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ÄÂÎÒÎ×ÊÎÂÀ ÊÐÀÉÎÂÀ ÇÀÄÀ×À ÄËß ÏÀÐÀÁÎËI×ÍÎÃÎ ÐIÂÍßÍÍß
ÍÀÄ ÏÎËÅÌ p � ÀÄÈ×ÍÈÕ ×ÈÑÅË

Íàä ïîëåì p�àäè÷íèõ ÷èñåë ïîáóäîâàíî òà âèâ÷åíî âëàñòèâîñòi ðîçâ'ÿçêó äâîòî÷êîâî¨ êðà-
éîâî¨ çàäà÷i äëÿ ïàðàáîëi÷íîãî ðiâíÿííÿ.

We construct a solution of a two-point boundary value problem for a parabolic equation over
the �eld of p-adic numbers and study its properties.

1. Âñòóï. Ó 90�õ ðîêàõ ìèíóëîãî ñòîëiò-
òÿ ó ìàòåìàòè÷íié ôiçèöi çðiñ iíòåðåñ äî p �
àäè÷íèõ ÷èñåë. Ó òåîði¨ ñóïåðñòðóí (Ì. Ãði-
íà, Äæ. Øâàðöà i Å. Âiòòåíà [2] òà I.Â. Âîëî-
âi÷à, I.ß. Àðåô'¹âî¨ [3]), ÿêà àïåëþ¹ äî ôàí-
òàñòè÷íî ìàëèõ âiäñòàíåé, ïîðÿäêó 10−33 ñì,
íåìà¹ ïðè÷èí ðàõóâàòè, ùî çâè÷àéíi ïðåä-
ñòàâëåííÿ ïðî ïðîñòið-÷àñ òàì ìîæóòü áóòè
çàñòîñîâàíi.

Îäíi¹þ ç àëüòåðíàòèâíèõ ìîæëèâîñòåé
äëÿ îïèñàííÿ ñòðóêòóðè ïðîñòîðó-÷àñó ¹ âè-
êîðèñòàííÿ ïîëÿ Qp p � àäè÷íèõ ÷èñåë çà-
ìiñòü ìíîæèíè R äiéñíèõ ÷èñåë. Íà ìîæëè-
âiñòü âèêîðèñòàííÿ p � àäè÷íèõ ÷èñåë ó ìà-
òåìàòè÷íié ôiçèöi áóëî âïåðøå âêàçàíî ó
1984 ð. ó ðîáîòi [4] Âëàäiìiðîâà Â.Ñ. i Âî-
ëîâi÷à I.Â.

Ó ïðàöi [1] ïîáóäîâàíà òåîðiÿ óçàãàëüíå-
íèõ ôóíêöié íàä ïðîñòîðîì ôóíêöié ç Qp â
C, ÿêà çàñòîñîâó¹òüñÿ äî òèõ çàäà÷, ùî âè-
íèêàþòü ó ìàòåìàòè÷íié ôiçèöi. Òåîðiÿ ó áà-
ãàòî ÷îìó àíàëîãi÷íà âiäïîâiäíié òåîði¨ íàä
ìíîæèíîþ R, àëå ¹ ïåâíi ñóòò¹âi âiäìiííî-
ñòi. Îñíîâíó óâàãó ïðèäiëÿ¹òüñÿ òåîði¨ çãîð-
òêè, ïåðåòâîðåííþ Ôóð'¹, àíàëîãó îïåðàòî-
ðà Ðiìàíà-Ëióâiëÿ, îá÷èñëåííþ iíòåãðàëiâ.

Ïàðàáîëi÷íi ðiâíÿííÿ íàä ïîëåì p � àäè-
÷íèõ ÷èñåë âèâ÷àëèñÿ ó ïðàöi À.Í. Êî÷óáåÿ
[5]. Â íié ïðè ïåâíèõ ïðèïóùåííÿõ âiäíîñíî
êîåôiöi¹íòiâ ïîáóäîâàíî i äîñëiäæåíî ôóí-
äàìåíòàëüíèé ðîçâ'ÿçîê çàäà÷i Êîøi, äîâå-
äåíi iñíóâàííÿ òà ¹äèíiñòü ðîçâ'ÿçêó ó êëà-
ñàõ çðîñòàþ÷èõ ôóíêöié, çíàéäåíi óìîâè íå-
âiä'¹ìíîñòi ôóíäàìåíòàëüíîãî ðîçâ'ÿçêó.
2. Îñíîâíi ïîíÿòòÿ p � àäè÷íîãî àíà-

ëiçó. Íàâåäåìî äåÿêi òâåðäæåííÿ p � àäè-
÷íîãî àíàëiçó, ÿêi áóäóòü âèêîðèñòîâóâàòè-
ñÿ â ïîäàëüøîìó. Äåòàëüíå ¨õ âèêëàäåííÿ
ìiñòèòüñÿ ó [1, 6, 8].

Íåõàé p � ïðîñòå ÷èñëî (p =
2, 3, 5, ..., 137, ...), ÿêå áóäå ôiêñîâàíèì.
Ââåäåìî íà ìíîæèíi Q íîðìó |x|p çà ïðàâè-
ëîì |0|p = 0, |x|p = p−γ, ÿêùî ðàöiîíàëüíå
÷èñëî x ïîäàíå ó âèãëÿäi

x = pγ
m

n
,

äå {m,n, γ} ⊂ Z, m,n íå äiëÿòüñÿ íà p. Äî-
ïîâíåííÿ Q çà p � àäè÷íîþ íîðìîþ óòâîðþ¹
ïîëå Qp p � àäè÷íèõ ÷èñåë.

Íîðìà | · |p âîëîäi¹ íàñòóïíèìè âëàñòèâî-
ñòÿìè: |x|p = 0 ó òîìó âèïàäêó, êîëè x = 0;
|xy|p = |x|p · |y|p; |x + y|p ≤ max (|x|p, |y|p),
ïðè÷îìó ÿêùî |x|p ̸= |y|p, òî |x + y|p =
max (|x|p, |y|p). Òàêèì ÷èíîì p � àäè÷íà íîð-
ìà íåàðõiìåäîâà.

Ìåòðèêà ρ(x, y) = |x− y|p ïåðåòâîðþ¹ ïî-
ëå Qp ó ñåïàðàáåëüíèé öiëêîì íåçâ'ÿçíèé
ëîêàëüíî êîìïàêòíèé ìåòðè÷íèé ïðîñòið.
Íà Qp iñíó¹ (¹äèíà, ç òî÷íiñòþ äî ìíîæíè-
êà) ìiðà dx, iíâàðiàíòíà âiäíîñíî äîäàâàí-
íÿ. Ïðè öüîìó ÿêùî a ∈ Qp, a ̸= 0, òî
d(xa) = |a|pdx. Áóäåìî íîðìóâàòè ìiðó òàê,
ùî ∫

|x|p≤1

dx = 1.

Ïðîñòið Qp ¹ îá'¹äíàííÿì çëi÷åííî¨ ñiì'¨
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ïîïàðíî íåïåðåòèííèõ ìíîæèí

Qp =
∞∪

ν=−∞

{x : |x|p = pν},

ïðè öüîìó ∫
|x|p=pν

dx = pν
(
1− 1

p

)
.

Ââåäåìî ó ðîçãëÿä êëàñ Mγ(γ ≥ 0) êîì-
ïëåêñíîçíà÷íèõ ôóíêöié φ(x) íà Qp, ÿêi çà-
äîâîëüíÿþòü óìîâè:

1) |φ(x)| ≤ c (1 + |x|p)γ;
2) iñíó¹ íàòóðàëüíå ÷èñëîN = N(φ) òàêå,

ùî äëÿ äîâiëüíîãî x ∈ Qp

φ(x+ x′) = φ(x), |x′| ≤ p−N .

Ôóíêöiÿ φ, ùî çàäîâîëüíÿ¹ óìîâè 1), 2)
íàçèâà¹òüñÿ ëîêàëüíîþ ñòàëîþ, à ÷èñëî N
ïîêàçíèêîì ëîêàëüíî¨ ñòàëîñòi ôóíêöi¨ φ.
ßêùî ôóíêöiÿ φ çàëåæèòü òàêîæ âiä ïàðà-
ìåòðà t, áóäåìî ãîâîðèòè, ùî φ ∈ Mγ ðiâíî-
ìiðíî ïî t, ÿêùî êîíñòàíòà c i ïîêàçíèê N
íå çàëåæèòü âiä t.

Ìíîæèíó ôiíiòíèõ ôóíêöié ç M0 áóäåìî
ïîçíà÷àòè D. Íåõàé χ � íîðìîâàíèé àäèòèâ-
íèé õàðàêòåð ïîëÿ Qp, òîäi χ ∈ M0. Ïåðå-
òâîðåííÿ Ôóð'¹ ôóíêöié φ ∈ L1(Qp, dx) âè-
çíà÷à¹òüñÿ ôîðìóëîþ

F (φ) ≡ φ̃(ξ) =

∫
Qp

χ(ξx)φ(x)dx, ξ ∈ Qp.

Îáåðíåíå ïåðåòâîðåííÿ

F−1(φ) ≡ φ(x) =

∫
Qp

χ(−ξx)φ̃(x)dx, x ∈ Qp

iñíó¹, ÿêùî φ̃ ∈ L1(Qp, dx).
Ìà¹ ìiñöå ôîðìóëà [1]∫

Qp

f(|x|p)χ(ξx)dx =

=

(
1− 1

p

)
|ξ|−1

p

∞∑
ν=0

f
(
p−ν |ξ|−1

p

)
p−ν−

−|ξ|−1
p f

(
p|ξ|−1

p

)
, (1)

äå ξ ̸= 0 i ïðèïóñêà¹òüñÿ çáiæíiñòü ðÿäó
∞∑
ν=0

f(p−ν)p−ν .

Îïåðàòîð Dγ äèôåðåíöiþâàííÿ ïîðÿäêó
γ > 0 âèçíà÷åíèé íà ôóíêöiÿõ φ ∈ D ôîð-
ìóëîþ [1]

(Dγφ) (x) =
1

Γp(−γ)


∫

|y|p≤1

|y|−γ−1
p [φ(x− y)−

−φ(x)]dy +
∫

|y|p>1

|y|−γ−1
p φ(x− y)dy+

+
1− p−1

1− pγ
φ(x)

}
, (2)

äå Γp(s) =
1−ps−1

1−p−s � p � àäè÷íèé àíàëîã ãàìà-
ôóíêöi¨.

Ó äðóãîìó iíòåãðàëi ïðàâî¨ ÷àñòèíè (2)
äîäàìî i âiäíiìåìî |y|−γ−1

p φ(x). Òà ñêîðèñòà-
¹ìîñÿ òèì, ùî∫

|y|p>1

|y|−γ−1
p dy =

∞∑
ν=1

∫
|y|p=pν

|y|−γ−1
p dy =

=

(
1− 1

p

) ∞∑
ν=1

p−νγ =
p− 1

p(pγ − 1)
.

Òîìó

(Dγφ) (x) =
1

Γp(−γ)
×

×
∫
Qp

|y|−γ−1
p [φ(x− y)− φ(x)]dy.

Òàêèì ÷èíîì îïåðàòîð Dγ âèçíà÷åíèé íà
âñiõ ôóíêöiÿõ φ ∈ Mβ, 0 ≤ β < γ. ßêùî
φ ∈ D, òî ïåðåòâîðåííÿ Ôóð'¹, ó ñåíñi óçà-
ãàëüíåíèõ ôóíêöié, ôóíêöi¨ Dγφ äîðiâíþ¹
|ξ|γφ̃(ξ).
3. Îñíîâíèé ðåçóëüòàò. Ðîçãëÿíåìî

äâîòî÷êîâó êðàéîâó çàäà÷ó äëÿ ïàðàáîëi-
÷íîãî ðiâíÿííÿ

∂u(t, x)

∂t
+ a (Dαu) (t, x) = 0, (3)

x ∈ Qp, t ∈ (0, T ),

u(t, x)|t=0 − µu(t, x)|t=T = φ(x), (4)
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äå φ ∈ M0, a > 0, α ≥ 1.
ßê i â åâêëiäîâîìó âèïàäêó, ïåðøèé

êðîê ïîëÿãà¹ ó ïîáóäîâi ôóíäàìåíòàëüíîãî
ðîçâ'ÿçêó ðiâíÿííÿ (3). Ðîçâ'ÿçîê çàäà÷i (3),
(4) áóäåìî øóêàòè ó âèãëÿäi

u(t, x) = F−1(V (t, σ)),

äå V (t, σ) ¹ ðîçâ'ÿçêîì äâîòî÷êîâî¨ êðàéî-
âî¨ çàäà÷i äëÿ çâè÷àéíîãî äèôåðåíöiàëüíîãî
ðiâíÿííÿ

dV (t, σ)

dt
+ a|σ|αpV (t, σ) = 0, σ ∈ Qp, (5)

V (t, σ)|t=0 − µV (t, σ)|t=T = φ̃(σ). (6)

Ðîçâ'ÿçîê ðiâíÿííÿ (5) ìà¹ âèãëÿä

V (t, σ) = ce−a|σ|αp t.

Âðàõîâóþ÷è êðàéîâi óìîâè (6) ìà¹ìî

c− µce−a|σ|αpT = φ̃(σ)

àáî

c =
φ̃(σ)

1− µe−a|σ|αpT
.

Òîäi ðîçâ'ÿçîê çàäà÷i (5), (6) íàáóäå âèãëÿäó

V (t, σ) =
φ̃(σ)e−a|σ|αp t

1− µe−a|σ|αpT
. (7)

Çàñòîñîâóþ÷è îáåðíåíå ïåðåòâîðåííÿ Ôóð'¹
äî (7) îòðèìó¹ìî

u(t, x) =

∫
Qp

G(t, x− ξ)φ(ξ)dξ,

äå

G(t, x) =

∫
Qp

χ(−xσ) e−a|σ|αp t

1− µe−a|σ|αpT
dσ.

Ëåìà 1. ßêùî |µ|p < 1, òî ìà¹ ìiñöå
íåðiâíiñòü

|G(t, x)| ≤ c

∞∑
j=0

|µ|p(t+ Tj)×

×
(
(t+ Tj)

1
α + |x|p

)−α−1

. (8)

Äîâåäåííÿ. Ç ïðèïóùåííÿ, ùî |µ|p < 1,
ôóíêöiþ G(t, x) ìîæíà ïîäàòè ó âèãëÿäi

G(t, x) =
∞∑
j=0

|µ|p
∫
Qp

χ(−xσ)e−a|σ|αp t×

×e−a|σ|αpTjdσ ≡
∞∑
j=0

|µ|pGj(t, x). (9)

Ç (9) âèäíî, ùî ôóíêöi¨ Gj íåïåðåðâíi ïî
x ∈ Qp. Îöiíèìî ¨õ. Âðàõîâóþ÷è çîáðàæåí-
íÿ ôóíêöi¨ Gj(t, x) îòðèìà¹ìî

|Gj(t, x)| ≤
∫
Qp

exp{−a|σ|αp (t+ Tj)}dσ.

Íåõàé öiëå ÷èñëî k òàêå, ùî pk−1 ≤ (t +

Tj)
1
α ≤ pk. Âèáåðåìî τ ∈ Qp, ùîá |τ |p =

pk−1. Òîäi

|Gj(t, x)| ≤
∫
Qp

exp{−apα(k−1)|σ|αp}dσ =

=

∫
Qp

exp{−a|τσ|αp}dσ =

= |τ |−1
p

∫
Qp

exp{−a|η|αp}dη =

= p−kp

∫
Qp

exp{−a|η|αp}dη ≤ C(t+ Tj)−
1
α .

(10)
Âèêîðèñòîâóþ÷è ôîðìóëó (1) ïðè x ̸= 0,

îòðèìà¹ìî

Gj(t, x) =

(
1− 1

p

)
|x|−1

p

∞∑
ν=0

p−ν×

× exp{−a(t+ Tj)p−αν |x|−α
p }−

−|x|−1
p exp{−a(t+ Tj)pα|x|−α

p }.
Ðîçêëàäàþ÷è åêñïîíåíòè ó ðÿä, ìiíÿþ÷è ïî-
ðÿäîê ñóìóâàííÿ i ïðîñóìóâàâøè ãåîìåòðè-
÷íó ïðîãðåñiþ, îòðèìà¹ìî, ùî äëÿ x ̸= 0

Gj(t, x) =
∞∑

m=1

(−1)m

m!

1− pαm

1− p−αm−1
×
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× (a(t+ Tj))m |x|−αm−1
p . (11)

Iç (11) îòðèìó¹ìî, ùî äëÿ 0 < t < T , |x|p ≥
(t+ Tj)

1
α

|Gj(t, x)| ≤ |x|−1
p

∞∑
m=1

cm

m!

(
(t+ Tj)|x|−α

p

)m ≤

≤ |x|−1
p

[ c
1!
(t+ Tj)|x|−α

p + ...+

+
cm

m!
(t+ Tj)m|x|−mα

p + ...

]
= |x|−α−1

p (t+Tj)×

×
[
c

1!
+ ...+

cm

m!
(t+ Tj)m−1|x|−mα−1

p + ...

]
≤

≤ |x|−α−1
p (t+ Tj)

[
c

1!
+ ...+

cm

m!
(t+ Tj)m−1×

× 1

(t+ Tj)m−1
+ ...

]
≤ c1|x|−α−1

p (t+Tj). (12)

Iç íåðiâíîñòåé (10) òà (12) îòðèìó¹ìî (8).
Äiéñíî, ÿêùî |x|p ≥ (t+ Tj)

1
α , òî

|x|−α−1
p ≤ c

(
|x|p + (t+ Tj)

1
α

)−α−1

.

ßêùî æ |x|p < (t+ Tj)
1
α , òî(

|x|p + (t+ Tj)
1
α

)−α−1

≥ c(t+Tj)−1(t+Tj)−
1
α .

Ëåìà äîâåäåíà.
Íåðiâíiñòü (8) ïîêàçó¹, ùî ïî çìiííié x

ôóíêöiÿ G(t, x) íàëåæèòü L1(Qp, dx), òî iç
(9) i ôîðìóëè ïåðåòâîðåííÿ Ôóð'¹ çíàõîäè-
ìî, ùî ∫

Qp

G(t, x)dx = 1. (13)

Ðîçãëÿíåìî ïîõiäíó ∂G
∂t
. Î÷åâèäíî, ùî (9)

ìîæíà äèôåðåíöiþâàòè ïiä çíàêîì iíòåãðà-
ëó

∂G

∂t
= −a

∞∑
j=0

|µ|p
∫
Qp

|σ|αp e−a|σ|αp te−a|σ|αpTjdσ.

(14)
Ëåìà 2. ßêùî |µ|p < 1, òî ìà¹ ìiñöå

íåðiâíiñòü∣∣∣∣∂G(t,x)∂t

∣∣∣∣≤ c
∞∑
j=0

|µ|p
(
(t+Tj)

1
α +|x|p

)−α−1

.

(15)

Äîâåäåííÿ àíàëîãi÷íå ëåìi 1.
Îòæå, ïðàâèëüíèì ¹ òàêå òâåðäæåííÿ.
Òåîðåìà. Íåõàé |µ|p < 1, φ ∈ Mβ, β <

α. Òîäi ðîçâ'ÿçîê äâîòî÷êîâî¨ çàäà÷i (1), (2)
iñíó¹ i ïîäà¹òüñÿ ó âèãëÿäi

u(t, x) =

∫
Qp

G(t, x− ξ)φ(ξ)dξ,

äå ôóíäàìåíòàëüíèé ðîçâ'ÿçîê G(t, x) ìà¹
âèãëÿä (9) i äëÿ íüîãî ìàþòü ìiñöå îöiíêè
(8), (15).
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