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ÐÅÃÓËßÐÍÈÉ ÄÂÎÂÈÌIÐÍÈÉ C-ÄÐIÁ Ç ÍÅÐIÂÍÎÇÍÀ×ÍÈÌÈ
ÇÌIÍÍÈÌÈ ÄËß ÏÎÄÂIÉÍÎÃÎ ÑÒÅÏÅÍÅÂÎÃÎ ÐßÄÓ

Äîñëiäæåíî âiäïîâiäíiñòü ìiæ ôîðìàëüíèì ïîäâiéíèì ñòåïåíåâèì ðÿäîì i ðåãóëÿðíèì äâî-
âèìiðíèì C-äðîáîì ç íåðiâíîçíà÷íèìè çìiííèìè. Ïîáóäîâàíî àëãîðèòì ðîçâèíåííÿ çàäàíîãî
ôîðìàëüíîãî ïîäâiéíîãî ñòåïåíåâîãî ðÿäó ó âiäïîâiäíèé ðåãóëÿðíèé äâîâèìiðíèé C-äðiá ç
íåðiâíîçíà÷íèìè çìiííèìè òà âñòàíîâëåíî óìîâè iñíóâàííÿ òàêîãî àëãîðèòìó.

We study the correspondence between a formal double power series and a regular two-
dimensional C-fraction with independent variables. As a result, we construct an algorithm for the
expansion of a given formal double power series into the corresponding regular two-dimensional
C-fraction with independent variables and �nd conditions for the existence of such an algorithm.

Îäíèì iç ìåòîäiâ ðîçâèíåííÿ àíàëiòè-
÷íèõ i ìåðîìîðôíèõ ôóíêöié äâîõ çìiííèõ,
çàäàíèõ ôîðìàëüíèì ïîäâiéíèì ñòåïåíåâèì
ðÿäîì (ÔÏÑÐ), ó ãiëëÿñòi ëàíöþãîâi äðîáè
¹ ïîáóäîâà âiäïîâiäíèõ òàêèõ äðîáiâ [1�5].

Ôóíêöiÿ fn(z) = Pmn(z)/Qln(z), äå Pmn(z)
iQln(z)� áàãàòî÷ëåíè ñòåïåíiâmn i ln âiäïî-
âiäíî, n ≥ 1, Qln(0, 0) ̸= 0, z = (z1, z2) ∈ C2,
íàçèâà¹òüñÿ âiäïîâiäíîþ äåÿêîìó ÔÏÑÐ

L(z) = 1 +
∞∑

r,s=1

crsz
r
1z

s
2, (1)

äå crs ∈ C, r ≥ 0, s ≥ 0, r + s ≥ 1, z ∈ C2,
ç ïîðÿäêîì âiäïîâiäíîñòi νn, ÿêùî ðîçâèíå-
ííÿ fn(z) ó ÔÏÑÐ çáiãà¹òüñÿ ç L(z) çà âñi-
ìà îäíîðiäíèìè áàãàòî÷ëåíàìè äî ñòåïåíÿ
νn − 1 âêëþ÷íî.

Ïîñëiäîâíiñòü {fn(z)} ¹ âiäïîâiäíîþ ðÿäó
(1), ÿêùî limn→+∞ νn = +∞.

Ãiëëÿñòi ëàíöþãîâi äðîáè ç äâîìà íåðiâ-
íîçíà÷íèìè çìiííèìè âèäó

F0(z1) +
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D
s=1

a0sz2
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, (2)

äå

Fp(z1) = 1 +

∞

D
r=1

arpz1
1

, p ≥ 0,

ars, r ≥ 0, s ≥ 0, r + s ≥ 1, � êîìïëåêñíi
ñòàëi, ars ̸= 0, r ≥ 0, s ≥ 0, r+ s ≥ 1, z ∈ C2,
íàçèâàþòüñÿ ðåãóëÿðíèìè äâîâèìiðíèìè C-
äðîáàìè ç íåðiâíîçíà÷íèìè çìiííèìè.

Âiäïîâiäíiñòü äðîáó (2) äî ÔÏÑÐ (1)
îçíà÷à¹, ùî ïîñëiäîâíiñòü {gn(z)}, äå gn(z)
� n-é ïiäõiäíèé äðiá ðåãóëÿðíîãî äâîâèìið-
íîãî C-äðîáó ç íåðiâíîçíà÷íèìè çìiííèìè
(2), ¹ âiäïîâiäíîþ äî L(z).
Òåîðåìà 5. Äëÿ ðåãóëÿðíîãî äâîâèìið-

íîãî C-äðîáó ç íåðiâíîçíà÷íèìè çìiííèìè
(2) iñíó¹ ¹äèíèé ÔÏÑÐ âèäó (1), äî ÿêîãî
öåé äðiá áóäå âiäïîâiäíèì. Ïîðÿäîê âiäïî-
âiäíîñòi n-ãî ïiäõiäíîãî äðîáó gn(z) ðiâíèé
νn = n + 1, i òîìó ÔÏÑÐ Òåéëîðà â òî÷öi
z = (0, 0) äëÿ gn(z) ìà¹ âèãëÿä

gn(z) =

= 1 +
n∑

r,s=1

crsz
r
1z

s
2 +
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p,q=n+1

γ(n)pq z
p
1z

q
2, n ≥ 1,

äå γ
(n)
pq ∈ C, p ≥ 0, q ≥ 0, p+q ≥ n+1, n ≥ 1,

z ∈ C2.

Äîâåäåííÿ. ïðîâîäèòüñÿ çà ñõåìîþ äî-
âåäåííÿ òåîðåìè 1 [5].

Ïîáóäó¹ìî òà äîñëiäèìî àëãîðèòì ðîçâè-
íåííÿ çàäàíîãî ÔÏÑÐ (1) ó âiäïîâiäíèé ðå-
ãóëÿðíèé äâîâèìiðíèé C-äðiá ç íåðiâíîçíà-
÷íèìè çìiííèìè (2).

Ïîçíà÷èìî c(0)rs = crs, r ≥ 0, s ≥ 0, r+s ≥
1. Ðÿä (1) çà óìîâè, ùî c(0)01 ̸= 0 çàïèøåìî ó
âèãëÿäi L(z) = P0(z1) + c

(0)
01 z2R0(z), äå ïðè

n = 0

Pn(z1) = 1 +
∞∑
r=1

c
(n)
r0 z

r
1,
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H(0)
10 (n) ̸= 0, H(0)

20 (n) ̸= 0, n ≥ 1, (3)

äå ïðè r = 1, 2
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(çàóâàæèìî, ùî H(0)

r0 (n) � öå âèçíà÷íèêè
Ãàíêåëÿ (ïîðÿäêó n), ÿêi çâ'ÿçàíi ç ôîð-
ìàëüíèì ñòåïåíåâèì ðÿäîì P0(z1)). Òîäi çãi-
äíî ç òåîðåìîþ 7.2 [6] iñíóþòü ÷èñëà an0,
n ≥ 1, òàêi, ùî an0 ̸= 0, n ≥ 1, i
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,

äå ñèìâîë �∼� îçíà÷à¹ âiäïîâiäíiñòü ìiæ ðÿ-
äîì i äðîáîì. Êîåôiöi¹íòè an0, n ≥ 1, îá÷è-
ñëþþòüñÿ çà ôîðìóëàìè
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äå n ≥ 1, H(0)
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Òîäi çãiäíî ç òåîðåìîþ 7.2 [6] iñíóþòü ÷èñëà
a′0n, n ≥ 1, òàêi, ùî a′0n ̸= 0, n ≥ 1, i
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Êîåôiöi¹íòè a′0n, n ≥ 1, îá÷èñëþþòüñÿ çà
ôîðìóëàìè

a.
′
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äå n ≥ 1, H(0)
0s (0) = 1, s = 1, 2.

Ïîçíà÷èìî ÷åðåç
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� ðÿä, îáåðíåíèé äî ðÿäó R0(z). Êîåôiöi-
¹íòè ðÿäó (7) îäíîçíà÷íî âèçíà÷àþòüñÿ çà
äîïîìîãîþ ðåêóðåíòíèõ ôîðìóë ïðè h = 1
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äå r ≥ 0, s ≥ 0, r + s ≥ 1, c
(h)
00 = 1, ïðè÷î-

ìó c(h)kl = 0, ÿêùî k < 0 àáî l < 0. Ðÿä (7)
çà óìîâè, ùî c(1)01 ̸= 0, çàïèøåìî ó âèãëÿäi
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Îñêiëüêè c(0)01 = a′01, òî ïîêëàäåìî a01 = a′01.
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Òîäi çãiäíî ç òåîðåìîþ 7.2 [6] iñíóþòü ÷èñëà
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Êîåôiöi¹íòè an1, n ≥ 1, îá÷èñëþþòüñÿ çà
ôîðìóëàìè ïðè h = 1

a. 1h = H(h)
11 (1),

a. 2n,h = −H(h)
11 (n−1)H(h)

21 (n)

H(h)
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,

a. 2n+1,h = −H(h)
11 (n+1)H(h)
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H(h)
11 (n)H(h)

21 (n)
,
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(10)

äå n ≥ 1, H(h)
r1 (0) = 1, r = 1, 2. Îñêiëüêè

c
(1)
01 = −c(0)02 /c

(0)
01 = a′02, òî ïîêëàäåìî a02 =

a′02.

Îá÷èñëþþ÷è äàëi êîåôiöi¹íòè c
(h)
rs , r ≥

0, s ≥ 0, r + s ≥ 1, h ≥ 3, çà äîïîìîãîþ ðå-
êóðåíòíèõ ôîðìóë (8) i ïðîäîâæóþ÷è ïðî-
öåñ iòåðàöi¨, çà óìîâ (3), (5) i óìîâ (9) ïðè
h ≥ 1, äëÿ ðÿäó (1) îòðèìà¹ìî äðiá (2), äå
an0, n ≥ 1, i anh, n ≥ 1, h ≥ 1, âèçíà÷à-
þòüñÿ çà ôîðìóëàìè (4) i (10) âiäïîâiäíî;
a0n = a′0n, n ≥ 1, äå a′0n, n ≥ 1, âèçíà÷àþòüñÿ
çà ôîðìóëàìè (6).

Òàêèì ÷èíîì, ïîáóäîâàíî àëãîðèòì îá÷è-
ñëåííÿ êîåôiöi¹íòiâ äðîáó (2), ÿêùî çàäà-
íi êîåôiöi¹íòè ðÿäó (1). Âiäïîâiäíiñòü äðîáó
(2) äî ðÿäó (1) äîâîäèòüñÿ çà ñõåìîþ, çàïðî-
ïîíîâàíîþ â ðîáîòi [5].

Îòæå, ñïðàâäæó¹òüñÿ òåîðåìà:

Òåîðåìà 6. Ðåãóëÿðíèé äâîâèìiðíèé C-
äðiá ç íåðiâíîçíà÷íèìè çìiííèìè (2) ¹ âiä-
ïîâiäíèì çàäàíîìó ÔÏÑÐ (1) òîäi i ëèøå
òîäi, êîëè âèêîíóþòüñÿ óìîâè (3), (5) i
óìîâè (9) ïðè h ≥ 1.

Ïðèêëàä 1. Ôóíêöiÿ
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L∗(z) = 1+
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(−1)r−1zr1
2r − 1

+
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(−1)s−1zs2
2s− 1

×
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1 +
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(n− α′(r))!

α1!α2! . . . αr!
×
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p=1

(
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2p− 1

)αp
)
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)s

,

äå αp, 1 ≤ p ≤ r, r ≥ 1, � öiëi íåâiä'-
¹ìíi ÷èñëà, α(r) = α1 + 2α2 + · · · + rαr,
α′(r) = α2 +2α3 + · · ·+(r− 1)αr, r ≥ 1. Êîå-
ôiöi¹íòè öüîãî ïîäâiéíîãî ñòåïåíåâîãî ðÿäó
çàäîâîëüíÿþòü óìîâè òåîðåìè 2. Çàñòîñî-
âóþ÷è âèùå ïîáóäîâàíèé àëãîðèòì, îòðè-
ìó¹ìî äðiá âèäó (2), äå a1s = a01 = 1,
ars = a0r = (r − 1)2/[(2r − 3)(2r − 1)], r ≥
2, s ≥ 0, ÿêèé çà òåîðåìîþ 2 ¹ âiäïîâiäíèì
â òî÷öi z = (0, 0) ÔÏÑÐ L∗(z).

Çàïðîïîíîâàíèé àëãîðèòì íàäà¹ çðó÷íó
÷èñåëüíó ïðîöåäóðó îá÷èñëåííÿ êîåôiöi¹í-
òiâ ðåãóëÿðíèõ äâîâèìiðíèõ C-äðîáiâ ç íå-
ðiâíîçíà÷íèìè çìiííèìè, âiäïîâiäíèõ äî çà-
äàíîãî ÔÏÑÐ, i ìîæå áóòè óçàãàëüíåíèé íà
âèïàäîê äîâiëüíîãî ÷èñëà çìiííèõ.
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