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IÍÒÅÃÐÀËÜÍÅ ÇÎÁÐÀÆÅÍÍß ÐÎÇÂ'ßÇÊÓ ÌIØÀÍÎ� ÇÀÄÀ×I ÄËß
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Ìåòîäîì iíòåãðàëüíîãî ïåðåòâîðåííÿ Ëàïëàñà ó ïî¹äíàííi ç ìåòîäîì ôóíêöié Êîøi
îäåðæàíî iíòåãðàëüíå çîáðàæåííÿ òî÷íîãî àíàëiòè÷íîãî ðîçâ'ÿçêó ìiøàíî¨ çàäà÷i äëÿ ñèñòå-
ìè åâîëþöiéíèõ ðiâíÿíü ïàðàáîëi÷íîãî òèïó, çìîäåëüîâàíèõ ìåòîäîì ãiáðèäíîãî äèôåðåíöi-
àëüíîãî îïåðàòîðà Ôóð'¹-Ëåæàíäðà-Ëåæàíäðà íà êóñêîâî-îäíîðiäíié ïîëÿðíié îñi r ≥ R0 > 0
ç ì'ÿêèìè ìåæàìè.

Using the method of integral Laplace transform in combination with the method of Cauchy
functions, we obtain an integral representation of exact analytical solution of a mixed problem
for a system of evolutionary equations of parabolic type modeled by hybrid di�erential Fourier-
Legendre-Legendre operator on the piece-homogeneous polar axis r ≥ R0 > 0 with soft boundary.

Òåîðiÿ êðàéîâèõ çàäà÷ äëÿ äèôåðåíöi-
àëüíèõ ðiâíÿíü ç ÷àñòèííèìè ïîõiäíèìè -
âàæëèâèé ðîçäië ñó÷àñíî¨ òåîði¨ äèôåðåíöi-
àëüíèõ ðiâíÿíü, ÿêèé â òåïåðiøíié ÷àñ iíòåí-
ñèâíî ðîçâèâà¹òüñÿ. �¨ àêòóàëüíiñòü îáóìîâ-
ëåíà ÿê çíà÷èìiñòþ ¨¨ ðåçóëüòàòiâ äëÿ ðîçâè-
òêó áàãàòüîõ ðîçäiëiâ ìàòåìàòèêè, òàê i ÷è-
ñëåííèìè çàñòîñóâàííÿìè ¨¨ äîñÿãíåíü ïðè
ìàòåìàòè÷íîìó ìîäåëþâàííi ðiçíèõ ïðîöå-
ñiâ i ÿâèù ôiçèêè, õiìi¨, áiîëîãi¨, ìåäèöèíè,
åêîíîìiêè, òåõíiêè.

Äîáðå âiäîìî, ùî ñêëàäíiñòü äîñëiäæóâà-
íèõ êðàéîâèõ çàäà÷ ñóòò¹âî çàëåæèòü âiä
êîåôiöi¹íòiâ ðiâíÿíü (ðiçíi âèäè âèðîäæå-
íîñòåé i îñîáëèâîñòåé) òà ãåîìåòði¨ îáëàñòi
(ãëàäêiñòü ¨¨ ìåæi, íàÿâíiñòü â íå¨ êóòîâèõ
òî÷îê, òîùî), â ÿêié ðîçãëÿäà¹òüñÿ çàäà÷à.
Íà öåé ÷àñ äîñèòü äåòàëüíî âèâ÷åíî âëàñòè-
âîñòi ðîçâ'ÿçêiâ êðàéîâèõ çàäà÷ äëÿ ëiíié-
íèõ, êâàçiëiíiéíèõ òà ïåâíèõ êëàñiâ íåëiíié-
íèõ ðiâíÿíü â îäíîçâ'ÿçíèõ îáëàñòÿõ (îäíî-
ðiäíèõ ñåðåäîâèùàõ), ÿêi îáóìîâëåíi çãàäà-
íèìè âèùå âëàñòèâîñòÿìè êîåôiöi¹íòiâ ðiâ-
íÿíü i ãåîìåòði¨ îáëàñòi, òà ïîáóäîâàíî ôóí-
êöiîíàëüíi ïðîñòîðè êîðåêòíîñòi çàäà÷ äëÿ
òèõ ÷è iíøèõ îáëàñòåé [1, 2].

Âîäíî÷àñ áàãàòî âàæëèâèõ ïðèêëàäíèõ
çàäà÷ òåïëîôiçèêè, òåðìîäèíàìiêè, òåîði¨
ïðóæíîñòi, òåîði¨ åëåêòðè÷íèõ êië, òåî-
ði¨ êîëèâàíü ïðèâîäÿòü äî êðàéîâèõ çàäà÷
äëÿ äèôåðåíöiàëüíèõ ðiâíÿíü ç ÷àñòèííè-

ìè ïîõiäíèìè íå òiëüêè â îäíîðiäíèõ îáëà-
ñòÿõ, êîëè êîåôiöi¹íòè ðiâíÿííÿ ¹ íåïåðåðâ-
íèìè, àëå é â íåîäíîðiäíèõ òà êóñêîâî-
îäíîðiäíèõ îáëàñòÿõ, êîëè êîåôiöi¹íòè ðiâ-
íÿííÿ ¹ êóñêîâî-íåïåðåðâíèìè ÷è, çîêðåìà,
êóñêîâî-ñòàëèìè [3, 4].

Îêðiì ìåòîäó âiäîêðåìëåííÿ çìiííèõ [5],
îäíèì ç âàæëèâèõ i åôåêòèâíèõ ìåòîäiâ âè-
â÷åííÿ ëiíiéíèõ êðàéîâèõ çàäà÷ äëÿ äèôå-
ðåíöiàëüíèõ ðiâíÿíü ç ÷àñòèííèìè ïîõiäíè-
ìè ¹ ìåòîä iíòåãðàëüíèõ ïåðåòâîðåíü, ÿêèé
äà¹ ìîæëèâiñòü áóäóâàòè â àíàëiòè÷íîìó âè-
ãëÿäi ðîçâ'ÿçêè òèõ ÷è iíøèõ êðàéîâèõ çà-
äà÷ ÷åðåç ¨õ iíòåãðàëüíå çîáðàæåííÿ. Âàðòî
òàêîæ çàóâàæèòè, ùî äëÿ äîñèòü øèðîêîãî
êëàñó çàäà÷ (â êóñêîâî-îäíîðiäíèõ ñåðåäî-
âèùàõ) åôåêòèâíèì âèÿâèâñÿ ìåòîä ãiáðè-
äíèõ iíòåãðàëüíèõ ïåðåòâîðåíü, ÿêi ïîðî-
äæåíi äèôåðåíöiàëüíèìè îïåðàòîðàìè, êî-
ëè íà êîæíié êîìïîíåíòi çâ'ÿçíîñòi êóñêîâî-
îäíîðiäíîãî ñåðåäîâèùà ðîçãëÿäàþòüñÿ, àáî
æ ðiçíi äèôåðåíöiàëüíi îïåðàòîðè, àáî æ äè-
ôåðåíöiàëüíi îïåðàòîðè òîãî æ ñàìîãî âè-
ãëÿäó, àëå ç ðiçíèìè íàáîðàìè êîåôiöi¹íòiâ
[6-9].

Ó òåîðåòè÷íèõ äîñëiäæåííÿõ i ïðèêëà-
äíèõ çàäà÷àõ íàéáiëüø ÷àñòî çóñòði÷àþ-
òüñÿ äèôåðåíöiàëüíi îïåðàòîðè 2-ãî ïî-
ðÿäêó, çîêðåìà, äèôåðåíöiàëüíèé îïåðàòîð

Ôóð'¹ F =
d2

dr2
, äèôåðåíöiàëüíèé îïåðàòîð
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Åéëåðà

B∗
α = r2

d2

dr2
+ (2α+ 1)r

d

dr
+ α2,

äèôåðåíöiàëüíèé îïåðàòîð Áåññåëÿ

Bν,α =
d2

dr2
+

2α + 1

r

d

dr
− ν2 − α2

r2
,

äèôåðåíöiàëüíèé îïåðàòîð Ëåæàíäðà

Λ(µ) =
d2

dr2
+ cthr

d

dr
+

1

4
+

+
1

2

(
µ2
1

1− chr
+

µ2
2

1 + chr

)
òà äèôåðåíöiàëüíèé îïåðàòîð Êîíòîðîâè÷à-
Ë¹á¹ä¹âà

Bα = r2
d2

dr2
+ (2α + 1)r

d

dr
+ α2 − λ2r2.

ßêùî θ(x) - îäèíè÷íà ôóíêöiÿ Ãåâiñàé-
äà, à Lj - îäèí iç ïåðåëi÷åíèõ äèôåðåíöiàëü-
íèõ îïåðàòîðiâ, òî çàâæäè ìîæíà óòâîðè-
òè ãiáðèäíèé äèôåðåíöiàëüíèé îïåðàòîð, ùî
âiäïîâiäà¹ ãåîìåòðè÷íié ñòðóêòóði êóñêîâî-
îäíîðiäíîãî ñåðåäîâèùà.

Íàïðèêëàä, äëÿ êóñêîâî-îäíîðiäíîãî
ïðîìiæêó (R0, R1) ∪ (R1, R2) ∪ (R2, R3) ìî-
æíà óòâîðèòè ãiáðèäíèé äèôåðåíöiàëüíèé
îïåðàòîð

M = θ(r −R0)θ(R1 − r)a21L1+

+θ(r −R1)θ(R2 − r)a22L2+

+θ(r −R2)θ(R3 − r)a23L3; a
2
j = const.

Ïðè öüîìó î÷åâèäíî, ùî îïåðàòîð L1 âè-
çíà÷åíèé íà ïðîìiæêó (R0, R1), îïåðàòîð L2

- íà ïðîìiæêó (R1, R2), à îïåðàòîð L3 - íà
ïðîìiæêó (R2, R3). Çðîçóìiëî, ùî çìiíèâøè
ïîðÿäîê ÷åðãóâàííÿ îïåðàòîðiâ L1, L2, L3

ìè îäåðæèìî iíøèé ãiáðèäíèé äèôåðåíöi-
àëüíèé îïåðàòîð.

Ó öié ñòàòòi ìè ïðîïîíó¹ìî iíòåãðàëüíå
çîáðàæåííÿ òî÷íîãî àíàëiòè÷íîãî ðîçâ'ÿç-
êó ìiøàíî¨ çàäà÷i äëÿ ñèñòåìè åâîëþöiéíèõ
ðiâíÿíü ïàðàáîëi÷íîãî òèïó, çìîäåëüîâàíèõ
ìåòîäîì ãiáðèäíîãî äèôåðåíöiàëüíîãî îïå-
ðàòîðà Ôóð'¹ - Ëåæàíäðà - Ëåæàíäðà íà

êóñêîâî-îäíîðiäíié ïîëÿðíié îñi (R0, R1) ∪
(R1, R2) ∪ (R2,+∞) ç ì'ÿêèìè ìåæàìè.
1. Ïîñòàíîâêà çàäà÷i. Ðîçãëÿäà¹òüñÿ

çàäà÷à ïðî ñòðóêòóðó îáìåæåíîãî íà ìíî-
æèíi D+

2 = {(t, r) : t ∈ (0,∞); r ∈
I+2 = (R0, R1) ∪ (R1, R2) ∪ (R2,+∞); R0 ≥ 0}
ðîçâ'ÿçêó ñåïàðàòíî¨ ñèñòåìè äèôåðåíöiàëü-
íèõ ðiâíÿíü ç ÷àñòèííèìè ïîõiäíèìè ïàðà-
áîëi÷íîãî òèïó [5]

∂u1
∂t

+ γ21u1 − a21
∂2u1
∂r2

= f1(t, r), r ∈ (R0, R1),

∂u2
∂t

+γ22u2−a22Λ(µ)1 [u2] = f2(t, r), r ∈ (R1, R2),

(1)
∂u3
∂t

+γ23u3−a23Λ(µ)2 [u3] = f3(t, r), r ∈ (R2,+∞)

ç ïî÷àòêîâèìè óìîâàìè

u1(t, r)
∣∣∣
t=0

= g1(r), r ∈ (R0, R1),

u2(t, r)
∣∣∣
t=0

= g2(r), r ∈ (R1, R2),

u3(t, r)
∣∣∣
t=0

= g3(r), r ∈ (R2,+∞), (2)

êðàéîâèìè óìîâàìè

L0
11[u1(t, r)]

∣∣∣
r=R0

= g0(t), lim
r→+∞

∂ku3
∂rk

= 0, k = 0, 1

(3)
òà óìîâàìè ñïðÿæåííÿ(
Lkj1[uk(t, r)]− Lkj2[uk+1(t, r)]

)∣∣∣
r=Rk

= ωjk(t);

(4)
j, k = 1, 2.

Ó ñèñòåìi (1) áåðóòü ó÷àñòü äèôåðåíöi-

àëüíi îïåðàòîðè Ôóð'¹
∂2

∂r2
[10] òà Ëåæàí-

äðà Λ(µ)j =
∂2

∂r2
+ cthr

∂

∂r
+

1

4
+

1

2

( µ2
1j

1− chr
+

µ2
2j

1 + chr

)
, µ1j ≥ µ2j ≥ 0 [11]. Ó êðàéîâié óìî-

âi â òî÷öi r = R0 áåðå ó÷àñòü äèôåðåíöi-

àëüíèé îïåðàòîð L0
11 =

(
α0
11 + δ011

∂

∂t

) ∂
∂r

+

β0
11 + γ011

∂

∂t
. Â óìîâàõ ñïðÿæåííÿ (4) áåðóòü

ó÷àñòü äèôåðåíöiàëüíi îïåðàòîðè

Lkjm =
(
αkjm + δkjm

∂

∂t

) ∂
∂r

+ βkjm + γkjm
∂

∂t
;
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j,m, k = 1, 2.
Ââàæà¹ìî, ùî âèêîíàíi óìîâè íà êîåôiöi-

¹íòè: γ2j ≥ 0, aj > 0; α0
11 ≤ 0, β0

11 ≥ 0, |α0
11|+

β0
11 ̸= 0; δ011 ≥ 0, γ011 ≥ 0; αkjm ≥ 0, βkjm ≥ 0,
δkjm ≥ 0, γkjm ≥ 0; cj1,k = αk2jβ

k
1j − αk1jβ

k
2j,

c11,k · c21,k > 0; cj2,k = δk2jγ
k
1j − δk1jγ

k
2j = 0,

αk11γ
k
21 − αk21γ

k
11 = βk11δ

k
21 − βk21δ

k
11, α

k
12γ

k
22 −

αk22γ
k
12 = βk12δ

k
22 − βk22δ

k
12, j,m, k = 1, 2.

Çàóâàæåííÿ 1. Íàÿâíiñòü îïåðàòîðà äè-

ôåðåíöiþâàííÿ çà ÷àñîì
∂

∂t
â êðàéîâié óìî-

âi ó òî÷öi r = R0 òà â óìîâàõ ñïðÿæåííÿ
ìè iíòåðïðåòó¹ìî, âèõîäÿ÷è ç ôiçè÷íèõ ìið-
êóâàíü ïðî òåïëîâi õâèëi, ÿê ì'ÿãêiñòü ìåæi
ñåðåäîâèùà ùîäî âiäáèòòÿ õâèëü.
Çàóâàæåííÿ 2. Ó âèïàäêó, êîëè ìåæi

ñåðåäîâèùà æîðñòêi ùîäî âiäáèòòÿ õâèëü
(δ011 = 0, γ011 = 0, δkjm = 0, γkjm = 0), ìà¹ìî ìi-
øàíó çàäà÷ó ç êëàñè÷íîþ êðàéîâîþ óìîâîþ
òà êëàñè÷íèìè óìîâàìè ñïðÿæåííÿ, ðîçâ'ÿ-
çîê ÿêî¨ îäåðæó¹òüñÿ ç ðîçâ'ÿçêó çàäà÷i (1)-
(4) ÿê ÷àñòêîâèé âèïàäîê.
2. Ðîçâ'ÿçîê çàäà÷i. Iíòåãðàëüíå çîáðà-

æåííÿ òî÷íîãî àíàëiòè÷íîãî ðîçâ'ÿçêó ïàðà-
áîëi÷íî¨ êðàéîâî¨ çàäà÷i ñïðÿæåííÿ (1)-(4)
ïîáóäó¹ìî ìåòîäîì iíòåãðàëüíîãî ïåðåòâî-
ðåííÿ Ëàïëàñà ùîäî t iç çàëó÷åííÿì òåîði¨
ôóíêöié Êîøi â ïðèïóùåííi, ùî çàäàíi ôóí-
êöi¨ fj(t, r), g0(t), ωjk(t) òà øóêàíà ôóíêöiÿ
u(t, r) = {u1(t, r), u2(t, r), u3(t, r)} ¹ îðèãiíà-
ëàìè çà Ëàïëàñîì [12].

Ó çîáðàæåííi çà Ëàïëàñîì ïàðàáîëi÷íié
çàäà÷i (1)-(4) âiäïîâiäà¹ êðàéîâà çàäà÷à: ïî-
áóäóâàòè îáìåæåíèé íà ìíîæèíi I+2 ðîçâ'ÿ-
çîê ñèñòåìè çâè÷àéíèõ äèôåðåíöiàëüíèõ
ðiâíÿíü( d2
dr2

− q21

)
u∗1(p, r) = −F ∗

1 (p, r), r ∈ (R0, R1),(
Λ(µ)1−q22

)
u∗2(p, r) = −F ∗

2 (p, r), r ∈ (R1, R2),

(5)(
Λ(µ)2−q23

)
u∗3(p, r) = −F ∗

3 (p, r), r ∈ (R2,+∞)

ç êðàéîâèìè óìîâàìè(
α0
11

d

dr
+ β

0

11

)
u∗1(p, r)

∣∣∣
r=R0

= g∗0(p),

lim
r→+∞

dku∗3
drk

= 0; k = 0, 1 (6)

òà óìîâàìè ñïðÿæåííÿ[(
αkj1

d

dr
+ β

k

j1

)
u∗k(p, r)−

−
(
αkj2

d

dr
+ β

k

j2

)
u∗k+1(p, r)

]∣∣∣
r=Rk

= ω∗
jk. (7)

Ó ðiâíîñòÿõ (5)-(7) áåðóòü ó÷àñòü ôóí-
êöi¨: q2j = a−2

j (p + γ2j ), F
∗
j (p, r) = [f ∗

j (p, r) +

gj(r)]a
−2
j , g∗0 = g∗0(p) + δ011g

′
1(R0) + γ011g1(R0),

αkjm = αkjm + δkjmp, β
k

jm = βkjm + γkjmp,

α0
11 = α0

11 + δ011p, β
0

11 = β0
11 + γ011p, u

∗
j(p, r) =

∞∫
0

uj(t, r)e
−ptdt, f ∗

j (p, r) =

∞∫
0

fj(t, r)e
−ptdt,

g∗0(p) =

∞∫
0

g0(t)e
−ptdt, ω∗

jk = ω∗
jk(p) + ψjk,

ψjk = δkj1g
′
k(Rk) + γkj1gk(Rk) −

[
δkj2g

′
k+1(Rk) +

γkj2gk+1(Rk)
]
, ω∗

jk(p) =

∞∫
0

ωjk(t) exp(−pt)dt,

p = σ + is, σ > σ0, s ∈ (−∞,+∞), i =
√
−1,

Re qj > 0, j = 1, 3.
Ôóíäàìåíòàëüíó ñèñòåìó ðîçâ'ÿçêiâ äëÿ

äèôåðåíöiàëüíîãî ðiâíÿííÿ Ôóð'¹ (
d2

dr2
−

q21)v = 0 óòâîðþþòü ôóíêöi¨ chq1r òà
shq1r [10]; ôóíäàìåíòàëüíó ñèñòåìó ðîçâ'ÿç-
êiâ äëÿ äèôåðåíöiàëüíîãî ðiâíÿííÿ Ëåæàí-
äðà (Λ(µ)j − q2m)v = 0 óòâîðþþòü ôóíêöi¨

P
(µ)j
νm (chr) òà L(µ)j

νm (chr) [11], νm = −1/2+ qm,
m = 2, 3, j = 1, 2.

Íàÿâíiñòü ôóíäàìåíòàëüíî¨ ñèñòåìè
ðîçâ'ÿçêiâ äîçâîëÿ¹ ïîáóäóâàòè ðîçâ'ÿçîê
êðàéîâî¨ çàäà÷i (5)-(7) ìåòîäîì ôóíêöié
Êîøi [10, 13]:

u∗1(p, r) = A1chq1r +B1shq1r+

+

R1∫
R0

E∗
1(p, r, ρ)F

∗
1 (p, ρ)dρ,

u∗2(p, r) = A2P
(µ)1
ν2

(chr)+

+B2L
(µ)1
ν2

(chr) +

R2∫
R1

E∗
2(p, r, ρ)F

∗
2 (p, ρ)shρdρ,

(8)
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u∗3(p, r) = B3L
(µ)2
ν3

(chr)+

+

∞∫
R2

E∗
3(p, r, ρ)F

∗
3 (p, ρ)shρdρ.

Ó ðiâíîñòÿõ (8) E∗
j (p, r, ρ) - ôóíêöi¨ Êîøi:

E∗
j (p, r, ρ)

∣∣∣
r=ρ+0

−E∗
j (p, r, ρ)

∣∣∣
r=ρ−0

= 0,

dE∗
j (p, r, ρ)

dr

∣∣∣
r=ρ+0

−
dE∗

j (p, r, ρ)

dr

∣∣∣
r=ρ−0

= −[φj]
−1,

(9)
äå φ1 = 1, φ2 = shρ, φ3 = shρ.

Ïðèïóñòèìî, ùî ôóíêöiÿ Êîøi

E∗
1(p, r, ρ) =


−
E

∗

1≡ C1chq1r +D1shq1r,
R0 < r < ρ < R1,
+

E
∗

1≡ C2chq1r +D2shq1r,
R0 < ρ < r < R1.

Âëàñòèâîñòi (9) ôóíêöi¨ Êîøi äàþòü àë-
ãåáðà¨÷íó ñèñòåìó ç äâîõ ðiâíÿíü

(C2 − C1)chq1ρ+ (D2 −D1)shq1ρ = 0,

(C2 − C1)shq1ρ+ (D2 −D1)chq1ρ = −q−1
1 .

Çâiäñè çíàõîäèìî ñïiââiäíîøåííÿ:

C2 − C1 = q−1
1 shq1ρ,D2 −D1 = −q−1

1 chq1ρ.
(10)

Äîïîâíèìî ðiâíîñòi (10) àëãåáðà¨÷íèìè
ðiâíÿííÿìè(

α0
11

d

dr
+ β

0

11

) −
E

∗

1

∣∣∣
r=R0

= 0 :

V 01
11 (q1R0)C1 + V 02

11 (q1R0)D1 = 0, (11)(
α1
11

d

dr
+ β

1

11

) +

E
∗

1

∣∣∣
r=R1

= 0 :

V 11
11 (q1R1)C2 + V 12

11 (q1R1)D2 = 0.

Àëãåáðà¨÷íà ñèñòåìà (11) âíàñëiäîê ñïiâ-
âiäíîøåíü (10) íàáóâà¹ âèãëÿäó:

V 01
11 (q1R0)C1 + V 02

11 (q1R0)D1 = 0, (12)

V 11
11 (q1R1)C1+V

12
11 (q1R1)D1 = q−1

1 Φ1
11(q1R1, q1ρ).

Iç àëãåáðà¨÷íî¨ ñèñòåìè (12) çíàõîäèìî,
ùî

C1 = − V 02
11 (q1R0)

q1∆11(q1R0, q1R1)
Φ1

11(q1R1, q1ρ),

D1 =
V 01
11 (q1R0)

q1∆11(q1R0, q1R1)
Φ1

11(q1R1, q1ρ).

Öèì ôóíêöiÿ Êîøi E∗
1(p, r, ρ) âèçíà÷åíà é

âíàñëiäîê ñèìåòði¨ âiäíîñíî äiàãîíàëi r = ρ
ìà¹ ñòðóêòóðó:

E∗
1(p, r, ρ) = − 1

q1∆11(q1R0, q1R1)
×

×


Φ0

11(q1R0, q1r)Φ
1
11(q1R1, q1ρ),

R0 < r < ρ < R1,
Φ0

11(q1R0, q1ρ)Φ
1
11(q1R1, q1r),

R0 < ρ < r < R1.

(13)

Íåõàé ôóíêöiÿ Êîøi

E∗
2(p, r, ρ) =

=


−
E

∗

2≡ C1P
(µ)1
ν2 (chr) +D1L

(µ)1
ν2 (chr),

R1 < r < ρ < R2,
+

E
∗

2≡ C2P
(µ)1
ν2 (chr) +D2L

(µ)1
ν2 (chr),

R1 < ρ < r < R2.

Âëàñòèâîñòi (9) ôóíêöi¨ Êîøi äàþòü àë-
ãåáðà¨÷íó ñèñòåìó ðiâíÿíü

(C2−C1)P
(µ)1
ν2

(chρ)+(D2−D1)L
(µ)1
ν2

(chρ) = 0,

(C2 −C1)P
(µ)1
ν2

′
(chρ) + (D2 −D1)L

(µ)1
ν2

′
(chρ) =

= −(shρ)−2.

Çâiäñè îòðèìó¹ìî ñïiââiäíîøåííÿ:

C2 − C1 = −B(µ)1(q2)L
(µ)1
ν2

(chρ),

D2 −D1 = B(µ)1(q2)P
(µ)1
ν2

(chρ). (14)

Äîïîâíèìî ñèñòåìó (14) àëãåáðà¨÷íèìè
ðiâíÿííÿìè(

α1
12

d

dr
+ β

1

12

) −
E

∗

2

∣∣∣
r=R1

= 0 :

Z
(µ)1;11
ν2;12

(chR1)C1+Z
(µ)1;12
ν2;12

(chR1)D1 = 0, (15)(
α2
11

d

dr
+ β

2

11

) +

E
∗

2

∣∣∣
r=R2

= 0 :

Z
(µ)1;21
ν2;11

(chR2)C2 + Z
(µ)1;22
ν2;11

(chR2)D2 = 0.

Â ñèëó ðiâíîñòåé (14) àëãåáðà¨÷íà ñèñòå-
ìà (15) íàáóâà¹ âèãëÿäó:

Z
(µ)1;11
ν2;12

(chR1)C1+Z
(µ)1;12
ν2;12

(chR1)D1 = 0, (16)
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Z
(µ)1;21
ν2;11

(chR2)C1 + Z
(µ)1;22
ν2;11

(chR2)D1 =

= B(µ)1(q2)F
(µ)1,2
ν2;11

(chR2, chρ).

Ðîçâ'ÿçêîì ñèñòåìè (16) ¹

C1 = −
B(µ)1(q2)Z

(µ)1;12
ν2;12

(chR1)

∆
(µ)1
ν2;11

(chR1, chR2)
×

×F (µ)1;2
ν2;11

(chR2, chρ),

D1 =
B(µ)1(q2)Z

(µ)1;11
ν2;12

(chR1)

∆
(µ)1
ν2;11

(chR1, chR2)
×

×F (µ)1;2
ν2;11

(chR2, chρ).

Öèì ôóíêöiÿ Êîøi E∗
2(p, r, ρ) âèçíà÷åíà é

âíàñëiäîê ñèìåòði¨ âiäíîñíî äiàãîíàëi r = ρ
ìà¹ ñòðóêòóðó:

E∗
2(p, r, ρ) = −

B(µ)1(q2)

∆
(µ)1
ν2;11

(chR1, chR2)
×

×


F

(µ)1;1
ν2;12

(chR1, chr)F
(µ)1;2
ν2;11

(chR2, chρ),
R1 < r < ρ < R2,

F
(µ)1;1
ν2;12

(chR1, chρ)F
(µ)1;2
ν2;11

(chR2, chr),
R1 < ρ < r < R2.

(17)
Àíàëîãi÷íî îäåðæó¹ìî, ùî ôóíêöiÿ Êîøi

(ïðè C2 = 0)

E∗
3(p, r, ρ) = −

B(µ)2(q2)

Z
(µ)2;22
ν3;12

(chR2)
×

×


F

(µ)2;2
ν3;12

(chR2, chr)L
(µ)2
ν3 (chρ),

R2 < r < ρ < +∞,

F
(µ)2;2
ν3;12

(chR2, chρ)L
(µ)2
ν3 (chr),

R2 < ρ < r < +∞.

(18)

Ó ðiâíîñòÿõ (13)-(18) áåðóòü ó÷àñòü ôóí-
êöi¨:

V m1
jk (qsRm) =

(
αmjk

d

dr
+ β

m

jk

)
chqsr

∣∣∣
r=Rm

,

V m2
jk (qsRm) =

(
αmjk

d

dr
+ β

m

jk

)
shqsr

∣∣∣
r=Rm

,

Φm
jk(qsRm, qsr) = V m2

jk (qsRm)chqsr−

−V m1
jk (qsRm)shqsr,

∆j1(q1R0, q1R1) = V 01
11 (q1R0)V

12
j1 (q1R1)−

−V 02
11 (q1R0)V

11
j1 (q1R1); j = 1, 2;

Z
(µ),m1
ν;jk (chRm) =

(
αmjk

d

dr
+β

m

jk

)
P (µ)
ν (chr)

∣∣∣
r=Rm

;

Z
(µ),m2
ν;jk (chRm) =

(
αmjk

d

dr
+β

m

jk

)
L(µ)
ν (chr)

∣∣∣
r=Rm

;

F
(µ),m
ν;jk (chRm, chr) = Z

(µ),m1
ν;jk (chRm)L

(µ)
ν (chr)−

−Z(µ),m2
ν;jk (chRm)P

(µ)
ν (chr);

∆
(µ)1
ν2;jk

(chR1, chR2) = Z
(µ)1;11
ν2;j2

(chR1)×

×Z(µ)1;22
ν2;k1

(chR2)− Z
(µ)1;12
ν2;j2

(chR1)×

×Z(µ)1;21
ν2;k1

(chR2); j, k = 1, 2.

Ïîâåðíåìîñü äî ôîðìóë (8). Êðàéîâà
óìîâà â òî÷öi r = R0 òà óìîâè ñïðÿæåííÿ (7)
äëÿ âèçíà÷åííÿ ï'ÿòè âåëè÷èí Aj (j = 1, 2) é
Bk (k = 1, 3) äàþòü íåîäíîðiäíó àëãåáðà¨÷íó
ñèñòåìó ç ï'ÿòè ðiâíÿíü:

V 01
11 (q1R0)A1 + V 02

11 (q1R0)B1 = g∗0(p),

V 11
j1 (q1R1)A1 + V 12

j1 (q1R1)B1−

−Z(µ)1;11
ν2;j2

(chR1)A2 − Z
(µ)1;12
ν2;j2

(chR1)B2 =

= ω∗
j1 + δj2G

∗
12, j = 1, 2, (19)

Z
(µ)1;21
ν2;j1

(chR2)A2 + Z
(µ)1;22
ν2;j1

(chR2)B2−

−Z(µ)2;22
ν3;j2

(chR2)B3 = ω∗
j2 + δj2G

∗
23.

Ó ñèñòåìi (19) áåðóòü ó÷àñòü ôóíêöi¨:

G∗
12 = −c∗11

R1∫
R0

Φ0
11(q1R0, q1ρ)

∆11(q1R0, q1R1)
F ∗
1 (p, ρ)dρ−

− c∗21
shR1

R2∫
R1

F
(µ)1;2
ν2;11

(chR2, chρ)

∆
(µ)1
ν2 (chR1, chR2)

×

×F ∗
2 (p, ρ)shρdρ,

G∗
23 =

c∗12
shR2

R2∫
R1

F
(µ)1;1
ν2;12

(chR1, chρ)

∆
(µ)1
ν2 (chR1, chR2)

F ∗
2 (p, ρ)×

×shρdρ+ c∗22
shR2

∞∫
R2

L
(µ)2
ν3 (chρ)

Z
(µ)2;22
ν3;12

(chR2)
×

×F ∗
3 (p, ρ)shρdρ
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òà ñèìâîë Êðîíåêåðà δj2 (δ12 = 0, δ22 = 1).
Ââåäåìî äî ðîçãëÿäó ôóíêöi¨:

A(µ)1;j(p) = ∆11(q1R0, q1R1)×

×∆
(µ)1
ν2;2j

(chR1, chR2)−∆21(q1R0, q1R1)×

×∆
(µ)1
ν2;1j

(chR1, chR2),

B(µ);j(p) = Z
(µ)2;22
ν3;22

(chR2)∆
(µ)1
ν2;j1

(chR1, chR2)−

−Z(µ)2;22
ν3;12

(chR2)∆
(µ)1
ν2;j2

(chR1, chR2);

j = 1, 2; (µ) = ((µ)1; (µ)2);

Θ(µ)1;1(p, r) = ∆21(q1R0, q1R1)F
(µ)1;1
ν2;12

(chR1, chr)−

−∆11(q1R0, q1R1)F
(µ)1;1
ν2;22

(chR1, chr),

Θ(µ);2(p, r) = Z
(µ)2;22
ν3;12

(chR2)F
(µ)1;2
ν2;21

(chR2, chr)−

−Z(µ)2;22
ν3;22

(chR2)F
(µ)1;2
ν2;11

(chR2, chr).

Ïðèïóñòèìî, ùî âèêîíàíà óìîâà îäíî-
çíà÷íî¨ ðîçâ'ÿçíîñòi êðàéîâî¨ çàäà÷i (5)-(7):
äëÿ p = σ + is ç Re p = σ > σ0, äå σ0
- àáñöèñà çáiæíîñòi iíòåãðàëà Ëàïëàñà, òà
Imp = s ∈ (−∞,+∞) âèçíà÷íèê àëãåáðà-
¨÷íî¨ ñèñòåìè (19) âiäìiííèé âiä íóëÿ:

∆(µ)(p) ≡ A(µ)1;1(p)Z
(µ)2;22
ν3;22

(chR2)−

−A(µ)1;2(p)Z
(µ)2;22
ν3;12

(chR2) = ∆11(q1R0, q1R1)×

×B(µ);2(p)−∆21(q1R0, q1R1)B(µ);1(p) ̸= 0.
(20)

Âèçíà÷èìî ãîëîâíi ðîçâ'ÿçêè êðàéîâî¨ çà-
äà÷i (5)-(7):
1) ïîðîäæåíi êðàéîâîþ óìîâîþ â òî÷öi r =
R0 ôóíêöi¨ Ãðiíà

W ∗
(µ);11(p, r) =

1

∆(µ)(p)
×

×
[
B(µ);2(p)Φ

1
11(q1R1, q1r)−

−B(µ);1(p)Φ
1
21(q1R1, q1r)

]
, (21)

W ∗
(µ);12(p, r) = − c∗11q1

∆(µ)(p)
Θ(µ);2(p, r),

W ∗
(µ);13(p, r) = − c∗11q1c

∗
12

∆(µ)(p)B(µ)1(q2)shR2

L(µ)2
ν3

(chr);

2) ïîðîäæåíi íåîäíîðiäíiñòþ óìîâ ñïðÿæåí-
íÿ ôóíêöi¨ Ãðiíà

R∗1
(µ);11(p, r) = −

B(µ); 2(p)

∆(µ)(p)
Φ0

11(q1R0, q1r),

R∗1
(µ);21(p, r) =

B(µ); 1(p)

∆(µ)(p)
Φ0

11(q1R0, q1r),

R∗1
(µ);12(p, r) = −

c∗21Z
(µ)2;22
ν3;22

(chR2)

B(µ)1(q2)shR1∆(µ)(p)
Φ0

11(q1R0, q1r),

R∗1
(µ);22(p, r) =

c∗21Z
(µ)2;22
ν3;12

(chR2)

B(µ)1(q2)shR1∆(µ)(p)
Φ0

11(q1R0, q1r),

R∗2
(µ);11(p, r) =

∆21(q1R0, q1R1)

∆(µ)(p)
Θ(µ);2(p, r),

R∗2
(µ);21(p, r) = −∆11(q1R0, q1R1)

∆(µ)(p)
Θ(µ);2(p, r),

R∗2
(µ);12(p, r) = −

Z
(µ)2;22
ν3;22

(chR2)

∆(µ)(p)
Θ(µ)1;1(p, r),

R∗2
(µ);22(p, r) =

Z
(µ)2;22
ν3;12

∆(µ)(p)
Θ(µ)1;1(p, r), (22)

R∗3
(µ);11(p, r) =

c∗12∆21(q1R0, q1R1)

B(µ)1(q2)shR2∆(µ)(p)
L(µ)2
ν3

(chr),

R∗3
(µ);21(p, r) = − c∗12∆11(q1R0, q1R1)

B(µ)1(q2)shR2∆(µ)(p)
L(µ)2
ν3

(chr),

R∗3
(µ);12(p, r) =

A(µ)1;2(p)

∆(µ)(p)
L(µ)2
ν3

(chr),

R∗3
(µ);22(p, r) = −

A(µ)1;1(p)

∆(µ)(p)
L(µ)2
ν3

(chr);

3) ïîðîäæåíi íåîäíîðiäíiñòþ ñèñòåìè (5)
ôóíêöi¨ âïëèâó

H∗
(µ);11(p, r, ρ) =

= − 1

q1


Φ0

11(q1R0, q1r)W
∗
(µ);11(p, ρ),

R0 < r < ρ < R1,
Φ0

11(q1R0, q1ρ)W
∗
(µ);11(p, r),

R0 < ρ < r < R1,

,

H∗
(µ);12(p, r, ρ) =

c∗21
shR1

Φ0
11(q1R0, q1r)

∆(µ)(p)
Θ(µ);2(p, ρ),

H∗
(µ);13(p, r, ρ) =

c∗21c
∗
22

B(µ)1(q2)shR1shR2

×
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× 1

∆(µ)(p)
Φ0

11(q1R0, q1r)L
(µ)2
ν3

(chρ),

H∗
(µ);21(p, r, ρ) =

c∗11
∆(µ)(p)

Φ0
11(q1R0, q1ρ)Θ(µ);2(p, r),

H∗
(µ);22(p, r, ρ) =

B(µ)1(q2)

∆(µ)(p)
×

×
{

Θ(µ)1;1(p, r)Θ(µ);2(p, ρ), R1 < r < ρ < R2,
Θ(µ)1;1(p, ρ)Θ(µ);2(p, r), R1 < ρ < r < R2,

(23)

H∗
(µ);23(p, r, ρ) =

c∗22
shR2

L
(µ)2
ν3 (chρ)

∆(µ)(p)
Θ(µ)1;1(p, r),

H∗
(µ);31(p, r, ρ) =

c∗11c
∗
12Φ

0
11(q1R0, q1ρ)

B(µ)1(q2)shR2∆(µ)(p)
×

×L(µ)2
ν3

(chr), H∗
(µ);32(p, r, ρ) =

c∗12
shR2

1

∆(µ)(p)
×

×Θ(µ)1;1(p, ρ)L
(µ)2
ν3

(chr),

H∗
(µ);33(p, r, ρ) =

B(µ)2(q3)

∆(µ)(p)
×

×

 L
(µ)2
ν3 (chρ)

[
A(µ)1;2(p)F

(µ)2;2
ν3;12

(chR2, chr)−

L
(µ)2
ν3 (chr)

[
A(µ)1;2(p)F

(µ)2;2
ν3;12

(chR2, chρ)−

−A(µ)1;1(p)F
(µ)2;2
ν3;22

(chR2, chr)
]
,

R2 < r < ρ < +∞,

−A(µ)1;1(p)F
(µ)2;2
ν3;22

(chR2, chρ)
]
,

R2 < ρ < r < +∞.

Ó ðåçóëüòàòi îäíîçíà÷íî¨ ðîçâ'ÿçíîñòi àë-
ãåáðà¨÷íî¨ ñèñòåìè (19), ïiäñòàíîâêè îòðè-
ìàíèõ âèðàçiâ âåëè÷èí Aj, Bk ó ðiâíîñòi (8)
òà íèçêè åëåìåíòàðíèõ ïåðåòâîðåíü, ìà¹ìî
¹äèíèé ðîçâ'ÿçîê êðàéîâî¨ çàäà÷i (5)-(7):

u∗j(p, r) = W ∗
(µ);1j(p, r)g

∗
0(p)+

+
2∑

m,k=1

R∗j
(µ);mk(p, r)ω

∗
mk+

+

R1∫
R0

H∗
(µ);j1(p, r, ρ)F

∗
1 (p, ρ)dρ+

+

R2∫
R1

H∗
(µ);j2(p, r, ρ)F

∗
2 (p, ρ)shρdρ+

+

∞∫
R2

H∗
(µ);j3(p, r, ρ)F

∗
3 (p, ρ)shρdρ, j = 1, 3.

(24)
Ïåðåõîäÿ÷è â (24) äî îðèãiíàëó, îäåðæó-

¹ìî ¹äèíèé ðîçâ'ÿçîê ïàðàáîëi÷íî¨ êðàéîâî¨
çàäà÷i (1)-(4):

uj(t, r) =

t∫
0

W(µ);1j(t− τ, r)g0(τ)dτ+

+
2∑

m,k=1

t∫
0

Rj
(µ);mk(t− τ, r)ωmk(τ)dτ+

+

t∫
0

R1∫
R0

H(µ);j1(t−τ, r, ρ)
[
f1(τ, ρ)+δ+(τ)g1(ρ)

]
×

×a−2
1 dρdτ +

t∫
0

R2∫
R1

H(µ);j2(t− τ, r, ρ)× (25)

×
[
f2(τ, ρ) + δ+(τ)g2(ρ)

]
a−2
2 shρdρdτ+

+

t∫
0

∞∫
R2

H(µ);j3(t−τ, r, ρ)
[
f3(τ, ρ)+δ+(τ)g3(ρ)

]
×

×a−2
3 shρdρdτ, j = 1, 3.

Ó ðiâíîñòÿõ (25) ïðèéíÿòî, ùî g0(τ) =
g0(τ)+δ+(τ)(δ

0
11g

′
1(R0)+γ

0
11g1(R0)), ωmk(τ) =

ωmk(τ) + ψmkδ+(τ), äå δ+(τ) - äåëüòà-
ôóíêöiÿ, çîñåðåäæåíà â òî÷öi τ = 0+ [13].

Ó ðiâíîñòÿõ (25) çà îçíà÷åííÿì [12] ìà¹-
ìî, ùî ãîëîâíi ðîçâ'ÿçêè

W(µ);1j(t, r) =
1

2πi

σ0+i∞∫
σ0−i∞

W ∗
(µ);1j(p, r)e

ptdp;

(26)
j = 1, 3,

Rj
(µ);mk(t, r) =

1

2πi

σ0+i∞∫
σ0−i∞

R∗j
(µ);mk(p, r)e

ptdp;

m, k = 1, 2, j = 1, 3, (27)
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H(µ);jk(t, r, ρ) =
1

2πi

σ0+i∞∫
σ0−i∞

H∗
(µ);jk(p, r, ρ)e

ptdp;

(28)
j, k = 1, 3.
3. Àíàëiç ãîëîâíèõ ðîçâ'ÿçêiâ

(ôóíêöié Ãðiíà òà ôóíêöié âïëèâó).
Îäåðæèìî âèðàç äëÿ ôóíêöié

W(µ);1j(t, r), Rj
(µ);mk(t, r) òà H(µ);jk(t, r, ρ)

çðó÷íèé ÿê äëÿ òåîðåòè÷íèõ äîñëiäæåíü,
òàê i äëÿ iíæåíåðíèõ ðîçðàõóíêiâ.

Çíàéäåìî âëàñíi åëåìåíòè (ñïåêòð i ñïå-
êòðàëüíó ôóíêöiþ) ãiáðèäíîãî äèôåðåíöi-
àëüíîãî îïåðàòîðà (ÃÄÎ)

M(µ) = θ(r −R0)θ(R1 − r)a21
d2

dr2
+

+θ(r−R1)θ(R2− r)a22Λ(µ)1 + θ(r−R2)a
2
3Λ(µ)2 .
(29)

Îñêiëüêè ÃÄÎ M(µ) ñàìîñïðÿæåíèé (ÿê
ñóìà ñàìîñïðÿæåíèõ äèôåðåíöiàëüíèõ îïå-
ðàòîðiâ) i ìà¹ íà ìíîæèíi I+2 îäíó îñîáëèâó
òî÷êó r = +∞, òî éîãî ñïåêòð íåïåðåðâíèé
[14]. Ìîæíà ââàæàòè, ùî ñïåêòðàëüíèé ïà-
ðàìåòð β ∈ (0,+∞). Éîìó âiäïîâiäà¹ äiéñíà
ñïåêòðàëüíà ôóíêöiÿ

V(µ)(r, β) = θ(r −R0)θ(R1 − r)V(µ);1(r, β)+

+θ(r −R1)θ(R2 − r)V(µ);2(r, β)+

+θ(r −R2)V(µ);3(r, β). (30)

Ïðè öüîìó ôóíêöi¨ V(µ);j(r, β) ïîâèííi çà-
äîâîëüíÿòè âiäïîâiäíî äèôåðåíöiàëüíi ðiâ-
íÿííÿ(

a21
d2

dr2
+ b21

)
V(µ);1(r, β) = 0, r ∈ (R0, R1),(

a22Λ(µ)1 + b22

)
V(µ);2(r, β) = 0, r ∈ (R1, R2),

(31)(
a23Λ(µ)2 + b23

)
V(µ);3(r, β) = 0, r ∈ (R2,+∞),

êðàéîâi óìîâè(
α̃0
11

d

dr
+ β̃0

11

)
V(µ);1(r, β)

∣∣∣
r=R0

= 0,

lim
r→+∞

dkV(µ);3(r, β)

drk
= 0, k = 0, 1 (32)

òà óìîâè ñïðÿæåííÿ[(
α̃kj1

d

dr
+ β̃kj1

)
V(µ);k(r, β)−

(
α̃kj2

d

dr
+ β̃kj2

)
×

×V(µ);k+1(r, β)
]∣∣∣
r=Rk

= 0; j, k = 1, 2. (33)

Òóò ïðèéíÿòi ïîçíà÷åííÿ: b2j = β2 + k2j ,
k2j ≥ 0, j = 1, 3; α̃mjk = αmjk−(β2+γ2)δmjk, β̃

m
jk =

βmjk− (β2+γ2)γmjk, γ
2 = max{γ21 ; γ22 ; γ23}, j, k =

1, 2; m = 0, 1, 2. Ó ïîäàëüøîìó ïîçíà÷èìî
bj = a−1

j bj (j = 1, 3).
Ôóíäàìåíòàëüíó ñèñòåìó ðîçâ'ÿçêiâ äëÿ

äèôåðåíöiàëüíîãî ðiâíÿííÿ Ôóð'¹ (
d2

dr2
+

b
2

1)v = 0 óòâîðþþòü ôóíêöi¨ cos b1r òà sin b1r
[10]; ôóíäàìåíòàëüíó ñèñòåìó ðîçâ'ÿçêiâ
äëÿ äèôåðåíöiàëüíîãî ðiâíÿííÿ Ëåæàíäðà
(Λ(µ)1 + b

2

2)v = 0 óòâîðþþòü ôóíêöi¨

A
(µ)1
ν∗2

(chr) òà B(µ)1
ν∗2

(chr), ν∗2 = −1/2 + ib2 [11];
ôóíäàìåíòàëüíó ñèñòåìó ðîçâ'ÿçêiâ äëÿ äè-
ôåðåíöiàëüíîãî ðiâíÿííÿ Ëåæàíäðà (Λ(µ)2 +

b
2

3)v = 0 óòâîðþþòü ôóíêöi¨ A(µ)2
ν∗3

(chr) òà

B
(µ)2
ν∗3

(chr) [11], ν∗3 = −1/2 + ib3.
ßêùî ðîçâ'ÿçîê ñïåêòðàëüíî¨ çàäà÷i (31)-

(33) âiäøóêóâàòè ó âèãëÿäi ëiíiéíî¨ êîìáiíà-
öi¨ ôóíäàìåíòàëüíî¨ ñèñòåìè ðîçâ'ÿçêiâ

V(µ);1(r, β) = A1 cos b1r +B1 sin b1r,

r ∈ (R0, R1),

V(µ);2(r, β) = A2A
(µ)1
ν∗2

(chr) +B2B
(µ)1
ν∗2

(chr),

(34)
r ∈ (R1, R2),

V(µ);3(r, β) = A3A
(µ)2
ν∗3

(chr) +B3B
(µ)2
ν∗3

(chr),

r ∈ (R2,+∞),

òî êðàéîâà óìîâà â òî÷öi r = R0 òà óìîâè
ñïðÿæåííÿ (33) äëÿ âèçíà÷åííÿ øåñòè âåëè-
÷èí äàþòü àëãåáðà¨÷íó îäíîðiäíó ñèñòåìó ç
ï'ÿòè ðiâíÿíü:

v0111(b1R0)A1 + v0211(b1R0)B1 = 0,

v11j1(b1R1)A1+v
12
j1(b1R1)B1−Y (µ)1;11

ν∗2 ;j2
(chR1)A2−

−Y (µ)1;12
ν∗2 ;j2

(chR1)B2 = 0, j = 1, 2, (35)
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Y
(µ)1;21
ν∗2 ;j1

(chR2)A2 + Y
(µ)1;22
ν∗2 ;j1

(chR2)B2−

−Y (µ)2;21
ν∗3 ;j2

(chR2)A3 − Y
(µ)2;22
ν∗3 ;j2

(chR2)B3 = 0.

Àëãåáðà¨÷íà ñèñòåìà (35) ñóìiñíà. Ðîçâ'ÿ-
çîê ñèñòåìè (35) áóäó¹òüñÿ ñòàíäàðòíèì
ñïîñîáîì [15].

Ó ðåçóëüòàòi ðîçâ'ÿçàííÿ àëãåáðà¨÷íî¨ ñè-
ñòåìè (35) é ïiäñòàíîâêè îäåðæàíèõ âèðàçiâ
äëÿ Aj òà Bj (j = 1, 3) ó ðiâíîñòi (34) îòðè-
ìó¹ìî ôóíêöi¨:

V(µ);1(r, β) = q(µ)1(β)q(µ)2(β)
[
v0211(b1R0) cos b1r−

−v0111(b1R0) sin b1r)
]
,

V(µ);2(r, β) = q(µ)2(β)
[
δ11(b1R0, b1R1)×

×f (µ)1;1
ν∗2 ;22

(chR1, chr)− (36)

−δ21(b1R0, b1R1)f
(µ)1;1
ν∗2 ;12

(chR1, chr)
]
,

V(µ);3(r, β) = ω(µ);1(β)B
(µ)2
ν∗3

(chr)−

−ω(µ);2(β)A
(µ)2
ν∗3

(chr).

Ó ðiâíîñòÿõ (36) áåðóòü ó÷àñòü ôóíêöi¨:

q(µ)1(β) =
c21,1

s(µ)1(b2)shR1

,

q(µ)2(β) =
c21,2

s(µ)2(b3)shR2

, (µ) = ((µ)1, (µ)2),

s(µ)j(bm) =
2µ1j−µ2jγ(µ)j(bm)π

3

sh(2πbm)
×

×

∣∣∣Γ(1/2 + ibm + µ+
j )
∣∣∣−2

∣∣∣Γ(1/2 + ibm + µ−
j )
∣∣∣2 ,

γ(µ)j(bm) = cos
cosµ1jsh(2πbm)

cosµ2jπ + cosµ1jπch(2πbm)
;

µ±
j =

1

2
(µ1j ± µ2j), j = 1, 2, m = 2, 3;

δj1(b1R0, b1R1) = v0111(b1R0)v
12
j1(b1R1)−

−v0211(b1R0)v
11
j1(b1R1), j = 1, 2;

δ
(µ)1
ν∗2 ;jk

(chR1, chR2) = Y
(µ)1;11
ν∗2 ;j2

(chR1)×

×Y (µ)1;22
ν∗2 ;k1

(chR2)−Y (µ)1;12
ν∗2 ;j2

(chR1)Y
(µ)1;21
ν∗2 ;k1

(chR2),

a(µ)1;j(β) = δ11(b1R0, b1R1)δ
(µ)1
ν∗2 ;2j

(chR1, chR2)−

−δ21(b1R0, b1R1)δ
(µ)1
ν∗2 ;1j

(chR1, chR2),

ω(µ);j(β) = a(µ)1;2(β)Y
(µ)2;2j
ν∗3 ;12

(chR2)−

−a(µ)1;1(β)Y
(µ)2;2j
ν∗3 ;22

(chR2), j = 1, 2;

f
(µ)1;1
ν∗2 ;j2

(chR1, chr) = Y
(µ)1;11
ν∗2 ;j2

(chR1)B
(µ)1
ν∗2

(chr)−

−Y (µ)1;12
ν∗2 ;j2

(chR1)A
(µ)1
ν∗2

(chr).

Ðîçãëÿíåìî ôóíêöi¨ âïëèâó (28):

H(µ);jk(t, r, ρ) =
1

2πi

σ0+i∞∫
σ0−i∞

H∗
(µ);jk(p, r, ρ)e

ptdp;

j, k = 1, 3.
Îñîáëèâèìè òî÷êàìè ôóíêöié âïëèâó

H∗
(µ);jk(p, r, ρ) ¹ òî÷êè ãàëóæåííÿ p = −γ2j ,

(j = 1, 3) òà p = ∞. Ïîêëàäåìî qj ≡
a−1
j (p + γ2j )

1/2 = ia−1
j bj ≡ ia−1

j (β2 + k2j )
1/2.

Îäåðæèìî, ùî p = −(β2 + k2j + γ2j ). Ïîçíà-
÷èìî γ2 = max{γ21 ; γ22 ; γ23} é âèáåðåìî k2j òàê,
ùîá k2j + γ2j = γ2, òîáòî k2j = γ2 − γ2j . ßêùî
γ2 = γ21 > 0, òî k21 = 0, k22 = γ21 − γ22 ≥ 0,
k23 = γ21 − γ23 ≥ 0; ÿêùî γ2 = γ22 > 0, òî
k21 = γ22 − γ21 ≥ 0, k22 = 0, k23 = γ22 − γ23 ≥ 0;
ÿêùî γ2 = γ23 > 0, òî k21 = γ23 − γ21 ≥ 0,
k22 = γ23 − γ22 ≥ 0, k23 = 0. Îòæå, ìà¹ìî
p = −(β2 + γ2) ≡ eπi(β2 + γ2), dp = −2βdβ.

Ó öüîìó âèïàäêó ìåòîä êîíòóðíîãî iíòå-
ãðàëó iç çàëó÷åííÿì ëåìè Æîðäàíà é òåî-
ðåìè Êîøi [12] äîçâîëÿ¹ ïðèâåñòè ôîðìóëè
(28) äî ðîçðàõóíêîâèõ:

H(µ);jk(t, r, ρ) =

= − 2

π

∞∫
0

Im
{
H∗

(µ);jk(e
πi(β2 + γ2), r, ρ)

}
×

×e−(β2+γ2)tβdβ; j, k = 1, 3. (37)

Ñêîðèñòà¹ìîñÿ âiäîìèìè çàëåæíîñòÿìè
[16]:

V m1
jk (ibsRm) = −α̃mjkbs sin(bsRm)+

+β̃mjk cos(bsRm) ≡ vm1
jk (bsRm),

V m2
jk (ibsRm) = i

[
α̃mjkbs cos(bsRm)+
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+β̃mjk sin(bsRm)
]
≡ ivm1

jk (bsRm),

∆j1(ib1R0, ib1R1) = i
[
v0111(b1R0)v

12
j1(b1R1)−

−v0211(b1R0)v
11
j1(b1R1)

]
≡ iδj1(b1R0, b1R1),

Φm
jk(ibsx, ibsy) = i

[
vm2
jk (bsx) cos(bsy)−

−vm1
jk (bsx) sin(bsy)

]
≡ iφmjk(bsx, bsy)

òà ñïiââiäíîøåííÿìè [11]

P
(µ)j
ν∗j

(chr) = sin(µ1jπ)A
(µ)j
ν∗j

(chr)+

+ cos(µ1jπ)B
(µ)j
ν∗j

(chr), ν∗j = −1/2 + ibj,

L
(µ)j
ν∗j

(chr) = A
(µ)j
ν∗j

(chr)− iγ(µ)j(bj)B
(µ)j
ν∗j

(chr),

j = 1, 2.
Îäåðæèìî:

∆
(µ)1
ν∗2 ;jk

(chR1, chR2) = −z(µ)1(b2)×

×δ(µ)1ν∗2 ;jk
(chR1, chR2); z(µ)1 = cos(µ11π)+

+iγ(µ)1 sin(µ11π); δ
(µ)1
ν∗2 ;jk

(chR1, chR2) =

= Y
(µ)1;11
ν∗2 ;j2

(chR1)Y
(µ)1;22
ν∗2 ;k1

(chR2)−

−Y (µ)1;12
ν∗2 ;j2

(chR1)Y
(µ)1;21
ν∗2 ;k1

(chR2);

A(µ)1;j

(
eπi(β2 + γ2)

)
= −z(µ)1(b2)i×

×
[
δ11(b1R0, b1R1)δ

(µ)1
ν∗2 ;2j

(chR1, chR2)−

−δ21(b1R0, b1R1)δ
(µ)1
ν∗2 ;1j

(chR1, chR2)
]
≡

≡ −iz(µ)1(b2)a(µ)1;j(β), j = 1, 2;

∆(µ)

(
eπi(β2 + γ2)

)
= −iz(µ)1(b2)

[
a(µ)1;1(β)×

×
(
Y

(µ)2;21
ν∗3 ;22

(chR2)− iγ(µ)2(b3)Y
(µ)2;22
ν∗3 ;22

(chR2)
)
−

−a(µ)1;2(β)
(
Y

(µ)2;21
ν∗3 ;12

(chR2)− iγ(µ)2(b3)×

×Y (µ)2;22
ν∗3 ;12

(chR2)
)]

=

= iz(µ)1(b2)
[
ω(µ);1(β)− iγ(µ)2(b3)ω(µ);2(β)

]
.

Âèçíà÷èìî ÷èñëà

a21σ1 =
c11,1c11,2
c21,1c21,2

shR1, a22σ2 =
c11,2
c21,2

, a23σ3 = 1,

âàãîâó ôóíêöiþ

σ(r) = θ(r −R0)θ(R1 − r)σ1 · 1+

+θ(r −R1)θ(R2 − r)σ2shr + θ(r −R2)σ3shr
(38)

òà ñïåêòðàëüíó ùiëüíiñòü

Ω(µ)(β) =
βγ(µ)2(b3)s(µ)2(b3)[

ω(µ);1(β)
]2

+
[
γ(µ)2(b3)ω(µ);2(β)

]2 .
(39)

Ó ðåçóëüòàòi âèêîíàííÿ çàçíà÷åíèõ ó ðiâ-
íîñòÿõ (37) îïåðàöié îäåðæó¹ìî:

H(µ);jk(t, r, ρ) =
2

π

∞∫
0

e−(β2+γ2)tV(µ);j(r, β)×

×V(µ);k(ρ, β)Ω(µ)(β)dβa
2
kσk, j, k = 1, 3. (40)

Àíàëîãi÷íî çíàõîäèìî, ùî

W(µ);1j(t, r) =
2

π

∞∫
0

(−α̃0
11)

−1V(µ);1(R0, β)×

×V(µ);j(r, β)Ω(µ)(β)e
−(β2+γ2)tdβa21σ1, j = 1, 3.

(41)
Âèçíà÷èìî âåëè÷èíè òà ôóíêöi¨:

d1 = a21σ1 : c11,1, d2 = a22σ2 : c11,2,

Zk
(µ);i2(β) =

(
α̃ki2

d

dr
+ β̃ki2

)
V(µ);k+1(r, β)

∣∣∣
r=Rk

;

i, k = 1, 2.
Çà âèùåçàïðîïîíîâàíîþ ìåòîäèêîþ

îòðèìó¹ìî, ùî

1

2πi

σ0+i∞∫
σ0−i∞

R∗j
2k(p, r)e

ptdp =

=
2

π

∞∫
0

e−(β2+γ2)tZk
(µ);12(β)V(µ);j(r, β)Ω(µ)(β)dβ dk;

(42)

1

2πi

σ0+i∞∫
σ0−i∞

R∗j
1k(p, r)e

ptdp =

= − 2

π

∞∫
0

e−(β2+γ2)tZk
(µ);22(β)V(µ);j(r, β)×
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×Ω(µ)(β)dβ dk, k = 1, 2.

Îòæå, îáåðíåíå ïåðåòâîðåííÿ Ëàïëàñà

L−1
[ 2∑
m,k=1

R∗j
(µ);mk(p, r)

]
=

= L−1
[ 2∑
k=1

R∗j
(µ);1k(p, r)

]
+

+L−1
[ 2∑
k=1

R∗j
(µ);2k(p, r)

]
=

=
2∑

k=1

dk

[
− 2

π

∞∫
0

e−(β2+γ2)tZk
(µ);22(β)×

×V(µ);j(r, β)Ω(µ)(β)dβ+ (43)

+
2

π

∞∫
0

e−(β2+γ2)tZk
(µ);12(β)V(µ);j(r, β)Ω(µ)(β)dβ

]
.

Ó ðåçóëüòàòi ïiäñòàíîâêè îäåðæàíèõ âè-
ðàçiâ ôóíêöié Ãðiíà W(µ);1j(t, r) çãiäíî ôîð-
ìóëè (41), ôóíêöié âïëèâó H(µ);jk(t, r, ρ) çãi-
äíî ôîðìóëè (40) òà ôóíêöié Ãðiíà óìîâ
ñïðÿæåííÿ çãiäíî ôîðìóëè (43) ó ôîðìó-
ëè (25) îäåðæó¹ìî iíòåãðàëüíå çîáðàæåííÿ
¹äèíîãî òî÷íîãî àíàëiòè÷íîãî ðîçâ'ÿçêó ïà-
ðàáîëi÷íî¨ êðàéîâî¨ çàäà÷i ñïðÿæåííÿ (1)-
(4):

uj(t, r) =

t∫
0

[ 2
π

∞∫
0

(−α̃0
11)

−1V(µ);1(R0, β)×

×V(µ);j(r, β)e−(β2+γ2)(t−τ)Ω(µ)(β)dβ
]
a21σ1×

×
[
g0(τ) + δ+(τ)(δ

0
11g

′
1(R0) + γ011g1(R0))

]
dτ+

+

t∫
0

R1∫
R0

( 2
π

∞∫
0

e−(β2+γ2)(t−τ)V(µ);j(r, β)×

×V(µ);1(ρ, β)Ω(µ)(β)dβ
)[
f1(τ, ρ)+δ+(τ)g1(ρ)

]
×

×σ1dρdτ +
t∫

0

R2∫
R1

( 2
π

∞∫
0

V(µ);j(r, β)×

×V(µ);2(ρ, β)Ω(µ)(β)e
−(β2+γ2)(t−τ)dβ

)
×

×
[
f2(τ, ρ) + δ+(τ)g2(ρ)

]
σ2dρdτ+ (44)

+

t∫
0

∞∫
R2

( 2
π

∞∫
0

V(µ);j(r, β)V(µ);3(ρ, β)Ω(µ)(β)×

×e−(β2+γ2)(t−τ)dβ
)[
f3(τ, ρ)+δ+(τ)g3(ρ)

]
σ3dρdτ+

+
2∑

k=1

dk

[ t∫
0

( 2
π

∞∫
0

e−(β2+γ2)(t−τ)Zk
(µ);12(β)×

×V(µ);j(r, β)Ω(µ)(β)dβ
)(
ω2k(τ)+ψ2kδ+(τ)

)
dτ−

−
t∫

0

( 2
π

∞∫
0

e−(β2+γ2)(t−τ)Zk
(µ);22(β)V(µ);j(r, β)×

×Ω(µ)(β)dβ
)(
ω1k(τ)+ψ1kδ+(τ)

)
dτ
]
; j = 1, 3.

Ïiäñóìêîì âèêëàäåíîãî âèùå ¹ òàêà òåî-
ðåìà.
Òåîðåìà. Íåõàé âèêîíóþòüñÿ óìîâè:

1) ôóíêöi¨ fj(t, r), g0(t) òà ωjk(t) ¹ îðèãiíà-
ëàìè çà Ëàïëàñîì ùîäî çìiííî¨ t;
2) ôóíêöi¨ fj(t, r) òà gj(r) çàäîâîëüíÿþòü
óìîâè ñïðÿæåííÿ;
3) ôóíêöi¨ f(t, r) = {f1(t, r), f2(t, r), f3(t, r)}
òà g(r) = {g1(r), g2(r), g3(r)} îáìåæåíi,
íåïåðåðâíi, àáñîëþòíî ñóìîâíi ç âàãîâîþ
ôóíêöi¹þ σ(r) i ìàþòü îáìåæåíó âàðiàöiþ
íà ìíîæèíi I+2 ;

4) ôóíêöiÿ F (t, r) =
{ ∂

∂r
F [f1(t, r)],

∂

∂r
Λ(µ)1 [f2(t, r)],

∂

∂r
Λ(µ)2 [f3(t, r)]

}
íåïå-

ðåðâíî äèôåðåíöiéîâíà çà t é íåïåðåðâíà çà
r íà ìíîæèíi D+

2 ;
5) ñïðàâäæó¹òüñÿ íåðiâíiñòü (20).

Òîäi â êëàñi íåïåðåðâíî äèôåðåíöiéîâíèõ
çà çìiííîþ t i äâi÷i íåïåðåðâíî äèôåðåíöi-
éîâíèõ çà çìiííîþ r íà ìíîæèíi D+

2 ôóí-
êöié u(t, r) = {u1(t, r), u2(t, r), u3(t, r)}, ùî
çàäîâîëüíÿþòü óìîâè 1), 3), ïàðàáîëi÷íà
ìiøàíà çàäà÷à (1)-(4) ìà¹ ¹äèíèé îáìåæå-
íèé ðîçâ'ÿçîê, ÿêèé âèçíà÷à¹òüñÿ çà ôîð-
ìóëîþ (44).
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Çàóâàæåííÿ 3. Íàÿâíiñòü ó ôîðìóëi
(44) äîäàíêà

2

π

∞∫
0

(−α̃0
11)

−1V(µ);1(R0, β)V(µ);j(r, β)×

×e−(β2+γ2)tΩ(µ)(β)dβa
2
1σ1

[
δ011g

′
1(R0)+

+γ011g1(R0)
]
+

2∑
k=1

dk

[( 2
π

∞∫
0

e−(β2+γ2)t×

×Zk
(µ);12(β)V(µ);j(r, β)Ω(µ)(β)dβ

)
ψ2k− (45)

−
( 2
π

∞∫
0

e−(β2+γ2)tZk
(µ);22(β)V(µ);j(r, β)×

×Ω(µ)(β)dβ
)
ψ1k

]
, j = 1, 3

ïîêàçó¹ âïëèâ ì'ÿãêîñòi ìåæi ñåðåäîâèùà,
â ÿêîìó ìîäåëþþòüñÿ åâîëþöiéíi ïðîöåñè
(ïîøèðåííÿ òåïëà, äèôóçi¨).
Çàóâàæåííÿ 4. Äîäàíêà (45) ìîæíà

óíèêíóòè, ÿêùî ïåðåéòè äî íîâèõ ïî÷àòêî-
âèõ äàíèõ φj(r) çà ôîðìóëàìè

gj(r) = φj(r) + ajr + bj, j = 1, 3, a3 = 0,

i çíàéòè êîåôiöi¹íòè aj (j = 1, 2) òà bj (j =
1, 3) iç àëãåáðà¨÷íî¨ ñèñòåìè ç ï'ÿòè ðiâíÿíü:

(δ011 + γ011R0)a1 + γ011b1 =

= δ011g
′
1(R0) + γ011g1(R0) ≡ ψ0, (46)[

(δkj1 + γkj1Rk)ak + γkj1bk

]
−

−
[
(δkj2+γ

k
j2Rk)ak+1+γ

k
j2bk+1

]
= ψjk; j, k = 1, 2.

Ïðè íàêëàäåíèõ óìîâàõ íà êîåôiöi¹íòè
àëãåáðà¨÷íà ñèñòåìà (46) çàâæäè ìà¹ ¹äèíèé
ðîçâ'ÿçîê.
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