by the evident scheme
(13), the system M;M, of non-linear algebraic equa-
tions (9)—(14) with M;M, unknowns is split into
M;M,/2 independent non-linear equations with one un-
known:

(14)

Fn+1ij(Wn+lij) =0
where (15)
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Fig. 4. Isolines of solution W at a mo- Fig. 5. Calculated values of humidity W Fig. 6. Isolines of solution P at a mo-
ment of time t = 0.066 for all three dee- at a moment of time t = 0.066 for three ment of time t = 0.066 for three deeper

per sources (droppers)
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The obtained non-linear equations are solved by
Newton’s method:

=W, ,8=0,1,2, ...
T Ry

(16)

Ot S
2h 2h,

X

(700 = 1ok

(I et e
2h. 2h. k' (w)p(w, Z,) hi /’l2

, 11 AU U UL U
k(W) (w, z/)(h—i+h—j)—rk(w)( ‘» T )
1

, _#_hk( W;W)Tl 1
T s P | L

Let us consider the condition of completing the itera-
tive process to be

|Ws+l - Wsl S g,
where € — given accuracy.
The algorithm is locally stable by its initial data [11].

The analysis of computing experiments. The present-
ed numerical method was realized in C/C++ language
in Microsoft Visual Studio in the form of two program
modules:
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deeper sources (droppers)

sources (droppers)

1) a computing module, forming approximate solu-
tions W™, and U™, i = 0,My, j = 0,M,, n = O,N in the
form of binary files;

2) a graphic module —a module of graphic processing
of the obtained binary files, used to obtain Fig. 4-6.

The computing experiments were performed using
the following parameters:

— filtration coefficient K;;

— bound moisture (MMMC) W* = 0.17 (sandy soils);

— poriness m = 0.31;

— height of capillary uprise h, = 1.25;

—width a = 1 and depth b =1 of the region; final mo-
ment of time T, = 1;

— three point sources with intensities 1;

- h,=h=1/40, = 1/500

—accuracy of Newton’s iterative method: ¢ = 10~/

Taking into account the fact that accurate analytical
solution may be found only in case of stable coeffi-
cients, a posteriori evaluation of a deviation is impos-
sible. Here the results of the experiments correspond to

natural observations and confirm the efficiency of the
suggested method.

CONCLUSIONS

The efficient numerical method of solving the initial-
boundary equation for Richards’ equation in flat-ver-
tical case R2was developed, describing the process of
moisture distribution in soil under trickle irrigation with
point sources. The algorithm may be extended to the
natural case R3of three-dimensional space. The struc-
ture of the method, namely, the splitting of a non-linear
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system into independent non-linear equations with one
unknown allows for parallel calculations, which may
be especially efficient for case R3. The method was re-
alized and successfully applied for numerical modeling
of moisture transfer process in case of three deep point
sources (Fig. 4-6). There is an observed alignment er-
ror of the humidity contours on sources one and three
towards the second source (Fig. 4, 6). In our opinion,
this phenomenon may be explained by the interference
of point sources: the middle source gives additional
moisture to the humidity zone of sources one and three,
their boundaries (contours) “merge”.

MarteMaTH4YHA MO/IeJ]Ib MJI0CKO-BEPTHKAILHOTO
npodiIbHOTO BOJIOTONEPEeHEeCEeH s 32 KPAIUIMHHOTO
3pOLIEHHS] B YMOBAX HEMOBHOIO HACHYEHHS
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Meta. Po3poOka epeKTHBHOTO METOAY [UIS YHCEITBHOTO
MOJIEJTIOBaHHS TIPOIIECY BOJIOTONEPEHECCHHS 33 KparIvH-
HOTO 3pOILIEHHSI, B OCHOBI MaTeMaTHYHOIO0 MOJIEIFOBAHHSI
SIKOTO BHKOPHCTaHO CHUCTEMY AW(EpEeHLIHNX pPIBHSAHb Yy
yacTUHHUX noxigHux Kirora—Piyapmaca, Ta mposectu 00-
YHCITIOBAIbHI €KCHEPUMEHTH /ISl BUMAJIKy IUIOCKO-BEpPTH-
KaJBbHOTO NPOQIIEHOTO BOJIOTONEPEHECEHHS! 3 TOYKOBHMH
mkepeaamu. Metonu. MaremMarnyHuil amapar Teopil pis-
HUIICBUX CXEM pPO3B’s3aHHS AU(EpeHIliaTbHUX PIBHIHb B
YaCTHHHUX MOXIJHUX, a TakoX MeTon HproToHa itepamiid-
HOTO HaOMIDKEHOTO PO3B’SA3aHHS HENIHIMHUX pPIiBHSHB.
PesyabraTtu. CTBOpeHO CTIMKHI PI3HULEBHN JBOKPOKOBHI
cumerpusoBanuit anroputM (JIC-anrroput™) Ta BiAMOBiAHY
CXeMy METOAY YHCEJIBHOTO pO3B’A3aHHS ITOYaTKOBO-Kpa-
1oBoOi 3amaui /i piBHsSHHA Pidapnca. Metox peanizoBaHO
y BUDIAAI KOMI IOTepHOI mporpamMu MoBoio C++, mpoBe-
JICHO OOUHMCITIOBAJIbHI €KCIIEPUMEHTH 3 TPhOMa 3arIHOJICHNU-
MU JKepeJaMH, OTPUMAHO 30HU 3BOJIOKEHHS /I 00’ €MHOT
BOJIOTOCTI 1 MOTEHIiary. BHCHOBKH. 3amporioHOBaHO YH-
CeJIbHUW METOJI, SIKMH J03BOJIsE€ €(PEKTHBHO PO3B’SI3yBaTH
HemiHilfHe piBHSHHA Pidapica 3a yMOB KiTBKOX 3arninoie-
HUX TOYKOBHX JUKepen. CTpyKTypa alrOpHTMY JO3BOJISIE
3BECTH PO3B’SI3aHHSI CHCTEMH HENIHIMHUX anredpaluHux
piBHSHB 3 OaraThbMa HEBIJOMUMH IO PO3B’SI3aHHS HE3aJICK-
HUX HCNIHIWHUX PIBHSHB 3 OJHUM HeBimomuM. HaBeneHwuii
MEeTOx MOXe OyTH JEerKO TOIIMPEHWH Ha TPHUBHMIPHHN
BUNAO0K. Pe3ynprarn 0OUMCIIOBAIBHUX EKCIIEPHMEHTIB y3-
TO/DKYIOTBCS 3 HATYPAIBHUMH CIIOCTEPEKEHHSIMH.
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KuarouoBi cioBa: kparuiiHHE 3pOIICHHS, 30HA 3BOJIOXKEH-
Hsl, BOJIOTOTIEPEHECEHHSI, YMCEIbHE MOJICITIOBAHHSI, PIBHSIHHSI
Kimtora-Pivapaca.
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Hean. Pazpaborars 3h(HEKTUBHBIA METOI JJIs YHCICHHO-
ro MOJETUPOBAaHUS MpPOLEcCa BIAronepeHoca Mpu Kamnelb-
HOM OpOILEHUH, B OCHOBE MAaTeMaTU4yeCKOro MOJAEIUpPOBa-
HUSI KOTOPOTO MCIIOIb30BaHa cucTeMa JTu(QepeHInaIbHbIX
ypaBHEHMH B Npou3BOAHBIX uvacTted Kiora—Puuapaca, u
MIPOBECTH BBIYMCIUTENBHBIC 3KCIEPUMEHTHI A Ciydas
TUTOCKO-BEPTHKAIBFHOTO MPOQIIFHOTO BIaronepeHoca ¢ To-
YeyHbIMM HcTOYHHMKamMu. Mertoabl. Mcnonb3oBaH marema-
TUYECKUH amnmapar TEOpUM pPa3sHOCTHBIX CXEM pEeLIeHUs
mudpepeHInaIbHbIX YPaBHEHIH B TPOU3BOMHBIX YaCTEH,
a Takke Metos HploToHa MTepaliMoOHHOTO MPHUOIMIKEHHOTO
peIIeHNs HeMHEHHBIX ypaBHeHMA. Pe3yabrarsl. Pa3pabo-
TaH CTOWKUN Pa3HOCTHBIA JBYIIATOBBI CUMMETPHU30BAH-
Hbli anroput™m (JC-anroput™) U COOTBETCTBYIOIIAS CXeMa
METOJ]a YUCJIEHHOTO PELIEHUsI U3HAYalbHO KpaeBOW 3a7auu
nns ypaBHeHusi Puuapnca. Merton peanu3oBaH B BUJE
KOMIBIOTEPHON IporpamMMmbl Ha s3bike C++, IpOBEIEHBI
BBIYUCIIUTEIBHBIC SKCIIEPUMEHTHI C TPeMs yIITyONsSIOIMU
MCTOYHUKAMH, ITOJy4EHBI 30HbI YBIKHEHHUS /151 00bEMHOM
BJIQXXHOCTU M noTeHuuana. Beisoasbl. [Ipenioxen yucieH-
HBII MeTOJ|, I03BOJISTIOHMH d(D(PEKTUBHO pemarh HeJIMHEeH-
HOe ypaBHeHHME Puuapsca B yCIOBHSIX HECKOJIBKHX YIITyO-
JSIOMNX TOYSUHBIX NCTOUHUKOB. CTPyKTypa airopuTMa Ja-
€T BO3MOJKHOCTb CBECTH PEIICHUE CHCTEMBbl HEJIMHEHHBIX
ypaBHEHHIA anredpan3mMa co MHOTIMH HEU3BECTHBIMH K pe-
IICHUIO HE3aBHCHMBIX HEIMHEHHBIX YPaBHEHUH C OIHHUM
Hen3BeCTHHIM. [IpeacTaBieHHBIN METOI MOKET OBITh JIETKO
pacnupocTpaHeH Ha TpPEXMEpHbIH citydail. Pe3ynbrarbl BbI-
YHCIUTEIbHBIX HKCIIEPUMEHTOB COIIACYIOTCSI C HaTypajb-
HBIMU HaOIFOICHISIMH.

KiroueBble cjioBa: KamelbHOE OPOIIEHHE, 30HAa YBIAaXKHE-
HUS, BIArONEPEHOC, YHUCICHHOE MO/IETIMPOBAaHNE, ypaBHEHHE
Kitora-Puvapaca.
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