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ÏÎØÀÐÎÂÅ ÍÀÁËÈÆÅÍÍß ÍÀÐIÇÍÎ ÍÅÏÅÐÅÐÂÍÈÕ ÔÓÍÊÖIÉ
ÇÀ ÄÎÏÎÌÎÃÎÞ ÌÍÎÃÎ×ËÅÍIÂ ÁÅÐÍØÒÅÉÍÀ

ÂIÄ ÁÀÃÀÒÜÎÕ ÇÌIÍÍÈÕ

Ïîêàçàíî, ùî ïîñëiäîâíiñòü îïåðàòîðiâ Áåðíøòåéíà Bn âiä áàãàòüîõ çìiííèõ ¹ pu-
àïðîêñèìóþ÷îþ ïîñëiäîâíiñòþ äëÿ ïiäïðîñòîðó P âñiõ ïîëiíîìiâ íà êóái [0, 1]s, i ç äîïîìîãîþ
öèõ îïåðàòîðiâ îòðèìàíî òåîðåìó ïðî ïîøàðîâå ðiâíîìiðíå íàáëèæåííÿ íàðiçíî íåïåðåðâíèõ
ôóíêöié íà X × [0, 1]s.

We show that the sequence of Bernstein's operators Bn of several variables is a pu-
approximating sequence for the subspace P of all polynomials on the cube [0, 1]s. Using these
operators, we obtain a theorem on the layer-wise uniform approximation of separately continuous
functions on X × [0, 1]s.

1. Âñòóï. Ó ïðàöi [1] ç äîïîìîãîþ êëà-
ñè÷íèõ ìíîãî÷ëåíiâ Áåðíøòåéíà [2, ñ.100]
äëÿ êîæíî¨ íàðiçíî íåïåðåðâíî¨ ôóíêöi¨ f :
[0, 1]2 → R áóëî âêàçàíî ÿâíi ôîðìóëè äëÿ
ïîñëiäîâíîñòi ñóêóïíî íåïåðåðâíèõ ôóíêöié
fn : [0, 1]2 → R, ÿêi ¹ ïîëiíîìiàëüíèìè âiä-
íîñíî äðóãî¨ çìiííî¨ i äëÿ ÿêèõ âåðòèêàëüíi
x-ðîçðiçè fx

n = fn(x, ·) ðiâíîìiðíî íà [0, 1]
çáiãàþòüñÿ äî x-ðîçðiçó fx = f(x, ·) äëÿ êî-
æíîãî x ç [0, 1]. Öÿ ïîáóäîâà äiñòàëà ðîç-
âèòîê ó ñåði¨ íàñòóïíèõ ïðàöü [3 - 5]. Âè-
íèêà¹ ïðèðîäíà ïîòðåáà óçàãàëüíèòè îòðè-
ìàíi ðåçóëüòàòè íà âèïàäîê ôóíêöié áàãà-
òüîõ çìiííèõ. Òóò ìè ðîáèìî ïåðøèé êðîê
ó öüîìó íàïðÿìêó, ðîçãëÿíóâøè ìíîãî÷ëå-
íè Áåðíøòåéíà âiä áàãàòüîõ çìiííèõ. Çàóâà-
æèìî, ùî ìíîãî÷ëåíè Áåðíøòåéíà âiä áàãà-
òüîõ çìiííèõ âèâ÷àëèñÿ â äèïëîìíié ðîáî-
òi [6], ÿêà áóëà íàïèñàíà ïiä êåðiâíèöòâîì
I.Ô.Ãðèãîð÷óêà. Â äàíié çàìiòöi äëÿ êîæíî¨
íàðiçíî íåïåðåðâíî¨ ôóíêöi¨ f : X× [0, 1]s →
R çàäàíî¨ íà äîáóòêó äîâiëüíîãî òîïîëîãi-
÷íîãî ïðîñòîðó X i s-âèìiðíîãî êóáà [0, 1]s

ìè íàâîäèìî ÿâíó êîíñòðóêöiþ ñóêóïíî íå-
ïåðåðâíèõ ôóíêöié fn : X × [0, 1]s → R, ÿêi
ïîëiíîìiàëüíi âiäíîñíî äðóãî¨ ñóêóïíî¨ çìií-
íî¨ y = (y1, . . . , ys) ∈ [0, 1]s i òàêi, ùî äëÿ
êîæíîãî x ç X ïîñëiäîâíiñòü x-ðîçðiçiâ fx

n

ðiâíîìiðíî ïðÿìó¹ äî x-ðîçðiçó fx íà [0, 1]s.

2. Ìíîãî÷ëåíè Áåðíøòåéíà âiä áà-

ãàòüîõ çìiííèõ. Íåõàé N = {1, 2, 3, . . .} �
ìíîæèíà íàòóðàëüíèõ ÷èñåë i N0 = N∪ {0}.
Äëÿ êîæíîãî s ∈ N ðîçãëÿíåìî s-âèìiðíèé
êóá

[0, 1]s = {x = (x1, . . . , xs) ∈ Rs :

(∀k = 1, . . . , s)(0 ≤ xk ≤ 1)}.
Ìíîãî÷ëåíàìè Áåðíøòåéíà äëÿ ôóíêöi¨ f
âiä s çìiííèõ íàçèâàþòüñÿ ïîëiíîìè âèäó

Bn1,...,nsf(x) =

n1∑
k1=0

...
ns∑

ks=0

Ck1
n1
...Cks

ns
×

×f(k1
n1

, ...
ks
ns

)xk11 ...x
ks
s (1−x1)n1−k1 ...(1−xs)ns−ks

Ââåäåìî òàêi ïîçíà÷åííÿ: x = (x1, . . . , xs)
k = (k1, ..., ks) ∈ Ns

0, n = (n1, ..., ns) ∈ Ns, k
n
=

( k1
n1
, ..., ks

ns
) i φn,k(x) = Ck1

n1
...Cks

ns
xk11 ...x

ks
s (1 −

x1)
n1−k1 ...(1 − xs)

ns−ks . Äàëi ïîêëàäåìî 0 =
(0, . . . , 0) ∈ Ns

0. Äëÿ ìóëüòèiíäåêñiâ k′ =
(k′1, . . . , k

′
s) i k′′ = (k′′1 , . . . , k

′′
s ) áóäåìî ïè-

ñàòè k′ ≤ k′′, ÿêùî k′i ≤ k′′i äëÿ êîæíîãî
i = 1, . . . , s. Ââåäåìî ó ðîçãëÿä ìíîæèíó
Ks

n =
∏s

i=1 0, ni = {k ∈ Ns
0 : 0 ≤ k ≤ n},

äå 0, ni = {0, 1, . . . , ni} ïðè i = 1, . . . , s. Ç
äîïîìîãîþ öèõ ñêîðî÷åíü ìíîãî÷ëåí Áåðí-
øòåéíà Bnf ìîæíà çàïèñàòè êîðîòêî òàê:

Bnf(x) =
∑
k∈Ks

n

f(
k

n
)φn,k(x).
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Ëåìà 1.
∑

k∈Ks
n

φn,k(x) = 1 äëÿ êîæíîãî

x ∈ Rs.
Äîâåäåííÿ. Ñïðàâäi, âèêîðèñòàâøè

ôîðìóëó áiíîìà Íüþòîíà (a + b)m =
m∑
j=0

Cj
ma

jbm−j i çðîáèâøè çàìiíó a = xi,

b = 1 − xi, j = ki, m = ni, i = 1, . . . , s,
îòðèìà¹ìî

1 = 1ni = (xi+1−xi)ni =

ni∑
ki=0

Cki
ni
xki(1−xi)ni−xi .

Òîìó∑
k∈Ks

n

φn,k(x) =

n1∑
k1=0

. . .

ns∑
ks=0

Ck1
n1
...Cks

ns
×

×xk11 ...xkss (1− x1)
n1−k1 ...(1− xs)

ns−ks =

=
s∏

i=1

ni∑
ki=0

Cki
ni
xki(1− xi)

ni−ki = 1.

Ìè áóäåìî âèêîðèñòîâóâàòè âiäîìó íå-
ðiâíiñòü [2, c.100].

Ëåìà 2.
m∑
j=0

Cj
m(j −mt)2tj(1 − t)m−j ≤ m

4

ïðè 0 ≤ t ≤ 1.
Ïîçíà÷èìî ñèìâîëîì C(X) ïðîñòið âñiõ

íåïåðåðâíèõ ôóíêöié f : X → R íà òîïîëî-
ãi÷íîìó ïðîñòîði X.
Òåîðåìà 1. Íåõàé f ∈ C[0, 1]s. Òîäi

Bnf ⇒ f íà [0, 1]s, ÿêùî ni → ∞ äëÿ êî-
æíîãî i = 1, . . . , s.
Äîâåäåííÿ. Äëÿ òî÷êè x =

(x1, . . . , xs) ∈ Rs ïîêëàäåìî |x| =
max{|x1|, . . . , |xs|}. Íåõàé ε � äîâiëüíå
äîäàòíå ÷èñëî.

Îñêiëüêè ôóíêöiÿ f ¹ íåïåðåðâíîþ íà
[0, 1]s, a [0, 1]s ¹ êîìïàêòîì, òî çà òåîðå-
ìîþ Êàíòîðà f ¹ ðiâíîìiðíî íåïåðåðâíîþ íà
[0, 1]s. Òîìó iñíó¹ òàêå δ > 0, ùî äëÿ äîâiëü-
íèõ x′ i x′′ ç [0, 1]s, òàêèõ, ùî |x′ − x′′| < δ,
âèêîíó¹òüñÿ íåðiâíiñòü |f(x′)− f(x′′)| < ε.

Ç ëåìè 1 âèïëèâà¹, ùî

f(x) =
∑
k∈Ks

n

f(x)φn,k(x)

äëÿ êîæíîãî x ∈ [0, 1]s. Òîìó

|f(x)−Bnf(x)| = |
∑
k∈Ks

n

(f(x)−f(k
n
))φn,k(x)| ≤

≤
∑
k∈Ks

n

|f(x)− f(
k

n
)|φn,k(x) = S(x)

äëÿ êîæíîãî x ∈ [0, 1]s, àäæå φn,k(x) ≥ 0 íà
[0, 1]s. Ðîçãëÿíåìî äâi ñóìè

Σ1 =
∑

| k
n
−x|<δ

|f(k
n
)− f(x)|φn,k(x)

i

Σ2 =
∑

| k
n
−x|≥δ

|f(k
n
)− f(x)|φn,k(x).

Çðîçóìiëî, ùî S(x) = Σ1 + Σ2, îòæå,

|f(x)−Bn(x)| ≤ Σ1 + Σ2.

Äëÿ | k
n

− x| < δ áóäåìî ìàòè, ùî
|f( k

n
) − f(x)| < ε, îòæå

Σ1 ≤ ε
∑

| k
n
−x|<δ

φn,k(x) ≤ ε
∑
k∈Ks

n

φn,k(x) = ε.

Äëÿ îöiíêè Σ2 âèêîðèñòà¹ìî òå, ùî êî-
æíà íåïåðåðâíà ôóíêöiÿ íà êóái [0, 1]s ¹
îáìåæåíîþ, îòæå, iñíó¹ òàêå ÷èñëî M > 0,
ùî |f(x)| ≤M íà [0, 1]s. Òîäi

Σ2 =
∑

| k
n
−x|≥δ

|f(k
n
)− f(x)|φn,k(x) ≤

≤ 2M
∑

| k
n
−x|≥δ

φn,k(x).

Îñêiëüêè | · | � ìàêñèìóì-íîðìà, òî | k
n
−x| =

max
i=1,...,s

| ki
ni

− xi|. Òîìó íåðiâíiñòü | k
n
− x| ≥

δ ðiâíîñèëüíà òîìó, ùî iñíó¹ òàêèé íîìåð
i = 1, . . . , s, äëÿ ÿêîãî âèêîíó¹òüñÿ íåðiâ-
íiñòü | ki

ni
− xi| ≥ δ. Â òàêîìó ðàçi∑

| k
n
−x|≥δ

φn,k(x) ≤

≤
∑

| k1
n1

−x1|≥δ

φn,k(x) + · · ·+
∑

| ks
ns

−xs|≥δ

φn,k(x)

äëÿ êîæíîãî x ∈ [0, 1]s, àäæå φn,k(x) ≥ 0 íà
[0, 1]s.

Äëÿ ïîäàëüøî¨ îöiíêè Σ2 âèêîðèñòà¹ìî
ëåìó 2 òà òîé ôàêò, ùî íåðiâíiñòü | ki

ni
−
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xi| ≥ δ ðiâíîñèëüíà íåðiâíîñòi (ki−nixi)
2

δ2n2
i

≥ 1.
Òîäi

Σ2 ≤
2M

δ2
(
1

n2
1

∑
| k1
n1

−x1|≥δ

(k1−n1x1)
2φn,k(x)+ · · ·

+
1

n2
s

∑
| ks
ns

−xs|≥δ

(ks − nsxs)
2φn,k(x)) ≤

≤ 2M

δ2
(
1

n2
1

n1∑
k1=1

. . .
ns∑

ks=1

(k1−n1x1)
2φn,k(x)+ · · ·

+
1

n2
s

n1∑
k1=1

. . .

ns∑
ks=1

(ks − nsxs)
2φn,k(x)).

Àëå
n1∑

k1=0

. . .
ns∑

ks=0

(k1 − n1x1)
2φn,k =

=

n1∑
k1=0

(k1 − n1x1)
2Ck1

n1
xk11 (1− x1)

n1−k1×

n2∑
k2=0

Ck2
n2
xk22 (1− x2)

n2−k2 × . . .×

ns∑
ks=0

Cks
ns
xkss (1− xs)

ns−ks ≤ n1

4
· 1 · . . . · 1 =

n1

4
.

Àíàëîãi÷íî
n1∑

k1=0

. . .
ns∑

ks=0

(ki − nixi)
2φn,k(x) ≤

ni

4

ïðè i = 2, . . . , s.
Òîìó

Σ2 ≤
2M

4δ2
(
n1

n2
1

+ · · ·+ ns

n2
s

) =

=
M

2δ2
(
1

n1

+ · · ·+ 1

ns

) = An1,...,ns .

ßñíî, ùî An1,...,ns → 0 ïðè n1 → ∞, n2 → ∞,
. . ., ns → ∞, òîìó iñíó¹ òàêèé íîìåð N ,
ùî An1,...,ns < ε, ÿê òiëüêè ni ≥ N ïðè
i = 1, . . . , s. Òîìó i Σ2 < ε ïðè ni ≥ N äëÿ
i = 1, . . . , s.

Òàêèì ÷èíîì, äëÿ áóäü-ÿêîãî x ∈ [0, 1]s

âèêîíó¹òüñÿ íåðiâíiñòü |f(x) − Bnf(x)| <

ε + ε = 2ε ïðè ni ≥ N äëÿ i = 1, . . . , s.
Òîìó Bnf ⇒ f íà [0, 1] ïðè ni → ∞ äëÿ
i = 1, . . . , s.

3.Ïîøàðîâå ðiâíîìiðíå íàáëèæåííÿ
ôóíêöié f : X × [0, 1]s → R.

Äëÿ òîïîëîãi÷íîãî ïðîñòîðó Y ñèìâîëîì
Cp(Y ) ïîçíà÷èìî ïðîñòið C(Y ) âñiõ íåïå-
ðåðâíèõ ôóíêöié g : Y → R, íàäiëåíèé òî-
ïîëîãi¹þ ïîòî÷êîâî¨ çáiæíîñòi Tp, ùî ïîðî-
äæó¹òüñÿ ñóêóïíiñòþ ïåðåäíîðì

qy(g) = |g(y)|,

äå y ïðîáiãà¹ ìíîæèíó Y [7, c.30]. Äëÿ êîì-
ïàêòíîãî ïðîñòîðó Y ñèìâîëîì Cu(Y ) ìè ïî-
çíà÷à¹ìî áàíàõiâ ïðîñòið (C(Y ), ∥ · ∥) ç ðiâ-
íîìiðíîþ íîðìîþ

∥g∥ = max
y∈Y

|g(y)|,

ùî ïîðîäæó¹ íà ïðîñòîði C(Y ) òîïîëîãiþ Tu

ðiâíîìiðíî¨ çáiæíîñòi. Íåïåðåðâíå âiäîáðà-
æåííÿ A : Cp(Y ) → Cu(Y ) ìè íàçèâà¹ìî pu-
íåïåðåðâíèì. Ïîñëiäîâíiñòü îïåðàòîðiâ An :
C(Y ) → L íàçèâà¹òüñÿ pu-àïðîêñèìóþ÷îþ
äëÿ L, ÿêùî öi îïåðàòîðè pu-íåïåðåðâíi i
Ang → g â Cu(Y ) äëÿ êîæíîãî g ∈ C(Y ).
Ñèìâîëîì P ïîçíà÷èìî ïiäïðîñòið óñiõ ìíî-
ãî÷ëåíiâ âiä s çìiííèõ íà êóái [0, 1]s, òîáòî
ôóíêöié h : [0, 1]s → R, ÿêi çàäàþòüñÿ ôîð-
ìóëîþ

h(y1, . . . , ys) =
∑
k∈Ks

n

aky
k,

äå yk = (yk11 , . . . , y
kn
n ), y = (y1, . . . , yn), k =

(k1, . . . , kn).
Äëÿ âñòàíîâëåííÿ íàñòóïíîãî ðåçóëüòà-

òó, íàì áóäå ïîòðiáíà òàêà ëåìà.
Ëåìà 3. Íåõàé yj ∈ Y i φj ∈ C(Y ) ïðè

j = 1, . . . ,m, Y � êîìïàêòíèé ïðîñòið i îïå-
ðàòîð A : C(Y ) → C(Y ) âèçíà÷åíèé ôîðìó-
ëîþ

(Ag)(y) =
m∑
j=1

g(yj)φj(y).

Òîäi A � ëiíiéíèé pu-íåïåðåðâíèé îïåðàòîð.
Äîâåäåííÿ. Äëÿ äîâiëüíîãî y ∈ Y ìà¹-

ìî:

|(Ag)(y)| ≤
m∑
j=1

|g(yj)||φj(y)| ≤

28 Áóêîâèíñüêèé ìàòåìàòè÷íèé æóðíàë. 2013. � Ò. 1, � 1-2.



≤
m∑
j=1

qyj(g)∥φj∥ ≤ C max
j=1,...,n

qyj(g),

äå C =
∑m

j=1 ∥φj∥. Òîìó

∥Ag∥ ≤ C max
j=1,...,n

qyj(g).

Çà êðèòåði¹ì íåïåðåðâíîñòi ëiíiéíîãî îïåðà-
òîðà â ïîëiíîðìîâàíèõ ïðîñòîðàõ [8, c.12]
îïåðàòîð A : Cp(Y ) → Cu(Y ) áóäå íåïåðåðâ-
íèì.
Òåîðåìà 2. Íåõàé Y = [0, 1]s i Bng =

Bn,...,ng � ìíîãî÷ëåí Áåðíøòåéíà äëÿ ôóí-
êöi¨ g ∈ C[0, 1]s, ÿêèé îòðèìó¹òüñÿ ïðè
n1 = n2 = . . . = ns = n, äå n � äîâiëüíå
íàòóðàëüíå ÷èñëî. Òîäi ïîñëiäîâíiñòü îïå-
ðàòîðiâ Bn ¹ pu-àïðîêñèìóþ÷îþ äëÿ ïiäïðî-
ñòîðó P âñiõ ïîëiíîìiâ íà [0, 1]s.
Äîâåäåííÿ. Ç òåîðåìè 1 íåãàéíî âèïëè-

âà¹, ùî Bng → g â Cu[0, 1]
s ïðè n→ ∞. Êðiì

òîãî, Bng ∈ P äëÿ êîæíîãî n. Òå, ùî îïåðà-
òîðè Bn ¹ pu-íåïåðåðâíèìè îòðèìó¹òüñÿ ç
ëåìè 3.

Ç òåîîðåìè 2 âèïëèâà¹ òåîðåìà ïðî ïî-
øàðîâå ðiâíîìiðíå íàáëèæåííÿ íàðiçíî íå-
ïåðåðâíèõ ôóíêöié f : X × [0, 1]s → R. Äëÿ
ôóíêöi¨ f : X×Y → Z i òî÷êè (x, y) ∈ X×Y
ìè ïîêëàäà¹ìî

fx(y) = fy(x) = f(x, y).

Òåîðåìà 3. Íåõàé X � äîâiëüíèé òîïîëî-
ãi÷íèé ïðîñòið, f : X × [0, 1]s → R � íàðiçíî
íåïåðåðâíà ôóíêöiÿ, fn(x, y) = (Bnf

x)(y)
äëÿ êîæíîãî íîìåðà n i òî÷îê x ∈ X i
y ∈ [0, 1]s. Òîäi fn : X× [0, 1]s → R � ñóêóïíî
íåïåðåðâíi ôóíêöi¨, fx

n ∈ P äëÿ êîæíîãî n
i äîâiëüíîãî x ∈ X i fx

n ⇒ fx íà [0, 1]s äëÿ
êîæíîãî x ∈ X.

Äîâåäåííÿ. Öå íåãàéíî âèïëèâà¹ ç òåîðå-
ìè 2 i òåîðåìè 3á ïðàöi [4].

Âèñëîâëþþ ùèðó âäÿ÷íiñòü Âîëîäèìè-
ðó Êèðèëîâè÷ó Ìàñëþ÷åíêó çà ïîñòiéíó äî-
ïîìîãó òà ïiäòðèìêó ïðè íàïèñàííi öi¹þ
ñòàòòi.
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