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ÀËÃÅÁÐÀ ÒÈÏÓ ÂIÍÅÐÀ ÔÓÍÊÖIÉ, ÏÎÐÎÄÆÅÍÈÕ
(p, q)-ÏÎËIÍÎÌÀÌÈ ÍÀ ÁÀÍÀÕÎÂÎÌÓ ÏÐÎÑÒÎÐI

Ó ðîáîòi äîñëiäæåíî àëãåáðó êîìïëåêñíîçíà÷íèõ ôóíêöié íà áàíàõîâîìó ïðîñòîði, ÿêi
ðîçêëàäàþòüñÿ ó àáñîëþòíî çáiæíèé íà îáìåæåíèõ ìíîæèíàõ ðÿä (p, q)-ïîëiíîìiâ. Äîñëiäæå-
íî âëàñòèâîñòi ñïåêòðà öi¹¨ àëãåáðè.

We study the algebra of complex-valued functions on a Banach space which can be represented
as an absolutely convergent on bounded sets series of (p, q)-polynomials. Some properties of the
spectrum of this algebra are investigated.

1. Âñòóï
Ó ðîáîòàõ [1], [2], [3], [6], [7] äîñëiäæó-

âàëèñü àëãåáðè àíàëiòè÷íèõ ôóíêöié íà áà-
íàõîâèõ ïðîñòîðàõ òà ¨õ ñïåêòðè. Íàøèì
çàâäàííÿì ¹ äîñëiäæåííÿ àëãåáðè ôóíêöié,
ïîðîäæåíèõ (p, q)-ïîëiíîìàìè íà áàíàõîâî-
ìó ïðîñòîði. Ìè ðîçãëÿäà¹ìî àëãåáðó ôóíê-
öié, ÿêi ðîçêëàäàþòüñÿ ó àáñîëþòíî çáiæíèé
íà îáìåæåíèõ ïiäìíîæèíàõ áàíàõîâîãî ïðî-
ñòîðó ðÿä (p, q)-ïîëiíîìiâ. Òàêó àëãåáðó ìî-
æíà ðîçãëÿäàòè ÿê ïåâíå óçàãàëüíåííÿ âi-
äîìî¨ àëãåáðè Âiíåðà ôóíêöié ç àáñîëþòíî
çáiæíèì ðÿäîì Ôóð'¹. Äëÿ öi¹¨ àëãåáðè âäà-
¹òüñÿ ðîçâèíóòè i çàñòîñóâàòè òåõíiêó, ðîç-
ðîáëåíó äëÿ àíàëiòè÷íèõ ôóíêöié ó ðîáî-
òàõ [2], [3], [7].
2. Îñíîâíi îçíà÷åííÿ òà ïîïåðåäíi

âiäîìîñòi
Íåõàé X � áàíàõiâ ïðîñòið. Ôóíêöiþ

A : Xp+q → C, äå p, q ∈ Z, p, q ≥ 0, áó-
äåìî íàçèâàòè (p, q)-ëiíiéíîþ ñèìåòðè÷íîþ
ôîðìîþ, ÿêùî A ¹ ëiíiéíîþ çà êîæíèì iç
ïåðøèõ p àðãóìåíòiâ, àíòèëiíiéíîþ çà êî-
æíèì iç îñòàííiõ q àðãóìåíòiâ, ñèìåòðè÷íîþ
çà ïåðøèìè p àðãóìåíòàìè i ñèìåòðè÷íîþ
çà îñòàííiìè q àðãóìåíòàìè. Ïðîñòið (p, q)-
ëiíiéíèõ ñèìåòðè÷íèõ ôîðì áóäåìî ïîçíà-
÷àòè Ls

a(
p,qX). Ïðîñòið íåïåðåðâíèõ (p, q)-

ëiíiéíèõ ñèìåòðè÷íèõ ôîðì áóäåìî ïîçíà-
÷àòè Ls(p,qX). Ïðîñòið Ls(p,qX) iç íîðìîþ

∥A∥ = sup
∥x1∥≤1,...,∥xp+q∥≤1

|A(x1, . . . , xp+q)|

¹ áàíàõîâèì ïðîñòîðîì.

ßêùî äëÿ ôóíêöi¨ P : X → C iñíó¹ (p, q)-
ëiíiéíà ñèìåòðè÷íà ôîðìà AP òàêà, ùî P
¹ çâóæåííÿì íà äiàãîíàëü ôîðìè AP , òîáòî
P (x) = AP (x, . . . , x︸ ︷︷ ︸

p+q

) äëÿ äîâiëüíîãî x ∈ X,

òî P áóäåìî íàçèâàòè (p, q)-ïîëiíîìîì. ×è-
ñëî p áóäåìî íàçèâàòè ñòåïåíåì îäíîðiäíî-
ñòi P i ïîçíà÷àòè degh P , ÷èñëî q áóäåìî
íàçèâàòè ñòåïåíåì àíòèîäíîðiäíîñòi P i ïî-
çíà÷àòè dega P . Ôîðìó AP áóäåìî íàçèâàòè
(p, q)-ëiíiéíîþ ñèìåòðè÷íîþ ôîðìîþ, àñîöi-
éîâàíîþ ç (p, q)-ïîëiíîìîì P . Ïðîñòið (p, q)-
ïîëiíîìiâ áóäåìî ïîçíà÷àòè Pa(

p,qX). Ïðî-
ñòið íåïåðåðâíèõ (p, q)-ïîëiíîìiâ iç íîðìîþ

∥P∥ = sup
∥x∥≤1

|P (x)|

áóäåìî ïîçíà÷àòè P(p,qX).
Ó [5] ïîáóäîâàíî òàê çâàíó ïîëÿðèçàöiéíó

ôîðìóëó, ÿêà äîçâîëÿ¹ çíàéòè àñîöiéîâàíó
ôîðìó äëÿ äàíîãî (p, q)-ïîëiíîìà:

AP (x1, . . . , xp+q) =
1

(2q + 1)2p+qp!q!
×

×
∑

ε1,...,εp+q=±1

ε1ε2 . . . εp+q

2q+1∑
j=1

α2q+1−p
j ×

× P
(
αj(ε1x1 + . . .+ εpxp)+

+ εp+1xp+1 + . . .+ εp+qxp+q

)
, (12)

äå αj = exp
(

2π(j−1)i
2q+1

)
. Öèì ñàìèì ïîêàçàíî,

ùî ïðîñòîðè Ls
a(

p,qX) i Pa(
p,qX) içîìîðôíi.
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Òàêîæ ó [5] äîâåäåíî òàê çâàíó ïîëÿðè-
çàöiéíó íåðiâíiñòü äëÿ íîðì íåïåðåðâíîãî
(p, q)-ïîëiíîìà i àñîöiéîâàíî¨ ç íèì (p, q)-
ëiíiéíî¨ ñèìåòðè÷íî¨ ôîðìè:

∥P∥ ≤ ∥AP∥ ≤ c(p, q,X)∥P∥,
äå c(p, q,X) � ïîëÿðèçàöiéíà êîíñòàíòà, ÿêà
çíàõîäèòüñÿ â ìåæàõ 1 ≤ c(p, q,X) ≤
(p+q)p+q

p!q!
.

Iç ïîëÿðèçàöiéíî¨ ôîðìóëè i ïîëÿðèçà-
öiéíî¨ íåðiâíîñòi âèïëèâà¹, ùî ïðîñòîðè
Ls(p,qX) i P(p,qX) òîïîëîãi÷íî içîìîðôíi.
3. Òåíçîðíi äîáóòêè
Ïîáóäó¹ìî ïåðåäñïðÿæåíèé ïðîñòið

äî ïðîñòîðó íåïåðåðâíèõ (p, q)-ïîëiíîìiâ
P(p,qX).

Äëÿ áàíàõîâîãî ïðîñòîðó
X = (X,+, ·, ∥ · ∥) âèçíà÷èìî ïðîñòið
X = (X,+, ∗, ∥ · ∥), ó ÿêîìó çàäàìî îïå-
ðàöiþ ìíîæåííÿ íà ñêàëÿð ” ∗ ” íàñòóïíèì
÷èíîì:

∀λ ∈ C ∀x ∈ X λ ∗ x = λ · x.
Ïðîñòið X íàçèâàþòü êîìïëåêñíî-ñïðÿæå-
íèì ïðîñòîðîì äî ïðîñòîðó X. Î÷åâèäíî, X
áóäå áàíàõîâèì ïðîñòîðîì, àíòèiçîìîðôíèì
äî X.

Òåíçîðíèé äîáóòîê
X
⊗

. . .
⊗

X︸ ︷︷ ︸
p

⊗
X
⊗

. . .
⊗

X︸ ︷︷ ︸
q

áóäåìî íà-

çèâàòè òåíçîðíèì (p, q)-ñòåïåíåì ïðîñòîðó
X i áóäåìî ïîçíà÷àòè

⊗p,qX.
Îçíà÷åííÿ 1. Âèçíà÷èìî îïåðàòîð

(p, q)-ñèìåòðèçàöi¨ sp,q :
⊗p,qX →

⊗p,qX.
Íà åëåìåíòàðíèõ òåíçîðàõ ïîêëàäåìî

sp,q(x1 ⊗ . . .⊗ xp+q) =
1

p!q!
×

×
∑

σ∈S(p)

∑
τ∈S(q)

xσ(1) ⊗ . . .⊗ xσ(p) ⊗ xp+τ(1) ⊗ . . .

⊗ xp+τ(q),

äå ÷åðåç S(n) ïîçíà÷åíî ãðóïó âñiõ ïiäñòà-
íîâîê íà ìíîæèíi {1, 2, . . . , n}.

Íà äîâiëüíi òåíçîðè ïðîäîâæó¹ìî sp,q çà
ëiíiéíiñòþ.

Îáðàç îïåðàòîðà sp,q íàçâåìî (p, q)-
ñèìåòðè÷íèì òåíçîðíèì ñòåïåíåì ïðî-
ñòîðó X i áóäåìî ïîçíà÷àòè

⊗p,q
s X.

Åëåìåíò ïðîñòîðó
⊗p,q

s X âèãëÿäó
x⊗(p,q) = x⊗ . . .⊗ x︸ ︷︷ ︸

p

⊗ x⊗ . . .⊗ x︸ ︷︷ ︸
q

áóäåìî

íàçèâàòè åëåìåíòàðíèì (p, q)-ñèìåòðè÷íèì
òåíçîðîì.

Òâåðäæåííÿ 1. Êîæåí åëåìåíò ïðî-
ñòîðó

⊗p,q
s X ìîæíà çîáðàçèòè ó âèãëÿäi

ñêií÷åííî¨ ñóìè åëåìåíòiâ âèãëÿäó λy⊗(p,q),
äå |λ| = 1.

Äîâåäåííÿ. Äîâåäåìî ñïî÷àòêó, ùî
(p, q)-ñèìåòðèçàöiþ äîâiëüíîãî åëåìåíòàðíî-
ãî òåíçîðà ìîæíà ïîäàòè ó âèãëÿäi òàêî¨ ñó-
ìè.

Íåõàé x1 ⊗ . . .⊗ xp+q ∈
⊗p,qX. Íåõàé f :

Xp+q → →
⊗p,q

s X, f(x1, . . . , xp+q) = s(x1 ⊗
. . . ⊗ xp+q). Î÷åâèäíî, f ¹ (p, q)-ëiíiéíèì
ñèìåòðè÷íèì âiäîáðàæåííÿì. Âèêîðèñòà¹ìî
ïîëÿðèçàöiéíó ôîðìóëó.

f(x1, . . . , xp+q) =
1

2p+qp!q!
×

∑
ε1,...,εp+q=±1

ε1 . . . εp+q ×
2q+1∑
l=1

α2q+1−p
l

2q + 1
×

× f

(
∆p,q

(
αl

p∑
k=1

εkxk +

p+q∑
k=p+1

εkxk

))
=

=
∑

ε1,...,εp+q=±1

2q+1∑
l=1

ε1 . . . εp+qα
2q+1−p
l ×

×

((
1

2p+qp!q!(2q + 1)

)1/p+q

×

×
(
αl

p∑
k=1

εkxk +

p+q∑
k=p+1

εkxk

))⊗(p,q)

,

äå ∆p,q(x) = (x, . . . , x︸ ︷︷ ︸
p+q

).

Îñêiëüêè |ε1 . . . εp+qα
2q+1−p
l | = 1, òî äëÿ

(p, q)-ñèìåòðèçàöi¨ åëåìåíòàðíîãî òåíçîðà
òåîðåìó äîâåäåíî. Êîæåí òåíçîð θ ∈

⊗p,q
s X

¹ ñóìîþ (p, q)-ñèìåòðèçàöié åëåìåíòàðíèõ
òåíçîðiâ, òîìó

θ =
∑
i

λiy
⊗(p,q)
i , |λi| = 1.
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Ïîêàæåìî, ùî ïðîñòið Pa(
p,qX) içî-

ìîðôíèé ïðîñòîðó ëiíiéíèõ ôóíêöiîíàëiâ
(
⊗p,q

s X)
∗.

Òâåðäæåííÿ 2. Äëÿ êîæíîãî P ∈
Pa(

p,qX) iñíó¹ ëiíiéíèé ôóíêöiîíàë j∗p,q(P )
íà

⊗p,q
s X òàêèé, ùî íàñòóïíà äiàãðàìà

êîìóòó¹:

X
P //

δp,q ##G
GG

GG
GG

GG
C

⊗p,q
s X

j∗p,q(P )

;;xxxxxxxxx

,

äå δp,q(x) = x⊗(p,q). Âiäîáðàæåííÿ j∗p,q ¹
içîìîðôiçìîì ìiæ ïðîñòîðàìè Pa(

p,qX) i
(
⊗p,q

s X)
∗
.

Äîâåäåííÿ. Íåõàé P ∈ Pa(
p,qX). Âèçíà-

÷èìî j∗p,q(P ) íà åëåìåíòàðíèõ ñèìåòðè÷íèõ
òåíçîðàõ:

j∗p,q(P )(x
⊗(p,q)) = P (x)

i ïðîäîâæèìî çà ëiíiéíiñòþ íà âñi òåíçîðè
θ ∈

⊗p,q
s X:

j∗p,q(P )(θ) = j∗p,q(P )

(
n∑

i=1

λix
⊗(p,q)
i

)
=

=
n∑

i=1

λij
∗
p,q(P )(x

⊗(p,q)
i ) =

n∑
i=1

λiP (xi).

Òîäi j∗p,q(P ) ∈ (
⊗p,q

s X)
∗ i äiàãðàìà êîìóòó¹.

Äîâåäåìî ií'¹êòèâíiñòü âiäîáðàæåííÿ
j∗p,q. Óìîâà êîìóòàòèâíîñòi äiàãðàìè âè-
çíà÷à¹ çíà÷åííÿ ëiíiéíîãî ôóíêöiîíàëà
j∗p,q(P ) íà åëåìåíòàðíèõ (p, q)-ñèìåòðè÷íèõ
òåíçîðàõ, à ñàìå j∗p,q(P )(x

⊗(p,q)) = P (x).
Òîìó j∗p,q(P ) îäíîçíà÷íî âèçíà÷à¹ çíà÷åííÿ
(p, q)-ïîëiíîìà P , îáðàçîì ÿêîãî âií ¹.

Äîâåäåìî ñþð'¹êòèâíiñòü âiäîáðàæåííÿ
j∗p,q. Íåõàé ìà¹ìî äåÿêèé ëiíiéíèé ôóíêöiî-
íàë f ∈ (

⊗p,q
s X)

∗. Ïîêàæåìî, ùî iñíó¹ òà-
êèé (p, q)-ïîëiíîì P ∈ Pa(

p,qX), ùî j∗p,q(P ) =
f . Ïîêëàäåìî

Ap,q(x1, . . . , xp+q) = f(sp,q(x1 ⊗ . . .⊗ xp+q)).

Ëåãêî ïåðåâiðèòè, ùî Ap,q ∈ La(
p,qX). Íåõàé

P � öå (p, q)-ïîëiíîì, àñîöiéîâàíèé ç Ap,q.
Òîäi j∗p,q(P ) = f .

Ëiíiéíiñòü îïåðàòîðà j∗p,q òàêîæ ïåðåâiðè-
òè íå ñêëàäíî. Îòæå, j∗p,q ¹ içîìîðôiçìîì
ìiæ ïðîñòîðàìè Pa(

p,qX) i (
⊗p,q

s X)
∗.

Ââåäåìî íîðìó íà ïðîñòîði
⊗p,q

s X. Äëÿ
θ ∈

⊗p,q
s X ïîêëàäåìî

∥θ∥π,s = inf
{∑

j

∥yj∥p+q : θ =
∑
j

λjy
⊗(p,q)
j ,

|λj| = 1
}
.

Áóäåìî íàçèâàòè ∥ · ∥s,π ïðîåêòèâíîþ ñè-
ìåòðè÷íîþ òåíçîðíîþ íîðìîþ. Ïðîñòið⊗p,q

s X iç íîðìîþ ∥ · ∥s,π áóäåìî ïîçíà÷àòè⊗p,q
s,πX.
Òâåðäæåííÿ 3. Âiäêðèòà îäèíè-

÷íà êóëÿ ïðîñòîðó
⊗p,q

s,πX çáiãà¹-
òüñÿ ç îïóêëîþ îáîëîíêîþ ìíîæèíè
M =

{
λx⊗(p,q) : λ ∈ C, |λ| = 1, ∥x∥ < 1

}
.

Äîâåäåííÿ. Íåõàé B1 � âiäêðèòà îäèíè-
÷íà êóëÿ ïðîñòîðó

⊗p,q
s,πX, conv(M) � îïó-

êëà îáîëîíêà ìíîæèíè M .
Ïîêàæåìî, ùî conv(M) ⊂ B1. Íå-

õàé θ ∈ conv(M). Òîäi iñíóþòü ñêií÷åí-
íi ïîñëiäîâíîñòi {µi}ni=1 ⊂ R, {λi}ni=1 ⊂ C,
{xi}ni=1 ⊂ X, òàêi, ùî µi > 0,

∑n
i=1 µi = 1,

|λi| = 1, ∥xi∥ < 1 i θ =
∑n

i=1 µiλix
⊗(p,q)
i . Òîäi

∥θ∥s,π ≤
n∑

i=1

|µiλi| · ∥x⊗(p+q)
i ∥ <

<
n∑

i=1

|µiλi| =
n∑

i=1

µi = 1.

Îòæå, ∥θ∥s,π < 1, òîìó θ ∈ B1.
Ïîêàæåìî, ùî B1 ⊂ conv(M). Íåõàé θ ∈

B1. ßêùî θ = 0, òî θ ∈ conv(M). Íåõàé θ ̸=
0. Òîäi 0 < ∥θ∥s,π < 1. Îñêiëüêè ∥θ∥s,π <

1, òî iñíó¹ çîáðàæåííÿ θ, θ =
∑n

i=1 λiy
⊗(p,q)
i ,

òàêå, ùî |λi| = 1 i
∑n

i=1 ∥yi∥p+q < 1.
Íåõàé ε � ïîêè ùî äîâiëüíå äîäàòíå ÷è-

ñëî. Ìîæåìî çîáðàçèòè θ ó òàêîìó âèãëÿäi:

θ =
n∑

i=1

(1+ε)p+q∥yi∥p+qλi

(
yi

∥yi∥(1 + ε)

)⊗(p,q)

.

Âèáåðåìî ε òàê, ùîá âèêîíóâàëàñü óìîâà
n∑

i=1

(1 + ε)p+q∥yi∥p+q < 1.
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Äëÿ öüîãî äîñòàòíüî âçÿòè

ε < p+q

√
1∑n

i=1 ∥yi∥p+q
− 1.

Òåïåð ïîçíà÷èìî (1 + ε)p+q∥yi∥p+q ÷åðåç µi.
Ïîêëàäåìî µn+1 = 1−

∑n
i=1 µi. Òîäi

θ = µn+1 · 0 +
n∑

i=1

µiλi

(
yi

∥yi∥(1 + ε)

)⊗(p,q)

.

Îòæå, θ ∈ conv(M).
Ïîçíà÷èìî çâóæåííÿ âiäîáðàæåííÿ j∗p,q

íà ïðîñòið íåïåðåðâíèõ (p, q)-ïîëiíîìiâ
P(p,qX) ÷åðåç j′p,q. Ïîêàæåìî, ùî j′p,q
¹ içîìåòði¹þ ìiæ ïðîñòîðàìè P(p,qX) i(⊗p,q

s,πX
)′
.

Òâåðäæåííÿ 4. Ïðîñòið íåïåðåðâíèõ
(p, q)-ïîëiíîìiâ P(p,qX) ¹ içîìåòðè÷íèì äî
ïðîñòîðó íåïåðåðâíèõ ëiíiéíèõ ôóíêöiîíà-

ëiâ
(⊗p,q

s,πX
)′
.

Äîâåäåííÿ. Îöiíèìî íîðìó (p, q)-
ïîëiíîìà P .

∥P∥ = sup
∥x∥≤1

|P (x)| = sup
∥x∥≤1

|j′p,q(P )(x⊗(p,q))| ≤

≤ sup
∥θ∥≤1

|j′p,q(P )(θ)| = ∥j′p,q(P )∥.

Îòæå, ∥P∥ ≤ ∥j′p,q(P )∥. Îöiíèìî íîðìó
j′p,q(P ).

∥j′p,q(P )∥ = sup
∥θ∥s,π≤1

|j′p,q(P )(θ)| =

= sup
∥θ∥s,π<1

|j′p,q(P )(θ)| =

= sup

{∣∣∣∣j′p,q(P )( n∑
i=1

µiλix
⊗(p,q)
i

)∣∣∣∣ : µi > 0,

n∑
i=1

µi ≤ 1, |λi| = 1, ∥xi∥ < 1

}
.

Îñêiëüêè∣∣∣∣j′p,q(P )( n∑
i=1

µiλix
⊗(p,q)
i

)∣∣∣∣ ≤
≤

n∑
i=1

µi

∣∣∣∣j′p,q(P )(x⊗(p,q)
i

)∣∣∣∣ = n∑
i=1

µi|P (xi)| ≤

≤ ∥P∥
n∑

i=1

µi∥xi∥ ≤ ∥P∥,

òî ∥j′p,q(P )∥ ≤ ∥P∥. Çâiäñè ðîáèìî âèñíîâîê,
ùî ∥P∥ = ∥j′p,q(P )∥.

Ïðîñòið
(⊗p,q

s,πX
)′

çáiãà¹òüñÿ ç ïðîñòî-

ðîì
(⊗̂

p,q
s,πX

)′
, äå

⊗̂
p,q
s,πX � ïîïîâíåííÿ ïðî-

ñòîðó
⊗p,q

s,πX. Òîìó ìè îòðèìàëè çîáðàæå-
ííÿ ïðîñòîðó P(p,qX) ó âèãëÿäi ñïðÿæåíîãî

äî áàíàõîâîãî ïðîñòîðó
⊗̂

p,q
s,πX.

4. k-îäíîðiäíi ïîëiíîìè íà òåíçîðíî-
ìó äîáóòêó

Âèçíà÷èìî âiäîáðàæåííÿ

j : P(km,klX) → P(k
⊗̂

m,l
s,πX)

íàñòóïíèì ÷èíîì. Íåõàé P ∈ P(km,klX), AP

� (km, kl)-ëiíiéíà ñèìåòðè÷íà ôîðìà, àñîöi-
éîâàíà ç P . Ïîêëàäåìî

AP(m,l)
(x

⊗(m,l)
1 , . . . , x

⊗(m,l)
k ) = AP (x1, . . . , x1︸ ︷︷ ︸

m

, . . .

. . . , xk, . . . , xk︸ ︷︷ ︸
m

; x1, . . . , x1︸ ︷︷ ︸
l

, . . . , xk, . . . , xk︸ ︷︷ ︸
l

)

i ïðîäîâæèìî çà k-ëiíiéíiñòþ íà âñi òåíçîðè
iç
⊗̂

p,q
s,πX. Òîäi AP(m,l)

áóäå k-ëiíiéíîþ ñèìåò-

ðè÷íîþ ôîðìîþ íà ïðîñòîði
⊗̂

p,q
s,πX. Ïîêëà-

äåìî P(m,l)(θ) = AP(m,l)
(θ, . . . , θ︸ ︷︷ ︸

k

). Òåïåð âè-

çíà÷èìî âiäîáðàæåííÿ j ÿê j(P ) = P(m,l).

Òåîðåìà 1. Äëÿ íåïåðåðâíîãî (km, kl)-
ïîëiíîìà P , k-îäíîðiäíèé ïîëiíîì P(m,l) áó-
äå íåïåðåðâíèì i äëÿ íîðìè ïîëiíîìà P(m,l)

ìà¹ìî òàêó îöiíêó:

∥P∥ ≤ ∥P(m,l)∥ ≤ c(km, kl,X)∥P∥,

äå c(km, kl,X) � ïîëÿðèçàöiéíà êîíñòàíòà.
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Äîâåäåííÿ. Îöiíèìî çíà÷åííÿ ïîëiíîìà
P(m,l) íà âiäêðèòié îäèíè÷íié êóëi ïðîñòî-

ðó
⊗̂

p,q
s,πX. ßêùî θ ∈

⊗̂
p,q
s,πX i ∥θ∥ < 1,

òî çà òâåðäæåííÿì 3 iñíóþòü ïîñëiäîâíî-
ñòi {µi}ni=1 ⊂ R, {λi}ni=1 ⊂ C, {xi}ni=1 ⊂ X
òàêi, ùî µi > 0,

∑n
i=1 µi ≤ 1, |λi| = 1,

∥xi∥ < 1 i θ =
∑n

i=1 µiλix
⊗(m,l)
i . Îöiíèìî çíà-

÷åííÿ |P(m,l)(θ)|.∣∣P(m,l)(θ)
∣∣ = ∣∣AP(m,l)

(θ, . . . , θ︸ ︷︷ ︸
k

)
∣∣ =

=

∣∣∣∣AP(m,l)

( n∑
i1=1

µi1λi1x
⊗(m,l)
i1

, . . .

. . . ,

n∑
ik=1

µikλikx
⊗(m,l)
ik

)∣∣∣∣ =
=

∣∣∣∣ n∑
i1,...,ik=1

µi1λi1 . . . µikλik×

× AP(m,l)

(
x
⊗(m,l)
i1

, . . . . . . , x
⊗(m,l)
ik

)∣∣∣∣ ≤
≤

n∑
i1,...,ik=1

µi1 . . . , µik×

×
∣∣∣∣AP(m,l)

(
x
⊗(m,l)
i1

, . . . . . . , x
⊗(m,l)
ik

)∣∣∣∣ =
=

n∑
i1,...,ik=1

µi1 . . . µik

∣∣AP (xi1 , . . . , xi1︸ ︷︷ ︸
m

, . . .

. . . , xik , . . . , xik︸ ︷︷ ︸
m

;xi1 , . . . , xi1︸ ︷︷ ︸
l

, . . . , xik , . . . , xik︸ ︷︷ ︸
l

)
∣∣ ≤

≤
n∑

i1,...,ik=1

µi1 . . . µik∥xi1∥m+l . . . ∥xik∥m+l∥AP∥ ≤

≤ ∥AP∥
n∑

i1,...,ik=1

µi1 . . . µik = ∥AP∥

(
n∑

i=1

µi

)k

≤

≤ ∥AP∥ ≤ c(km, kl,X)∥P∥.

Îòæå, ïîëiíîì P(m,l) � íåïåðåðâíèé i
∥P(m,l)∥ ≤ c(km, kl,X)∥P∥.

Îñêiëüêè P (x) = P(m,l)

(
x⊗(m,l)

)
i ç òîãî,

ùî ∥x∥ ≤ 1 âèïëèâà¹, ùî ∥x⊗(m,l)∥s,π ≤ 1,
òî ∥P∥ ≤ ∥P(m,l)∥.
5. Àëãåáðà òèïó Âiíåðà ôóíêöié, ïî-

ðîäæåíèõ (p, q)-ïîëiíîìàìè

Íåõàé W0(X) � àëãåáðà, ïîðîäæåíà ñêií-
÷åííèìè ëiíiéíèìè êîìáiíàöiÿìè i äîáóòêà-
ìè âñiõ (p, q)-ïîëiíîìiâ, äå p, q ∈ Z, p, q ≥ 0.
Êîæåí åëåìåíò f àëãåáðè W0(X) ìîæíà ïî-
äàòè ó âèãëÿäi

f =
n∑

m=0

m∑
k=0

fk,m−k,

äå fk,m−k ∈ P(k,m−kX).
Ïîçíà÷èìî Q+ ìíîæèíó ðàöiîíàëüíèõ

÷èñåë, áiëüøèõ âiä íóëÿ. Äëÿ êîæíîãî r ∈
Q+ ââåäåìî íà àëãåáði W0(X) íîðìó

∥f∥r =
n∑

m=0

m∑
k=0

sup
∥x∥≤r

|fk,m−k(x)|.

Çàóâàæèìî, ùî îñêiëüêè fk,m−k ∈ P(p,qX),
òî

sup
∥x∥≤r

|fk,m−k(x)| = sup
∥y∥≤1

|fk,m−k(ry)| = rm∥fk,m−k∥.

Íà W0(X) îòðèìàëè çëi÷åííó ñèñòåìó
íîðì {∥ · ∥r : r ∈ Q+}. Öÿ ñèñòåìà íîðì ïî-
ðîäæó¹ íà W0(X) ìåòðèçîâíó òîïîëîãiþ.
Íåõàé W(X) � ïîïîâíåííÿ àëãåáðè W0(X)
â ìåòðèöi, ïîðîäæåíié ñèñòåìîþ íîðì. Åëå-
ìåíòàìè àëãåáðè W(X) áóäóòü ôóíêöi¨

f =
∞∑

m=0

m∑
k=0

fk,m−k

òàêi, ùî äëÿ êîæíîãî r ∈ Q+ áóäå çáiæíèì
ðÿä

∥f∥r =
∞∑

m=0

m∑
k=0

rm∥fk,m−k∥.

Íåõàé W(X)′ � ïðîñòið ëiíiéíèõ íåïåðåðâ-
íèõ ôóíêöiîíàëiâ íà W(X). Íå ñêëàäíî ïå-
ðåâiðèòè ïðàâèëüíiñòü òàêîãî òâåðäæåííÿ:
Òâåðäæåííÿ 5. Äëÿ êîæíîãî ëiíiéíîãî

íåïåðåðâíîãî ôóíêöiîíàëà ϕ ∈ W(X)′ iñíó¹
÷èñëî r ∈ Q+ òàêå, ùî ϕ � íåïåðåðâíèé âiä-
íîñíî íîðìè ∥ · ∥r.

Çàóâàæèìî, ùî äëÿ P ∈ P(p,qX) ìà¹-
ìî ∥P∥r = rp+q∥P∥. Çâiäñè ðîáèìî âèñíî-
âîê, ùî çâóæåííÿ íîðìè ∥ · ∥r íà ïðîñòið
P(p,qX) ¹ íîðìîþ, åêâiâàëåíòíîþ äî íîð-
ìè ðiâíîìiðíî¨ çáiæíîñòi íà îäèíè÷íié êó-
ëi. Îòæå, òîïîëîãiÿ, óñïàäêîâàíà ïðîñòîðîì
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P(p,qX) âiä àëãåáðè W(X), çáiãà¹òüñÿ ç òî-
ïîëîãi¹þ ðiâíîìiðíî¨ çáiæíîñòi íà îäèíè÷íié
êóëi. Äëÿ ëiíiéíîãî íåïåðåðâíîãî ôóíêöiî-
íàëà ϕ ∈ W(X)′ áóäåìî ïîçíà÷àòè ϕp,q çâó-
æåííÿ ϕ íà ïðîñòið P(p,qX). Îñêiëüêè ϕ �
íåïåðåðâíèé, òî ϕp,q � òàêîæ íåïåðåðâíèé i
iñíó¹

∥ϕp,q∥ = sup{|ϕp,q(P )| : P ∈ P(p,qX), ∥P∥ ≤ 1}.

Îçíà÷åííÿ 2. Âèçíà÷èìî ðàäióñ-
ôóíêöiþ R íà W(X)′, ïîêëàâøè çà R(ϕ)
iíôiìóì r > 0 òàêèõ, ùî ϕ ¹ íåïåðåðâíèì
âiäíîñíî íîðìè ∥ · ∥r.
Çàóâàæèìî, ùî çãiäíî ç òâåðäæåííÿì 5, äëÿ
êîæíîãî ϕ ∈ W(X)′

0 ≤ R(ϕ) <∞.

Òåîðåìà 2. Ðàäióñ-ôóíêöiÿ R íà W(X)′

çàäà¹òüñÿ ðiâíiñòþ

R(ϕ) = lim sup
m→∞

max
0≤k≤m

∥ϕk,m−k∥1/m.

Äîâåäåííÿ. Äîâåäåìî, ùî
R(ϕ) ≥ lim sup

m→∞
max
0≤k≤m

∥ϕk,m−k∥1/m. ßêùî

lim sup
m→∞

max
0≤k≤m

∥ϕk,m−k∥1/m = 0, òî íåðiâíiñòü

î÷åâèäíà. Íåõàé

0 < t < lim sup
m→∞

max
0≤k≤m

∥ϕk,m−k∥1/m.

Òîäi iñíó¹ çðîñòàþ÷à ïîñëiäîâíiñòü
{mj}∞j=1 ⊂ N òàêà, ùî max

0≤k≤mj

∥ϕk,mj−k∥1/mj >

t äëÿ äîñòàòíüî âåëèêèõ j. Çâiäñè, iñíó¹
ïîñëiäîâíiñòü (p, q)-ïîëiíîìiâ {Pj}∞j=1, ñóìà
îäíîðiäíîãî i àíòèîäíîðiäíîãî ñòåïåíiâ
ÿêèõ äîðiâíþ¹ mj, ∥Pj∥ = 1 i |ϕ(Pj)| > tmj

äëÿ äîñòàòíüî âåëèêèõ j. Íåõàé 0 < r < t.
Òîäi ∥Pj∥r = rmj i

|ϕ(Pj)| > tmj = (t/r)mj · rmj = (t/r)mj∥Pj∥r.

Îñêiëüêè (t/r)mj → +∞ ïðè j → +∞, òî
ϕ � ðîçðèâíèé âiäíîñíî íîðìè ∥ · ∥r. Îòæå,
R(ϕ) ≥ r. Àëå, îñêiëüêè t i r îáðàíi äîâiëüíî,
òî

R(ϕ) ≥ lim sup
m→∞

max
0≤k≤m

∥ϕk,m−k∥1/m.

Òåïåð äîâåäåìî, ùî

R(ϕ) ≤ lim sup
m→∞

max
0≤k≤m

∥ϕk,m−k∥1/m.

Íåõàé

lim sup
m→∞

max
0≤k≤m

∥ϕk,m−k∥1/m < s.

Òîäi äëÿ âåëèêèõ m

∥ϕk,m−k∥ ≤ sm

Ìîæíà âèáðàòè êîíñòàíòó c ≥ 1 òàêó, ùî

∥ϕk,m−k∥ ≤ csm

äëÿ äîâiëüíèõ m > 0 i 0 ≤ k ≤ m.

Íåõàé f ∈ W(X), f =
∞∑

m=0

m∑
k=0

fk,m−k. Íå-

õàé r > s. Îñêiëüêè rm∥fk,m−k∥ = ∥fk,m−k∥r

i ∥f∥r =
∞∑
j=0

j∑
i=0

∥fi,j−i∥r ≥ ∥fk,m−k∥r äëÿ äî-

âiëüíèõ m ≥ 0 i 0 ≤ k ≤ m, òî

∥fk,m−k∥ =
1

rm
∥fk,m−k∥r ≤

1

rm
∥f∥r.

Iç íåïåðåðâíîñòi ϕk,m−k îòðèìó¹ìî

|ϕk,m−k(fk,m−k)| ≤ ∥ϕk,m−k∥∥fk,m−k∥ ≤ csm

rm
∥f∥r.

Òåïåð

|ϕ(f)| =
∣∣∣ϕ( ∞∑

m=0

m∑
k=0

fk,m−k

)∣∣∣ =
=
∣∣∣ ∞∑
m=0

m∑
k=0

ϕk,m−k(fk,m−k)
∣∣∣ ≤

≤
∞∑

m=0

m∑
k=0

|ϕk,m−k(fk,m−k)| ≤

≤
∞∑

m=0

mcsm

rm
∥f∥r =

= c
( ∞∑
m=0

m
(s
r

)m)
∥f∥r =

cs/r

(1− s/r)2
∥f∥r.

Îòæå, ϕ � íåïåðåðâíèé âiäíîñíî íîðìè ∥ · ∥r.
Çâiäñè R(ϕ) ≤ r. Îñêiëüêè s i r âèáðàëè äî-
âiëüíî, òî

R(ϕ) ≤ lim sup
m→∞

max
0≤k≤m

∥ϕk,m−k∥1/m.

Îòæå, îòðèìàëè

R(ϕ) = lim sup
m→∞

max
0≤k≤m

∥ϕk,m−k∥1/m.
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Òåîðåìà 3. Íåõàé ϕ � ëiíiéíèé ôóíêöiî-
íàë íà àëãåáði W(X). Ïðèïóñòèìî, ùî çâó-
æåííÿ ϕ íà ïðîñòîðè P(p,qX), p, q ≥ 0, íå-
ïåðåðâíi i ¨õ íîðìè çàäîâîëüíÿþòü îöiíêó
∥ϕp,q∥ ≤ csp+q äëÿ äåÿêèõ c, s > 0. Òîäi ϕ �
íåïåðåðâíèé ëiíiéíèé ôóíêöiîíàë.

Äîâåäåííÿ. Íåõàé r > s i f � äîâiëüíà
ôóíêöiÿ iç W(X). Òîäi, çãiäíî ç äîâåäåíîþ
â òåîðåìi 2 îöiíêîþ,

|ϕ(f)| ≤ cs/r

(1− s/r)2
∥f∥r.

Îòæå, ϕ � íåïåðåðâíèé âiäíîñíî íîðìè ∥ · ∥r.
Îñêiëüêè ϕ � íåïåðåðâíèé âiäíîñíî îäíi¹¨ ç
íîðì, ÿêi ïîðîäæóþòü òîïîëîãiþ íà W(X),
òî ϕ � íåïåðåðâíèé âiäíîñíî òîïîëîãi¨ àëãå-
áðè W(X).
6. Îñíîâíèé ðåçóëüòàò
Íåõàé m, l � äåÿêi öiëi íåâiä'¹ìíi ÷èñëà.

Íåõàé
Λ = {(p, q) : p, q ∈ Z,

0 ≤ p ≤ m, 0 ≤ q ≤ l} \ {(m, l)}.
Íåõàé WΛ(X) � ïiäàëãåáðà àëãåáðè W(X),
ïîðîäæåíà âñiìà (p, q)-ïîëiíîìàìè, äëÿ
ÿêèõ (p, q) ∈ Λ.
Òåîðåìà 4. Íåõàé ϕ � ëiíiéíèé

íåïåðåðâíèé ôóíêöiîíàë íà W(X)
òàêèé, ùî ϕ(P ) = 0 äëÿ êîæíîãî
P ∈ P(m,lX) ∩WΛ(X) i ϕm,l ̸= 0. Òîäi iñíó¹
íåïåðåðâíèé êîìïëåêñíîçíà÷íèé ãîìîìîð-
ôiçì ψ íà W(X) òàêèé, ùî ψp,q = 0, ÿêùî
(p, q) ∈ Λ, i ψm,l = ϕm,l. Ðàäióñ-ôóíêöiÿ

R(ψ) ≤ e
m+ l

mm/(m+l)ll/(m+l)
∥ϕm,l∥1/(m+l).

Äîâåäåííÿ. Îñêiëüêè ïðîñòið P(m,lX) ¹

içîìåòðè÷íèì äî ïðîñòîðó
(⊗̂

m,l
s,πX

)′
(òâåð-

äæåííÿ 4) ç içîìåòði¹þ j′m,l, òî ïðîñòið íå-
ïåðåðâíèõ ëiíiéíèõ ôóíêöiîíàëiâ P(m,lX)′

içîìåòðè÷íèé äî ïðîñòîðó
(⊗̂

m,l
s,πX

)′′
. Íåõàé

j′′m,l : P(m,lX)′ →
(⊗m,l

s,π X
)′′

� içîìåòðiÿ ìiæ

öèìè ïðîñòîðàìè. Íåõàé w = j′′m,l(ϕm,l). Òîäi
∥w∥ = ∥ϕm,l∥. Îñêiëüêè ϕm,l ̸= 0, òî w ̸= 0.
Òåïåð äëÿ äîâiëüíîãî P ∈ P(m,lX)

ϕm,l(P ) = j′′m,l(ϕm,l)(j
′
m,l(P )) = w(j′m,l(P )).

Íåõàé ìà¹ìî (km, kl)-ïîëiíîì P , äå k � öi-
ëå íåâiä'¹ìíå ÷èñëî. Çãiäíî ç òåîðåìîþ 5.1,
ïðîñòið (km, kl)-ïîëiíîìiâ P(km,klX) âiäî-

áðàæà¹òüñÿ â ïðîñòið P(k
⊗̂

m,l
s,πX) âiäîáðà-

æåííÿì Q 7→ Q(m,l). Ïðè öüîìó ìà¹ìî òàêó
îöiíêó äëÿ íîðì:

∥Q∥ ≤ ∥Q(m,l)∥ ≤ c(km, kl,X)∥Q∥.

Íåõàé P(m,l) � îáðàç P ïðè äàíîìó içîìîð-

ôiçìi. Áóäåìî ïîçíà÷àòè P̃(m,l) ïðîäîâæåí-
íÿ Àðîíà-Áåðíåðà (äèâ. [4]) ïîëiíîìà P(m,l)

íà ïðîñòið
(⊗̂

m,l
s,πX

)′′
. Äëÿ äîâiëüíîãî (p, q)-

ïîëiíîìà Q ïîêëàäåìî

ψ(Q) =

=


Q̃(m,l)(w),

ÿêùî iñíó¹ k òàêå, ùî
deghQ = km, degaQ = kl

0, â iíøîìó âèïàäêó.

Ïåðåâiðèìî, ùî ψm,l = ϕm,l. Äëÿ
Q ∈ P(m,lX) ïîëiíîì Q(m,l) � öå ëiíié-
íèé íåïåðåðâíèé ôóíêöiîíàë íà ïðîñòîði⊗̂

m,l
s,πX, òîìó

ψ(Q) = Q̃(m,l)(w) = w(Q(m,l)) =

= w(j′m,l(Q)) = ϕm,l(Q).

Îòæå, ψm,l = ϕm,l.
Äîâåäåìî, ùî äëÿ äîâiëüíèõ (p, q)-

ïîëiíîìiâ P i Q áóäå ψ(PQ) = ψ(P )ψ(Q).
Ðîçãëÿíåìî òðè âèïàäêè.
a) Ïðèïóñòèìî, ùî íå iñíó¹ òàêîãî öiëî-

ãî k, ùî degh PQ = km i dega PQ = kl. Òîäi
âèêîíó¹òüñÿ ïðèíàéìíi îäíà ç óìîâ:

1) íå iñíó¹ òàêîãî öiëîãî k1, ùî
degh P = k1m i dega P = k1l,

2) íå iñíó¹ òàêîãî öiëîãî k2, ùî
deghQ = k2m i degaQ = k2l.

Ó ïåðøîìó âèïàäêó ψ(P ) = 0 i
ψ(PQ) = 0. Ó äðóãîìó âèïàäêó ψ(Q) = 0 i
ψ(PQ) = 0. Îòæå, ψ(PQ) = ψ(P )ψ(Q).
b) Ïðèïóñòèìî, ùî iñíó¹ öiëå k òàêå, ùî

degh PQ = km i dega PQ = kl, i iñíó¹ öiëå
k1 òàêå, ùî degh P = k1m i dega P = k1l.
Ïîçíà÷èìî k2 = k − k1. Òîäi deghQ = k2m,
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degaQ = k2l i

ψ(PQ) = ˜(PQ)(m,l)(w) =

= P̃(m,l)(w)Q̃(m,l)(w) = ψ(P )ψ(Q).

c) Ïðèïóñòèìî, ùî iñíó¹ öiëå k òà-
êå, ùî degh PQ = km i dega PQ = kl, i íå
iñíó¹ öiëîãî k1 òàêîãî, ùî degh P = k1m i
dega P = k1l. Òîäi íå iñíó¹ öiëîãî k2 òàêî-
ãî, ùî deghQ = k2m i degaQ = k2l. Çâiäñè,
ψ(P ) = 0 i ψ(Q) = 0. Íåõàé (uα) � íàïðÿì-

ëåíiñòü åëåìåíòiâ
⊗̂

m,l
s,πX, ÿêà çáiãà¹òüñÿ äî

w ó ∗-ñëàáêié òîïîëîãi¨ ïðîñòîðó
(⊗̂

m,l
s,πX

)′′
,

ïðè öüîìó α íàëåæèòü iíäåêñíié ìíîæèíi U .
Çíàéäåìî çíà÷åííÿ ψ(PQ).

ψ(PQ) = ˜(PQ)(m,l)(w) = A ˜(PQ)(m,l)
(w, . . . , w︸ ︷︷ ︸

k

) =

= lim
α1,...,αk

A(PQ)(m,l)
(uα1 , . . . , uαk

).

Îñêiëüêè uα ∈
⊗̂

m,l
s,πX, òî uα =∑∞

j=1 λjx
⊗(m,l)
j,α , äå |λj| = 1 i xj,α ∈ X.

Òåïåð

ψ(PQ) = lim
α1,...,αk

A(PQ)(m,l)

(
∞∑

j1=1

λj1x
⊗(m,l)
j1,α1

, . . .

. . . ,

∞∑
jk=1

λjkx
⊗(m,l)
jk,αk

)
=

= lim
α1,...,αk

∞∑
j1,...,jk=1

λj1 . . . λjk×

× A(PQ)(m,l)

(
x
⊗(m,l)
j1,α1

, . . . , x
⊗(m,l)
jk,αk

)
.

Çà îçíà÷åííÿì,

A(PQ)(m,l)

(
x
⊗(m,l)
j1,α1

, . . . , x
⊗(m,l)
jk,αk

)
=

= APQ(xj1,α1 , . . . , xj1,α1︸ ︷︷ ︸
m

, . . .

. . . , xjk,αk
, . . . , xjk,αk︸ ︷︷ ︸

m

; xj1,α1 , . . . , xj1,α1︸ ︷︷ ︸
l

, . . .

. . . , xjk,αk
, . . . , xjk,αk︸ ︷︷ ︸

l

).

Çðîáèìî çàóâàæåííÿ ùîäî ïîçíà÷åíü.
Íåõàé ìà¹ìî äåÿêó (p, q)-ëiíiéíó ôîðìó
B : Y p+q → C. Íåõàé

y = (y1, . . . , yp) ∈ Y p, z = (z1, . . . , zq) ∈ Y q.

Ìîæåìî ðîçãëÿíóòè y ÿê âiäîáðàæåííÿ ç
ìíîæèíè {1, 2, . . . , p} ó ïðîñòið Y , à z � ÿê
âiäîáðàæåííÿ ç ìíîæèíè {1, 2, . . . , q} ó ïðî-
ñòið Y . Òîäi B ìîæíà ðîçãëÿäàòè ÿê ôóí-
êöiþ âiä öèõ âiäîáðàæåíü:

B(y; z) = B(y1, . . . , yp; z1, . . . , zq).

Íåõàé x : {1, 2, . . . , k} → X äi¹ çà çàêîíîì

x : i 7→ xji,αi
,

íåõàé τh : {1, 2, . . . , km} → {1, 2, . . . , k} äi¹
çà çàêîíîì

τh(i) = n, äå n � òàêå, ùî (n− 1)m < i ≤ nm

i íåõàé τa : {1, 2, . . . , kl} → {1, 2, . . . , k} äi¹ çà
çàêîíîì

τa(i) = n, äå n � òàêå, ùî (n− 1)l < i ≤ nl.

Òîäi x ◦ τh ∈ Xkm, x ◦ τa ∈ Xkl i, çãiäíî ç ââå-
äåíèì âèùå ïîçíà÷åííÿì, ìîæåìî çàïèñàòè

A(PQ)(m,l)

(
x
⊗(m,l)
j1,α1

, . . . , x
⊗(m,l)
jk,αk

)
=

= APQ(x ◦ τh; x ◦ τa).

Íåõàé θhP � òîòîæíå âiäîáðàæåííÿ íà ìíî-
æèíi {1, 2, . . . , degh P}:

θhP = id{1,2,...,degh P},

θaP � òîòîæíå âiäîáðàæåííÿ íà ìíîæèíi
{1, 2, . . . , dega P}:

θaP = id{1,2,...,dega P},

θhQ � âiäîáðàæåííÿ ç {1, 2, . . . , deghQ} â
{degh P +1, degh P +2, . . . , degh P +deghQ},
ÿêå äi¹ çà çàêîíîì

θhQ(i) = degh P + i,

θaQ � âiäîáðàæåííÿ ç {1, 2, . . . , degaQ} â
{dega P + 1, dega P + 2, . . . , dega P + degaQ},
ÿêå äi¹ çà çàêîíîì

θaQ(i) = dega P + i.
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Äëÿ y ∈ Xkm, z ∈ Xkl ëåãêî ïåðåâiðèòè âè-
êîíàííÿ ðiâíîñòi

APQ(y; z) =
1

(km)!(kl)!
×

×
∑

σh∈S(km)

∑
σa∈S(kl)

AP (y ◦σh ◦θhP ; z ◦σa ◦θaP )×

× AQ(y ◦ σh ◦ θhQ; z ◦ σa ◦ θaQ).

Äiéñíî, îñêiëüêè â ïðàâié i ëiâié ÷àñòèíàõ
ðiâíîñòi çíàõîäÿòüñÿ (km, kl)-ëiíiéíi ñèìå-
òðè÷íi ôîðìè, çâóæåííÿ íà äiàãîíàëü ÿêèõ
ñïiâïàäàþòü, òî ðiâíiñòü ïðàâèëüíà. Çàïè-
øåìî öþ ðiâíiñòü ïðè y = x ◦ τh, z = x ◦ τa.

APQ(x◦τh; x◦τa) =
1

(km)!(kl)!

∑
σh∈S(km)

∑
σa∈S(kl)

AP (x ◦ τh ◦ σh ◦ θhP ;x ◦ τa ◦ σa ◦ θaP )×
× AQ(x ◦ τh ◦ σh ◦ θhQ; x ◦ τa ◦ σa ◦ θaQ).

Îòæå,

ψ(PQ) =
1

(km)!(kl)!
×

×
∑

σh∈S(km)

∑
σa∈S(kl)

lim
α1,...,αk

∞∑
j1,...,jk=1

λj1 . . . λjk×

× AP (x ◦ τh ◦ σh ◦ θhP ; x ◦ τa ◦ σa ◦ θaP )×
× AQ(x ◦ τh ◦ σh ◦ θhQ; x ◦ τa ◦ σa ◦ θaQ).

Ëåìà. Äëÿ ôiêñîâàíèõ ïiäñòàíîâîê σh,
σa iñíó¹ òàêå ÷èñëî s0 ∈ {1, 2, . . . , k}, ùî
âèêîíó¹òüñÿ ïðèíàéìíi îäíà ç óìîâ:

1) 1 ≤ |(τh ◦ σh ◦ θhP )−1(s0)| < m,

2) 1 ≤ |(τa ◦ σa ◦ θaP )−1(s0)| < l,

3) |(τh ◦ σh ◦ θhP )−1(s0)| = 0
i

|(τa ◦ σa ◦ θaP )−1(s0)| ≥ 1,

4) |(τa ◦ σa ◦ θaP )−1(s0)| = 0
i

|(τh ◦ σh ◦ θhP )−1(s0)| ≥ 1.

Äîâåäåííÿ. Ïðèïóñòèìî, ùî äëÿ êî-
æíîãî s ∈ {1, 2, . . . , k} íå âèêîíó¹òüñÿ æî-
äíà ç öèõ óìîâ. Òîäi äëÿ êîæíîãî s ∈
{1, 2, . . . , k} áóäå âèêîíóâàòèñü

(I) |(τh ◦ σh ◦ θhP )−1(s)| = m
i

|(τa ◦ σa ◦ θaP )−1(s)| = l,

àáî

(II) |(τh ◦ σh ◦ θhP )−1(s)| = 0
i

|(τa ◦ σa ◦ θaP )−1(s)| = 0.

Íåõàé êiëüêiñòü òèõ s, äëÿ ÿêèõ âèêîíó¹-
òüñÿ (I), äîðiâíþ¹ n. Òîäi

degh P =
∣∣(τh ◦ σh ◦ θhP )−1{1, 2, . . . , k}

∣∣ = nm

i

dega P =
∣∣(τa ◦ σa ◦ θaP )−1{1, 2, . . . , k}

∣∣ = nl.

Ïðèõîäèìî äî ñóïåðå÷íîñòi ç òèì, ùî íå
iñíó¹ òàêîãî ÷èñëà k1, ùî degh P = k1m i
dega P = k1l.

Ïðîäîâæåííÿ äîâåäåííÿ òåîðåìè.

Îòæå, iñíó¹ ÷èñëî s0, äëÿ ÿêîãî âèêîíó¹-
òüñÿ îäíà ç óìîâ 1) � 4). Ïîçíà÷èìî

d1 =
∣∣(τh ◦ σh ◦ θhP )−1(s0)

∣∣ ,
d2 =

∣∣(τa ◦ σa ◦ θaP )−1(s0)
∣∣ .

Çàôiêñó¹ìî âñi àðãóìåíòè xj1,α1 , . . . , xjk,αk
,

êðiì xjs0 ,αs0
. Ïîçíà÷èìî

Pσ(xjs0 ,αs0
) = AP (x◦τh◦σh◦θhP ; x◦τa◦σa◦θaP ),

Qσ(xjs0 ,αs0
) = AQ(x◦τh◦σh◦θhQ; x◦τa◦σa◦θaQ).

Òîäi Pσ áóäå (d1, d2)-ïîëiíîìîì âiä xjs0 ,αs0
,

Qσ áóäå (m−d1, l−d2)-ïîëiíîìîì âiä xjs0 ,αs0
.
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Òîäi

ψ(PQ) =
1

(km)!(kl)!
×

×
∑

σh∈S(km)

∑
σa∈S(kl)

lim
α1,...,αk

∞∑
j1,...,jk=1

λj1 . . . λjk×

× Pσ(xjs0 ,αs0
)Qσ(xjs0 ,αs0

) =

=
1

(km)!(kl)!

∑
σh∈S(km)

∑
σa∈S(kl)

lim
α1,...,αs0−1,αs0+1,...,αk

∞∑
j1,...,js0−1,js0+1,...,jk=1

λj1 . . . λjs0−1λjs0+1 . . . λjk×

× lim
αs0

∞∑
js0=1

λjs0 (PσQσ)(xjs0 ,αs0
).

Îñêiëüêè PσQσ ¹ (m, l)-ïîëiíîìîì, òî
(PσQσ)(m,l) áóäå ëiíiéíèì ôóíêöiîíàëîì i

(PσQσ)(xjs0 ,αs0
) = (PσQσ)(m,l)

(
x
⊗(m,l)
js0 ,αs0

)
.

Òîìó

lim
αs0

∞∑
js0=1

λjs0 (PσQσ)(xjs0 ,αs0
) =

= lim
αs0

∞∑
js0=1

λjs0 (PσQσ)(m,l)

(
x
⊗(m,l)
js0 ,αs0

)
=

= lim
αs0

(PσQσ)(m,l)

 ∞∑
js0=1

λjs0x
⊗(m,l)
js0 ,αs0

 =

= lim
αs0

(PσQσ)(m,l)

(
uαs0

)
= ˜(PσQσ)(m,l)(w) =

= ψ(PσQσ) = ψm,l(PσQσ) = ϕm,l(PσQσ).

Îñêiëüêè PσQσ ∈ P(m,lX) ∩ AΛ(X), òî
ϕm,l(PσQσ) = 0. Òîìó ψ(PQ) = 0. Ìóëüòè-
ïëiêàòèâíiñòü äëÿ âèïàäêó c) äîâåäåíî.

Îòæå, ìè âèçíà÷èëè ìóëüòèïëiêàòèâíó
ôóíêöiþ ψ íà (p, q)-ïîëiíîìàõ. Ïðîäîâæè-
ìî ¨¨ çà ëiíiéíiñòþ íà àëãåáðó W(X). Òåïåð
ïîòðiáíî äîâåñòè íåïåðåðâíiñòü ψ. Äëÿ öüî-
ãî îöiíèìî íîðìè çâóæåíü ôóíêöiîíàëà ψ
íà ïðîñòîðè (p, q)-ïîëiíîìiâ. ßêùî íå iñíó¹
òàêîãî k, ùî p = km, q = kl, òî äëÿ äîâiëü-
íîãî P ∈ P(p,qX) áóäå ψ(P ) = 0, òîìó äëÿ

òàêèõ p i q áóäå ∥ψp,q∥ = 0. Îöiíèìî íîðìó
ó âèïàäêó p = km, q = kl äëÿ äåÿêîãî k.

∥ψkm,kl∥ =

= sup
{
|ψ(P )| : P ∈ P(km,klX), ∥P∥ ≤ 1

}
.

Îñêiëüêè

|ψ(P )| = |P̃(m,l)(w)| ≤ ∥P̃(m,l)∥∥w∥k =
= ∥P(m,l)∥∥w∥k ≤ c(km, kl,X)∥∥P∥∥w∥k ≤

≤ (km+ kl)km+kl

(km)!(kl)!
∥P∥∥w∥k,

òî

∥ψkm,kl∥ ≤ sup
∥P∥≤1

(km+ kl)km+kl

(km)!(kl)!
∥P∥∥w∥k =

=
(km+ kl)km+kl

(km)!(kl)!
∥w∥k.

Âèêîðèñòà¹ìî îöiíêó n! ≥ e
(
n
e

)n
. Ìà¹ìî

(km+ kl)km+kl

(km)!(kl)!
≤ (km+ kl)km+kl

e
(
km
e

)km
e
(
kl
e

)kl =
=

(
e1−2/(km+kl)(m+ l)

mm/(m+l)ll/(m+l)

)km+kl

≤

≤
(

e(m+ l)

mm/(m+l)ll/(m+l)

)km+kl

.

Îòæå,

∥ψkm,kl∥ ≤
(

e(m+ l)

mm/(m+l)ll/(m+l)

)km+kl

∥w∥k.

Ïîçíà÷èìî

s =
e(m+ l)

mm/(m+l)ll/(m+l)
∥w∥1/(m+l).

Òîäi äëÿ äîâiëüíèõ p, q ≥ 0 áóäå
∥ψp,q∥ ≤ sp+q. Îòæå, âèêîíóþòüñÿ óìîâè
òåîðåìè 3, òîìó ψ � íåïåðåðâíèé êîì-
ïëåêñíîçíà÷íèé ãîìîìîðôiçì íà W(X).
Îöiíèìî ðàäióñ-ôóíêöiþ ψ.

R(ψ) = lim sup
k→∞

∥ψkm,kl∥1/(km+kl) ≤

≤ e(m+ l)

mm/(m+l)ll/(m+l)
∥w∥1/(m+l) =

=
e(m+ l)

mm/(m+l)ll/(m+l)
∥ϕm,l∥1/(m+l).
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