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ì. Iâàíî-Ôðàíêiâñüê

ÍÎÂI ÔÓÍÊÖI�, ÏÎÐÎÄÆÅÍI ÇÐÎÑÒÀÞ×ÈÌÈ ÔÀÊÒÎÐIÀËÀÌÈ,
ÒÀ �Õ ÂËÀÑÒÈÂÎÑÒI

Çàïðîïîíîâàíi íîâi ôóíêöi¨, îçíà÷åíi ïðè äîïîìîçi çðîñòàþ÷èõ ôàêòîðiàëüíèõ ñòåïåíiâ.
Ïîáóäîâàíi ãðàôiêè öèõ ôóíêöié, âñòàíîâëåíi äåÿêi âëàñòèâîñòi òà ôîðìóëè, ùî ¨õ ïîâ'ÿçó-
þòü. Âèâåäåíi çâè÷àéíi äèôåðåíöiàëüíi ðiâíÿííÿ, ðîçâ'ÿçêàìè ÿêèõ ¹ ââåäåíi ôóíêöi¨.

We consider new functions de�ned by increasing factorial powers. We sketch graphs of such
functions and �nd some of their properties and related formulas. It is shown that constructed
functions are solutions of ordinary di�erential equations derived in the paper.

1. Âñòóï. Ó êîìáiíàòîðíîìó àíàëiçi ñïî-
ñòåðiãà¹ìî äâî¨ñòiñòü, ïðèòàìàííó çðîñòà-
þ÷èì i ñïàäíèì ôàêòîðiàëüíèì ñòåïåíÿì.
ßêùî êîìáiíàòîðíà çàäà÷à ïðèâîäèòü äî äå-
ÿêî¨ êîìáiíàòîðíî¨ òîòîæíîñòi, ïîáóäîâàíî¨
ïðè äîïîìîçi ñïàäíèõ ôàêòîðiàëüíèõ ñòåïå-
íiâ, òî çàçâè÷àé iñíó¹ çìiñòîâíà äâî¨ñòà êîì-
áiíàòîðíà çàäà÷à, ÿêà ïðèâîäèòü äî äâî¨ñòî¨
êîìáiíàòîðíî¨ òîòîæíîñòi ç ó÷àñòþ çðîñòà-
þ÷èõ ôàêòîðiàëüíèõ ñòåïåíiâ. ßê îäèí ç
÷èñëåííèõ ïðèêëàäiâ òàêèõ äâî¨ñòèõ êîìái-
íàòîðíèõ òîòîæíîñòåé íàâåäåìî òîòîæíîñòi
Âàíäåðìîíäà òà Íåðëóíäà

(x+ y)n =
n∑

k=0

(
n
k

)
xk yn−k ,

(x+ y)n =
n∑

k=0

(
n
k

)
xk yn−k

âiäïîâiäíî, äå

(
n
k

)
� áiíîìiàëüíi êîåôiöi¹í-

òè.
Êëàñè÷íi òðàíñöåíäåíòíi ôóíêöi¨ ex, sin x

òà cosx çàäàþòüñÿ ïðè äîïîìîçi âiäïîâiäíèõ
ñòåïåíåâèõ ðÿäiâ ç ó÷àñòþ ôàêòîðiàëiâ, ÿêi
ìîæíà ïîäàòè ó âèãëÿäi ñïàäíîãî ôàêòîði-
àëüíîãî ñòåïåíÿ nn.

Çàìiíèâøè ó ñòåïåíåâèõ ðÿäàõ, ùî çàäà-
þòü öi ôóíêöi¨, ñïàäíi ôàêòîðiàëüíi ñòåïåíi
âiäïîâiäíèìè çðîñòàþ÷èìè ôàêòîðiàëüíèìè
ñòåïåíÿìè nn, ìè îäåðæó¹ìî íîâi ôóíêöi¨ ç
äåùî àíàëîãi÷íèìè âëàñòèâîñòÿìè.

Çàäëÿ äîòðèìàííÿ àíàëîãi¨ ìiæ íîâèìè
ôóíêöiÿìè, ïîáóäîâàíèìè ïðè äîïîìîçi çðî-
ñòàþ÷èõ ôàêòîðiàëüíèõ ñòåïåíiâ, i êëàñè-
÷íèìè ôóíêöiÿìè ex, sinx, cosx ìè çáåði-
ãà¹ìî çâè÷íi ïîçíà÷åííÿ iç çàìiíîþ ïåðøèõ
ëiòåð íà âiäïîâiäíi âåëèêi ëiòåðè.

Òàêèì ÷èíîì, ïðåäìåòîì öi¹¨ ñòàòòi ¹
îçíà÷åííÿ òà äîñëiäæåííÿ âëàñòèâîñòåé
ôóíêöié Exp(x), Sin(x), Cos(x).
2. Îñíîâíi ïîçíà÷åííÿ.
Îçíà÷åííÿ 1. [1] Äëÿ äîâiëüíèõ x ∈ R

i m ∈ N ôàêòîðiàëüíèì ñòåïåíåì m ç
êðîêîì k ∈ R íàçèâàþòü âèðàç

xm{k} =

= x(x+ k)(x+ 2k) · . . . ·
(
x+ (m− 1)k

)
. (1)

Ââàæàþòü, ùî x0{k} = 1, à äëÿ k = 0 ìà¹ìî
çâè÷àéíèé ñòåïiíü, òîáòî xm{0} = xm.

Íàé÷àñòiøå çóñòði÷àþòüñÿ çðîñòàþ÷i ôà-
êòîðiàëüíi ñòåïåíi m ç êðîêîì 1 i ñïàäíi ôà-
êòîðiàëüíi ñòåïåíim ç êðîêîì � 1, ÿêi ïîçíà-
÷àòèìåìî âiäïîâiäíî ÷åðåç

xm = xm{1} = x(x+ 1) · . . . · (x+m− 1),

xm = xm{−1} = x(x− 1) · . . . · (x−m+ 1).

Ââàæàþòü, ùî x0 = x0 = 1. Î÷åâèäíî, ùî
n! = 1n = nn.

Ó ìàòåìàòè÷íié ëiòåðàòóði çóñòði÷à¹ìî
é iíøi ïîçíà÷åííÿ ôàêòîðiàëüíèõ ñòåïåíiâ,
íàïðèêëàä, çðîñòàþ÷èé ôàêòîðiàëüíèé ñòå-
ïiíü m ç êðîêîì 1 ÷àñòî ïîçíà÷àþòü ñèìâî-
ëîì Ïîõãàììåðà (x)m, òîáòî (x)m = xm [2].
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3. Ôóíêöiÿ Exp(x) òà ¨¨ ãðàôiê.
Çà àíàëîãi¹þ ç âiäîìèì ñòåïåíåâèì ðÿäîì

ex =
∞∑
n=0

xn

n!
, ÿêèé ìîæíà òðàêòóâàòè ÿê ðÿä,

ïîáóäîâàíèé ïðè äîïîìîçi ñïàäíèõ ôàêòîði-
àëüíèõ ñòåïåíiâ (n! = nn), ðîçãëÿíåìî "äâî-
¨ñòó"ôóíêöiþ, ïîáóäîâàíó ïðè äîïîìîçi çðî-
ñòàþ÷èõ ôàêòîðiàëüíèõ ñòåïåíiâ.

Îçíà÷åííÿ 2. Exp(x) íàçèâàòèìåìî
ôóíêöiþ, âèçíà÷åíó ïðè äîïîìîçi ñòåïåíå-
âîãî ðÿäó

Exp(x) = 1 +
x

1
+

x2

2 · 3
+

x3

3 · 4 · 5
+ . . .

. . .+
xn

n · (n+1) · . . . · (2n−1)
+ . . . =

∞∑
n=0

xn

nn
.

Î÷åâèäíî, ùî

Exp(x) = 1 +
∞∑
n=1

(n− 1)!

(2n− 1)!
xn (2)

i ðÿä ó (2) çáiãà¹òüñÿ íà âñié ÷èñëîâié îñi.
Îñêiëüêè

(n− 1)!

(2n− 1)!
xn =

=
xn

4n−1

n∑
k=1

(−1)n−k

(k − 1)!(n− k)!
(
2(n− k) + 1

) =

=
n∑

k=1

xk−1

4k−1(k − 1)!
· (−1)n−kxn−k+1

(n− k)!
(
2(n− k) + 1

)
4n−k

,

òî ç (2) çà ïðàâèëîì ìíîæåííÿ ðÿäiâ ìà¹ìî

Exp(x) = 1+
∞∑
n=0

xn

4nn!
·

∞∑
n=0

(−1)n xn+1

n!(2n+ 1)4n
. (3)

Âðàõîâóþ÷è òåïåð, ùî

2√
π

∞∑
n=0

(−1)n x2n+1

n!(2n+ 1)
=

2√
π

x∫
0

e−t2dt = Φ(x),

äå Φ(x) � ôóíêöiÿ éìîâiðíîñòåé (ôóíêöiÿ
ïîìèëîê), ç (3) äëÿ x ≥ 0 ìà¹ìî

Exp(x) = 1 +
√
π
√
x e

x
4Φ

(√
x

2

)
. (4)

Î÷åâèäíî, ùî lim
x→+∞

Exp(x)=+∞, à ÿêùî

x < 0, òî

Exp(x) = 1 + i
√
π
√
|x| e

x
4 Φ

(
i
√

|x|
2

)
. (5)

Âèêîðèñòîâóþ÷è àñèìïòîòè÷íèé ðîçêëàä
(x→ ∞) [3]

Φ(x) = 1− e−x2

√
πx

×

×
(
1− 1

2x2
+

1 · 3
(2x2)2

− 1 · 3 · 5
(2x2)3

+ . . .

. . .+ (−1)n
(2n− 1)!!

(2x2)n
+ . . .

)
,

ç (4) îäåðæó¹ìî àñèìïòîòè÷íó ôîðìóëó ïðè
âåëèêèõ |x|:

Exp(x) = 1 +
√
π
√
xe

x
4 −

−2

(
1− 2

1

x
+ 22

1 · 3
x2

+ (−2)n
(2n− 1)!!

xn
+ . . .

)
,

ç ÿêî¨ âèïëèâà¹, ùî lim
x→−∞

Exp(x) = −1.

Ãðàôiê ôóíêöi¨ y = Exp(x), x ∈ R, íàâå-
äåíèé íà ðèñ. 1.

Ðèñ.1. Ãðàôiê ôóíêöi¨ y = Exp(x)
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�äèíèì íóëåì ôóíêöi¨ Exp(x) ¹ ÷èñëî

E0 = −1, 2204100845963337151 . . . ,

à ó òî÷öi E1 = −9, 02371882596227 . . . âîíà
äîñÿãà¹ ñâîãî íàéìåíøîãî çíà÷åííÿ.

4. Ôóíêöiÿ Cos(x) òà ¨¨ ãðàôiê. Çà
àíàëîãi¹þ ç âiäîìèì ñòåïåíåâèì ðîçâèíåí-
íÿì

cos x =
∞∑
n=0

(−1)n

(2n)!
x2n =

∞∑
n=0

(−1)n

(2n)2n
x2n

ðîçãëÿíåìî ôóíêöiþ, ïîáóäîâàíó ïðè äîïî-
ìîçi çðîñòàþ÷èõ ôàêòîðiàëüíèõ ñòåïåíiâ.

Îçíà÷åííÿ 3. Cos(x) íàçèâàòèìåìî
ôóíêöiþ, âèçíà÷åíó ðiâíiñòþ

Cos(x) = 1− x2

2 · 3
+

x4

4 · 5 · 6 · 7
+ . . .

. . .+
(−1)nx2n

2n · (2n+ 1) · . . . · (4n− 1)
+ . . . =

=
∞∑
n=0

(−1)n

(2n)2n
x2n.

Î÷åâèäíî, ùî ôóíêöiÿ Cos(x) ïàðíà,

Cos(x) = 1 +
∞∑
n=1

(−1)n(2n− 1)!

(4n− 1)!
x2n (6)

i ðÿä ó ïðàâié ÷àñòèíi (6) çáiãà¹òüñÿ àáñîëþ-
òíî òà ðiâíîìiðíî íà âñié ÷èñëîâié îñi.

Îñêiëüêè
∞∑
n=1

(−1)n(2n− 1)!

(4n− 1)!
x2n =

x2

4

∞∑
n=0

(−1)n

42n
×

×
n∑

j=0

x2n

(2j)!
(
2(n− j) + 1

)
!
(
4(n− j) + 3

) −
− x2

4

∞∑
n=0

(−1)n

42n
×

×
n∑

j=0

x2n

(2j + 1)!
(
2(n− j)

)
!
(
4(n− j) + 1

) =

=
∞∑
n=0

(−1)n

42n(2n)!
x2n×

×
∞∑
n=0

(−1)n

42n+1(4n+ 3)(2n+ 1)!
x2n+2−

−
∞∑
n=0

(−1)n

42n(2n+ 1)!
x2n+1×

×
∞∑
n=0

(−1)n

42n+1(2n)! (4n+ 1)
x2n+1,

òî ç (6) äëÿ x ≥ 0 îäåðæó¹ìî

Cos(x) = 1 + cos
x

4
· 2
√
xS

(√
x

2

)
−

− sin
x

4
· 2
√
xC

(√
x

2

)
, (7)

äå S(p), C(p) � iíòåãðàëè Ôðåíåëÿ, ÿêi âè-
çíà÷àþòüñÿ âiäïîâiäíî ôîðìóëàìè [3]

S(p) =

p∫
0

sin t2 dt =

=
∞∑
n=0

(−1)n

(4n+ 3)(2n+ 1)!
p4n+3,

C(p) =

p∫
0

cos t2 dt =

=
∞∑
n=0

(−1)n

(4n+ 1)(2n)!
p4n+1.

Îòæå, ç (7) îñòàòî÷íî ìà¹ìî

Cos(x) = 1 + 2
√
x×

×
(
cos

x

4
S

(√
x

2

)
− sin

x

4
C

(√
x

2

))
, x ≥ 0.

(8)
ßêùî x < 0, òî ó ôîðìóëi (8) ïîòðiáíî

çàìiíèòè
√
x íà i

√
|x|.

Íàéìåíøèì äîäàòíèì íóëåì ôóíêöi¨
Cos(x) ¹ ÷èñëî

C0 = 2, 50539603854250 . . .

Ãðàôiê ôóíêöi¨ Cos(x), x ∈ R, çîáðàæå-
íèé íà ðèñ. 2.
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Ðèñ.2. Ãðàôiê ôóíêöi¨ Cos(x)

5. Ôóíêöiÿ Sin(x) òà ¨¨ ãðàôiê. Çà àíà-
ëîãi¹þ ç âiäîìèì ñòåïåíåâèì ðîçâèíåííÿì

sinx =
∞∑
n=1

(−1)n−1

(2n− 1)!
x2n−1 =

=
∞∑
n=1

(−1)n−1

(2n− 1)2n−1
x2n−1

ðîçãëÿíåìî ôóíêöiþ, îçíà÷åíó ïðè äîïîìîçi
çðîñòàþ÷èõ ôàêòîðiàëüíèõ ñòåïåíiâ.

Îçíà÷åííÿ 4. Sin(x) íàçèâàòèìåìî
ôóíêöiþ, âèçíà÷åíó ðiâíiñòþ

Sin(x) =

=
x

1
− x3

3 · 4 · 5
+

x5

5 · 6 · 7 · 8 · 9
− . . .

. . .+
(−1)n−1x2n−1

(2n− 1) · 2n · . . . · (4n− 3)
+ . . . =

=
∞∑
n=1

(−1)n−1

(2n− 1)2n−1
x2n−1.

Î÷åâèäíî, ùî Sin(x) � íåïàðíà ôóíêöiÿ,

Sin(x) =
∞∑
n=1

(−1)n−1(2n− 2)!

(4n− 3)!
x2n−1 (9)

i ðÿä ó (9) àáñîëþòíî i ðiâíîìiðíî çáiãà¹òüñÿ
íà âñié ÷èñëîâié îñi.

Âðàõîâóþ÷è, ùî

∞∑
n=1

(−1)n−1(2n− 2)!

(4n− 3)!
x2n−1 =

=
x2

4

∞∑
n=0

(−1)n

42n
×

×
n∑

j=0

x2n

(2j)!
(
2(n− j) + 1

)
!
(
4(n− j) + 3

) +
+
x2

4

∞∑
n=0

(−1)n

42n
×

×
n∑

j=0

x2n

(2j + 1)!
(
2(n− j)

)
!
(
4(n− j) + 1

) =

=
∞∑
n=0

(−1)n

42n(2n)!
x2n+1×

×
∞∑
n=0

(−1)n

42n(2n)!(4n+ 1)
x2n+

+
∞∑
n=0

(−1)n

42n+1(2n+ 1)!
x2n+1×

×
∞∑
n=0

(−1)n

42n+1(2n+ 1)!(4n+ 3)
x2n+2,

äëÿ x ≥ 0 ìà¹ìî

Sin(x) = cos
x

4
· 2
√
xC

(√
x

2

)
+

+sin
x

4
· 2
√
x S

(√
x

2

)
àáî

Sin(x) = 2
√
x×

×
(
cos

x

4
C

(√
x

2

)
+ sin

x

4
S

(√
x

2

))
. (10)

ßêùî x < 0, òî ó ôîðìóëi (10)
√
x ïîòði-

áíî çàìiíèòè íà i
√

|x|.
Ãðàôiê ôóíêöi¨ Sin(x), x ∈ R, çîáðàæå-

íèé íà ðèñ. 2.
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Ðèñ. 3. Ãðàôiê ôóíêöi¨ Sin(x)

Íàéìåíøèì äîäàòíèì íóëåì ôóíêöi¨
Sin(x) ¹ ÷èñëî

S0 = 9, 18975829443256 . . .

6. Äèôåðåíöiàëüíi ðiâíÿííÿ, ïîðî-
äæåíi ôóíêöiÿìè Exp(x),Cos(x),Sin(x).
Ïîêàæåìî, ùî ôóíêöi¨ Exp(x), Cos(x),
Sin(x), îçíà÷åíi ó ïï. 3-5, ¹ ðîçâ'ÿçêàìè äå-
ÿêèõ çàäà÷ Êîøi äëÿ ëiíiéíèõ íåîäíîðiäíèõ
çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü ç íåïå-
ðåðâíèìè êîåôiöi¹íòàìè.
Òåîðåìà 1. Ôóíêöi¨ Exp(x), Cos(x),

Sin(x) ¹ ðîçâ'ÿçêàìè âiäïîâiäíî òàêèõ çàäà÷
Êîøi :

4xy′ − (x+ 2)y = x− 2,

y(0) = 1;

}
(11)

16x2y′′−16xy′+ (x2+12)y = 12−x2,
y(0) = 1, y′(0) = 0;

}
(12)

16x2y′′ − 16xy′ + (x2 + 12)y = − 4x,

y(0) = 0, y′(0) = 1.

}
(13)

Äîâåäåííÿ. Òå, ùî ôóíêöi¨ Exp(x),
Cos(x), Sin(x) çàäîâîëüíÿþòü âiäïîâiäíi ïî-
÷àòêîâi óìîâè ç (11), (12), (13), âèïëèâà¹ ç
ôîðìóë (2), (6), (9).

Äîâåäåìî òåïåð, ùî öi ôóíêöi¨ ¹ ðîçâ'ÿç-
êàìè âiäïîâiäíèõ ðiâíÿíü ç (11), (12), (13).

à) Îñêiëüêè

(Exp(x))′ =

=

√
π

4
e

x
4 Φ

(√
x

2

)(
2√
x
+
√
x

)
+

1

2
, (14)

òî, âèêëþ÷àþ÷è ç (4) i (14) Φ(
√
x/2), îäåð-

æó¹ìî ñïiââiäíîøåííÿ

(Exp(x))′ − x+ 2

4x
Exp(x) =

x− 2

4x
,

ç ÿêîãî âèïëèâà¹, ùî ôóíêöiÿ Exp(x) ¹
ðîçâ'ÿçêîì ðiâíÿííÿ ç (11).

á) Ç (6) çíàõîäèìî ïåðøó òà äðóãó ïîõiäíi
ôóíêöi¨ Cos(x):

(Cos(x))′ =

=
1√
x

(
cos

x

4
S

(√
x

2

)
− sin

x

4
C

(√
x

2

))
−

−
√
x

2

(
cos

x

4
C

(√
x

2

)
+ sin

x

4
S

(√
x

2

))
,

(15)

(Cos(x))′′ = − 1

8
− x2 + 4

8x
√
x
×

×
(
cos

x

4
S

(√
x

2

)
− sin

x

4
C

(√
x

2

))
−

− 1

2
√
x

(
cos

x

4
C

(√
x

2

)
+ sin

x

4
S

(√
x

2

))
.

(16)
Âèêëþ÷àþ÷è òåïåð ç (8), (15), (16) âèðàçè

cos
x

4
S

(√
x

2

)
− sin

x

4
C

(√
x

2

)
,

cos
x

4
C

(√
x

2

)
+ sin

x

4
S

(√
x

2

)
,

îäåðæó¹ìî ñïiââiäíîøåííÿ

16x2(Cos(x))′′ − 16x (Cos(x))′ +

+(x2 + 12)Cos(x) = 12− x2,

çâiäêè âèïëèâà¹, ùî ôóíêöiÿ Cos(x) ¹
ðîçâ'ÿçêîì äèôåðåíöiàëüíîãî ðiâíÿííÿ ç
(12).

34 Áóêîâèíñüêèé ìàòåìàòè÷íèé æóðíàë. 2013. � Ò. 1, � 1-2.



â) Âèêîðèñòîâóþ÷è (10), çíàõîäèìî ïåð-
øó òà äðóãó ïîõiäíi ôóíêöi¨ Sin(x):

(Sin(x))′ =

=
1

2
+

√
x

2

(
cos

x

4
S

(√
x

2

)
− sin

x

4
C

(√
x

2

))
+

+
1√
x

(
cos

x

4
C

(√
x

2

)
+ sin

x

4
S

(√
x

2

))
,

(17)

(Sin(x))′′ =
1

4x
− x2 + 4

8x
√
x
×

×
(
cos

x

4
C

(√
x

2

)
+ sin

x

4
S

(√
x

2

))
+

+
1

2
√
x

(
cos

x

4
S

(√
x

2

)
− sin

x

4
C

(√
x

2

))
.

(18)
Ç (10), (17) i (18) âèïëèâà¹, ùî

16x2 (Sin(x))′′ − 16x (Sin(x))′+

+(x2+12) Sin(x) = −4x,

òîáòî Sin(x) � ðîçâ'ÿçîê äèôåðåíöiàëüíîãî
ðiâíÿííÿ ç (13).

Òåîðåìà 2. Ñóêóïíiñòü ôóíêöié

y = Cos(x), z = Sin(x)

¹ ðîçâ'ÿçêîì çàäà÷i Êîøi äëÿ ëiíiéíî¨ íå-
îäíîðiäíî¨ ñèñòåìè äèôåðåíöiàëüíèõ ðiâ-
íÿíü{

y′ = y
2x

− z
4
− 1

2x
,

z′ = y
4
+ z

2x
+ 1

4
,

y(0) = 1, z(0) = 0.

Äîâåäåííÿ. Äîâåäåííÿ òåîðåìè áåçïî-
ñåðåäíüî âèïëèâà¹ ç ôîðìóë (8), (10), (15),
(17).

7. Äåÿêi ôîðìóëè, ùî ïîâ'ÿçóþòü
ôóíêöi¨ Exp(x) Cos(x), Sin(x). Ç ôîðìóëè
(2), âðàõîâóþ÷è, ùî

1 +
∞∑
n=1

(n− 1)!

(2n− 1)!
(ix)n =

= 1 +
∞∑
n=1

(2n− 1)!

(4n− 1)!
(ix)2n+

+
∞∑
n=1

(2n− 2)!

(4n− 3)!
(ix)2n−1=

= 1 +
∞∑
n=1

(−1)n(2n− 1)!

(4n− 1)!
x2n+

+i
∞∑
n=1

(−1)n−1(2n− 2)!

(4n− 3)!
x2n−1,

à òàêîæ (6), (9), îäåðæó¹ìî ôîðìóëó, àíàëî-
ãi÷íó äî ôîðìóëè Åéëåðà:

Exp(ix) = Cos(x) + i Sin(x). (19)

Ç (19) i ôîðìóëè

Exp(−ix) = Cos(x)− i Sin(x)

îòðèìó¹ìî ñïiââiäíîøåííÿ

Cos(x) =
1

2

(
Exp(ix) + Exp(−ix)

)
,

Sin(x) =
1

2i

(
Exp(ix)− Exp(−ix)

)
,

çâiäêè

Cos(ix) =
1

2

(
Exp(x) + Exp(−x)

)
,

Sin(ix) =
1

2i

(
Exp(−x)− Exp(x)

)
,

à òàêîæ

Cos2(x) + Sin2(x) = Exp(ix)Exp(−ix).
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