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Âñòàíîâëåíî êîðåêòíó ðîçâ'ÿçíiñòü íåëîêàëüíî¨ áàãàòîòî÷êîâî¨ çà ÷àñîì çàäà÷i äëÿ åâî-
ëþöiéíèõ ðiâíÿíü ç ïñåâäîäèôåðåíöiàëüíèìè îïåðàòîðàìè, ïîáóäîâàíèìè çà àíàëiòè÷íèìè
ñèìâîëàìè, ç ãðàíè÷íîþ óìîâîþ ó ïðîñòîði óçàãàëüíåíèõ ôóíêöié òèïó óëüòðàðîçïîäiëiâ.

We establish the well-posedness of a non-locally multi-point with respect to time problem for
evolution equations with pseudo-di�erential operators constructed by analytic characters, with a
boundary condition in the space of generalized functions of ultra-sharing type.

Íåëîêàëüíi êðàéîâi çàäà÷i äëÿ
äèôåðåíöiàëüíî-îïåðàòîðíèõ ðiâíÿíü òà
ðiâíÿíü ç ÷àñòèííèìè ïîõiäíèìè âèíèêàþòü
ïðè ïîáóäîâi çàãàëüíî¨ òåîði¨ êðàéîâèõ
çàäà÷, îïèñóâàííi âñiõ êîðåêòíèõ çàäà÷ äëÿ
êîíêðåòíîãî îïåðàòîðà, ìàòåìàòè÷íîìó
ìîäåëþâàííi ðiçíîìàíiòíèõ ïðèðîäíè÷èõ
ïðîöåñiâ [1-3]. Äîñëiäæåííÿì íåëîêàëüíèõ
êðàéîâèõ çàäà÷ ó ðiçíèõ àñïåêòàõ çàéìàëîñÿ
áàãàòî ìàòåìàòèêiâ, âèêîðèñòîâóþ÷è ïðè
öüîìó ðiçíi ìåòîäè òà ïiäõîäè (Î.Î. Äåçií,
Â.Ê. Ðîìàíêî, Ñ.Ã. Êðåéí, Â.Ì. Áîðîê,
Á.É. Ïòàøíèê, Ì.I. Ìàòié÷óê, Â.I. ×åñà-
ëií òà ií.). Îäåðæàíi âàæëèâi ðåçóëüòàòè
ùîäî ïîñòàíîâêè, êîðåêòíî¨ ðîçâ'ÿçíîñòi òà
ïîáóäîâè ðîçâ'ÿçêiâ, äîñëiäæåíi ïèòàííÿ
çàëåæíîñòi õàðàêòåðó ðîçâ'ÿçíîñòi çàäà÷ âiä
ïîâåäiíêè ñèìâîëiâ îïåðàöié, ñôîðìóëüî-
âàíi óìîâè ðåãóëÿðíîñòi òà íåðåãóëÿðíîñòi
êðàéîâèõ óìîâ äëÿ âàæëèâèõ âèïàäêiâ
äèôåðåíöiàëüíî-îïåðàòîðíèõ ðiâíÿíü.

Ó öié ðîáîòi äîñëiäæó¹òüñÿ íåëîêàëüíà
áàãàòîòî÷êîâà çà ÷àñîì çàäà÷à äëÿ åâîëþ-
öiéíèõ ðiâíÿíü ç ïñåâäîäèôåðåíöiàëüíèìè
îïåðàòîðàìè, ïîáóäîâàíèìè çà ñèìâîëàìè,
ÿêi äîïóñêàþòü àíàëiòè÷íå ïðîäîâæåííÿ ó
ïåâíó îáëàñòü êîìïëåêñíî¨ ïëîùèíè (êëàñ
òàêèõ îïåðàòîðiâ ìiñòèòü i îïåðàòîðè Áåñ-
ñåëÿ äðîáîâîãî äèôåðåíöiþâàííÿ; íåëîêàëü-
íi áàãàòîòî÷êîâi çà ÷àñîì çàäà÷i äëÿ åâî-
ëþöiéíèõ ðiâíÿíü ç òàêèìè îïåðàòîðàìè
íà òåïåðiøíié ÷àñ íå âèâ÷åíi). Âñòàíîâëåíà
ñòðóêòóðà òà âëàñòèâîñòi ôóíäàìåíòàëüíî-

ãî ðîçâ'ÿçêó, êîðåêòíà ðîçâ'ÿçíiñòü çàäà÷i ó
âèïàäêó, êîëè ãðàíè÷íà ôóíêöiÿ ¹ óçàãàëü-
íåíîþ ôóíêöi¹þ òèïó óëüòðàðîçïîäiëiâ, çíà-
éäåíî çîáðàæåííÿ ðîçâ'ÿçêó ó âèãëÿäi çãîð-
òêè ôóíäàìåíòàëüíî ðîçâ'ÿçêó ç ãðàíè÷íîþ
ôóíêöi¹þ; âñòàíîâëåíî, ùî ðîçâ'ÿçîê âîëî-
äi¹ âëàñòèâiñòþ ëîêàëiçàöi¨ (âëàñòèâiñòþ ëî-
êàëüíîãî ïîêðàùåííÿ çáiæíîñòi).
1. Âëàñòèâîñòi ôóíäàìåíòàëüíîãî

ðîçâ'ÿçêó áàãàòîòî÷êîâî¨ çàäà÷i. Íåõàé
ω ∈ (1,+∞)\{2, 4, 6, ...}, µ ∈ (−∞, 0] - ôi-
êñîâàíi ïàðàìåòðè. Ñèìâîëîì P µ

ω ïîçíà÷èìî
ñóêóïíiñòü ôóíêöié a: R → [0,∞), ÿêi çàäî-
âîëüíÿþòü íàñòóïíi óìîâè: 1) ôóíêöiÿ a íå-
ñêií÷åííî äèôåðåíöiéîâíà íà R, ïðè öüîìó

∃B = B(a) > 0 ∀ε > 0 ∃cε > 0 ∀m ∈ Z+

∀x ∈ R : |Dm
x a(x)| ≤ cεB

mmmeε|x|
ω

,

∃b0 > 0 ∀x ∈ R : a(x) ≥ b0|x|ω;
2) ôóíêöiÿ a ∈ P µ

ω äîïóñêà¹ àíà-
ëiòè÷íå ïðîäîâæåííÿ â îáëàñòü
Gµ := {z = x+ iy ∈ C : |y| ≤ K(1 + |x|)µ,
x ∈ R, K > 0} êîìïëåêñíî¨ ïëîùèíè; ôóí-
êöiÿ e−a(z), z ∈ Gµ, çàäîâîëüíÿ¹ íåðiâíiñòü

|e−a(x+iy)| ≤ L̃0e
˜−α0|x|ω , z = x+ iy ∈ Gµ,

ç äåÿêèìè ñòàëèìè L̃0, α̃0 > 0, çàëåæíè-
ìè ëèøå âiä ôóíêöi¨ a. Ç òåîðåìè òèïó
Ôðàãìåíà-Ëiíäåëüîôà [4, c. 264] âèïëèâà¹,
ùî ïîõiäíi ôóíêöi¨ e−a íà äiéñíié îñi çàäî-
âîëüíÿþòü íåðiâíîñòi

|Dm
x e

−a(x)| ≤ L0A
m
0 m

m(1−µ/ω) exp{−α0|x|ω},

36 Áóêîâèíñüêèé ìàòåìàòè÷íèé æóðíàë. 2013. � Ò. 1, � 1-2.



m ∈ Z+, x ∈ R,
ç äåÿêèìè ñòàëèìè L0, A0, α0 > 0. Çâiäñè äi-
ñòà¹ìî, ùî e−a ¹ åëåìåíòîì ïðîñòîðó S1−µ/ω

1/ω ,
ÿêèé âiäíîñèòüñÿ äî ïðîñòîðiâ òèïó S (ïðî-
ñòîðiâ Sβ

α, α > 0, β > 0), ââåäåíèõ I. Ì.
Ãåëüôàíäîì òà Ã. �. Øèëîâèì â [4]. Ïðî-
ñòîðè òèïó S ñêëàäàþòüñÿ ç íåñêií÷åííî
äèôåðåíöiéîâíèõ ôóíêöié, çàäàíèõ íà R,
íà ÿêi íàêëàäàþòüñÿ ïåâíi óìîâè ñïàäàííÿ
íà íåñêií÷åííîñòi òà çðîñòàííÿ ïîõiäíèõ. Öi
óìîâè çàäàþòüñÿ çà äîïîìîãîþ íåðiâíîñòåé
|xkφ(m)(x)| ≤ ckm, x ∈ R, {k,m} ⊂ Z+, äå
{ckm} - äåÿêà ïîäâiéíà ïîñëiäîâíiñòü äîäà-
òíèõ ÷èñåë. ßêùî íà åëåìåíòè ïîñëiäîâíî-
ñòi {ckm} íå íàêëàäàþòüñÿ æîäíi îáìåæåííÿ
(òîáòî ckm ìîæóòü çìiíþâàòèñÿ äîâiëüíî ðà-
çîì ç ôóíêöi¹þ φ), òî ìà¹ìî, î÷åâèäíî, ïðî-
ñòið S ≡ S(R) Ë. Øâàðöà øâèäêî ñïàäíèõ
íà íåñêií÷åííîñòi ôóíêöié. ßêùî æ ÷èñëà
ckm çàäîâîëüíÿþòü ïåâíi óìîâè, òî âiäïîâiä-
íi êîíêðåòíi ïðîñòîðè ìiñòÿòüñÿ â S i íàçè-
âàþòüñÿ ïðîñòîðàìè òèïó S. Çîêðåìà, äëÿ
äîâiëüíèõ ôiêñîâàíèõ α, β > 0

Sβ
α(R) ≡ Sβ

α := {φ ∈ S | ∃c > 0 ∃A > 0

∃B > 0 ∀{k,m} ⊂ Z+

∀x ∈ R : |xkφ(m)(x)| ≤ cAkBmkkαmmβ}.
Ïðîñòið Sβ

α ìîæíà îõàðàêòåðèçóâàòè ùå
òàê [4]: Sβ

α ñêëàäà¹òüñÿ ç òèõ i ëèøå òèõ íå-
ñêií÷åííî äèôåðåíöiéîâíèõ íà R ôóíêöié,
ÿêi çàäîâîëüíÿþòü íåðiâíîñòi

|φ(m)(x)| ≤ c1B
m
1 m

mβ exp{−c2|x|1/α},

m ∈ Z+, x ∈ R,
ç äåÿêèìè äîäàòíèìè ñòàëèìè c1, B1, c2, çà-
ëåæíèìè âiä ôóíêöi¨ φ.

ßêùî 0 < β < 1 i α ≥ 1 − β, òî
Sβ
α ñêëàäà¹òüñÿ ç òèõ i ëèøå òèõ ôóíêöié
φ, ÿêi äîïóñêàþòü àíàëiòè÷íå ïðîäîâæåí-
íÿ â êîìïëåêñíó ïëîùèíó i çàäîâîëüíÿþòü
íåðiâíiñòü |φ(x + iy)| ≤ c3 exp{−a|x|1/α +
b|y|1/(1−β)}, c3 > 0, a > 0, b > 0.

Òîïîëîãi÷íà ñòðóêòóðà â ïðîñòîðàõ Sβ
α

âèçíà÷à¹òüñÿ òàê. Ñèìâîëîì Sβ,B
α,A ïîçíà÷èìî

ñóêóïíiñòü ôóíêöié φ ∈ Sβ
α, ÿêi çàäîâîëüíÿ-

þòü óìîâó:

∀Ā > A ∀B̄ > B :

|xkφ(m)(x)| ≤ cĀkB̄mkkαmmβ, {k,m} ⊂ Z+.

Öÿ ìíîæèíà ïåðåòâîðþ¹òüñÿ â ïîâíèé çëi-
÷åííî íîðìîâàíèé ïðîñòið, ÿêùî íîðìè â
íié ââåñòè çà äîïîìîãîþ ñïiââiäíîøåíü

∥φ∥δρ = sup
x,k,m

|xkφ(m)(x)|
(A+ δ)k(B + ρ)mkkαmmβ

,

{δ, ρ} ⊂
{
1,

1

2
, ...

}
.

ßêùî A1 < A2, B1 < B2, òî Sβ,B1

α,A1
íåïå-

ðåðâíî âêëàäà¹òüñÿ â Sβ,B2

α,A2
i Sβ

α =
∪

A,B>0

Sβ,B
α,A .

Îòæå, â Sβ
α ìîæíà ââåñòè òîïîëîãiþ iíäó-

êòèâíî¨ ãðàíèöi ïðîñòîðiâ Sβ,B
α,A [4].

Ó ïðîñòîðàõ Sβ
α âèçíà÷åíà i ¹ íå-

ïåðåðâíîþ îïåðàöiÿ çñóâó àðãóìåíòó
Tx : φ(ξ) → φ(ξ + x). Öÿ îïåðàöiÿ ¹ òà-
êîæ äèôåðåíöiéîâíîþ (íàâiòü íåñêií÷åííî
äèôåðåíöiéîâíîþ [4]) ó òîìó ðîçóìiííi, ùî
ãðàíè÷íå ñïiââiäíîøåííÿ

φ(x+ h)− φ(x)

h
→ φ′(x), h→ 0,

ñïðàâäæó¹òüñÿ äëÿ êîæíî¨ ôóíêöi¨ φ ∈ Sβ
α â

ñåíñi çáiæíîñòi çà òîïîëîãi¹þ ïðîñòîðó Sβ
α.

Ó Sβ
α âèçíà÷åíà i íåïåðåðâíà îïåðàöiÿ äèôå-

ðåíöiþâàííÿ. Ïðîñòîðè òèïó S ¹ äîñêîíàëè-
ìè [4] (òîáòî ïðîñòîðàìè, âñi îáìåæåíi ìíî-
æèíè ÿêèõ êîìïàêòíi), âîíè òiñíî ïîâ'ÿçóþ-
òüñÿ ìiæ ñîáîþ ïåðåòâîðåííÿì Ôóð'¹, à ñà-
ìå, ïðàâèëüíèìè ¹ ôîðìóëè: F [Sβ

α] = Sα
β , äå

F [Sβ
α] := {ψ : ψ(σ) =

∫
R

φ(x)eiσxdx, φ ∈ Sβ
α}.

Ñèìâîëîì (Sβ
α)

′ ïîçíà÷èìî ïðîñòið óñiõ
ëiíiéíèõ íåïåðåðâíèõ ôóíêöiîíàëiâ íà Sβ

α

çi ñëàáêîþ çáiæíiñòþ. Îñêiëüêè ïðè β > 1
â Sβ

α(α > 0) ¹ é ôiíiòíi ôóíêöi¨ [4], òî ìà¹
ñåíñ íàñòóïíå îçíà÷åííÿ: óçàãàëüíåíà ôóí-
êöiÿ f ∈ (Sβ

α)
′ (α > 0, β > 1) äîðiâíþ¹ íóëå-

âi íà iíòåðâàëi (a, b) ⊂ R, ÿêùî < f, φ >= 0
äëÿ äîâiëüíî¨ ôóíêöi¨ φ ∈ Sβ

α, íîñié ÿêî¨ ìi-
ñòèòüñÿ â (a, b) (òóò < f, φ > ïîçíà÷à¹ çíà-
÷åííÿ ôóíêöiîíàëó f íà îñíîâíié ôóíêöi¨
φ). Îñêiëüêè â îñíîâíîìó ïðîñòîði Sβ

α âèçíà-
÷åíà îïåðàöiÿ çñóâó àðãóìåíòó Tx, òî çãîð-
òêó óçàãàëüíåíî¨ ôóíêöi¨ ôóíêöi¨ f ∈ (Sβ

α)
′
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ç îñíîâíîþ ôóíêöi¹þ φ çàäàìî ôîðìóëîþ

(f ∗ φ)(x) =< f, T−xφ̌(·) >≡< f, φ(x− ·) >,

φ̌(ξ) := φ(−ξ).
Iç âëàñòèâîñòi íåñêií÷åííî¨ äèôåðåíöiéîâíî-
ñòi îïåðàöi¨ çñóâó àðãóìåíòó â ïðîñòîði Sβ

α

âèïëèâà¹, ùî çãîðòêà f ∗ φ ¹ çâè÷àéíîþ íå-
ñêií÷åííîþ äèôåðåíöiéîâíîþ íà R ôóíêöi-
¹þ.

Îñêiëüêè F−1[Sα
β ] = Sβ

α, à òàêîæ i
F [Sα

β ] = Sβ
α, áî êîæíèé ïðîñòið òèïó S

ðàçîì ç ôóíêöi¹þ φ(x) ìiñòèòü i ôóíêöiþ
φ(−x), òî ïåðåòâîðåííÿ Ôóð'¹ óçàãàëüíåíî¨
ôóíêöi¨ f ∈ (Sβ

α)
′ îçíà÷èìî çà äîïîìîãîþ

ñïiââiäíîøåííÿ < F [f ], φ >=< f, F [φ] >,
φ ∈ Sα

β .
Íåõàé f ∈ (Sβ

α)
′. ßêùî f ∗ φ ∈ Sβ

α, ∀φ ∈
Sβ
α i iç ñïiââiäíîøåííÿ φν → 0 ïðè ν →

∞ çà òîïîëîãi¹þ ïðîñòîðó Sβ
α âèïëèâà¹, ùî

f ∗ φν → 0 ïðè ν → ∞ çà òîïîëîãi¹þ
ïðîñòîðó Sβ

α, òî ôóíêöiîíàë f íàçèâà¹òüñÿ
çãîðòóâà÷åì ó ïðîñòîði Sβ

α. ßêùî f ∈ (Sβ
α)

′

- çãîðòóâà÷ ó ïðîñòîði Sβ
α, òî äëÿ äîâiëü-

íî¨ ôóíêöi¨ φ ∈ Sβ
α ïðàâèëüíîþ ¹ ôîðìóëà

F [f ∗ φ] = F [f ] · F [φ].
Âiçüìåìî ôóíêöiþ a ç êëàñó P µ

ω . Iç óìîâè
1) âèïëèâà¹, ùî ôóíêöiÿ a ¹ ìóëüòèïëiêàòî-
ðîì ó ïðîñòîði S1

1/ω. Îñêiëüêè 1 − µ/ω ≥ 1

(µ ≤ 0), òî a - ìóëüòèïëiêàòîð i ó ïðîñòîði
S
1−µ/ω
1/ω . Çîêðåìà, ôóíêöiÿ aω(x) = (1+x2)ω/2,
x ∈ R, íàëåæèòü äî êëàñó P 0

ω i ¹ ìóëüòèïëi-
êàòîðîì ó ïðîñòîði S1

1/ω (à òàêîæ ó ïðîñòîði

S
1−µ/ω
1/ω , µ < 0), e−aω ∈ S1

1/ω.
Iç âëàñòèâîñòåé ôóíêöi¨ a ∈ P µ

ω âèïëè-
âà¹, ùî â ïðîñòîði S1/ω

1−µ/ω âèçíà÷åíèé, ¹ ëi-
íiéíèì i íåïåðåðâíèì îïåðàòîð A, ïîáóäîâà-
íèé çà ôóíêöi¹þ a ÿê çà ñèìâîëîì çà ïðà-
âèëîì: Aφ = F−1[aF [φ]], φ ∈ S

1/ω
1−µ/ω. ßêùî

a = aω, òî, ÿê âiäîìî [5, c. 395], îïåðàòîðA ≡
Aω ïðåäñòàâëÿ¹ ñîáîþ êîíñòðóêòèâíó ðåàëi-
çàöiþ îïåðàòîðà (I −D2

x)
ω/2, ω ̸= 2, 4, 6, ... :

Aωφ = (I −D2
x)

ω/2φ, ÿêèé (äèâ. [5]) íàçèâà-
¹òüñÿ îïåðàòîðîì Áåññåëÿ äðîáîâîãî äèôå-
ðåíöiþâàííÿ.

Äëÿ åâîëþöiéíîãî ðiâíÿííÿ

∂u(t, x)

∂t
+ Au(t, x) = 0, (1)

(t, x) ∈ (0, T ]× R ≡ Ω,

äå A - îïåðàòîð, ïîáóäîâàíèé ðàíiøå,
ðîçãëÿíåìî íåëîêàëüíó (m-òî÷êîâó)
çà ÷àñîì çàäà÷ó: çíàéòè ðîçâ'ÿçîê
u ∈ C1((0, T ], S

1/ω
1−µ/ω) ðiâíÿííÿ (1), ÿêèé

çàäîâîëüíÿ¹ óìîâó:

µu(t, ·) |t=0 −µ1u(t, ·) |t=t1 −...− (2)

−µmu(t, ·) |t=tm= φ,

äå φ ∈ S
1/ω
1−µ/ω, m ∈ N, {µ, µ1, ..., µm} ⊂

(0,∞), {t1, ..., tm} ⊂ (0, T ] - ôiêñîâàíi ÷èñëà,
µ > µ0 · 2m, µ0 = max{µ1, ..., µm}, 0 < t1 <
... < tm ≤ T .

Ñêîðèñòàâøèñü ìåòîäîì ïåðåòâîðåííÿ
Ôóð'¹ çíàéäåìî, ùî ðîçâ'ÿçîê çàäà÷i (1), (2)
ìà¹ âèãëÿä:

u(t, x) =

∫
R

Γ(t, x− ξ)φ(ξ)dξ = Γ(t, x) ∗ φ(x),

(t, x) ∈ Ω, äå Γ(t, x) = F−1[Q(t, σ)](x),

Q(t, σ) = exp{−ta(σ)}×

×

(
µ−

m∑
k=1

µk exp{−tka(σ)}

)−1

.

Ââåäåìî ïîçíà÷åííÿ:

Q1(t, σ) = exp{−ta(σ)},

Q2(σ) =

(
µ−

m∑
k=1

µk exp{−tka(σ)}

)−1

.

Òîäi Q(t, σ) = Q1(t, σ)Q2(σ). Iç îáìåæåíü,
íàêëàäåíèõ íà ñèìâîë a òà òåîðåìè 4 ç [4, c.
264] âèïëèâà¹, ùî Q1(t, σ) ∈ S

1−µ/ω
1/ω , µ ≤ 0,

ïðè êîæíîìó t > 0. Ïðîàíàëiçóâàâøè äîâå-
äåííÿ âêàçàíî¨ òåîðåìè (äèâ. [4, c. 264-265]),
áåçïîñåðåäíüî ïåðåêîíó¹ìîñÿ â òîìó, ùî äëÿ
ôóíêöi¨ Q1(t, σ) òà ¨¨ ïîõiäíèõ (çà çìiííîþ
σ) ñïðàâäæóþòüñÿ îöiíêè:

|Dk
σQ1(t, σ)| ≤ cAktαkkk(1−µ/ω)e−c0t|σ|ω , (3)

k ∈ Z+, (t, σ) ∈ Ω,

äå ñòàëi c, A, c0 > 0 íå çàëåæàòü âiä t,

α =

{
µ/ω, ÿêùî µ < 0,
0, ÿêùî µ = 0.
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Îñêiëüêè

µ−
m∑
k=1

µk exp{−tka(σ)} =

= µ

(
1− 1

µ

m∑
k=1

µk exp{−tka(σ)}

)
,

ïðè÷îìó

1

µ

m∑
k=1

µk exp{−tka(σ)} ≤ 1

µ

m∑
k=1

µk < 1,

òî, ñêîðèñòàâøèñü ïîëiíîìiàëüíîþ ôîðìó-
ëîþ, çíàéäåìî, ùî

Q2(σ) =
1

µ

∞∑
r=0

µ−r

(
m∑
k=1

µke
−tka(σ)

)r

=

=
∞∑
r=0

µ−(r+1)

( ∑
r1+...+rm=r

r!

r1!...rm!
×

×(µ1e
−t1a(σ))r1 ...(µme

−tma(σ))rm

)
= (4)

=
∞∑
r=0

µ−(r+1)
∑

r1+...+rm=r

r!

r1!...rm!
×

×µr1
1 ... µrm

m Q1(λ, σ),

äå λ := t1r1 + ... + tmrm, Q1(λ, σ) = e−λa(σ).
Çâiäñè òà ç (4) âèïëèâàþòü íåðiâíîñòi

|Ds
σQ2(σ)| ≤ cAsss(1−µω)

∞∑
r=1

µ−(r+1)×

×
∑

r1+...+rm=r

r!

r1!...rm!
µr
0λ

αs · e−λc0|σ|ω ≤

≤ cAstαs1 s
s(1−µ/ω)

∞∑
r=1

µ−(r+1)µr
0×

×
∑

r1+...+rm=r

r!

r1!...rm!
, s ∈ N.

Äàëi ñêîðèñòà¹ìîñÿ òèì, ùî∑
r1+...+rm=r

r!

r1!...rm!
= mr ≤ 2rm.

Òîäi

|Ds
σQ2(σ)| ≤ c′Ãsss(1−µ/ω)

∞∑
r=1

µ̃r =

= c̃Ãsss(1−µ/ω), s ∈ N, (5)

c′ = cµ−1, µ̃ = µ0µ
−12m < 1, c̃ = c′

∞∑
r=1

µ̃r.

Óðàõóâàâøè (3), (5) òà ôîðìóëó Ëåéáíi-
öà äèôåðåíöiþâàííÿ äîáóòêó äâîõ ôóíêöié
çíàéäåìî, ùî

|Ds
σQ(t, σ)| =

∣∣∣∣∣
s∑

l=0

C l
sD

l
σQ1(t, σ) ·Ds−l

σ Q2(σ)

∣∣∣∣∣ ≤
≤ cc̃

s∑
l=0

C l
sA

ltαlll(1−µ/ω)Ãs−l× (6)

×(s− l)(s−l)(1−µ/ω)e−c0t|σ|ω ≤

≤ b̃B̃s(β(t))sss(1−µ/ω)e−c0t|σ|ω ,

b̃ = cc̃, B̃ = 2max{A, Ã}, s ∈ N,

äå ñòàëi b̃, B̃, c0 > 0 íå çàëåæàòü âiä t,

β(t) =

{
tα, ÿêùî 0 < t ≤ 1,
1, ÿêùî t > 0.

Iç îöiíîê (6) âèïëèâà¹, ùî ôóíêöiÿQ(t, ·),
ÿê ôóíêöiÿ σ, ¹ åëåìåíòîì ïðîñòîðó S1−µ/ω

1/ω

(ïðè êîæíîìó ôiêñîâàíîìó t > 0). Óðà-
õóâàâøè âëàñòèâîñòi ïåðåòâîðåííÿ Ôóð'¹
(ïðÿìîãî òà îáåðíåíîãî) òà ñïiââiäíîøåííÿ
S
1/ω
1−µ/ω = F−1[S

1−µ/ω
1/ω ] îòðèìó¹ìî, ùî Γ(t, ·) ∈

S
1/ω
1−µ/ω ïðè êîæíîìó t ∈ (0, T ]. Âèäiëèìî

â îöiíêàõ ôóíêöi¨ Γ òà ¨¨ ïîõiäíèõ (çà çìi-
íîþ x) çàëåæíiñòü âiä ïàðàìåòðà t ∈ (0, T ∗]
(T ∗ = T , ÿêùî T ≤ 1, T ∗ = 1, ÿêùî T ≥ 1).
Äëÿ öüîãî ñêîðèñòà¹ìîñÿ ñïiââiäíîøåííÿì

xkDs
xF [φ](x) = ik+sF [(σsφ(σ))(k)] =

= ik+s

∫
R

(σsφ(σ))(k)eixσdσ,

{k, s} ⊂ Z+, φ ∈ S
1−µ/ω
1/ω .

Îòæå,
xkDs

xΓ(t, x) =
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= (2π)−1ik+s(−1)s
∫
R

(σsQ(t,−σ))(k)eixσdσ.

Ó êíèçi [4] äîâåäåíî òâåðäæåííÿ: ÿêùî
ôóíêöiÿ φ ∈ C∞(R) çàäîâîëüíÿ¹ íåðiâíîñòi

|xkφ(n)(x)| ≤ cAkBnakbn, {k, n} ∈ Z+, x ∈ R,

äå ÷èñëà ak òà bn òàêi, ùî

ak
ak−1

≥ ck1−χ,
bn
bn−1

≥ cn1−λ, χ+ λ = θ ≤ 1,

òî ïîäâiéíà ïîñëiäîâíiñòü mkn = akbn çàäî-
âîëüíÿ¹ íåðiâíiñòü

kn
mk−1,n−1

mkn

≤ γ(k + n)θ, γ > 0.

Äëÿ ïîñëiäîâíîñòi ak = kk(1−µ/ω) ìà¹ìî

λ = max
(
1−

(
1− µ

ω

))
= max

(µ
ω
, 0
)
= 0,

òîìó χ = θ = 1 äëÿ ïîñëiäîâíîñòi bn = nn/ω.
Çàñòîñóâàâøè ôîðìóëó Ëåéáíiöà äèôåðåí-
öiþâàííÿ äîáóòêó äâîõ ôóíêöié, îöiíêè (6)
ïîõiäíèõ ôóíêöié Q(t, σ) òà îñòàííþ íåðiâ-
íiñòü çíàéäåìî, ùî

|(σsQ(t,−σ))(k)| =

∣∣∣∣∣
k∑

p=0

Cp
k(σ

s)(p)Q(k−p)(t,−σ)

∣∣∣∣∣ ≤
≤ |σsQ(k)(t,−σ)|+ ks|σs−1Q(k−1)(t,−σ)|+

+
k(k − 1)

2!
s(s− 1)|σs−2Q(k−2)(t,−σ)|+ ... ≤

≤ cAsBkkk(1−µ/ω)tµk/ωss/ωt−s/ωe
−c′0
2

t|σ|ω×

×

(
1 +

ks

(A/t1/ω)B

ms−1,k−1

msk

+

+
1

2!

ks

(A/t1/ω)2B2

ms−1,k−1

msk

×

×(k − 1)(s− 1)
ms−2,k−2

ms−1,k−1

+ ...

)
≤

≤ cAsBktµk/ωt−s/ωkk(1−µ/ω)ss/ωe
−c′0
2

t|σ|ω×

×

(
1 +

γ

(A/t1/ω)B
(k + s)+

+
1

2!

γ2

(A/t1/ω)2B2
(k + s)2 + ...

)
≤

≤ cAsBktµk/ωt−s/ωkk(1−µ/ω)ss/ω×

×e
γt1/ω

AB
(k+s)e

−c′0
2

t|σ|ω ≤
≤ cAs

1B
k
1 t

µk/ωt−s/ωkk(1−µ/ω)ss/ωe−c̄0t|σ|ω ,

A1 = Ae
γT1/ω

AB , B1 = Be
γT1/ω

AB , c̄0 =
c′0
2
.

Îòæå,

|xkDs
xΓ(t, x)| ≤ c1A

s
1B

s
1t

−(s+1)/ωtµk/ωkk(1−µ/ω)ss/ω,

{k, s} ⊂ Z+, t ∈ (0, T ∗], x ∈ R.
Òîäi

|Ds
xΓ(t, x)| ≤ c1B

s
1s

s/ωt−(s+1)/ω inf
k

Ak
1k

k(1−µ/ω)

(t−µ/ω|x|)k
≤

≤ c̃Bs
1s

s/ωt−(s+1)/ω exp{−a0(t−µ/ω|x|)1/(1−µ/ω)},
s ∈ Z+, t ∈ (0, T ∗].

Òàêèì ÷èíîì, ïðàâèëüíèì ¹ íàñòóïíå
òâåðäæåííÿ.
Ëåìà 1. Äëÿ ôóíêöi¨ Γ(t, x), t ∈ (0, T ∗],

x ∈ R, òà ¨¨ ïîõiäíèõ (çà çìiííîþ x) ñïðàâ-
äæóþòüñÿ íåðiâíîñòi

|Ds
xΓ(t, x)| ≤ c̃Bs

1s
s/ωt−(s+1)/ω×

× exp{−a0t−µ/(ω−µ)|x|1/(1−µ/ω)},
µ ≤ 0, s ∈ Z+,

ñòàëi a0, c̃, B1 > 0 íå çàëåæàòü âiä t.
Ëåìà 2. Ôóíêöiÿ Γ(t, ·), t ∈ (0, T ], ÿê àá-

ñòðàêòíà ôóíêöiÿ ïàðàìåòðà t iç çíà÷åí-

íÿìè â ïðîñòîði S
1/ω
1−µ/ω, äèôåðåíöiéîâíà ïî

t.
Äîâåäåííÿ. Iç âëàñòèâîñòi íåïåðåðâíî-

ñòi ïåðåòâîðåííÿ Ôóð'¹ (ÿê ïðÿìîãî, òàê i
îáåðíåíîãî) ó ïðîñòîðàõ òèïó S âèïëèâà¹,
ùî äëÿ äîâåäåííÿ ëåìè äîñèòü ïîêàçàòè, ùî
ôóíêöiÿ F [Γ(t, x)] = Q(t, σ), ÿê àáñòðàêòíà
ôóíêöiÿ ïàðàìåòðà t iç çíà÷åííÿìè â ïðî-
ñòîði F [S1/ω

1−µ/ω] = S
1−µ/ω
1/ω , äèôåðåíöiéîâíà

ïî t. Iíøèìè ñëîâàìè, ïîòðiáíî äîâåñòè, ùî
ãðàíè÷íå ñïiââiäíîøåííÿ

Φ∆t(σ) :=
1

∆t
[Q(t+∆t, σ)−
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−Q(t, σ)] → ∂

∂t
Q(t, σ), ∆t→ 0,

âèêîíó¹òüñÿ â òîìó ðîçóìiííi, ùî
1) Ds

σΦ∆t(σ)−→
∆t→0

Ds
σ(−a(σ)Q(t, σ)), m ∈ Z+,

ðiâíîìiðíî íà êîæíîìó âiäðiçêó [a, b] ⊂ R;
2)Ds

σΦ∆t(σ) ≤ c̄B̄sss(1−µ/ω) exp{−ā|σ|ω}, s ∈
Z+, äå ñòàëi c̄, ā, B̄ > 0 íå çàëåæàòü âiä ∆t,
ÿêùî ∆t äîñèòü ìàëå.

Ôóíêöiÿ Q(t, σ), (t, σ) ∈ Ω, äèôåðåíöiéîâ-
íà ïî t ó çâè÷àéíîìó ðîçóìiííi, òîìó, âíàñëi-
äîê òåîðåìè Ëàãðàíæà ïðî ñêií÷åííi ïðèðî-
ñòè,

Φ∆t(σ) = −a(σ)Q(t+ θ∆t, σ),

0 < θ < 1, t+ θ∆t ≤ T.

Îòæå,

Ds
σΦ∆t(σ) = −

s∑
l=o

C l
sD

l
σa(σ)D

s−l
σ Q(t+θ∆t, σ)

(7)
i

Ds
σ

(
Φ∆t(σ)−

∂

∂t
Q(t, σ)

)
=

= −
s∑

l=o

C l
sD

l
σa(σ)[D

s−l
σ Q(t+ θ∆t, σ)−

−Ds−l
σ Q(t, σ)].

Îñêiëüêè

Ds−l
σ Q(t+ θ∆t, σ)−Ds−l

σ Q(t, σ) =

= Ds−l+1
σ Q(t+ θ1∆t, σ)θ∆t, 0 < θ1 < 1,

òî çâiäñè òà ç îöiíîê (6) âèïëèâà¹, ùî

Ds−l+1
σ Q(t+ θ1∆t, σ)θ∆t→ 0, ∆t→ 0,

ðiâíîìiðíî íà äîâiëüíîìó âiäðiçêó [a, b] ⊂

R. Òîäi i Ds
σΦ∆t(σ) → Ds

σ

(
∂

∂t
Q(t, σ)

)
ïðè

∆t → 0 ðiâíîìiðíî íà äîâiëüíîìó âiäðiçêó
[a, b] ⊂ R. Îòæå, óìîâà 1) âèêîíó¹òüñÿ.

Âðàõóâàâøè (7), îöiíêè, ÿêi çàäîâîëüíÿ-
þòü ïîõiäíi ôóíêöié a(σ), Q(t, σ), çíàéäåìî,
ùî

|Ds
σΦ∆t(σ)| ≤ b̃cε

s∑
l=0

C l
sB

lll(1−µ/ω)B̃s−l×

×(s− l)(s−l)(1−µ/ω)×

×(t+ θ∆t)µ(s−l)/ωe−c0(t+θ∆t)|σ|ωeε|σ|
ω

(òóò ε > 0 - äîâiëüíî ôiêñîâàíèé ïàðàìåòð).
Âiçüìåìî ε = t/2 i âðàõó¹ìî, ùî t+θ∆t ≤ T .
Òîäi

|Ds
σΦ∆t(σ)| ≤ c̄B̄sss(1−µ/ω)e−ā|σ|ω ,

c̄ = b̃cε, B̄ = 2max{B, B̃}, ā = c0t/2, ïðè-
÷îìó âñi ñòàëi íå çàëåæàòü âiä ∆t. Ëåìà äî-
âåäåíà.
Íàñëiäîê 1. Ïðàâèëüíîþ ¹ ôîðìóëà

∂

∂t
(f ∗ Γ(t, ·)) = f ∗ ∂Γ(t, ·)

∂t
,

∀f ∈ (S
1/ω
1−µ/ω)

′, t ∈ (0, T ].

Ëåìà 3. Ó ïðîñòîði (S
1/ω
1−µ/ω)

′ ñïðàâäæó-

¹òüñÿ ãðàíè÷íå ñïiââiäíîøåííÿ

µ lim
t→+0

Γ(t, ·)−
m∑
l=1

µl lim
t→tl

Γ(t, ·) = δ. (8)

(òóò δ - äåëüòà-ôóíêöiÿ Äiðàêà)
Äîâåäåííÿ. Ñêîðèñòàâøèñü âëàñòèâi-

ñòþ íåïåðåðâíîñòi ïåðåòâîðåííÿ Ôóð'¹ òà
ôóíêöi¨ Γ(t, ·), ÿê àáñòðàêòíî¨ ôóíêöi¨ ïà-
ðàìåòðà t iç çíà÷åííÿìè ó ïðîñòîði S1/ω

1−µ/ω,
ñïiââiäíîøåííÿ (8) çìiíèìî åêâiâàëåíòíèì
ãðàíè÷íèì ñïiââiäíîøåííÿì

µ lim
t→+0

F [Γ(t, ·)]−
m∑
l=1

µl lim
t→tl

F [Γ(t, ·)] = F [δ]

(9)

ó ïðîñòîði (S1−µ/ω
1/ω )′. Óðàõóâàâøè çîáðàæåí-

íÿ ôóíêöi¨ Γ, (9) ïîäàìî ó âèãëÿäi

µ lim
t→+0

Q(t, ·)−
m∑
l=1

µl lim
t→tl

Q(t, ·) = 1. (10)

Äëÿ äîâåäåííÿ (10) âiçüìåìî äîâiëüíó
ôóíêöiþ φ ∈ S

1−µ/ω
1/ω i, ñêîðèñòàâøèñü òåî-

ðåìîþ ïðî ãðàíè÷íèé ïåðåõiä ïiä çíàêîì ií-
òåãðàëà Ëåáåãà çíàéäåìî, ùî

µ lim
t→+0

< Q(t, ·), φ > −
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−
m∑
l=1

µl lim
t→tl

< Q(t, ·), φ >=

= µ lim
t→+0

∫
R

Q(t, σ)φ(σ)dσ−

−
m∑
l=1

µl lim
t→tl

∫
R

Q(t, σ)φ(σ)dσ =

=

∫
R

[
µQ(0, σ)−

m∑
l=1

µlQ(tl, σ)

]
φ(σ)dσ =

=

∫
R

[
µ

µ−
m∑
k=1

µkQ1(tk, σ)
−

−
m∑
l=1

µl
Q1(tl, σ)

µ−
m∑
k=1

µkQ1(tk, σ)

]
φ(σ)dσ =

=

∫
R

µ−
m∑
l=1

µlQ1(tl, σ)

µ−
m∑
k=1

µkQ1(tk, σ)
φ(σ)dσ =

=

∫
R

φ(σ)dσ =< 1, φ > .

Çâiäñè âèïëèâà¹, ùî ñïiââiäíîøåííÿ (10)
âèêîíó¹òüñÿ ó ïðîñòîði (S

1−µ/ω
1/ω )′, à, îòæå,

ïðàâèëüíèì ¹ ñïiââiäíîøåííÿ (8). Ëåìà äî-
âåäåíà.

Ñèìâîëîì (S
1/ω
1−µ/ω, ∗)′ ïîçíà÷àòèìåìî

êëàñ óçàãàëüíåíèõ ôóíêöié ç (S
1/ω
1−µ/ω)

′, ÿêi

¹ çãîðòóâà÷àìè â ïðîñòîði S1/ω
1−µ/ω.

Íàñëiäîê 2. Íåõàé

ω(t, x) = f ∗ Γ(t, x),

f ∈ (S
1/ω
1−µ/ω, ∗)

′, (t, x) ∈ Ω.

Òîäi â ïðîñòîði (S
1/ω
1−µ/ω)

′ ñïðàâäæó¹òüñÿ

ãðàíè÷íå ñïiââiäíîøåííÿ

µ lim
t→+0

ω(t, ·)−
m∑
k=1

µk lim
t→tk

ω(t, ·) = f.

Ôóíêöiÿ Γ ¹ ðîçâ'ÿçêîì ðiâíÿííÿ (1).
Ñïðàâäi,

∂

∂t
Γ(t, x) =

∂

∂t
F−1[Q(t, σ)] = F−1

[
∂

∂t
Q(t, σ)

]
.

Ç iíøîãî áîêó,

AΓ(t, x) = F−1

σ→x

[
a(σ) F

x→σ
[Γ(t, x)]

]
=

= F−1[a(σ)Q(t, σ)] = −F−1

[
∂

∂t
Q(t, σ)

]
.

Çâiäñè âæå âèïëèâà¹, ùî ôóíêöiÿ Γ çàäî-
âîëüíÿ¹ ðiâíÿííÿ (1).

Íàäàëi ôóíêöiþ Γ íàçèâàòèìåìî ôóíäà-
ìåíòàëüíèì ðîçâ'ÿçêîì áàãàòîòî÷êîâî¨ (m -
òî÷êîâî¨) çàäà÷i äëÿ ðiâíÿííÿ (1) (ïîçíà÷å-
ííÿ: ÔÐÁÇ).
2. Êîðåêòíà ðîçâ'ÿçíiñòü m - òî÷êî-

âî¨ çàäà÷i. Âëàñòèâiñòü ëîêàëiçàöi¨.
Ç íàñëiäêó 2 âèïëèâà¹, ùî äëÿ ðiâíÿ-

ííÿ (1) m - òî÷êîâó çà ÷àñîì çàäà÷ó ìî-
æíà ñòàâèòè òàê: çíàéòè ðîçâ'ÿçîê u ∈
C1
(
(0, T ], S

1/ω
1−µ/ω

)
ðiâíÿííÿ (1), ÿêèé çàäî-

âîëüíÿ¹ óìîâó

µ lim
t→+0

u(t, ·)−
m∑
k=1

µk lim
t→tk

u(t, ·) = f, (11)

f ∈ (S
1/ω
1−µ/ω, ∗)

′,

äå ãðàíè÷íå ñïiââiäíîøåííÿ (11) ðîçãëÿäà¹-
òüñÿ â ïðîñòîði (S1/ω

1−µ/ω)
′ (îáìåæåííÿ íà ïà-

ðàìåòðè µ, µ1, ..., µm, t1, ..., tm òàêi æ, ÿê ó
âèïàäêó çàäà÷i (1), (2)).
Òåîðåìà 1. Çàäà÷à (1), (11) êîðåêòíî

ðîçâ'ÿçíà. Ðîçâ'ÿçîê çîáðàæà¹òüñÿ ôîðìó-
ëîþ: u(t, x) = f ∗ Γ(t, x), (t, x) ∈ Ω, äå Γ
- ôóíäàìåíòàëüíèé ðîçâ'ÿçîê áàãàòîòî÷êî-
âî¨ çàäà÷i äëÿ ðiâíÿííÿ (1).
Äîâåäåííÿ. Ïåðåäóñiì ïåðåêîíà¹ìîñÿ â

òîìó, ùî ôóíêöiÿ u(t, x) ¹ ðîçâ'ÿçêîì ðiâíÿ-
ííÿ (1). Ñïðàâäi (äèâ. íàñëiäîê 1),

∂u(t, x)

∂t
=

∂

∂t
(f ∗ Γ(t, x)) = f ∗ ∂Γ(t, x)

∂t
,

Au(t, x) = F−1[a(σ)F [f ∗ Γ(t, x)](σ)](x).
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Îñêiëüêè f - çãîðòóâà÷ ó ïðîñòîði S1/ω
1−µ/ω, òî

F [f ∗ Γ(t, x)](σ) = F [f ](σ) · F [Γ(t, x)](σ) =

= F [f ](σ)Q(t, σ).

Îòæå,

Au(t, x) = F−1[a(σ)Q(t, σ)F [f ](σ)](x) =

= −F−1

[
∂

∂t
Q(t, σ)F [f ](σ)

]
(x) =

= −F−1

[
F

[
∂

∂t
Γ

]
(t, σ) · F [f ](σ)

]
(x) =

= −F−1

[
F

[
f ∗ ∂Γ

∂t

]]
(x) = −f ∗ ∂Γ(t, x)

∂t
.

Çâiäñè äiñòà¹ìî, ùî ôóíêöiÿ u(t, x),
(t, x) ∈ Ω, çàäîâîëüíÿ¹ ðiâíÿííÿ (1). Ç íà-
ñëiäêó 2 âèïëèâà¹, ùî u çàäîâîëüíÿ¹ ãðàíè-
÷íó óìîâó (11) ó âêàçàíîìó ñåíñi.

Çàçíà÷èìî òàêîæ, ùî u íåïåðåðâíî çàëå-
æèòü âiä ôóíêöi¨ f ∈ (S

1/ω
1−µ/ω, ∗)′, îñêiëüêè

îïåðàöiÿ çãîðòêè âîëîäi¹ âëàñòèâiñòþ íåïå-
ðåðâíîñòi.

Çàëèøà¹òüñÿ ïåðåêîíàòèñÿ â òîìó, ùî çà-
äà÷à (1), (11) ìà¹ ¹äèíèé ðîçâ'ÿçîê. Äëÿ öüî-
ãî, ðîçãëÿíåìî çàäà÷ó Êîøi

∂v

∂t
−A∗v = 0, (t, x) = [0, t0)×R ≡ Ω′, (12)

0 ≤ t < t0 ≤ T,

v(t, ·)|t=t0 = ψ, ψ ∈ (S
1/ω
1−µ/ω, ∗)

′ (13)

äå A∗g = F [aF−1[g]], ∀g ∈ S
1/ω
1−µ/ω, A

∗ - çâó-
æåííÿ ñïðÿæåíîãî îïåðàòîðà äî îïåðàòîðà
A íà ïðîñòið S1/ω

1−µ/ω ⊂ (S
1/ω
1−µ/ω)

′. Óìîâó (13)
ðîçóìi¹ìî â ñëàáêîìó ñåíñi.

Iç ðåçóëüòàòiâ, îòðèìàíèõ â [6, ðîçäië 5]
âèïëèâà¹, ùî çàäà÷à Êîøi (12), (13) ¹ ðîçâ'ÿ-
çíîþ; ïðè öüîìó v(t, ·) ∈ S

1/ω
1−µ/ω ïðè êîæíî-

ìó t ∈ [0, t0).
Íåõàé Qt

t0
: (S

1/ω
1−µ/ω, ∗)

′ → S
1/ω
1−µ/ω - îïå-

ðàòîð, ÿêèé çiñòàâëÿ¹ ôóíêöiîíàëó ψ ∈
(S

1/ω
1−µ/ω, ∗)′ ðîçâ'ÿçîê çàäà÷i (12), (13). Îïå-

ðàòîð Qt
t0
¹ ëiíiéíèì i íåïåðåðâíèì, âií âè-

çíà÷åíèé äëÿ äîâiëüíèõ t i t0 òàêèõ, ùî
0 ≤ t < t0 ≤ T i âîëîäi¹ âëàñòèâîñòÿìè:

∀ψ ∈ (S
1/ω
1−µ/ω, ∗)

′ :
dQt

t0
ψ

dt
− A∗Qt

t0
ψ = 0,

lim
t→t0

Qt
t0
ψ = ψ

(ãðàíèöÿ ðîçãëÿäà¹òüñÿ â ïðîñòîði
(S

1/ω
1−µ/ω)

′).
Ðîçãëÿíåìî ðîçâ'ÿçîê u(t, x), (t, x) ∈ Ω,

çàäà÷i (1), (11), ÿêèé ðîçóìiòèìåìî ÿê ðåãó-
ëÿðíèé ôóíêöiîíàë ç ïðîñòîðó (S1/ω

1−µ/ω, ∗)′ ⊃
S
1/ω
1−µ/ω. Äîâåäåìî, ùî çàäà÷à (1), (11) ìî-

æå ìàòè ëèøå ¹äèíèé ðîçâ'ÿçîê ó ïðîñòî-
ði (S1/ω

1−µ/ω, ∗)′. Äëÿ öüîãî äîñèòü äîâåñòè, ùî
¹äèíèì ðîçâ'ÿçêîì ðiâíÿííÿ (1) ïðè íóëüî-
âié ãðàíè÷íié óìîâi ìîæå áóòè ëèøå ôóí-
êöiîíàë u(t, x) ≡ 0 (ïðè êîæíîìó t ∈ (0, T ]).
Çàñòîñó¹ìî ôóíêöiîíàë u äî ôóíêöi¨ Qt

t0
ψ ∈

S
1/ω
1−µ/ω, äå ψ -äîâiëüíî ôiêñîâàíèé åëåìåíò

ç ïðîñòîðó S1/ω
1−µ/ω ⊂ (S

1/ω
1−µ/ω, ∗)′. Äèôåðåíöi-

þþ÷è ïî t i âèêîðèñòîâóþ÷è ðiâíÿííÿ (1),
(12) çíàõîäèìî, ùî

∂

∂t
< u(t, ·), Qt

t0
ψ >=

=<
∂u

∂t
,Qt

t0
ψ > + < u,

∂Qt
t0
ψ

∂t
>=

= − < Au,Qt
t0
ψ > + < u,A∗Qt

t0
ψ >=

= − < Au,Qt
t0
ψ > + < Au,Qt

t0
ψ >= 0,

t ∈ [0, t0).

Çâiäñè âèïëèâà¹, ùî < u(t, ·), Qt
t0
ψ > ¹

ñòàëîþ âåëè÷èíîþ. Iç âëàñòèâîñòåé àáñòðà-
êòíèõ ôóíêöié âèïëèâà¹ ñïiââiäíîøåííÿ

lim
t→t0

< u(t, ·), Qt
t0
ψ >=

=< u(t0, ·), ψ >= const ≡ c

ó äîâiëüíié òî÷öi t0 ∈ (0, T ]. Îòæå, ÿêùî â
(11) f = 0, òî

µ lim
t→+0

< u(t, ·), ψ > −

−
m∑
k=1

µk lim
t→tk

< u(t, ·), ψ >=

= c

(
µ−

m∑
k=1

µk

)
= 0,

òîáòî c = 0. Òàêèì ÷èíîì, < u(t0, ·), ψ >= 0

äëÿ äîâiëüíîãî ψ ∈ S
1/ω
1−µ/ω, òîáòî u(t0, x) -
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íóëüîâèé ôóíêöiîíàë ç ïðîñòîðó (S1/ω
1−µ/ω, ∗)′.

Îñêiëüêè t0 ∈ (0, T ] i t0 âèáðàíå äîâiëüíèì
÷èíîì, òî u(t, ·) = 0 äëÿ âñiõ t ∈ (0, T ]. Òåî-
ðåìà äîâåäåíà.

Îñêiëüêè óçàãàëüíåíà ôóíêöiÿ f - çãîð-
òóâà÷ ó ïðîñòîði S1/ω

1−µ/ω, à ôóíêöiÿ Γ(t, ·) -
ÔÐÁÇ äëÿ ðiâíÿííÿ (1), ¹ íåïåðåðâíîþ àá-
ñòðàêòíîþ ôóíêöi¹þ ïàðàìåòðà t ∈ (0, T ] iç
çíà÷åííÿìè â ïðîñòîði S1/ω

1−µ/ω, òî ãðàíè÷íi
ñïiââiäíîøåííÿ

u(t, ·) = f ∗ Γ(t, ·)−→
t→tk

f ∗ Γ(tk, ·) = u(tk, ·),

tk ∈ (0, T ], k ∈ {1, ...,m},

ñïðàâäæóþòüñÿ â ïðîñòîði S1/ω
1−µ/ω. Çâiäñè,

çîêðåìà, äiñòà¹ìî, ùî u(t, ·) → u(tk, ·) ïðè
t → tk, k ∈ {1, ...,m}, ðiâíîìiðíî íà äîâiëü-
íîìó âiäðiçêó [a, b] ⊂ R. Âêàçàíó çáiæíiñòü
â (11) ïîãiðøó¹ ïåðøèé äîäàíîê, îñêiëüêè
äëÿ ôóíêöi¨ Γ(t, ·) òî÷êà t = 0 ¹ îñîáëèâîþ.
Îäíàê, ÿêùî ãðàíè÷íó ôóíêöiþ f áðàòè ç
êëàñó (Sβ

1−µ/ω)
′ ⊂ (S

1/ω
1−µ/ω)

′, äå β > 1, òî ìî-
æíà îòðèìàòè ëîêàëüíå ïîñèëàííÿ çáiæíî-
ñòi çãîðòêè f ∗ Γ(t, ·) ïðè t → +0. Öå ïî-
ÿñíþ¹òüñÿ òèì, ùî êëàñ Sβ

1−µ/ω ïðè β > 1

ìiñòèòü ôiíiòíi ôóíêöi¨ i â öüîìó âèïàäêó
êîðåêòíèì ¹ ïîíÿòòÿ çáiæíîñòi óçàãàëüíåíî¨
ôóíêöi¨ f ç ãëàäêîþ ôóíêöi¹þ íà äåÿêié âiä-
êðèòié ìíîæèíi Q ⊂ R (äèâ. ï.1). Ïðè îá-
 ðóíòóâàííi âëàñòèâîñòi ëîêàëiçàöi¨ áóäåìî
âèêîðèñòîâóâàòè íàñòóïíå äîïîìiæíå òâåð-
äæåííÿ.
Ëåìà 4. ßêùî x ̸= 0, òî äëÿ ôóíêöi¨

Γ(t, x) òà ¨¨ ïîõiäíèõ ñïðàâäæóþòüñÿ îöií-
êè

|Dm
x Γ(t, x)| ≤ cβq

0q
q(1−µ/ω)Bmmm/ω×

×t(q−m−1)/ω|x|−q, t ∈ (0, 1], m ∈ Z+ (14)

äå ñòàëi c, β0, B > 0 íå çàëåæàòü âiä t, q ∈
N - äîâiëüíî ôiêñîâàíå.
Äîâåäåííÿ. Îñêiëüêè

Γ(t, x) = (2π)−1

∫
R

Q1(t, σ)Q2(σ)e
iσxdσ,

òî ïîêëàäåìî σ = t−γy, äå γ > 0 - ôiêñî-
âàíèé ïàðàìåòð, êîíêðåòíå çíà÷åííÿ ÿêîãî

âêàæåìî ïiçíiøå. Òîäi

Γ(t, x) = (2π)−1t−γ×

×
∫
R

Q1(t, t
−γy)Q2(t

−γy)e−it−γxydy =

= (2π)−1t−γ

∫
R

Q(t, t−γy)e−it−γxydy. (15)

Çà óìîâè x ̸= 0 çiíòåãðó¹ìî q ðàçiâ ÷àñòè-
íàìè iíòåãðàë (15), ó ðåçóëüòàòi çíàéäåìî,
ùî

Γ(t, x) = iq(2π)−1tγ(q−1)x−q×

×
∫
R

Dq
yQ(t, t

−γy)e−it−γxydy,

Dm
x Γ(t, x) = (−1)q(2π)−1iq+mtγ(q−1)−γmx−q×

×
∫
R

ymDq
yQ(t, t

−γy)e−it−γxydy, m ∈ N.

Òîäi

|Dm
x Γ(t, x)| ≤ (2π)−1tγ(q−1)−γm|x|−q×

×
∫
R

|y|m|Dq
yQ(t, t

−γy)|dy.

Îñêiëüêè Q(t, t−γy) = Q1(t, t
−γy)Q2(t

−γy),
òî, âíàñëiäîê ôîðìóëè Ëåéáíiöà äèôåðåíöi-
þâàííÿ äîáóòêó äâîõ ôóíêöié, îöiíêà |Dq

yQ|
çâîäèòüñÿ äî îöiíîê ôóíêöié |Dq

yQ1| òà
|Dq

yQ2|.
Iç âëàñòèâîñòåé ôóíêöi¨ a(y) âèïëèâà¹,

ùî ôóíêöiÿ a(t−γy) äîïóñêà¹ àíàëiòè÷íå
ïðîäîâæåííÿ â îáëàñòü

G̃µ = {z = y + iω :

|t−γω| ≤ K(1 + |t−γy|)µ, y ∈ R} =

= {z = y + iω : |ω| ≤ K(tγ + |y|)µ, y ∈ R},
µ ≤ 0.

ßêùî t ∈ (0, 1], òî tγ + |y| ≤ 1 + |y|, (tγ +
|y|)µ ≥ (1 + |y|)µ, µ ≤ 0. Îòæå, ôóíêöiÿ
a(t−γy), t ∈ (0, 1], y ∈ R, äîïóñêà¹ àíàëi-
òè÷íå ïðîäîâæåííÿ i â îáëàñòü

Gµ = {z = y+ iω : |ω| ≤ K(1+ |y|)µ, y ∈ R},

µ ≤ 0;
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ïðè öüîìó ôóíêöiÿ Q1(t, t
−γz) =

exp{−ta(t−γz)} â îáëàñòi Gµ çàäîâîëüíÿ¹
íåðiâíiñòü

|Q1(t, t
−γz)| ≤ e−Lt|t−γy|ω , t ∈ (0, 1], (16)

äå ñòàëà L > 0 íå çàëåæèòü âiä t. Óðàõó-
âàâøè (16) òà äîâåäåííÿ òåîðåìè 4 ç [4, ñ.
265] çíàéäåìî, ùî äëÿ ôóíêöi¨ Q1(t, t

−γy) òà
¨¨ ïîõiäíèõ (çà çìiííîþ y) ñïðàâäæóþòüñÿ
îöiíêè:

|Dq
yQ1(t, t

−γy)| ≤ cBqqq(1−µ/ω)×

×t−(ωγ−1)µq/ωe−at1−γω |y|ω , (17)

(t, y) ∈ Ω, q ∈ Z+,

äå ñòàëi c, a, B > 0 íå çàëåæàòü âiä t.
Îöiíèìî òåïåð |Dq

yQ2(t
−γy)|, q ∈ Z+, ñêî-

ðèñòàâøèñü ïðè öüîìó ñïiââiäíîøåííÿì (4),
ç ÿêîãî âèïëèâà¹, ùî

Q2(t
−γy) =

1

µ

∞∑
r=0

µ−r

(
m∑
k=1

µke
−tka(t

−γy)

)r

=

=
∞∑
r=0

µ−(r+1)
∑

r1+...+rm=r

r!

r1!...rm!
×

×µr1
1 ...µ

rm
m Q1(λ, t

−γy),

äå λ := t1r1 + ... + tmrm. Ïîâòîðèâøè ìið-
êóâàííÿ, ïðîâåäåíi ïðè îöiíþâàííi ôóíêöi¨
|Dq

yQ1(t, t
−γy)|, q ∈ Z+, çíàéäåìî, ùî

|Dq
yQ1(λ, t

−γy)| ≤ c1A
qqq(1−µ/ω)λµq/ωt−µγq,

(t, y) ∈ Ω, (18)

äå ñòàëi c1, A > 0 íå çàëåæàòü âiä t.
Äàëi, âðàõóâàâøè (18), ÿê i ïðè âñòàíîâ-

ëåíi îöiíîê (5) çíàõîäèìî, ùî

|Dq
yQ2(t

−γy)| ≤ bLq
1q

q(1−µ/ω)t−µγq, q ∈ Z+,
(19)

ñòàëi b, L1 > 0 íå çàëåæàòü âiä t. Òîäi, ñêî-
ðèñòàâøèñü îöiíêàìè (17), (19) ïðèéäåìî äî
íåðiâíîñòåé

|Dq
yQ(t, t

−γy)| = |Dq
y(Q1(t, t

−γy)Q2(t
−γy))| ≤

≤
q∑

k=0

Ck
q |Dk

yQ1(t, t
−γy)| · |Dq−k

y Q2(t
−γy)| ≤

≤ cb

q∑
k=0

Ck
qB

kkk(1−µ/ω)t−(ωγ−1)µk/ωLq−k
1 ×

×(q−k)(1−µ/ω)(q−k)t−µγ(q−k) exp{−at1−γω|y|ω}.
Ïîêëàäåìî òåïåð γ = 1/ω. Òîäi äëÿ t ∈

(0, 1] ñïðàâäæóþòüñÿ îöiíêè:

|Dq
yQ(t, t

−1/ωy)| ≤ αβq
0q

q(1−µ/ω)e−a|y|ω , (20)

äå α = cb, β0 = 2max{B,L1}, ñòàëi α, β0 > 0
íå çàëåæàòü âiä t. Óðàõóâàâøè (20) çíàéäå-
ìî, ùî

|Dm
x Γ(t, x)| ≤ α(2π)−1βqqq(1−µ/ω)t(q−m−1)/ω×

×|x|−q

∫
R

|y|m exp{−a|y|ω}dy.

Îñêiëüêè∫
R

|y|m exp{−a|y|ω}dy =

= 2ω−1a−(m+1)/ωΓ

(
m+ 1

ω

)
,

òî, ñêîðèñòàâøèñü ôîðìóëîþ Ñòiðëiíãà äëÿ
ãàììà-ôóíêöi¨ çíàéäåìî, ùî

Γ

(
m+ 1

ω

)
≤ c̃B̃mmm/ω,

c̃ = c̃(ω) > 0, B̃ = B̃(ω) > 0. Òîäi

|Dm
x Γ(t, x)| ≤ c2β̃

q
0q

q(1−µ/ω)×

×B̃mmm/ωt(q−m−1)/ω|x|−q,

m ∈ Z+, t ∈ (0, 1], x ∈ R\{0}

ñòàëi c2, β̃0, B̃ > 0 íå çàëåæàòü âiä t. Ëåìà
äîâåäåíà.
Òåîðåìà 2. Íåõàé f ∈ (Sβ

1−µ/ω)
′, äå β ≥

1 + (1 − µ)/ω, u(t, x) - ðîçâ'ÿçîê çàäà÷i (1),
(11) ç ãðàíè÷íîþ ôóíêöi¹þ f . ßêùî f = 0
íà iíòåðâàëi (a, b) ⊂ R, òî u(t, x) → 0 ïðè
t → +0 ðiâíîìiðíî íà äîâiëüíîìó âiäðiçêó
[c, d] ⊂ (a, b).
Äîâåäåííÿ. Íåõàé [c, d] ⊂ [a1, b1] ⊂

(a, b). Ïîáóäó¹ìî ôóíêöiþ φ ∈ Sβ
1−µ/ω ç íî-

ñi¹ì â (a, b) òàêó, ùî φ = 1 íà [a1, b1] (òà-
êà ôóíêöiÿ iñíó¹, áî ïðè β > 1 ó ïðîñòîði
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Sβ
1−µ/ω ¹ ôiíiòíi ôóíêöi¨ [4]). Îñêiëüêè ôóí-

êöi¨ φ(·)T−xΓ̌(t, ·), (1−φ(·))T−xΓ̌(t, ·) ïðè êî-
æíîìó t > 0 i x ∈ R ¹ åëåìåíòàìè ïðîñòîðó
Sβ
1−µ/ω, òî ìà¹ ìiñöå ñïiââiäíîøåííÿ

u(t, x) =< f, φ(·)T−xΓ̌(t, ·) > +

+ < f, (1− φ(·))T−xΓ̌(t, ·) >, (t, x) ∈ Ω.

Îñêiëüêè óçàãàëüíåíà ôóíêöiÿ f äîðiâ-
íþ¹ íóëåâi íà (a, b), à supp(φ(·)T−xΓ̌(t, ·)) ⊂
(a, b), ç îñòàííüîãî ñïiââiäíîøåííÿ âèïëè-
âà¹, ùî

u(t, x) = t1/ω < f, t−1/ωγ(·)T−xΓ̌(t, ·) >,

(t, x) ∈ Ω, äå γ = 1− φ.
Äëÿ äîâåäåííÿ òåîðåìè äîñèòü âñòà-

íîâèòè, ùî ñiì'ÿ ôóíêöié Φt,x(ξ) =
t−1/ωγ(ξ)T−xΓ̌(t, ξ) îáìåæåíà â ïðîñòîði
Sβ
1−µ/ω ðiâíîìiðíî ïî t (äëÿ ìàëèõ çíà÷åíü
t) òà x ∈ [c, d], òîáòî, ùî

|ξkDm
ξ Φt,x(ξ)| ≤ cAkBmkk(1−µ/ω)mmβ,

{k,m} ⊂ Z+, ξ ∈ R, (21)

äå ñòàëi c, A,B > 0 íå çàëåæàòü âiä t, x, ξ,
ÿêi çìiíþþòüñÿ âêàçàíèì ñïîñîáîì. Îñêiëü-
êè Φt,x(ξ) = 0 äëÿ ξ ∈ [a1, b1], òî îöiíêó (21)
äîñèòü äîâåñòè äëÿ ξ ∈ R\[a1, b1].

Ôóíêöiÿ φ ¹ åëåìåíòîì ïðîñòîðó Sβ
1−µ/ω.

Îòæå,

|ξkDm
ξ φ(ξ)| ≤ c1A

k
1B

m
1 k

k(1−µ/ω)mmβ,

{k,m} ⊂ Z+, ξ ∈ R.
Ñêîðèñòàâøèñü ôîðìóëîþ äèôåðåíöiþâàí-
íÿ äîáóòêó äâîõ ôóíêöié çíàéäåìî, ùî

|ξkDm
ξ Φt,x(ξ)| =

= t−1/ω

∣∣∣∣∣ξk
m∑
l=0

C l
mD

l
ξγ(ξ) ·Dm−l

ξ Γ(t, x− ξ)

∣∣∣∣∣ ≤
≤ Ψ1

t,x(ξ) + Ψ2
t,x(ξ),

äå

Ψ1
t,x(ξ) := t−1/ω

m∑
l=0

C l
m|ξkDl

ξφ(ξ)|×

×|Dm−l
ξ Γ(t, x− ξ)|,

Ψ2
t,x(ξ) := t−1/ω|ξkDm

ξ Γ(t, x− ξ)|.

Îöiíèìî Ψ1
t,x(ξ). Äëÿ öüîãî ñêîðèñòà¹ìî-

ñÿ íåðiâíîñòÿìè (14): ïðè îöiíöi ôóíêöi¨
|Dm−l

ξ Γ(t, x−ξ)| â (14) âiçüìåìî q = m−l+2.
Âðàõó¹ìî òàêîæ òå, ùî |x − ξ| ≥ a0 > 0, äå
a0 = min{|a1 − c|, |b− b1|}. Îòæå,

Ψ1
t,x(ξ) ≤ cc1t

−1/ωAk1
1 k

k(1−µ/ω)×

×
m∑
l=0

C l
mB

l
1l

lββq
0q

q(1−µ/ω)×

×Bm−l(m− l)(m−l)/ωt(q−(m−l)−1)/ω|x− ξ|−q.

Îñêiëüêè

t(q−(m−l)−1)/ω = t1/ω, q = m− l + 2,

t ∈ (0, 1], 0 ≤ l ≤ m,

qq(1−µ/ω) = (m− l + 2)(m−l+2)(1−µ/ω) ≤

≤ bMm−l(m− l)(m−l)(1−µ/ω),

βq
0 = β2

0 ·βm−l
0 , |x−ξ|−q ≤ a−q

0 =

(
1

a0

)m−l+2

,

äå b,M - äîäàòíi ñòàëi, òî

Ψ1
t,x(ξ) ≤ c̃Ak

1k
k(1−µ/ω)Mm

1 ×

×
m∑
l=0

C l
ml

lβ(m− l)(m−l)/ω(m− l)(m−l)(1−µ/ω) =

= c̃Ak
1B̃

m
1 k

k(1−µ/ω)mmβ, (22)

β ≥ 1 +
1− µ

ω
,

äå ñòàëi c̃, A1, B̃1 > 0 íå çàëåæàòü âiä t, x, ξ,
ÿêi çìiíþþòüñÿ âêàçàíèì ñïîñîáîì.

Äëÿ îöiíêè Ψ2
t,x(ξ) ñêîðèòñòà¹ìîñü òèì,

ùî âèêîíó¹òüñÿ íàñòóïíà óìîâà:

∃L0 > 0 ∀x ∈ [c, d] ∀ξ ∈ R\[a1, b1] :

[ξ]/|x− ξ| ≤ L0.

Ïîêëàâøè â (14) q = m+2+k çíàéäåìî, ùî

Ψ2
t,x(ξ) = t−1/ω|ξkDm

ξ Γ(t, x− ξ)| ≤

≤ ct−1/ω|x− ξ|−q|ξ|kβq
0q

q(1−µ/ω)×

×Bmmm/ωt(q−m−1)/ω, |x− ξ| ≥ a0 > 0,
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ïðè öüîìó

t−1/ωt(q−m−1)/ω = t−1/ωt1/ωtk/ω ≤ 1,

t ∈ (0, 1], k ∈ Z+,

qq(1−µ/ω) = (m+ 2 + k)(m+2+k)(1−µ/ω) ≤
≤ c̄ĀkB̄mkk(1−µ/ω)mm(1−µ/ω),

äå c̄, Ā, B̄ - äîäàòíi ñòàëi,

|ξ|k|x− ξ|−q = |ξ|k|x− ξ|−(m+2+k) ≤ α0L
k
0a

m
1 ,

α0 = a−2
0 , a1 = a−1

0 ,

βq = βm+2+k = β2βmβk, {k,m} ⊂ Z+.

Îòæå,

Ψ2
t,x(ξ) ≤ c2A

k
2B

m
2 k

k(1−µ/ω)mm/ωmm(1−µ/ω) ≤

≤ c2A
k
2B

m
2 k

k(1−µ/ω)mm(1+(1−µ)/ω), (23)

äå ñòàëi c2, A2, B2 > 0 íå çàëåæàòü âiä t, x, ξ,
ÿêi çìiíþþòüñÿ âêàçàíèì ñïîñîáîì. Ç íåðiâ-
íîñòåé (22), (23) âèïëèâà¹ íåðiâíiñòü (21).

Òåîðåìà äîâåäåíà.
Íàñëiäîê 3. Íåõàé f ∈ (Sβ

1−µ/ω)
′, äå

β ≥ 1 + (1 − µ)/ω, u(t, x) - ðîçâ'ÿçîê çàäà-
÷i (1), (11) ç ãðàíè÷íîþ ôóíêöi¹þ f . ßêùî
f = 0 íà iíòåðâàëi (a, b) ⊂ R, òî ãðàíè÷íå
ñïiââiäíîøåííÿ

µ lim
t→+0

u(t, x)− µ1 lim
t→t1

u(t, x)− ...−

−µm lim
t→tm

u(t, x) = 0

ñïðàâäæó¹òüñÿ ðiâíîìiðíî âiäíîñíî x íà äî-
âiëüíîìó âiäðiçêó [c, d] ⊂ (a, b).
Ëåìà 5. ßêùî ôóíêöiÿ-ñèìâîë a çàäî-

âîëüíÿ¹ óìîâó a(0) = 0, òî Γ(t, ·) → (µ −
µ0)

−1δ ïðè t → +0 â ïðîñòîði (S
1/ω
1−µ/ω)

′

(òóò µ̃0 =
m∑
k=1

µk).

Äîâåäåííÿ. ßêùî a(0) = 0, òî ñïðàâ-
äæó¹òüñÿ ðiâíiñòü∫

R

Γ(t, x)dx = (µ− µ̃0)
−1, t ∈ (0, T ].

Òîäi äëÿ äîâiëüíî¨ îñíîâíî¨ ôóíêöi¨ φ ∈
S
1/ω
1−µ/ω ∣∣∣∣< Γ(t, ·), φ > −< δ, φ >

µ− µ̃0

∣∣∣∣ =

=

∣∣∣∣∣∣
∫
R

Γ(t, x)φ(x)dx− φ(0)

µ− µ0

∣∣∣∣∣∣ =
=

∣∣∣∣∣∣
∫
R

Γ(t, x)φ(x)dx−
∫
R

Γ(t, x)φ(0)dx

∣∣∣∣∣∣ ≤
≤
∫
R

|Γ(t, x)| · |φ(x)− φ(0)|dx ≡ I(t).

Äëÿ äîâåäåííÿ òâåðäæåííÿ äîñèòü ïîêà-
çàòè, ùî

∀ε > 0 ∃t0 = t0(ε) > 0

∀t : 0 < t < t0 ⇒ I(t) < ε

Çàñòîñóâàâøè ôîðìóëó ïðî ñêií÷åííi ïðè-
ðîñòè çíàéäåìî, ùî |φ(x) − φ(0)| ≤ M |x|,
äå M = sup

x∈R
|φ′(x)|. Âiçüìåìî ε ç ïðîìiæ-

êó (0, T ) i ïîêëàäåìî t0 = ε, δ0 = t
1/(2ω)
0 .

Òîäi |φ(x) − φ(0)| < Mε1/(2ω), ÿêùî ëèøå
|x| < t

1/(2ω)
0 . Îòæå,

I(t) < ε1/(2ω)
∫

|x|<δ0

|Γ(t, x)|dx+

+

∫
|x|≥δ0

|Γ(t, x)||φ(x)− φ(0)|dx ≡

≡ ε1/(2ω)I1(t) + I2(t).

Îöiíèìî I1(t). Ëåãêî áà÷èòè, ùî

I1(t) ≤
∫
R

|Γ(t, x)|dx =

= t1/ω
∫
R

|Γ(t, t1/ωy)|dy =

= t1/ω
∫

|y|<1

|Γ(t, t1/ωy)|dy+

+t1/ω
∫

|y|≥1

|Γ(t, t1/ωy)|dy ≡ I11 (t) + I21 (t).

Äëÿ ôóíêöi¨ Γ(t, t1/ωy) ìà¹ìî íàñòóïíå çî-
áðàæåííÿ:

Γ(t, t1/ωy) =
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= (2π)−1

∫
R

e−ta(σ)Q2(σ)e
−it1/ωyσ t1/ωσ=η

=

= (2π)−1t−1/ω

∫
R

e−ta(t−1/ωη)Q2(t
−1/ωη)e−iyηdη.

Îñêiëüêè

Q2(t
−1/ωη) =

(
µ−

m∑
k=1

µke
−tka(t

−1/ωη)

)−1

≤

≤ (µ− µ̃0)
−1, t > 0, η ∈ R,

òî

|Γ(t, t1/ωy)| ≤ c0t
−1/ω

∫
R

exp{−ta(t−1/ωη)}dη ≤

≤ c0t
−1/ω

∫
R

exp{−b0|η|ω}dη = c1t
−1/ω,

äå c0 = (2π)−1(µ − µ̃0)
−1. Îòæå, I11 (t) ≤ c1,

ñòàëà c1 > 0 íå çàëåæèòü âiä t.
Äëÿ òîãî, ùîá çäiéñíèòè îöiíêó iíòåãðà-

ëà I21 (t), ñêîðèñòà¹ìîñÿ íåðiâíîñòÿìè (14),
äå ïîêëàäåìî m = 0, q = 2. Òîäi (14) ñòî-
ñîâíî ôóíêöi¨ Γ(t, t1/ωy) íàáóâà¹ âèãëÿäó:

|Γ(t, t1/ωy)| ≤ cβ̃2
0t

1/ω|t1/ωy|−2 =

= β̃t−1/ω|y|−2, y ̸= 0, t > 0.

Çâiäñè äiñòà¹ìî, ùî

I21 (t) ≤ β̃

∫
|y|≥1

y−2dy = β′.

Òàêèì ÷èíîì, I1(t) ≤ d0, äå ñòàëà d0 > 0 íå
çàëåæèòü âiä t.

Îöiíèìî I2(t). Ïåðåäóñiì çàçíà÷èìî, ùî
|φ(x)−φ(0)| ≤M1, äåM1 = 2 sup

x∈R
|φ(x)|. Òîäi

I2(t) ≤M1

∫
|x|≥t1/(2ω)

|Γ(t, x)|dx.

Çíîâó ñêîðèñòàâøèñü íåðiâíiñòþ (14), äå
m = 0, q = 2, çíàéäåìî, ùî

I2(t) ≤ 2β̃t1/ω
+∞∫

t
1/(2ω)
0

x−2dx = β′t1/ωt
−1/(2ω)
0 <

< β′t
1/(2ω)
0 = β′ε1/(2ω).

äëÿ âñiõ t < t0. Óðàõóâàâøè îòðèìàíi äëÿ
I1(t), I2(t) îöiíêè çíàéäåìî, ùî

∀ε ∈ (0, T ) ∃t0 = ε

∀t : 0 < t < t0 ⇒ I(t) < const · ε1/(2ω),
ùî é ïîòðiáíî áóëî äîâåñòè.

ßêùî ε ≥ T , òî çà t0 = t0(ε) ìîæíà âçÿòè
äîâiëüíî ôiêñîâàíå ÷èñëî ç ïðîìiæêó (0, T ).

Ëåìà äîâåäåíà.
Íàäàëi ââàæàòèìåìî, ùî îïåðàòîð A â

ðiâíÿííi (1) ïîáóäîâàíèé çà ôóíêöi¹þ a, ÿêà
çàäîâîëüíÿ¹ óìîâó a(0) = 0.

Ñèìâîëîì Ms ïîçíà÷àòèìåìî êëàñ ôóí-
êöié, ÿêi ¹ ìóëüòèïëiêàòîðàìè â ïðîñòîði
Sβ
1−µ/ω, β ≥ 1 + (1− µ)/ω.
Òåîðåìà 3 (âëàñòèâiñòü ëîêàëiçàöi¨).

Íåõàé f ∈ (Sβ
1−µ/ω)

′, äå β ≥ 1 + (1 − µ)/ω,

u(t, x) - ðîçâ'ÿçîê çàäà÷i (1), (11) ç ãðàíè-
÷íîþ ôóíêöi¹þ f . ßêùî óçàãàëüíåíà ôóí-
êöiÿ f çáiãà¹òüñÿ íà iíòåðâàëi (a, b) ⊂ R
ç ôóíêöi¹þ g ∈ Ms, òî íà äîâiëüíîìó ïðî-
ìiæêó [c, d] ⊂ (a, b) ãðàíè÷íå ñïiââiäíîøåí-
íÿ

µ lim
t→+0

u(t, x)− µ1 lim
t→t1

u(t, x)− ...−

−µm lim
t→tm

u(t, x) = g(x)

âèêîíó¹òüñÿ ðiâíîìiðíî âiäíîñíî x.
Äîâåäåííÿ. Íåõàé [c, d] ⊂ [a1, b1] ⊂

(a, b), φ - îñíîâíà ôóíêöiÿ, ïîáóäîâàíà ïðè
äîâåäåííi òåîðåìè 2. Îñêiëüêè φ(f − g) = 0
íà (a, b), òî φ(f−g) = 0 íà [c, d], (1−φ)f = 0
íà [a1, b1] i çà äîâåäåíèì ó òåîðåìi 2 ãðàíè÷íi
ñïiââiäíîøåííÿ

lim
t→+0

< φ(f − g), T−xΓ̌(t, ξ) >= 0,

lim
t→+0

< (1− φ)f, T−xΓ̌(t, ξ) >= 0 (24)

ñïðàâäæóþòüñÿ ðiâíîìiðíî âiäíîñíî x ∈
[c, d].

Âíàñëiäîê âëàñòèâîñòi íåïåðåðâíîñòi
Γ(t, ·), ÿê àáñòðàêòíî¨ ôóíêöi¨ ïàðàìåòðà t
iç çíà÷åííÿìè â ïðîñòîði S1/ω

1−µ/ω, ãðàíè÷íi
ñïiââiäíîøåííÿ

m∑
k=1

µk lim
t→tk

< φ(f − g), T−xΓ̌(t, ξ) >= 0, (25)
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m∑
k=1

µk lim
t→tk

< (1− φ)f, T−xΓ̌(t, ξ) >= 0, (26)

òàêîæ ñïðàâäæóþòüñÿ ðiâíîìiðíî âiäíîñíî
x ∈ [c, d]. Êðiì òîãî,

u(t, x) =< f, T−xΓ̌(t, ·) >=

=< φ(f − g), T−xΓ̌(t, ·) > +

+ < (1− φ)f, T−xΓ̌(t, ·) > +

+ < φg, T−xΓ̌(t, ·) >,
ïðè÷îìó

< φg, T−xΓ̌(t, ·) >=
∫
R

Γ(t, x−ξ)φ(ξ)g(ξ)dξ =

=

∫
R

Γ(t, ξ)φ(x− ξ)g(x− ξ)dξ ≡ I(t, x).

Óðàõóâàâøè ñïiââiäíîøåííÿ (24)-(26), ëåìó
5 òà òåîðåìó 1 ðîáèìî âèñíîâîê, ùî äëÿ äî-
âåäåííÿ òâåðäæåííÿ äîñèòü âñòàíîâèòè, ùî
I(t, x) → (µ− µ̃0)

−1φ(x)g(x) ïðè t→ +0 ðiâ-
íîìiðíî âiäíîñíî x ∈ [c, d], îñêiëüêè ãðàíè-
÷íå ñïiââiäíîøåííÿ

m∑
k=1

µk lim
t→tk

I(t, x) =
µ̃0

µ− µ̃0

(φg)(x)

âèêîíó¹òüñÿ ðiâíîìiðíî âiäíîñíî x ∈ [c, d].
Öå âèïëèâà¹ ç òîãî, ùî I(t, x) ïîäà¹òüñÿ ó
âèãëÿäi çãîðòêè Γ(t, x) ∗ (φg)(x), ïðè öüîìó
ãðàíè÷íå ñïiââiäíîøåííÿ

m∑
k=1

µk lim
t→tk

Γ(t, x) =
m∑
k=1

µkΓ(tk, x)

âèêîíó¹òüñÿ â ïðîñòîði Sβ
1−µ/ω (çîêðåìà, ðiâ-

íîìiðíî íà âiäðiçêó [c,d]), à φg - ôiíiòíà
ôóíêöiÿ ç ïðîñòîðó Sβ

1−µ/ω, ÿêó ìîæíà ðî-
çóìiòè ÿê ôiíiòíèé ôóíêöiîíàë (çãîðòóâà÷
ó ïðîñòîði Sβ

1−µ/ω).
Äîâåäåííÿ ãðàíè÷íîãî ñïiââiäíîøåííÿ

I(t, ·)
[c,d]

⇒ (µ− µ̃0)
−1φ(·)g(·), t→ +0,

ÿêå çäiéñíþ¹ìî çà ñõåìîþ, âèêîðèñòàíîþ
ïðè äîâåäåííi ëåìè 5, çâîäèòüñÿ äî îöiíêè

iíòåãðàëiâ âèãëÿäó∫
|ξ|<δ

Ψ(t, ξ)dξ,

∫
|ξ|≥δ

Ψ(t, ξ)dξ,

äå Ψ(t, ξ) = |Γ(t, ξ)| · |(φg)(x − ξ) − (φg)(x)|,
δ > 0 øóêà¹ìî çà äîâiëüíî çàäàíèì ε > 0
òàê, ùî |(φg)(x − ξ) − (φg)(x)| < ε, ÿêùî
ëèøå |ξ| = |(x− ξ)− x| < δ. Ïðè îöiíöi âêà-
çàíèõ iíòåãðàëiâ âèêîðèñòîâó¹ìî íåðiâíiñòü∫
R

|Γ(t, ξ)|dξ ≤ d0, äå ñòàëà d0 > 0 íå çàëå-

æèòü âiä t (äèâ. äîâ. ëåìè 5), à òàêîæ òå,
ùî

sup
ξ∈R,x∈[c,d]

|(φg)(x− ξ)− (φg)(x)| <∞.

Çàçíà÷èìî, ùî îñíîâíi ðåçóëüòàòè, íàâå-
äåíi â äàíié ðîáîòi, àíîíñîâàíi â [7].
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