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ÏÎÐßÄÊÓ

Ó êëàñi óçàãàëüíåíèõ ôóíêöié òèïó ðîçïîäiëiâ âñòàíîâëåíî êîðåêòíó ðîçâ'ÿçíiñòü íå-
ëîêàëüíî¨ áàãàòîòî÷êîâî¨ çà ÷àñîì çàäà÷i ó âèïàäêó, êîëè ãðàíè÷íà óìîâà ìiñòèòü ïñåâäî-
Áåññåëåâi îïåðàòîðè, ïîáóäîâàíi çà ðiçíèìè îäíîðiäíèìè i íåãëàäêèìè ó òî÷öi 0 ñèìâîëàìè.

We prove the well solvability of a nonlocal multipoint, with respect to time, problem in
the case where the boundary condition involves pseudo-Bessel operators constructed by di�erent
homogeneous and non-smooth at the origin characters, in the class of generalized functions of a
distribution type.

Áàãàòî ïðèêëàäíèõ çàäà÷ ìîäåëþþòüñÿ
êðàéîâèìè çàäà÷àìè äëÿ ðiâíÿíü ç ÷àñòèí-
íèìè ïîõiäíèìè ç íåëîêàëüíèìè óìîâàìè
(òåîðiÿ ôiçèêè ïëàçìè, ÿäåðíèõ ðåàêöié, âî-
ëîãîïåðåíîñó, êîëèâàííÿ ðiçíèõ ñèñòåì, ïî-
øèðåííÿ åëåêòðîìàãíiòíèõ õâèëü, äåìîãðà-
ôi÷íi äîñëiäæåííÿ òîùî). Òàêi çàäà÷i âèíè-
êàþòü òàêîæ ïðè îïèñi âñiõ êîðåêòíèõ çà-
äà÷ äëÿ êîíêðåòíîãî îïåðàòîðà, ïðè ïîáó-
äîâi çàãàëüíî¨ òåîði¨ êðàéîâèõ çàäà÷. Â [1-3]
âèâ÷àëèñÿ íåëîêàëüíi áàãàòîòî÷êîâi çàäà÷i
äëÿ ðiâíÿíü ç ïñåâäîäèôåðåíöiàëüíèìè îïå-
ðàòîðàìè òà áàãàòîòî÷êîâi ñèíãóëÿðíi ïàðà-
áîëi÷íi çàäà÷i.

Ó ïðàöi [4] äîñëiäæåíî âëàñòèâîñòi îïåðà-
òîðà A = F−1

Bν
[aFBν ], äå FBν , F

−1
Bν

� ïðÿìå òà
îáåðíåíå ïåðåòâîðåííÿ Áåññåëÿ, a � îäíîði-
äíèé, íåãëàäêèé ó òî÷öi 0 ñèìâîë (A â [4] íà-
çâàíî ïñåâäî-Áåññåëåâèì îïåðàòîðîì), âñòà-
íîâëåíî êîðåêòíó ðîçâ'ÿçíiñòü çàäà÷i Êîøi
äëÿ åâîëþöiéíîãî ðiâíÿííÿ ∂u/∂t+Au = 0 ç
ïî÷àòêîâîþ ôóíêöi¹þ, ÿêà ¹ åëåìåíòîì ïðî-
ñòîðó óçàãàëüíèõ ôóíêöié òèïó ðîçïîäiëiâ
Ñîáîë¹âà-Øâàðöà. Â [5] àíàëîãi÷íi ðåçóëü-
òàòè îòðèìàíi ó âèïàäêó çàäà÷i Êîøi äëÿ
åâîëþöiéíîãî ðiâíÿííÿ

∂u

∂t
+ f(A)u = 0, f(A) =

∞∑
k=1

ckA
k, (1)

äå f(x) =
∞∑
k=1

ckx
k � ôóíêöiÿ, ùî çàäîâîëü-

íÿ¹ ïåâíi óìîâè.
Â.Â. Ãîðîäåöüêèì òà Â.I. Ìèðîíèêîì â

[6, 7] îá ðóíòîâàíî çîáðàæåííÿ îïåðàòîðà
f(A) ó âèãëÿäi F−1

Bν
[f(a)FBν ], äîñëiäæåíî

ñòðóêòóðó òà âëàñòèâîñòi ôóíäàìåíòàëüíî-
ãî ðîçâ'ÿçêó äâîòî÷êîâî¨ çàäà÷i äëÿ ðiâíÿí-
íÿ (1), äîâåäåíî êîðåêòíó ðîçâ'ÿçíiñòü çà-
äà÷i ó âèïàäêó, êîëè ãðàíè÷íà ôóíêöiÿ ¹
óçàãàëüíåíîþ ôóíêöi¹þ ñêií÷åííîãî ïîðÿä-
êó. Â [8] àíàëîãi÷íi ðåçóëüòàòè âñòàíîâëåíi
ó âèïàäêó m-òî÷êîâî¨ çà t çàäà÷i (m ≥ 2)
äëÿ ðiâíÿííÿ (1). Â äàíié ðîáîòi âñòàíîâ-
ëåíî ðîçâ'ÿçíiñòü íåëîêàëüíî¨ áàãàòîòî÷êî-
âî¨ çà ÷àñîì çàäà÷i äëÿ ðiâíÿííÿ (1) ó âè-
ïàäêó, êîëè ãðàíè÷íà óìîâà ìiñòèòü ïñåâäî-
Áåññåëåâi îïåðàòîðè, ïîáóäîâàíi çà ðiçíèìè
îäíîðiäíèìè i íåãëàäêèìè ó òî÷öi 0 ñèìâî-
ëàìè.

1. Ïîïåðåäíi âiäîìîñòi òà ïîçíà÷åí-
íÿ. Íåõàé γ � ôiêñîâàíå ÷èñëî ç ìíîæèíè
(1,+∞) \ {2, 3, 4, . . . }, ν � ôiêñîâàíå ÷èñëî
ç ìíîæèíè {3/2, 5/2, 7/2, . . . }, p̃0 := 2ν + 1,
γ0 := 1 + [γ] + p̃0, M(x) := 1 + |x|, x ∈ R,

Φ =
{
φ ∈ C∞(R) : |Dk

xφ(x)| ≤

≤ ck(1 + |x|)−(γ0+k), k ∈ Z+

}
,

Φ = lim
p→∞

prΦp, äå Φp, p ∈ Z+, � áàíàõiâ ïðî-
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ñòið âiäíîñíî íîðìè

∥φ∥p := sup
x∈R

{
p∑

k=0

M(x)γ0+k−ε0 |Dk
xφ(x)|

}
,

φ ∈ Φ, p ∈ Z+,

äå 0 < ε0 < 1 � ôiêñîâàíèé ïàðàìåòð.

Ñèìâîëîì
◦
Φ ïîçíà÷èìî ñóêóïíiñòü óñiõ

ïàðíèõ ôóíêöié ç ïðîñòîðó Φ ç âiäïîâiä-
íîþ òîïîëîãi¹þ. Öåé ïðîñòið íàçèâàòèìåìî
îñíîâíèì, à éîãî åëåìåíòè � îñíîâíèìè ôóí-
êöiÿìè.

Ó ïðîñòîði
◦
Φ âèçíà÷åíà îïåðàöiÿ óçàãàëü-

íåíîãî çñóâó àðãóìåíòó T ξ
x , ÿêà âiäïîâiäà¹

îïåðàòîðó Áåññåëÿ Bν = d2/dx2 + (2ν +
+1)x−1d/dx, ν > −1/2:

T ξ
xφ(x) = bν

π∫
0

φ(
√
x2 + ξ2 − 2xξ cosω)×

× sin2ν ωdω, φ ∈
◦
Φ,

äå bν = Γ(ν + 1)/(Γ(1/2)Γ(ν + 1/2)). Öÿ îïå-
ðàöiÿ ¹ íåñêií÷åííî äèôåðåíöiéîâíîþ ó ïðî-

ñòîði
◦
Φ [9]. Íà ôóíêöiÿõ ç ïðîñòîðó

◦
Φ âèçíà-

÷åíå ïåðåòâîðåííÿ Áåññåëÿ

FBν [φ](ξ) ≡ FB[φ](ξ) :=

∞∫
0

φ(x)jν(xξ)x
2ν+1dx,

φ ∈
◦
Φ,

äå jν � íîðìîâàíà ôóíêöiÿ Áåññåëÿ. Ïðè
öüîìó FB[φ] � ïàðíà, îáìåæåíà, íåïåðåðâíà
íà R ôóíêöiÿ. Íàâåäåìî ùå äåÿêi âëàñòèâî-
ñòi ôóíêöi¨ FB[φ], âñòàíîâëåíi â ïðàöi [9]: 1)

ÿêùî φ ∈
◦
Φ, òî FB[φ] � íåñêií÷åííî äèôå-

ðåíöiéîâíà íà R \ {0} ôóíêöiÿ; 2) ó ôóíêöi¨
Dk

ξFB[φ](ξ), ξ ̸= 0, k ∈ N, iñíóþòü ñêií÷åííi
îäíîñòîðîííi ãðàíèöi lim

ξ→±0
Dk

ξFB[φ](ξ), ôóí-

êöi¨ D2k
ξ FB[φ](ξ), ξ ̸= 0, k ∈ N, ó òî÷öi ξ = 0

ìàþòü óñóâíèé ðîçðèâ; 3) ôóíêöi¨ ç ïðîñòî-

ðó
◦
Ψ := FB[

◦
Φ] çàäîâîëüíÿþòü óìîâó: ∀s ∈

Z+ ∃cs > 0 : sup
ξ∈R\{0}

|ξsDs
ξψ(ξ)| ≤ cs, ψ ∈

◦
Ψ;

4) ξsDs
ξFB[φ] ∈ L1(R), s ∈ Z+, äëÿ äîâiëüíî¨

ôóíêöi¨ φ ∈
◦
Φ; 5) ÿêùî |ξ| ≥ 1, òî

∀{m, s} ⊂ Z+, m ≥ s, ∃cm > 0∃cs > 0 :

sup
ξ:|ξ|≥1

|ξmDs
ξFB[φ](ξ)| ≤ cmcs, φ ∈

◦
Φ,

äå cm ≤ c0B
mmm (còàëi c0, B çàëåæàòü ëè-

øå âiä ôóíêöi¨ FB[φ]); 6) ïåðåòâîðåííÿ Áåñ-
ñåëÿ âçà¹ìíî îäíîçíà÷íî i íåïåðåðâíî âiä-

îáðàæà¹
◦
Φ íà

◦
Ψ, ïðè öüîìó F−1

B âèçíà÷à¹-
òüñÿ ôîðìóëîþ

F−1
B [ψ](x) = cν

∞∫
0

ψ(ξ)jν(xξ)ξ
2ν+1dξ,

ψ ∈
◦
Ψ, cν = (22νΓ2(ν + 1))−1.

Ó ïðîñòîði
◦
Ψ ââîäèòüñÿ ñòðóêòóðà

çëi÷åííî-íîðìîâàíîãî ïðîñòîðó çà äîïîìî-
ãîþ ñèñòåìè íîðì [9]

∥ψ∥p := sup
ξ∈(0,∞)

{ p∑
k=0

ξ2k|D2k
ξ ψ(ξ)|

}
,

ψ ∈
◦
Ψ, p ∈ Z+.

Ñèìâîëîì (
◦
Φ)′ ïîçíà÷èìî ïðîñòið óñiõ ëi-

íiéíèõ íåïåðåðâíèõ ôóíêöiîíàëiâ, çàäàíèõ

íà
◦
Φ, çi ñëàáêîþ çáiæíiñòþ. Åëåìåíòè ç

(
◦
Φ)′ íàçèâàòèìåìî óçàãàëüíåíèìè ôóíêöiÿ-

ìè. Îñêiëüêè â ïðîñòîði
◦
Φ âèçíà÷åíà îïåðà-

öiÿ óçàãàëüíåíîãî çñóâó àðãóìåíòó, òî çãîð-

òêó óçàãàëüíåíî¨ ôóíêöi¨ f ∈ (
◦
Φ)′ ç îñíîâ-

íîþ ôóíêöi¹þ çàäàìî ôîðìóëîþ

(f ∗ φ)(x) = ⟨fξ, T ξ
xφ(x)⟩ ≡ ⟨fξ, T x

ξ φ(ξ)⟩,

ïðè öüîìó f ∗φ ¹ íåñêií÷åííî äèôåðåíöiéîâ-
íîþ íà R ôóíêöi¹þ [10].

Íàãàäà¹ìî, ùî F−1
B [φ] ∈

◦
Φ, ÿêùî φ ∈

FB[
◦
Φ]. Îòæå, ïåðåòâîðåííÿ Áåññåëÿ óçàãàëü-

íåíî¨ ôóíêöi¨ f ∈ (
◦
Φ)′ âèçíà÷èìî òàê:

⟨FB[f ], φ⟩ = ⟨f, F−1
B [φ]⟩, ∀φ ∈

◦
Ψ.

Iç âëàñòèâîñòåé ëiíiéíîñòi òà íåïåðåðâíî-
ñòi ôóíêöiîíàëó f òà ïåðåòâîðåííÿ Áåññåëÿ
(ïðÿìîãî òà îáåðíåíîãî) âèïëèâà¹ ëiíiéíiñòü
i íåïåðåðâíiñòü ôóíêöiîíàëó FB[f ], âèçíà÷å-

íîãî íà ïðîñòîði îñíîâíèõ ôóíêöié FB[
◦
Φ].
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ßêùî f ∈ (
◦
Φ)′, f ∗ φ ∈

◦
Φ, ∀φ ∈

◦
Φ, òà iç

ñïiââiäíîøåííÿ φj → 0 ïðè j → ∞ çà òîïî-

ëîãi¹þ ïðîñòîðó
◦
Φ âèïëèâà¹ ñïiââiäíîøåííÿ

f ∗φj → 0 ïðè j → ∞ çà òîïîëîãi¹þ ïðîñòî-

ðó
◦
Φ, òî ôóíêöiîíàë f íàçèâà¹òüñÿ çãîðòó-

âà÷åì ó ïðîñòîði
◦
Φ. Íàäàëi êëàñ óñiõ çãîðòó-

âà÷iâ ó ïðîñòîði
◦
Φ ïîçíà÷àòèìåìî ñèìâîëîì

(
◦
Φ∗)

′. Â [10] äîâåäåíî, ùî ÿêùî f ∈ (
◦
Φ∗)

′, òî

äëÿ äîâiëüíî¨ ôóíêöi¨ φ ∈
◦
Φ ïðàâèëüíîþ ¹

ôîðìóëà FB[f ∗φ] = FB[f ] ·FB[φ], ïðè öüîìó

FB[f ] � ìóëüòèïëiêàòîð ó ïðîñòîði FB[
◦
Φ].

Íåõàé a: R → [0,+∞) � íåïåðåðâíà, ïàð-
íà íà R ôóíêöiÿ, îäíîðiäíà ïîðÿäêó γ > 1,
òîáòî a(λx) = λγa(x), λ > 0, ÿêà:
1) íåñêií÷åííî äèôåðåíöiéîâíà ïðè x ̸= 0;
2) ¨¨ ïîõiäíi çàäîâîëüíÿþòü óìîâó

∀k ∈ N ∃ck > 0∀x ∈ R \ {0} :

|Dk
xa(x)| ≤ ck|x|γ−k;

3) iñíóþòü ñòàëi c′0, c̃0 > 0, δ ≥ γ òàêi, ùî

c′|x|γ ≤ a(x) ≤ c̃0(1 + |x|δ), x ∈ R

(ïðèêëàäîì òàêî¨ ôóíêöi¨ ìîæå ñëóæèòè
ôóíêöiÿ a(x) = |x|γ).

Âèäiëèìî òóò êëàñ íåñêií÷åííî äèôåðåí-

öiéîâíèõ ôóíêöié f(x) =
∞∑
k=1

ckx
k, x ∈ R,

çà äîïîìîãîþ ÿêèõ ìîæíà áóäóâàòè ïñåâäî-
Áåññåëåâi îïåðàòîðè íåñêií÷åííîãî ïîðÿäêó
âèãëÿäó

f(A) :=
∞∑
k=1

ckA
k,

äå A = F−1
B [aFb] � ïñåâäî-Áåññåëåâèé îïå-

ðàòîð, ïîáóäîâàíèé çà ôóíêöi¹þ-ñèìâîëîì
a. Ââàæàòèìåìî, ùî îïåðàòîð f(A) âèçíà÷å-

íèé êîðåêòíî â ïðîñòîði
◦
Φ, ÿêùî äëÿ êîæíî¨

îñíîâíî¨ ôóíêöi¨ φ ∈
◦
Φ ðÿä

(f(A)φ)(x) :=
∞∑
k=1

ck(A
kφ)(x)

çîáðàæà¹ äåÿêó îñíîâíó ôóíêöiþ ç ïðîñòî-

ðó
◦
Φ. Ñëiäóþ÷è [6] ïðèïóñòèìî, ùî ôóíêöiÿ

f äîïóñêà¹ àíàëiòè÷íå ïðîäîâæåííÿ ó âñþ
êîìïëåêñíó ïëîùèíó i çàäîâîëüíÿ¹ óìîâè:

à) ∃β0 > 0 ∀x ∈ R: f(x) ≥ β0|x|;
á) ∀k ∈ Z+ ∃pk > 0 ∃bk > 0 ∀x ∈ R:

|Dk
xf(x)| ≤ bk(1 + |x|)pk , p0 < [γ] · γ−1(ν +

+3/2 + [γ])−1 (p0 � ñòàëà ç óìîâè á));
â) ∀ε > 0 ∃cε > 0 ∀z = x+ iy ∈ C: |f(z)| ≤

cε(1 + |x|)p0 exp{ε|y|1/[δ]}
(δ � ñòàëà ç óìîâè 3), [δ] � öiëà ÷àñòèíà ÷èñëà
δ).

Ó ïðàöi [6] âñòàíîâëåíî, ùî ïðè âèêîíàí-
íi âêàçàíèõ óìîâ îïåðàòîð f(A) âèçíà÷åíèé
êîðåêòíî, ¹ ëiíiéíèì i íåïåðåðâíèì ó ïðî-

ñòîði
◦
Φ, ïðè öüîìó f(A) = F−1

Bν
[f(a)FBν ].

2. Îñíîâíi ðåçóëüòàòè. Äëÿ åâîëþöié-
íîãî ðiâíÿííÿ

∂u

∂t
+ f(A)u = 0, (t, x) ∈ (0, T ]× R+ ≡ Ω+,

(2)
äå f(A) � îïåðàòîð, ïîáóäîâàíèé ó ï. 1, ðîç-
ãëÿíåìî íåëîêàëüíó áàãàòîòî÷êîâó çà ÷àñîì
çàäà÷ó

µu(t, ·)|t=0 −
m∑
k=1

µkBku(t, ·)|t=tk = φ, φ ∈
◦
Φ,

(3)
äå m ∈ N, {µ, µ1, . . . , µm} ⊂ (0, ∞),
{t1, . . . , tm} ⊂ (0, T ] � ôiêñîâàíi ïàðàìåòðè,
t1 < t2 < . . . < tm ≤ T , B1, . . . , Bm-ïñåâäî-
Áåññåëåâi îïåðàòîðè, ïîáóäîâàíi çà ôóíêöi-
ÿìè b1, . . . , bm âiäïîâiäíî, ÿêi çàäîâîëüíÿ-
þòü íàñòóïíi óìîâè: bk : R → [0, ∞), k ∈
{1, . . . ,m}, � íåïåðåðâíi, ïàðíi íà R ôóí-
êöi¨, íåñêií÷åííî äèôåðåíöiéîâíi ïðè x ̸= 0,
îäíîðiäíi ïîðÿäêó βk > 1 âiäïîâiäíî, β1 ≤
β2 ≤ . . . ≤ βm < γ (γ > 1 �ïîðÿäîê îäíîði-
äíîñòi ôóíêöi¨ a) òàêi, ùî:

1
′
) ∀k ∈ {1, . . . ,m} ∀s ∈ N ∃dks > 0 ∀x ∈
R\{0}: |Ds

xbk(x)| ≤ dks|x|βk−s;

2
′
) ∀k ∈ {1, . . . ,m} ∃αk, α̃k > 0 ∀x ∈ R:
αk|x|βk ≤ bk(x) ≤ α̃k|x|βk .

Iç íàâåäåíèõ îáìåæåíü âèïëèâà¹, ùî ôóí-
êöi¨ b1, . . . , bm ¹ ìóëüòèïëiêàòîðàìè â ïðî-

ñòîði
◦
Φ, à B1, . . . , Bm � ëiíiéíi íåïåðåðâíi

îïåðàòîðè â öüîìó ïðîñòîði. Ââàæà¹ìî òà-
êîæ, ùî

µ > Λ
m∑
k=1

µk,
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Λ = max{1, L1, . . . , Lm, α̃1, . . . , α̃m},

Lk =
α̃k

β0c
′
otk
, k ∈ {1, . . . ,m},

äå c
′
o � ñòàëà ç óìîâè 3) ï.1, à β0 � ñòàëà ç

óìîâè à) ï.1.

Êëàñè÷íèé ðîçâ'ÿçîê u ∈ C1((0, T ],
◦
Φ)

çàäà÷i (2), (3) øóêà¹ìî çà äîïîìîãîþ ïåðå-
òâîðåííÿ Áåññåëÿ. Ó îáðàçàõ öüîãî ïåðåòâî-
ðåííÿ âêàçàíà çàäà÷à íàáóâà¹ âèãëÿäó

∂v(t, σ)

dt
+ f(a(σ))v(t, σ) = 0, (t, σ) ∈ Ω,

(4)

µv(t, σ)|t=0 −
m∑
k=1

µkbk(σ)v(t, σ)|t=tk = φ̃(σ),

σ ∈ R, (5)

äå v(t, σ) = FB[u(t, x)](σ), φ̃(σ) = FB[φ](σ).
Çàãàëüíèé ðîçâ'ÿçîê ðiâíÿííÿ (4) ìà¹ âè-
ãëÿä

υ(t, σ) = c exp{−tf(a(σ))}, (t, σ) ∈ Ω,

äå c çíàõîäèìî ç óìîâè (5):

c = φ̃(σ)

(
µ−

m∑
k=1

µkbk(σ) exp{−tkf(a(σ))}

)−1

,

σ ∈ R.
Îòæå,

v(t, σ) = φ̃(σ) exp{−tf(a(σ))}×

×

(
µ−

m∑
k=1

µkbk(σ) exp{−tkf(a(σ))}

)−1

.

Òîäi ðîçâ'ÿçîê çàäà÷i (2), (3) ìà¹ âèãëÿä:

u(t, x) = cν

∞∫
0

v(t, σ)jν(σx)σ
2ν+1dσ, (t, x) ∈ Ω.

ßêùî ââåñòè ïîçíà÷åííÿ G(t, x) :=
F−1
B [Q(t, σ)](x), äå

Q(t, σ) = exp{−tf(a(σ))}×

×

(
µ−

m∑
k=1

µkbk(σ) exp{−tkf(a(σ))}

)−1

,

òî, ÿê i â [8], äëÿ ðîçâ'ÿçêó çàäà÷i (2), (3)
äiñòà¹ìî íàñòóïíå çîáðàæåííÿ:

u(t, x) =

∞∫
0

T ξ
xG(t, x)φ(ξ)ξ

2ν+1dξ =

= G(t, x) ∗ φ(x), (t, x) ∈ Ω.

Çàóâàæèìî, ùî iç îáìåæåíü íà ôóíêöi¨
a, f , b1, . . . , bm âèïëèâàþòü íåðiâíîñòi: ÿêùî
σ ≥ 1, òî

bk(σ) exp{−tkf(a(σ))} ≤ bk(σ)

β0tka(σ)
≤

≤ αk|σ|γ

β0tkc
′
0|σ|γ

=
α̃k

β0tkc
′
0

≡ Lk ≤ Λ,

k ∈ {1, . . . ,m};
ÿêùî 0 < σ < 1, òî

bk(σ) exp{−tkf(a(σ))} ≤ bk(σ) ≤

≤ α̃k|σ|βk ≤ α̃k ≤ Λ.

Îòæå,

µ−
m∑
k=1

µkbk(σ) exp{−tkf(a(σ))} >

> µ− Λ
m∑
k=1

µk > 0, σ ∈ (0, ∞].

Ó òî÷öi σ = 0 ìà¹ìî

µ−
m∑
k=1

µkbk(0)e
−tkf(a(0)) = µ > 0.

Òîäi(
µ−

m∑
k=1

µkbk(σ) exp{−tkf(a(σ))}

)−1

> 0,

σ ∈ [0, +∞),

ïðè öüîìó

µ−
m∑
k=1

µkbk(σ)e
−tkf(a(σ)) =

= µ

(
1− 1

µ

m∑
k=1

µkbk(σ)e
−tkf(a(σ))

)
,

1

µ

m∑
k=1

µkbk(σ)e
−tkf(a(σ)) ≤ Λ

µ

m∑
k=1

µk < 1, σ ≥ 0.
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Ñêîðèñòàâøèñü îñòàííüîþ íåðiâíiñòþ òà ïî-
ëiíîìiàëüíîþ ôîðìóëîþ çíàéäåìî, ùî(

µ−
m∑
k=1

µkbk(σ)e
−tkf(a(σ))

)−1

=

=
1

µ

∞∑
r=0

µ−r

(
m∑
k=1

µkbk(σ)e
−tkf(a(σ))

)r

=

=
∞∑
r=0

µ−(r+1)
∑

r1+...+rm=r

r!

r1! . . . rm!
×

×
(
µ1b1(σ)e

−t1f(a(σ))
)r1 × . . .×

×
(
µmbm(σ)e

−tmf(a(σ))
)rm

=

=
∞∑
r=0

µ−(r+1)
∑

r1+...+rm=r

r!µr1
1 . . . µ

rm
m

r1! . . . rm!
×

×br11 (σ) . . . brmm (σ)e−(t1r1+...+tmrm)f(σ).

Çâiäñè äiñòà¹ìî íàñòóïíå çîáðàæåííÿ äëÿ
ôóíêöi¨ G:

G(t, x) =
∞∑
r=0

1

µr+1
×

×
∑

r1+...+rm=r

r!µr1
1 . . . µ

rm
m

r1! . . . rm!
G̃(λ+ t, x), (51)

äå

G̃(λ+ t, x) = cν

∞∫
0

br11 (σ) . . . brmm (σ)×

×e−(λ+t)f(a(σ))jν(xσ)σ
2ν+1dσ, (52)

λ := t1r1 + . . . + tmrm, G̃(t, x) � ôóíäàìåí-
òàëüíèé ðîçâ'ÿçîê çàäà÷i Êîøi äëÿ ðiâíÿííÿ
(2), äëÿ ÿêîãî ïðàâèëüíèìè ¹ îöiíêè, îòðè-
ìàíi â [5]:

|Ds
xG̃(t, x)| ≤ αst

−ωs/γ(1 + |x|)−(s+γ0),

t ∈ (0, 1], x ∈ R, s ∈ N.
Ñêîðèñòàâøèñü âëàñòèâîñòÿìè ôóíêöié f ,
a, b1, . . . , bm âñòàíîâëþ¹ìî, ùî G(t, x) ¹
íåïåðåðâíî äèôåðåíöiéîâíîþ íà ïðîìiæêó
(0, T ] ôóíêöi¹þ (ïðè ôiêñîâàíîìó x ∈ R) i
íåñêií÷åííî äèôåðåíöiéîâíîþ ïî àðãóìåíòó
x (ïðè ôiêñîâàíîìó t ∈ (0, T ]).

Îöiíêè ôóíêöi¨ G òà ¨¨ ïîõiäíèõ ïî àð-
ãóìåíòó x (ç âèäiëåíîþ ïðè öüîìó çàëåæíi-
ñòþ âiä ïàðàìåòðà t) äàþòüñÿ â íàñòóïíîìó
òâåðäæåííi.
Ëåìà 1. Äëÿ ôóíêöi¨ G òà ¨¨ ïîõiäíèõ

(ïî x) ïðàâèëüíèìè ¹ îöiíêè

|Ds
xG(t, x)| ≤ cst

−(s+q)/γ(1 + |x|)−(γ0+s),

t ∈ (0, T ∗], (6)

T ∗ = min{1, T}, x ∈ R, s ∈ Z+, γ0 = 2ν+2+[γ],

q = ωα + (γ + ωα)α− [γ], α = ν + 3/2 + [γ],

ñòàëà cs > 0 íå çàëåæèòü âiä t.
Äîâåäåííÿ. Ïåðåäóñiì ðîçãëÿíåìî âè-

ïàäîê s = 0 i âèêîðèñòà¹ìî ìåòîäèêó îöi-
íþâàííÿ ôóíäàìåíòàëüíîãî ðîçâ'ÿçêó çàäà-
÷i Êîøi äëÿ ðiâíÿííÿ (2), ðîçâèíåíó â ïðà-
öi [5]. Îòæå, âðàõóâàâøè âèãëÿä íîðìîâàíî¨
ôóíêöi¨ Áåññåëÿ jν , ïîäàìî G(t, x), x ̸= 0, ó
âèãëÿäi

G(t, x) = Λ1(t, x) + Λ2(t, x),

äå

Λ1(t, x) = cn

n∑
j=0

dj
xn+j+1

J1,j(t, x), n = ν−1/2,

J1,j(t, x) =

∞∫
0

Q1(t, σ)Q2(σ)σ
n−j+1×

× sin(xσ − nπ

2
)dσ,

Λ2(t, x) = cn

n−1∑
j=1

d̃j
xn+j+1

J2,j(t, x),

J2,j(t, x) =

∞∫
0

Q1(t, σ)Q2(σ)σ
n−j+1×

× cos(xσ − nπ

2
)dσ,

Q1(t, σ) = e−tf(a(σ)),

Q2(σ) =

(
µ−

m∑
k=1

µkbk(σ)e
−tkf(a(σ))

)−1

.

Îöiíèìî J1,j(t, x). Äëÿ öüîãî iíòåãðàë
J1,j(t, x), x ̸= 0, çiíòåãðó¹ìî ÷àñòèíàìè mj
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ðàçiâ, äå mj = n − j + 2 + [γ], 0 ≤ j ≤ n, i
ïîäàìî öåé iíòåãðàë ó íàñòóïíîìó âèãëÿäi

J1,j(t, x) =
(−1)mj

xmj
×

× lim
ε→+0

[ +∞∫
ε

Dmj
σ (Q1(t, σ)Q2(σ)σ

n−j+1)×

× sin(xσ − nπ

2
+mj

π

2
)dσ + Φ(ε, x)

]
, x ̸= 0.

(7)
Âðàõóâàâøè ôîðìóëó Ëåéáíiöà äèôåðåí-

öiþâàííÿ äîáóòêó äâîõ ôóíêöié çíàéäåìî,
ùî

Dmj
σ (Q1(t, σ)Q2(σ)σ

n−j+1) =

=

mj∑
l=0

C l
mj
Dl

σ(Q1(t, σ)σ
n−j+1)Dmj−l

σ Q2(σ) =

=

n−j+1∑
l=0

C l
mj
Dl

σ(Q1(t, σ)σ
n−j+1)Dmj−l

σ Q2(σ).

Îöiíèìî |Dmj−l
σ Q2(σ)|. Äëÿ öüîãî çàóâà-

æèìî, ùî

D1
σQ2(σ) = Q2

2(σ)
m∑
k=1

µk(b
′

k(σ)− tkbk(σ)×

×f ′
(a(σ)))e−tkf(a(σ)) = −Q2

2(σ)D
1
σR(σ),

äå

R(σ) = µ−
m∑
k=1

µkbk(σ)e
−tkf(a(σ)).

Îòæå, äëÿ l ∈ Z+

Dl
σD

1
σQ2(σ) = −Dl

σ(Q
2
2(σ)D

1
σR(σ)) =

= −
l∑

s=0

C l
sD

s
σQ

2
2(σ) ·Dl+1−s

σ R(σ).

Îñêiëüêè Q2
2(σ) = R−2(σ), òî äëÿ îá÷èñëåí-

íÿ i îöiíêè ïîõiäíî¨ Ds
σQ

2
2(σ) ñêîðèñòà¹ìîñÿ

ôîðìóëîþ Ôàà äå Áðóíî äèôåðåíöiþâàííÿ
ñêëàäíî¨ ôóíêöi¨

Ds
σF (g(σ)) =

s∑
m=1

dm

dgm
F (g)×

×
∑

m1+...+ml=m
m1+2m2+...+lml=s

s!

m1! . . .ml!

(
D1

σg(σ)
)m1 ×

×
(
1

2!
D2

σg(σ)

)m2

. . .

(
1

l!
Dl

σg(σ)

)ml

.

Ó öié ôîðìóëi ïîêëàäåìî F = g−2, g = R.
Òîäi

|Ds
σQ

2
2(σ)| =

∣∣∣∣ s∑
j=1

dj

dRj
R−2×

×
∑

j1+...+jν=j
j1+2j2+...+νjν=s

s!

j1! . . . jν !
× (D1

σR(σ))
j1×

×
(
1

2!
D2

σR(σ)

)j2

. . .

(
1

ν!
Dν

σR(σ)

)jν
∣∣∣∣.

Äàëi, ñêîðèñòàâøèñü óìîâîþ 1
′
), ÿêó çàäî-

âîëüíÿþòü ôóíêöi¨ b1, . . . , bm, íåðiâíiñòþ

1

|R2+j(σ)|
≤

(
µ− Λ

m∑
k=1

µk

)−(2+j)

≡ β̃j

òà íåðiâíîñòÿìè ç [8]:

|Ds
σQ1(t, σ)| ≤ cst

se−β0t|σ|γ |σ|ωs−s,

s ∈ N, (t, σ) ∈ Ω, (8)

äå β0 > 0, cs > 0 � ñòàëi, íå çàëåæíi âiä t,
ωs âèçíà÷à¹òüñÿ óìîâîþ ç ëåìè 1 ïðàöi [8],
áåçïîñåðåäíüî âñòàíîâëþ¹ìî, ùî

|Ds
σQ

2
2(σ)| ≤ δs|σ|γ−s, |σ| < 1, σ ̸= 0,

|Ds
σQ

2
2(σ)| ≤ δ̃s|σ|(γ+ωs−1)s, |σ| ≥ 1.

Óðàõóâàâøè ôîðìóëó Ëåéáíiöà äèôåðåíöi-
þâàííÿ äîáóòêó äâîõ ôóíêöié äiñòàíåìî, ùî

|Dl
σ(Q1(t, σ)σ

n−j+1)| =

=

∣∣∣∣ l∑
s=0

C l
sD

s
σQ1(t, σ)D

l−s
σ σn−j+1

∣∣∣∣ ≤
≤ |Dl

σQ1(t, σ)|σn−j+1 + l(n− j + 1)×
×|Dl−1

σ Q1(t, σ)|σn−j + . . .+

+(n− j + 1− l)|Q1(t, σ)|σn−j+1−l,

σ > 0, 1 ≤ l ≤ n− j + 1, t ∈ (0, T ∗]. (9)

Ïðè îöiíöi äîäàíêiâ ó ñóìi (9) çíîâó ñêîðè-
ñòà¹ìîñÿ íåðiâíîñòÿìè (8):

|Dl
σ(Q1(t, σ)σ

n−j+1)| ≤

≤ c̃lσ
n−j+1+γ−l + c̃σn−j+1−l.
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ßêùî |σ| < 1, σ ̸= 0, òî

χ(σ) := |Dmj
σ (Q1(t, σ)Q2(σ)σ

n−j+1)| ≤

≤ |Q1(t, σ)σ
n−j+1| · |Dmj

σ Q2(σ)|+

+

n−j+1∑
l=1

C l
mj
|Dl

σ(Q1(t, σ)σ
n−j+1)|×

×|Dmj−l
σ Q2(σ)| ≤ c(σα + σα̃ + σ

˜̃α),

äå

α = n−j+1+γ−mj = −1+γ− [γ] = {γ}−1,

α̃ = n−j+1+γ−l+γ−mj+l = γ+{γ}−1 > 0,

˜̃α = n− j + 1− l + γ −mj + l = {γ} − 1,

mj = n− j + 2 + [γ].

Îñêiëüêè 0 < 1 − {γ} < 1, òî ôóíêöiÿ
σα + σα̃ + σ

˜̃α iíòåãðîâíà â îêîëi íóëÿ. Îòæå,
iíòåãðîâíîþ â îêîëi íóëÿ ¹ ôóíêöiÿ χ(σ). Iç
íàâåäåíèõ âèùå ìiðêóâàíü âèïëèâà¹ òàêîæ,
ùî lim

ε→+0
Φ(ε, x) = 0 äëÿ êîæíîãî x ̸= 0, äå

Φ(ε, x) � ôóíêöiÿ ç ôîðìóëè (7).
Âèïàäîê σ ≥ 1 ðîçãëÿäà¹òüñÿ àíàëî-

ãi÷íî, ïðè öüîìó ó âiäïîâiäíèõ îöiíêàõ
ôóíêöi¨ Q1(t, σ) ñëiä çáåðiãàòè ìíîæíèê
exp{−β0t|σ|γ} (äèâ.(8)), ÿêèé çàáåçïå÷ó¹ ií-
òåãðîâíiñòü ôóíêöi¨ χ(σ) íà íåñêií÷åííîñòi.
Ç (9), ç óðàõóâàííÿì (8), äiñòà¹ìî íåðiâíiñòü

|Dl
σ(Q1(t, σ)σ

n−j+1)| ≤ cσn−j+1−l+ωle−β0t|σ|γ ,

ç ÿêî¨ âèïëèâà¹ îöiíêà ôóíêöi¨ χ(σ):

χ(σ) ≤ cσn−j+1+ωmj+(γ+ωmj )mj−mje−β0t|σ|γ ≤

≤ cσωα+(γ+ωα)α−[γ]−1e−β0tσγ

,

α = ν + 3/2 + [γ], σ ≥ 1.

Çàçíà÷èìî òàêîæ, ùî íà íåñêií÷åííîñòi
ïîçàiíòåãðàëüíi âèðàçè ó ôîðìóëi (7) ïå-
ðåòâîðþþòüñÿ â íóëü çà ðàõóíîê ôóíêöi¨
exp{−β0tσγ}, ÿêó âñi âîíè ìiñòÿòü ÿê ìíî-
æíèê. Ïðè öüîìó

∞∫
1

χ(σ)dσ ≤ c

∞∫
0

σpαe−β0tσγ

dσ
t1/γσ=z
=

= ct−(p2+1)/γ

∞∫
0

zpαe−β0zγdz =

= c1t
−(pα+1)/γ, pα = ωα + (γ + ωα)α− [γ]− 1.

Îñêiëüêè t ∈ (0, T ∗], òî ç îòðèìàíèõ ðåçóëü-
òàòiâ âèïëèâà¹ îöiíêà

|J1,j(t, x)| ≤
L̃jt

−(pα+1)/γ

|x|n−j+2+[γ]
, x ̸= 0.

Òîäi

|Λ1(t, x)| ≤ cnt
−(pα+1)/γ

n∑
j=0

djL̃j|x|−(n+j+1)×

×|x|−(n−j+2+[γ]) =

= c̃nt
−(pα+1)/γ|x|−(2ν+2+[γ]), x ̸= 0.

Àíàëîãi÷íî îöiíþ¹ìî |Λ2(t, x)|, x ̸= 0. Ó ðå-
çóëüòàòi ïðèéäåìî äî íàñòóïíî¨ íåðiâíîñòi:

|G(t, x)| ≤ ct−(pα+1)/γ|x|−γ0 ,

x ̸= 0, γ0 = 2ν + 2 + [γ].

Ç iíøîãî áîêó,

|G(t, x)| ≤ c̃

∞∫
0

e−tf(a(σ))σ2ν+1dσ
σ=t−1/γy

=

= c̃t−(2ν+2)/γ ×
∞∫
0

e−tf(t−1a(y))y2ν+1dy ≤

≤ c̃t−(2ν+2)/γ

∞∫
0

e−β0a(y)y2ν+1dy = ˜̃ct−(2ν+2)/γ.

Îñêiëüêè pα + 1 ≥ 2ν + 2, òî çâiäñè äiñòà¹-
ìî, ùî ó êîæíié òî÷öi x ∈ R ñïðàâäæó¹òüñÿ
íåðiâíiñòü

|G(t, x)| ≤ ct−q/γ(1 + |x|)−γ0 , t ∈ (0, T ∗],

ùî é ïîòðiáíî áóëî äîâåñòè.
Ó âèïàäêó s ∈ N ìà¹ìî, ùî

Ds
xG(t, x) = Ds

xΨ1(t, x) +Ds
xΨ2(t, x),

äå

Ds
xΨ1(t, x) = cn

n∑
j=0

dj

∞∫
0

Q̃j(t, σ)×

×Ds
x

(
x−(n+j+1) sin(xσ − nπ

2
)

)
dσ,
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Ds
xΨ2(t, x) = cn

n−1∑
j=1

d̃j

∞∫
0

Q̃j(t, σ)×

×Ds
x

(
x−(n+j+1) cos(xσ − nπ

2
)

)
dσ,

Q̃j(t, σ) := Q1(t, σ)Q2(σ)σ
n−j+1.

Ñêîðèñòàâøèñü ôîðìóëîþ äèôåðåíöiþâàí-
íÿ äîáóòêó äâîõ ôóíêöié çíàéäåìî, ùî

Ds
xΨ1(t, x) = cn

n∑
j=0

dj

s∑
l=0

C l
sαlx

−(n+j+1+l)×

×
∞∫
0

Q1(t, σ)Q2(σ)σ
n−j+1+s−l×

× sin

(
xσ − nπ

2
+ (s− l)

π

2

)
dσ ≡

≡ cn

n∑
j=0

dj

s∑
l=0

C l
sαlx

−(n+j+1+l)Γ1(t, x),

äå αl = (−1)l(n+ j + 1) . . . (n+ j + 1 + l),

Γ1(t, x) =

∞∫
0

Q1(t, σ)Q2(σ)σ
n−j+1+s−l×

× sin

(
xσ − nπ

2
+ (s− l)

π

2

)
dσ.

Îöiíêà ôóíêöi¨ Γ1 çäiéñíþ¹òüñÿ çà ñõå-
ìîþ, íàâåäåíîþ âèùå. Ó ðåçóëüòàòi äëÿ
|Ds

xΨ1(t, x)| îòðèìà¹ìî îöiíêó âèãëÿäó (6).
Òàêi æ îöiíêè îòðèìóþòüñÿ äëÿ ôóí-
êöi¨ |Ds

xΨ2(t, x)|, à, îòæå, i äëÿ ôóíêöi¨
|Ds

xG(t, x)|.
Ëåìà äîâåäåíà.
Çàóâàæåííÿ 1. Iç îöiíîê (6) ïîõiäíèõ

ôóíêöi¨ G âèïëèâà¹, ùî ïðè êîæíîìó t ∈
(0, T ] ôóíêöiÿ G, ÿê ôóíêöiÿ àðãóìåíòó x,

¹ åëåìåíòîì ïðîñòîðó
◦
Φ.

Ëåìà 2. Ïðàâèëüíèìè ¹ íàñòóïíi òâåð-
äæåííÿ.

1) Ôóíêöiÿ G(t, ·), t ∈ (0, T ], ÿê àáñòðà-
êòíà ôóíêöiÿ ïàðàìåòðà t iç çíà÷åííÿìè â

ïðîñòîði
◦
Φ, äèôåðåíöiéîâíà ïî t.

2) ∂
∂t
(f ∗G(t, ·)) = f ∗ ∂G(t, ·)

∂t
, ∀f ∈ (

◦
Φ)

′
.

3) Ó ïðîñòîði (
◦
Φ)

′
ñïðàâäæóþòüñÿ ãðà-

íè÷íi ñïiââiäíîøåííÿ:

à) µ lim
t→+0

G(t, ·)−
m∑
k=1

µk lim
t→tk

BkG(t, ·) = δ;

á) µ lim
t→+0

ω(t, ·)−
m∑
k=1

µk lim
t→tk

Bkω(t, ·) = g,

äå

ω(t, x) = g ∗G(t, x), g ∈ (
◦
Φ∗)

′
, (t, x) ∈ Ω.

4) Ôóíêöiÿ G(t, ·) çàäîâîëüíÿ¹ ðiâíÿííÿ
(2).

Äîâåäåííÿ òâåðäæåíü ëåìè 1 àíàëîãi÷íi
äîâåäåííÿì òâåðäæåíü 1, 2, 3.á), 3.â), 4 ëåìè
2 ïðàöi [8].

Íà ïiäñòàâi íàâåäåíèõ âèùå âëàñòèâî-
ñòåé ôóíêöiþ G íàçèâàòèìåìî ôóíäàìåí-
òàëüíèì ðîçâ'ÿçêîì áàãàòîòî÷êîâî¨ çàäà÷i
äëÿ ðiâíÿííÿ (2) ç ïñåâäîäèôåðåíöiàëüíèìè
óìîâàìè.

Iç òâåðäæåííÿ 3.á) ëåìè 2 âèïëèâà¹, ùî
äëÿ ðiâíÿííÿ (2) m-òî÷êîâó çà ÷àñîì çàäà÷ó
ç ïñåâäîäèôåðåíöiàëüíèìè óìîâàìè ìîæíà
ñòàâèòè òàê. Äëÿ (2) ðîçãëÿíåìî çàäà÷ó

µu(t, ·)|t=0 −
m∑
k=1

µkBku(t, ·)|t=tk = g, (10)

äå g ∈ (
◦
Φ∗)

′
, ïàðàìåòðè µ, µ1, . . . , µm çà-

äîâîëüíÿþòü óìîâè, ñôîðìóëüîâàíi ðàíiøå.
Ïiä ðîçâ'ÿçêîì çàäà÷i (2), (10) ðîçóìiòèìå-

ìî ôóíêöiþ u ∈ C1((0, T ],
◦
Φ), ÿêà çàäîâîëü-

íÿ¹ ðiâíÿííÿ (2) ó çâè÷àéíîìó ðîçóìiííi òà
ãðàíè÷íó óìîâó (10) ó òîìó ñåíñi, ùî

µ lim
t→+0

u(t, ·)−
m∑
k=1

µk lim
t→tk

Bku(t, ·) = g,

äå ãðàíèöi ðîçãëÿäàþòüñÿ â ïðîñòîði (
◦
Φ)

′
.

Ç òâåðäæåíü ëåìè 2 âèïëèâà¹ íàñòóïíà
Òåîðåìà. m-òî÷êîâà çàäà÷à (2), (10) ¹

ðîçâ'ÿçíîþ; ðîçâ'ÿçîê çîáðàæà¹òüñÿ ó âè-
ãëÿäi

u(t, x) = g ∗G(t, x), (t, x) ∈ Ω,

äå G � ôóíäàìåíòàëüíèé ðîçâ'ÿçîê áàãàòî-

òî÷êîâî¨ çàäà÷i, ïðè öüîìó u(t, ·) ∈
◦
Φ ïðè

êîæíîìó t ∈ (0, T ].
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