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ÊÐÈÒÅÐIÉ IÑÍÓÂÀÍÍß
ÌÀÉÆÅ ÏÅÐIÎÄÈ×ÍÈÕ ÐÎÇÂ'ßÇÊIÂ ÍÅËIÍIÉÍÈÕ ÐIÂÍßÍÜ,

ÙÎ ÍÅ ÂÈÊÎÐÈÑÒÎÂÓ� H-ÊËÀÑÈ ÖÈÕ ÐIÂÍßÍÜ

Îòðèìàíî óìîâè iñíóâàííÿ ìàéæå ïåðiîäè÷íèõ ðîçâ'ÿçêiâ íåëiíiéíèõ ìàéæå ïåðiîäè÷íèõ
ðiâíÿíü ó áàíàõîâîìó ïðîñòîði, ùî íå âèêîðèñòîâóþòü H-êëàñè öèõ ðiâíÿíü.

We obtain conditions for the existence of almost periodic solutions of nonlinear almost periodic
equations in a Banach space that do not use H-classes of these equations.

1. Îñíîâíi ïîçíà÷åííÿ òà îá'¹êò äî-
ñëiäæåíü. Íåõàé R � ìíîæèíà âñiõ äiéñíèõ
÷èñåë, E � äîâiëüíèé áàíàõîâèé ïðîñòið ç
íîðìîþ ∥ · ∥E, L(E,E) � áàíàõîâèé ïðîñòið
ëiíiéíèõ íåïåðåðâíèõ îïåðàòîðiâ A : E → E
ç íîðìîþ

∥A∥L(E,E) = sup
∥x∥E=1

∥Ax∥E

i C0 � áàíàõîâèé ïðîñòið îáìåæåíèõ i íåïå-
ðåðâíèõ íà R ôóíêöié x = x(t) çi çíà÷åííÿ-
ìè â E ç íîðìîþ

∥x∥C0 = sup
t∈R

∥x(t)∥E.

Âèçíà÷èìî îïåðàòîð çñóâó Sh : C0 → C0,
h ∈ R, çà äîïîìîãîþ ñïiââiäíîøåííÿ

(Shx)(t) = x(t+ h), t ∈ R. (1)

Åëåìåíò y ∈ C0 íàçèâà¹òüñÿ ìàéæå ïåðiî-
äè÷íèì (äèâ., íàïðèêëàä, [1,2]), ÿêùî çàìè-
êàííÿ ìíîæèíè {Shy : h ∈ R} ó ïðîñòîði C0

¹ êîìïàêòíîþ ïiäìíîæèíîþ öüîãî ïðîñòîðó.
Ïîçíà÷èìî ÷åðåç B0 áàíàõîâèé ïðîñòið

ìàéæå ïåðiîäè÷íèõ åëåìåíòiâ ïðîñòîðó C0

ç íîðìîþ
∥x∥B0 = ∥x∥C0 .

Íåõàé Ω � îáëàñòü ïðîñòîðó E, òîáòî âiä-
êðèòà çâ'ÿçíà ìíîæèíà ïðîñòîðó E, i K �
ìíîæèíà âñiõ íå ïîðîæíiõ çâ'ÿçíèõ êîì-
ïàêòíèõ ïiäìíîæèí K ⊂ Ω.

Ðîçãëÿíåìî íåïåðåðâíå âiäîáðàæåííÿ
F : R× Ω → E, ùî çàäîâîëüíÿ¹ óìîâè:

1) F (t, x) ðiâíîìiðíî íåïåðåðâíå ïî x íà
êîæíié ìíîæèíi R×K, äå K ∈ K;

2) F (t, x) ìàéæå ïåðiîäè÷íå ïî t ðiâíîìið-
íî ïî x íà êîæíié ìíîæèíi K ∈ K.

Íåâàæêî ïîêàçàòè, ùî, ÿê i â [2, ñ. 428�
429], äëÿ êîæíî¨ ìíîæèíè K ∈ K

sup
t∈R,x∈K

∥F (t, x)∥E < +∞

i äëÿ äîâiëüíî¨ ïîñëiäîâíîñòi (hk)k>1 äiéñíèõ
÷èñåë iñíó¹ ïiäïîñëiäîâíiñòü (hkl)l>1, äëÿ
ÿêî¨ ïîñëiäîâíiñòü (F (t+ hkl , x))l>1 çáiãà¹òü-
ñÿ ðiâíîìiðíî íà ìíîæèíi R×K.

Ââàæàòèìåìî, ùî (F (t+ hkl , x))l>1 çái-
ãà¹òüñÿ ðiâíîìiðíî íà êîæíié ìíîæèíi
R×K, K ∈ K, i ãðàíè÷íå âiäîáðàæåííÿ
G : R× Ω → E, ùî âèçíà÷à¹òüñÿ ñïiââiäíî-
øåííÿì

G(t, x) = lim
l→∞

F (t+ hkl , x), (2)

çàäîâîëüíÿ¹ óìîâè 1 i 2. Íàâåäåíà âèìî-
ãà âèêîíó¹òüñÿ, ÿêùî, íàïðèêëàä, ïðîñòið E
ñêií÷åííîâèìiðíèé, ùî ïîêàçàíî â [2, ñ. 429].
Çàçíà÷èìî, ùî ó ñòàòòi öÿ âèìîãà âèêîíóâà-
òèìå äîïîìiæíó ðîëü i íå áóäå âèêîðèñòîâó-
âàòèñÿ ïðè îòðèìàííi îñíîâíîãî ðåçóëüòàòó.

Ðîçãëÿíåìî ðiâíÿííÿ

F (t, x(t)) = 0, t ∈ R. (3)

H-êëàñîì öüîãî ðiâíÿííÿ íàçèâà¹òüñÿ ìíî-
æèíà âñiõ ðiâíÿíü

G(t, y(t)) = 0, t ∈ R,

äå G âèçíà÷à¹òüñÿ çà äîïîìîãîþ (2).
Ìåòîþ ñòàòòi ¹ âñòàíîâëåííÿ óìîâ ìàé-

æå ïåðiîäè÷íîñòi îáìåæåíèõ íåïåðåðâíèõ
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ðîçâ'ÿçêiâ ðiâíÿííÿ (3) áåç âèêîðèñòàííÿ
åëåìåíòiâ H-êëàñó öüîãî ðiâíÿííÿ.

Çàçíà÷èìî, ùî íå êîæíèé îáìåæåíèé
ðîçâ'ÿçîê ðiâíÿííÿ (3) ¹ ìàéæå ïåðiîäè÷-
íèì. Öå ïiäòâåðäæó¹òüñÿ íàñòóïíèì ïðè-
êëàäîì.
Ïðèêëàä. Íåõàé E = R. Âèçíà÷èìî íå-

ïåðåðâíå âiäîáðàæåííÿ H : R × R → R ðiâ-
íiñòþ

H(t, x) =

= sin(πt+ sin t)

{
0, ÿêùî x ∈ [−1, 1],
|x| − 1, ÿêùî |x| > 1,

ùî, ÿê i âiäîáðàæåííÿ F , çàäîâîëüíÿ¹ óìîâè
1 i 2. Î÷åâèäíî, ùî êîæíà íåïåðåðâíà íà R
ôóíêöiÿ çi çíà÷åííÿìè â [−1, 1] ¹ ðîçâ'ÿçêîì
ðiâíÿííÿ

H(t, x(t)) = 0.

Ïðè äîñëiäæåííi ðiâíÿííÿ (3) áóäåìî âè-
êîðèñòîâóâàòè îäèí ôóíêöiîíàë, âèçíà÷å-
íèé íà ìíîæèíi îáìåæåíèõ ðîçâ'ÿçêiâ öüîãî
ðiâíÿííÿ, çàìèêàííÿ ìíîæèí çíà÷åíü ÿêèõ
¹ åëåìåíòàìè ç K.

2. Ôóíêöiîíàë ∆. Çàôiêñó¹ìî äîâiëüíó
ìíîæèíó K ∈ K i ïîçíà÷èìî ÷åðåç N (F,K)
ìíîæèíó âñiõ îáìåæåíèõ i íåïåðåðâíèõ íà
R ðîçâ'ÿçêiâ x = x(t) ðiâíÿííÿ (3), äëÿ êîæ-
íîãî ç ÿêèõ çàìèêàííÿ R(x) ìíîæèíè

R(x) = {x(t) : t ∈ R}

ó ïðîñòîði E ¹ ïiäìíîæèíîþ ìíîæèíè K.
Òàêîæ çàôiêñó¹ìî ôóíêöiþ x∗ ∈ N (F,K)

i ÷èñëî ε ∈ [0, r(x∗, K, F )], äå

r(x∗, K, F ) =

= sup
{
∥x− y∥E : x ∈ R(x∗), y ∈ K

}
.

Ââàæà¹ìî, ùî r(x∗, K, F ) > 0. Ïîçíà÷èìî
÷åðåç Ω(x∗, K, F, ε) ìíîæèíó âñiõ ôóíêöié
y ∈ C0, äëÿ êîæíî¨ ç ÿêèõ

x∗(t) + y(t) ∈ K, t ∈ R,

i
inf
t∈R

∣∣∥y(t)∥E − ε
∣∣ = 0.

Ðîçãëÿíåìî ôóíêöiîíàë

∆(x∗, K, F, ε) =

= inf
y∈Ω(x∗,K,F,ε)

sup
t∈R

∥F (t, x∗(t) + y(t))∥E . (4)

Çàñòîñóâàííÿ ôóíêöiîíàëà ∆ äî äîñëiä-
æåííÿ ìàéæå ïåðiîäè÷íèõ íåëiíiéíîãî ðiâ-
íÿííÿ (3) òà àíàëîãi÷íîãî ëiíiéíîãî ðiâíÿ-
ííÿ íàâåäåìî â íàñòóïíèõ ïóíêòàõ.

3. Îñíîâíèé ðåçóëüòàò. Íàâåäåìî óìî-
âè iñíóâàííÿ ìàéæå ïåðiîäè÷íèõ ðîçâ'ÿçêiâ
ðiâíÿííÿ (3), â ÿêèõ íà âiäìiíó âiä âiäî-
ìî¨ òåîðåìè Àìåðiî ïðî ìàéæå ïåðiîäè÷íi
ðîçâ'ÿçêè íåëiíiéíèõ äèôåðåíöiàëüíèõ ðiâ-
íÿíü [2,3] íå âèêîðèñòîâó¹òüñÿ H-êëàñ ðiâ-
íÿííÿ (3).

Òåîðåìà 1.Íåõàé K íàëåæèòü ìíîæè-
íi K. ßêùî äëÿ ðîçâ'ÿçêó z ∈ N (F,K) ðiâ-
íÿííÿ (3) i äåÿêîãî ÷èñëà δ > 0 âèêîíó¹òüñÿ
ñïiââiäíîøåííÿ

∆(z,K, F, ε) > 0 (5)

äëÿ âñiõ ε ∈ (0, δ), òî öåé ðîçâ'ÿçîê ¹ ìàéæå
ïåðiîäè÷íèì.

Äîâåäåííÿ. Ïðèïóñòèìî, ùî ðîçâ'ÿçîê
z ∈ N (F,K) ðiâíÿííÿ (3) íå ¹ åëåìåíòîì
ïðîñòîðó B0. Çàâäÿêè êîìïàêòíîñòi ìíîæè-
íè K iñíó¹ ïîñëiäîâíiñòü (z (t+ hp))p>1, ùî
çáiãà¹òüñÿ â òî÷öi t = 0, ïðè÷îìó áóäü-ÿêà ¨¨
ïiäïîñëiäîâíiñòü (z (t+ kp))p>1 íå çáiãà¹òüñÿ
ðiâíîìiðíî íà R. Îòæå,

lim
p,q→∞

∥z(hp)− z(hq)∥E = 0 (6)

i äëÿ äåÿêèõ ïîñëiäîâíîñòåé (pr)r>1, (qr)r>1 i
÷èñëà γ ∈ (0, δ)

sup
t∈R

∥z(t+kpr)−z(t+kqr)∥E > γ, r > 1. (7)

Íå îáìåæóþ÷è çàãàëüíîñòi, ìîæíà ââàæàòè,
ùî ïîñëiäîâíiñòü (F (t+ kp, x))p>1 çáiãà¹òüñÿ
ðiâíîìiðíî íà R×K. Òîäi

lim
p,q→∞

sup
t∈R, x∈K

∥F (t+kp, x)−F (t+kq, x)∥E = 0.

(8)
Çàôiêñó¹ìî äîâiëüíå ÷èñëî ε0 ∈ (0, γ]. Íà

ïiäñòàâi (6) i (7) äëÿ ôóíêöié

yr(t) = z(t+ kpr)− z(t+ kqr), r > 1,

âèêîíó¹òüñÿ ñïiââiäíîøåííÿ

S−kqryr ∈ Ω(z,K, F, ε0), r > 1, (9)
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äå Sh � îïåðàòîð çñóâó, âèçíà÷åíèé ñïiââiä-
íîøåííÿì (1).

Ïîêàæåìî, ùî

∆(z,K, F, ε0) = 0. (10)

Çàâäÿêè (4), (9) òà òîìó, ùî

F (t+ kpr , z(t+ kpr)) ≡ 0, r > 1, (11)

âèêîíóþòüñÿ ñïiââiäíîøåííÿ

∆(z,K, F, ε0) =

= inf
y∈Ω(z,K,F,ε0)

sup
t∈R

∥F (t, z(t) + y(t))∥E 6

6 sup
t∈R

∥F (t+ kqr , z(t+ kqr) + yr(t))∥E =

= sup
t∈R

∥F (t+ kqr , z(t+ kpr))∥E 6

6 sup
t∈R

∥F (t+ kpr , z(t+ kpr))∥E+

+sup
t∈R

∥F (t+ kpr , z(t+ kpr))−

−F (t+ kqr , z(t+ kpr))∥E , r > 1,

ç ÿêèõ íà ïiäñòàâi (8) i (11) âèïëèâà¹ ñïiâ-
âiäíîøåííÿ (10), ùî ñóïåðå÷èòü (5).

Îòæå, ïðèïóùåííÿ, ùî ðîçâ'ÿçîê z ðiâíÿ-
ííÿ (3) íå ¹ ìàéæå ïåðiîäè÷íèì, õèáíå.

Òåîðåìó 1 äîâåäåíî.

4. Âèïàäîê ëiíiéíîãî ðiâíÿííÿ (3).
Çàñòîñó¹ìî òåîðåìó 1 äî äîñëiäæåííÿ ëiíié-
íèõ ìàéæå ïåðiîäè÷íèõ ðiâíÿíü.

Ðîçãëÿíåìî âiäîáðàæåííÿ S : R×R → R,
ùî âèçíà÷à¹òüñÿ ðiâíiñòþ

S(t, x) = A(t)x+ h(t),

äå A(t) � íåïåðåðâíà i ìàéæå ïåðiîäè÷íà íà
R ôóíêöiÿ çi çíà÷åííÿìè â L(E,E) i h ∈ B0,
à òàêîæ âiäïîâiäíå ëiíiéíå ðiâíÿííÿ

A(t)x(t) + h(t) = 0. (12)

Î÷åâèäíî, ùî ðiâíÿííÿ (12) � îêðåìèé âè-
ïàäîê ðiâíÿííÿ (3).

Çàâäÿêè òåîðåìi 1 ñïðàâäæó¹òüñÿ íàñòóï-
íå òâåðäæåííÿ.

Òåîðåìà 2.Íåõàé K íàëåæèòü ìíîæè-
íi K. ßêùî ëiíiéíå ðiâíÿííÿ (12) ìà¹ îáìå-
æåíèé ðîçâ'ÿçîê z ∈ N (S,K) i äëÿ äåÿêîãî
÷èñëà δ > 0 âèêîíó¹òüñÿ ñïiââiäíîøåííÿ

∆(z,K, S, ε) > 0

äëÿ âñiõ ε ∈ (0, δ), òî öåé ðîçâ'ÿçîê ¹ ìàéæå
ïåðiîäè÷íèì.

Íà çàâåðøåííÿ çàçíà÷èìî, ùî ôóíêöiî-
íàë, àíàëîãi÷íèé ôóíêöiîíàëó ∆, âèêîðèñ-
òîâóâàâñÿ àâòîðîì â [4,5] äëÿ äîñëiäæåííÿ
íåëiíiéíèõ ìàéæå ïåðiîäè÷íèõ ðiçíèöåâèõ
òà äèôåðåíöiàëüíèõ ðiâíÿíü.
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