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Âèâ÷à¹òüñÿ ïèòàííÿ iñíóâàííÿ îáìåæåíèõ iíâàðiàíòíèõ ìíîãîâèäiâ äëÿ äåÿêèõ ëiíiéíèõ
ðîçøèðåíü äèíàìi÷íèõ ñèñòåì.

We study the existence of bounded invariant manifolds for some linear extensions of dynamical
systems.

Îäíèì iç âàæëèâèõ ïèòàíü â ÿêiñíié òåî-
ði¨ äèôåðåíöiàëüíèõ ðiâíÿíü ¹ çíàõîäæåííÿ
óìîâ çáåðåæåííÿ iíâàðiàíòíèõ ìíîãîâèäiâ
ïðè çáóðåííÿõ [1]. Öÿ çàäà÷à òiñíî çâ'ÿçàíà
ç âëàñòèâîñòÿìè ïåâíîãî âèäó ñèñòåì ëiíåà-
ðèçîâàíèõ ïî ÷àñòèíi çìiííèõ. Òàêi ñèñòå-
ìè äèôåðåíöiàëüíèõ ðiâíÿíü â òåïåðiøíié
÷àñ ïðèéíÿòî íàçèâàòè ëiíiéíèì ðîçøèðåí-
íÿì äèíàìi÷íî¨ ñèñòåìè. Îäíèì iç çàâäàíü
äëÿ òàêèõ ñèñòåì ¹ âèâ÷åííÿ ïèòàííÿ iñíó-
âàííÿ îáìåæåíèõ iíâàðiàíòíèõ ìíîãîâèäiâ.
Äîñëiäæåííþ öüîãî ïèòàííÿ ïðèñâÿ÷åíî áà-
ãàòî ðîáiò, çîêðåìà [1− 6]. Âàæëèâèì êðî-
êîì ó ðîçâèòêó òåîði¨ çáóðåííÿ iíâàðiàíòíèõ
ìíîãîâèäiâ äèíàìi÷íèõ ñèñòåì ñòàëà ðîáî-
òà À.Ì.Ñàìîéëåíêà, äå ââîäèòüñÿ ïîíÿòòÿ
ôóíêöi¨ Ãðiíà çàäà÷i ïðî iíâàðiàíòíi òîðè
[3]. Äàíà ñòàòòÿ ¹ ïðîäîâæåííÿ äîñëiäæåíü
ó äàíîìó íàïðÿìêó.

Ðîçãëÿíåìî ðiâíÿííÿ

dY

dt
= A (t)Y − Y B (t) +H (t) , (1)

äå Y = Y (t) - íåâiäîìà ïðÿìîêóòíà ìàòðè-
öÿ, A (t)- n-âèìiðíà êâàäðàòíà ìàòðèöÿ, åëå-
ìåíòàìè ÿêî¨ ¹ äiéñíi ñêàëÿðíi ôóíêöi¨ aij (t)
íåïåðåðâíi i îáìåæåíi íà R = (−∞,∞). Êî-
ðîòêî áóäåìî ïîçíà÷àòè A (t) ∈ C0 (R), äå
C0 (R)- ïðîñòið äiéñíèõ ôóíêöié (ñêàëÿð-
íèõ, ìàòðè÷íèõ, àáî âåêòîðíèõ) íåïåðåðâ-
íèõ i îáìåæåíèõ íà R. Òàêîæ B (t) ∈ C0 (R)
¹ êâàäðàòíîþ p-âèìiðíîþ ìàòðèöåþ, à ìà-
òðèöÿ H (t) ¹ ïðÿìîêóòíîþ ìàòðèöåþ ðîç-
ìiðiâ òàêèõ æå ÿê i ìàòðèöÿ Y , òîáòî ñêëà-
äà¹òüñÿ iç n ðÿäêiâ i p ñòîâï÷èêiâ, H (t) ∈
C0 (R).

Îñíîâíà íàøà çàäà÷à ïîëÿãà¹ â òîìó,
ùîá çíàéòè äîñòàòíi óìîâè íà ìàòðèöi
A (t) , B (t), ïðè ÿêèõ ðiâíÿííÿ (1) äëÿ êî-
æíî¨ ôiêñîâàíî¨ ìàòðèöi H (t) ∈ C0 (R) ìà¹
îáìåæåíèé íà R ðîçâ'ÿçîê Y = Y (t).

Ïîçíà÷èìî ÷åðåç Ωt
τ (A) ,Ω

t
τ (B) íîðìîâà-

íi ôóíäàìåíòàëüíi ìàòðèöi ðîçâ'ÿçêiâ âiäïî-
âiäíî ëiíiéíèõ ñèñòåì

ẏ = A (t) y, y ∈ Rn,
ż = B (t) z, z ∈ Rp,

(2)

Ωt
τ (A) |t=τ = In, Ωt

τ (B) |t=τ = Ip , In, Ip� îäè-
íè÷íi ìàòðèöi.

Çàóâàæèìî òàêîæ , ùî ìè íîðìó n × n
ìiðíî¨ ìàòðèöi A áóäåìî ðîçóìiòè ÿê îïåðà-
òîðíó íîðìó ∥A∥ = max

∥y∥=1
∥Ay∥.

Ìà¹ ìiñöå íàñòóïíå òâåðäæåííÿ.
Òåîðåìà 1. Íåõàé îäíî÷àñíî äëÿ äâîõ

ìàòðèöàíòiâ Ωt
τ (A) ,Ω

t
τ (B) âèêîíó¹òüñÿ

îöiíêà

∥Ωt
τ (A)∥ · ∥Ωτ

t (B)∥ ≤ K exp {γ (t− τ)} ,
(3)

t ≤ τ,

ç äîäàòíèìè ñòàëèìè K, γ íåçàëåæíèìè
âiä t, τ ∈ R , òîäi ðiâíÿííÿ (1) ïðè êîæíié
ôiêñîâàíié ìàòðèöi H (t) ∈ C0 (R) ìà¹ ¹äè-
íèé îáìåæåíèé íà R ðîçâ'ÿçîê i éîãî ìî-
æíà ïîäàòè â íàñòóïíîìó âèãëÿäi:

Y = Ȳ (t) = −
+∞∫
t

Ωt
τ (A)H (τ) Ωτ

t (B) dτ.

(4)
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Äîâåäåííÿ. Çàïèøåìî çàãàëüíèé ðîçâ'ÿçîê
ðiâíÿííÿ (1)

Y (t) = Ωt
0 (A)CΩ

0
t (B) +∫ t

0

Ωt
τ (A)H (τ) Ωτ

t (B) dτ, (5)

äå C - äîâiëüíà ñòàëà ïðÿìîêóòíà ìàòðè-
öÿ. Ïðèïóñòèìî, ùî öþ ñòàëó ìàòðèöþ ìî-
æíà âèáðàòè òàêîþ C = C̄ , ùî âiäïîâiäíèé
ðîçâ'ÿçîê

Ȳ (t) = Ωt
0 (A) C̄Ω

0
t (B) +∫ t

0

Ωt
τ (A)H (τ) Ωτ

t (B) dτ (6)

áóäå îáìåæåíèì íà R. Òîäi, âðàõîâóþ-
÷è äîáðå âiäîìó âëàñòèâiñòü ìàòðèöàíòiâ
Ωt

τ (A) ≡ Ωt
0 (A) · Ω0

τ (A), ðiâíiñòü (6) çàïè-
øåìî ó âèãëÿäi

Ω0
t (A) Ȳ (t) Ωt

0 (B) = C̄ +

+

∫ t

0

Ω0
τ (A)H (τ) Ωτ

0 (B) dτ (7)

i ïåðåéäåìî äî ãðàíèöi ïðè t → +∞, îòðè-
ìó¹ìî

C̄ = −
∫ +∞

0

Ω0
τ (A)H (τ) Ωτ

0 (B) dτ. (8)

Òàêèì ÷èíîì, ÿêùî iñíó¹ îáìåæåíèé ðîçâ'ÿ-
çîê Y = Ȳ (t) ðiâíÿííÿ (1), òî ïî÷àòêîâà
ìàòðèöÿ Y (t)|t=0 = C̄ çàïèñó¹òüñÿ ðiâíiñòþ
(8). Ïiäñòàâëÿþ÷è iíòåãðàëüíèé âèãëÿä ïî-
ñòiéíî¨ ìàòðèöi (8) â çàãàëüíèé ðîçâ'ÿçîê
(6), ïðèõîäèìî äî ðiâíîñòi (4). Òåïåð ïå-
ðåêîíà¹ìîñÿ, ùî ðiâíiñòü (4) âèçíà÷à¹ ¹äè-
íèé, îáìåæåíèé íà R ðîçâ'ÿçîê ðiâíÿííÿ (1).
Îáìåæåíiñòü ðîçâ'ÿçêó (4) âèïëèâà¹ ç îöií-
êè (3) i íàñòóïíèõ íåðiâíîñòåé:

∥∥Ȳ (t)
∥∥ ≤

∫ +∞

t

∥∥Ωt
τ (A)

∥∥·∥H (τ)∥·∥Ωτ
t (B)∥ dτ ≤

≤ K sup
t∈R

∥H (t)∥
∫ +∞

t

exp {γ (t− τ)} dτ =

=
K

γ
sup
t∈R

∥H (t)∥ .

À â òîìó, ùî òàêèé ðîçâ'ÿçêîê ¹äèíèé äëÿ
ðiâíÿííÿ (1), ïåðåêîíà¹ìîñÿ, ïîêàçàâøè, ùî
âiäïîâiäíå îäíîðiäíå ðiâíÿííÿ

dY

dt
= A (t)Y − Y B (t) (9)

íå ìà¹ íåòðèâiàëüíèõ îáìåæåíèõ ðîçâ'ÿçêiâ.
Çàïèøåìî çàãàëüíèé ðîçâ'ÿçîê öüîãî ðiâíÿ-
ííÿ

Y (t) = Ωt
0 (A)CΩ

0
t (B) (10)

i ïðèïóñòèìî, ùî ïðè äåÿêié ñòàëié ìàòðèöi
C = C̃ âiäïîâiäíèé ðîçâ'ÿçîê

Ỹ (t) = Ωt
0 (A) C̃Ω

0
t (B) (11)

¹ îáìåæåíèì íà R. Òîäi ç îñòàííüî¨ ðiâíîñòi
ìà¹ìî

Ω0
t (A) Ỹ (t) Ωt

0 (B) = C̃

i íà ïiäñòàâi (3), çàïèñó¹ìî íåðiâíîñòi∥∥∥C̃∥∥∥ ≤
∥∥Ω0

t (A)
∥∥ · ∥∥∥Ỹ (t)

∥∥∥ · ∥∥Ωt
0 (B)

∥∥ ≤

≤
∥∥∥Ỹ (t)

∥∥∥ ·K exp {−γt} , t ≥ 0 .

Çâiäñè, ïåðåéøîâøè äî ãðàíèöi ïðè t →
+∞, îòðèìó¹ìî, ùî

∥∥∥C̃∥∥∥ = 0. Îòæå, ðîçâ'ÿ-

çîê (10) ðiâíÿííÿ (9) áóäå îáìåæåíèì íà
R òiëüêè ó âèïàäêó C̄ = 0. Òàêèì ÷èíîì,
ðîçâ'ÿçîê (4) ¹ ¹äèíèì îáìåæåíèì ðîçâ'ÿç-
êîì äëÿ íåîäíîðiäíîãî ðiâíÿííÿ (1). Íà öüî-
ìó i çàâåðøó¹òüñÿ äîâåäåííÿ òåîðåìè 1.
Çàóâàæåííÿ 1. Ó íàâåäåíié âèùå òå-

îðåìi îöiíêó (3) ìîæíà çàìiíèòè íàñòó-
ïíîþ∥∥Ωt

τ (A)
∥∥·∥Ωτ

t (B)∥ ≤ K exp {−γ (t− τ)} ,τ ≤ t
(12)

ç äåÿêèìè äîäàòíiìè ñòàëèìè K, γ, òîäi
ðiâíÿííÿ (1) òàêîæ ìàòèìå ¹äèíèé îáìå-
æåíèé íà R ðîçâ'ÿçîê ïðè êîæíié ôiêñîâà-
íié ìàòðèöi H (t) ∈ C0 (R) i âií çàïèñó¹-
òüñÿ â iíòåãðàëüíîìó âèãëÿäi

Y = Ȳ (t) =

∫ t

−∞
Ωt

τ (A)H (τ) Ωτ
t (B) dτ.

(13)
Â öüîìó ëåãêî ïåðåêîíàòèñÿ, ïåðåõîäÿ÷è â
ðiâíîñòi (7) äî ãðàíèöi ïðè t → −∞. ßê
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ðåçóëüòàò, äëÿ ñòàëî¨ ìàòðèöi C̄ = Y (t)|t=0

îòðèìà¹ìî ðiâíiñòü

C̄ =

∫ 0

−∞
Ω0

τ (A)H (τ) Ωτ
0 (B) dτ,

ïiäñòàâëÿþ÷è ÿêó â çàãàëüíèé ðîçâ'ÿçîê
(5) i ïðèõîäèìî äî iíòåãðàëüíîãî çîáðàæåí-
íÿ (13) îáìåæåíîãî ðîçâ'ÿçêó íåîäíîðiäíîãî
ðiâíÿííÿ (1). Àíàëîãi÷íî, ÿê i ðàíiøå, ëåã-
êî ïåðåêîíàòèñÿ, ùî ðiâíiñòþ (13) âèçíà÷à-
¹òüñÿ ¹äèíèé îáìåæåíèé ðîçâ'ÿçîê.

Òåïåð ïåðåéäåìî äî äîñëiäæåííÿ áiëüø
çàãàëüíèõ ñèñòåì íåëiíiéíèõ äèôåðåíöiàëü-
íèõ ðiâíÿíü. Çîêðåìà, ðîçãëÿíåìî ñèñòåìó

dx

dt
= f (x) ,

dy1
dt

= B (x) y1,
dy2
dt

= F (x) y1 + A (x) y2,
(14)

äå y1 ∈ Rp, y2 ∈ Rn, f (x) =
(f1 (x) , ..., fm (x))-âåêòîð-ôóíêöiÿ âèçíà÷åíà
ïðè âñiõ x ∈ Rm i ëîêàëüíî çàäîâîëüíÿ¹
óìîâi Ëiïøèöà. Òàêîæ ïðèïóñêà¹ìî, ùî äëÿ
âåêòîð-ôóíêöi¨ f (x) ìà¹ ìiñöå íåðiâíiñòü
∥f (x)∥ ≤ α1 ∥x∥ + α2 ïðè âñiõ x ∈ Rm ç
äåÿêèìè íåâiä'¹ìíèìè ïîñòiéíèìè ñòàëèìè
α1, α2. Ïðîñòið òàêèõ ôóíêöié f (x) êîðîòêî
áóäåìî ïîçíà÷àòè ÷åðåç CLip (Rm). Íàâåäåíi
ïðèïóùåííÿ äîçâîëÿþòü ñòâåðäæóâàòè, ùî
çàäà÷à Êîøi dx

dt
= f (x) , x|t=0 = x0 ìà¹ ¹äè-

íèé ðîçâ'ÿçîê x = x (t; x0) äëÿ êîæíîãî ôi-
êñîâàíîãî x0 ∈ Rm i öåé ðîçâ'ÿçîê âèçíà÷å-
íèé ïðè âñiõ t ∈ R. Ìàòðèöi B (x) , A (x) i
F (x) â ñèñòåìi (14) ¹ âiäïîâiäíî¨ ðîçìiðíî-
ñòi, åëåìåíòàìè ÿêèõ ¹ äiéñíi ñêàëÿðíi ôóí-
êöi¨, âèçíà÷åíi, íåïåðåðâíi i îáìåæåíi íà Rm,
òîáòî íàëåæàòü ïðîñòîðó C0 (Rm).

Äàëi, çàóâàæèìî, ÿêùî çíàéäåòüñÿ òàêà
çàìiíà çìiííèõ

y1 = z1, y2 = L (x) z1 + z2, (15)

çà äîïîìîãîþ ÿêî¨ ñèñòåìà (14) ïåðåâîäè-
òüñÿ â ñèñòåìó

dx

dt
= f (x) ,

dz1
dt

= B (x) z1,
dz2
dt

= A (x) z2,
(16)

òîäi äëÿ ïðÿìîêóòíî¨ ìàòðèöi L (x) áóäå âè-
êîíóâàòèñü òîòîæíiñòü

L̇ (x) ≡ A (x)L (x)−L (x)B (x)+F (x) . (17)

Iíàêøå êàæó÷è, ìîæåìî ñòâåðäæóâàòè, ùî
ðiâíiñòþ

Y = L (x) (18)

âèçíà÷à¹òüñÿ îáìåæåíèé iíâàðiàíòíèé ìíî-
ãîâèä ñèñòåìè{

dx
dt

= f (x) ,
dY
dt

= A (x)Y − Y B (x) + F (x).
(19)

Íàãàäà¹ìî äåÿêi âèçíà÷åííÿ.
Îçíà÷åííÿ. Êàæóòü, ùî ñèñòåìà ðiâ-

íÿíü (19) ìà¹ îáìåæåíèé iíâàðiàíòíèé
ìíîãîâèä, âèçíà÷åíèé ðiâíiñòþ

Y = U (x) , (20)

ÿêùî ìàòðèöÿ U (x) ∈ C′ (Rm; f) i âèêîíó¹-
òüñÿ òîòîæíiñòü

U̇ (x) ≡ A (x)U (x)− U (x)B (x) + F (x) ,

∀x ∈ Rm.(21)

Òóò ÷åðåç C′ (Rm; f) ïîçíà÷à¹ìî ïðîñòið
ôóíêöié u (x) íåïåðåðâíèõ i îáìåæåíèõ íà
Rm òàêèõ, ùî ñóïåðïîçèöiÿ u (x (t;x)) ¹
íåïåðåðâíî äèôåðåíöiéîâíîþ ôóíêöi¹þ ïî
t. Ïðè öüîìó çà îçíà÷åííÿì u̇ (x) =
du(x(t;x))

dt

∣∣∣
t=0

. ßêùî ôóíêöiÿ u (x) ¹ íåïåðåðâ-

íî äèôåðåíöiéîâíîþ, òî

u̇ (x) =
∂u (x)

∂x
f (x) =

m∑
j=1

∂u (x)

∂xj
fj (x) .

Çàóâàæèìî òàêîæ, ùî ÷åðåç Ωt
τ (x0;A)

áóäåìî ïîçíà÷àòè ôóíäàìåíòàëüíó ìàòðè-
öþ ðîçâ'ÿçêiâ ëiíiéíî¨ ñèñòåìè ż2 =
A (x (t;x0)) z2 ç ïàðàìåòðîì x0 ∈ Rm, ÿêà
íîðìîâàíà â òî÷öi t = τ : Ωt

τ (x0;A)|t=τ = In.
Ìà¹ ìiñöå íàñòóïíå òâåðäæåííÿ:
Òåîðåìà 2. ßêùî ñèñòåìà (19) òàêà,

ùî âèêîíó¹òüñÿ îöiíêà

∥Ωo
t (x0;A)∥ ·

∥∥Ωt
0 (x0;B)

∥∥ ≤
≤ K exp {−γt} , t ≥ 0, γ = const > 0 (22)

òîäi ïðè êîæíié ôiêñîâàíié ìàòðèöi
F (x) ∈ C0 (Rm) âîíà ìà¹ ¹äèíèé îáìåæå-
íèé iíâàðiàíòíèé ìíîãîâèä i âií ìà¹ òàêå
çîáðàæåííÿ

Y = U0 (x) = −
∫ +∞

0

Ω0
τ (x;A)×

×F (x (τ ; x)) Ωτ
0 (x;B) dτ. (23)
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Ïðè âèêîíàííi æ íàñòóïíî¨ îöiíêè

∥Ωo
t (x0;A)∥ ·

∥∥Ωt
0 (x0;B)

∥∥ ≤
≤ K exp {γt} , t ≤ 0,γ = const > 0 (24)

äëÿ ñèñòåìè (19) iñíó¹ ¹äèíèé îáìåæåíèé
iíâàðiàíòíèé ìíîãîâèä ïðè êîæíié ôiêñî-
âàíié ìàòðèöi F (x) ∈ C0 (Rm) i çàäà¹òüñÿ
âií íàñòóïíèì ÷èíîì

Y = U0 (x) =

∫ 0

−∞
Ω0

τ (x;A)×

×F (x (τ ; x)) Ωτ
0 (x;B) dτ. (25)

Äîâåäåííÿ. Çàóâàæèìî, ùî çàãàëüíèé
ðîçâ'ÿçîê ðiâíÿííÿ

dY

dt
= A (x (t;x0))Y − Y B (x (t;x0)) +

+F (x (t; x0)) , (26)

äå x (t;x0) ¹ ðîçâ'ÿçêîì çàäà÷i Êîøi dx
dt

=
f (x), x|t=0 = x0, ìîæíà çàïèñàòè â íàñòó-
ïíîìó âèãëÿäi

Y = Y (t;x0) = Ωt
0 (x0;A) · {C +∫ t

0

Ω0
τ (x0;A)F (x (τ ; x0))×

×Ωτ
0 (x0;B) dτ} · Ω0

t (x0;B) . (27)

Çãiäíî ç òåîðåìîþ 1 ñèñòåìà ìà¹ ¹äèíèé
îáìåæåíèé ðîçâ'ÿçîê Y = Y0 (t; x0)) ïðè êî-
æíîìó ôiêñîâàíîìó x0 ∈ R i éîãî ìîæíà
çàäàòè ÿê

Y = Y0 (t;x0)) = −
∫ +∞

t

Ωt
τ (x0;A)×

×F (x (τ ;x0)) Ω
τ
t (x0;B) dτ. (28)

Òàêîæ âiäìiòèìî, ùî âèêîíó¹òüñÿ òîòî-
æíiñòü

Ωt
τ (x(θ; x);A) ≡ Ωt+θ

τ+θ (x;A) (29)

äëÿ äîâiëüíèõ t, τ, θ ∈ R. Äiéñíî, äëÿ öüîãî
â òîòîæíîñòi, ÿêà âèçíà÷à¹ Ωt

τ (x;A)

dΩt
τ (x;A)

dt
= A (x (x(t; x))) Ωt

τ (x;A) , (30)

çàìiíèìî x íà x(θ;x) i ç âðàõóâàííÿì ãðóïî-
âî¨ âëàñòèâîñòi äëÿ ôóíêöi¨ x(t;x), ÿêà çàäà-
¹òüñÿ ñïiââiäíîøåííÿì x(t;x(θ;x)) ≡ x(t +

θ; x) îäåðæèìî

dΩt
τ (x(θ; x);A)

dt
=

= A (x(t+ θ;x)) Ωt
τ (x(t;x(θ;x));A) . (31)

Îñòàííÿ òîòîæíiñòü ïðàâèëüíà äëÿ äîâiëü-
íèõ t, τ, θ ∈ R i çàäà¹ ôóíäàìåíòàëüíó ìà-
òðèöþ ðîçâ'ÿçêiâ Ωt

τ (x(θ;x);A) ñèñòåìè ðiâ-
íÿíü

dx

dt
= A (x(t+ θ;x))x, (32)

ÿêà íîðìîâàíà ïðè t = τ . Àëå ìàòðèöÿ
Ωt+θ

τ+θ (x;A) òåæ ìà¹ öþ âëàñòèâiñòü. À öå ìî-
æëèâî òiëüêè òîäi, êîëè öi ìàòðèöi ñïiâïàäà-
þòü, îòæå âèêîíó¹òüñÿ ðiâíiñòü (29). Âðàõî-
âóþ÷è òîé ôàêò, ùî àíàëîãi÷íà òîòîæíiñòü
äî (29) âèêîíó¹òüñÿ i äëÿ ìàòðèöi B ç ðiâíî-
ñòi (28), ìîæåìî çàïèñàòè

Y = Y0 (t;x0)) = Y0 (0;x(t; x)) =

= −
∫ ∞

0

Ω0
τ (x(t;x);A)×

×F ((x(t;x))) · Ωτ
0 (x(t; x);B) dτ. (33)

Öÿ ðiâíiñòü çàâåðøó¹ äîâåäåííÿ òåîðåìè,
îñêiëüêè Y = U0(x) = Y0 (0;x) çàäà¹ ¹äèíèé
îáìåæåíèé ìíîãîâèä ñèñòåìè (19).

Òåîðåìà 2 äîâåäåíà.
Íàñëiäîê. Ïðèïóñòèâøè, ùî ñèñòåìà

(19) çàïèñó¹òüñÿ â íàñòóïíîìó âèãëÿäi

dx

dt
= f (x) ,

dY

dt
= A1 (x)Y − Y B1 (x) + F1 (x) ,

dZ

dt
= A2 (x)Z − ZB2 (x) + F2 (x)

i ïðè öüîìó âèêîíóþòüñÿ îöiíêè

∥Ωo
t (x;A1) ·

∥∥Ωt
0 (x;B1)

∥∥ ≤ K exp {−γt} ,t ≥ 0,

∥Ωo
t (x;A2)∥ ·

∥∥Ωt
0 (x;B2)

∥∥ ≤ K exp {γt} ,
t ≤ 0 ,γ = const > 0.

ìîæåìî ñòâåðäæóâàòè, ùî äàíà ñèñòåìà
ìà¹ ¹äèíèé îáìåæåíèé iíâàðiàíòíèé ìíî-
ãîâèä äëÿ áóäü-ÿêèõ ôiêñîâàíèõ ìàòðèöü
Fi (x) ∈ C0 (Rm) (i = 1, 2) i çàäà¹òüñÿ âií
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òàêèìè ðiâíîñòÿìè
Y = Y (x) = −

∫ +∞
0

Ω0
τ (x;A1) · F1 (x (τ ;x))×

×Ωτ
0 (x;B1) dτ,

Z = Z (x) =
∫ 0

−∞ Ω0
τ (x;A2) · F2 (x (τ ;x))×

×Ωτ
0 (x;B2) dτ.
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