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ÄÅÐÈÂÀÖIÉÍI ÏÀÐÈ ÎÏÅÐÀÒÎÐIÂ Ó ÏÐÎÑÒÎÐI ÖIËÈÕ ÔÓÍÊÖIÉ

Îïèñàíî âñi ïàðè ëiíiéíèõ îïåðàòîðiâ, ùî äiþòü ó ïðîñòîði öiëèõ ôóíêöié i çàäîâîëüíÿ-
þòü ñïiââiäíîøåííÿ, ÿêå ¹ îïåðàòîðíèì àíàëîãîì ðiâíÿííÿ Ðóáåëà â êëàñi ôóíêöiîíàëiâ.

We describe all pairs of linear operators that act in the spaces of entire functions and satisfy
a relation that is an operator analog of the Rubel equation in the class of functionals.

Ïèòàííÿ çîáðàæåííÿ ëiíiéíèõ ôóíêöiî-
íàëiâ òà îïåðàòîðiâ, ùî äiþòü ó ðiçíèõ ïðî-
ñòîðàõ àíàëiòè÷íèõ ôóíêöié i çàäîâîëüíÿ-
þòü ñïiââiäíîøåííÿ, ÿêi â ïåâíîìó ñåíñi óçà-
ãàëüíþþòü ôîðìóëó äèôåðåíöiþâàííÿ äî-
áóòêó äâîõ ôóíêöié, âèâ÷àëèñÿ â ðîáîòàõ áà-
ãàòüîõ ìàòåìàòèêiâ.

Íåõàé G � äîâiëüíà îáëàñòü êîìïëåêñíî¨
ïëîùèíè i H(G) � ïðîñòið óñiõ àíàëiòè÷íèõ
â G ôóíêöié, ùî íàäiëåíèé òîïîëîãi¹þ êîì-
ïàêòíî¨ çáiæíîñòi [1]. Â [2] Ë.À. Ðóáåë ïî-
ñòàâèâ i ðîçâ'ÿçàâ çàäà÷ó, ïðî çíàõîäæåííÿ
âñiõ ïàð ëiíiéíèõ íåïåðåðâíèõ ôóíêöiîíàëiâ
L òà M íà ïðîñòîði H(G), ÿêi çàäîâîëüíÿ-
þòü ñïiââiäíîøåííÿ

L(fg) = L(f)M(g) + L(g)M(f) (1)

äëÿ äîâiëüíèõ ôóíêöié f òà g ç ïðîñòîðó
H(G). Ïiçíiøå Í.Ð. Íàíäàêóìàð â [3] òà Ë.
Çàëüöìàí â [4] ðiçíèìè ñïîñîáàìè ðîçâ'ÿçà-
ëè çàäà÷ó Ðóáåëà â êëàñi ëiíiéíèõ ôóíêöiî-
íàëiâ íà ïðîñòîðiH(G). Ïîäàëüøi äîñëiäæå-
ííÿ ñòîñîâíî îïèñó ïàð ëiíiéíèõ ôóíêöiî-
íàëiâ íà ïðîñòîði H(G), ÿêi çàäîâîëüíÿþòü
ñïiââiäíîøåííÿ, ïîäiáíi äî (1), çäiéñíåíi â
[5]�[6]. Öi ðåçóëüòàòè òà ¨õ óçàãàëüíåííÿ ñè-
ñòåìàòèçîâàíi â [7]. Óçàãàëüíåíå ðiâíÿííÿ
Ðóáåëà áóëî äîñëiäæåíå â [8].

Íàäàëi â ðiçíèõ ðîáîòàõ ðîçãëÿäàëèñÿ
îïåðàòîðíi ìîäèôiêàöi¨ ñïiââiäíîøåííÿ (1) â
ïåâíèõ êëàñàõ îïåðàòîðiâ, ùî äiþòü ó ïðî-
ñòîði H(G). Â ïðàöÿõ [9]-[10] äîâåäåíî, ùî
êîæíà äåðèâàöiÿ D : H(G) → H(G), òîá-
òî àäèòèâíèé íà H(G) îïåðàòîð, ÿêèé çàäî-
âîëüíÿ¹ ñïiââiäíîøåííÿ

D(fg) = fD(g) + gD(f)

äëÿ äîâiëüíèõ äâîõ ôóíêöié f, g ∈ H(G),
ìà¹ âèãëÿä: (Df)(z) = φ(z)f ′(z), äå φ � äî-
âiëüíà ôóíêöiÿ ç ïðîñòîðó H(G). Çàçíà÷è-
ìî, ùî ëiíiéíèì äåðèâàöiÿì íà ïðîñòîði íå-
ïåðåðâíèõ ôóíêöié C[0, 1] ïðèñâÿ÷åíà ðîáî-
òà [11].

Íàñòóïíèì åòàïîì äîñëiäæåíü ñòàâ ðîç-
ãëÿä ïåâíèõ ìóëüòèïëiêàòèâíèõ ñïiââiäíî-
øåíü äëÿ ðiçíèõ êëàñiâ îïåðàòîðiâ, ùî äi-
þòü ó ïðîñòîði H(G). Â [12] Ð. Áàðêåë òà
Ñ. Ñàåêi îïèñàëè âñi àäèòèâíi îïåðàòîðè T :
H(G1) → H(G2), ÿêi äëÿ äåÿêî¨ âiäìiííî¨
âiä ñòàëî¨ ôóíêöi¨ φ ∈ H(G2) çàäîâîëüíÿ-
þòü ñïiââiäíîøåííÿ

T (zf) = φT (f)

äëÿ äîâiëüíî¨ ôóíêöi¨ f ∈ H(G1).
Â ðîáîòi [13] Í.Ð. Íàíäàêóìàð îïèñàâ âñi

àäèòèâíi îïåðàòîðè M : H(G) → H(G), ÿêi
çàäîâîëüíÿòü ñïiââiäíîøåííÿ

M(fg) =M(f)M(g),

ïðè öüîìó äîâiâøè, ùî êîæåí ç òàêèõ îïå-
ðàòîðiâ íåîáõiäíî ¹ ëiíiéíèì i íåïåðåðâíèì.
Â [14] âií ïðîäîâæèâ äîñëiäæåííÿ ìóëüòè-
ïëiêàòèâíèõ ñïiââiäíîøåíü ó âèïàäêó, êîëè
M : H(G1) → H(G2).

Ïðèðîäíèì óçàãàëüíåííÿì íàâåäåíèõ àñ-
ïåêòiâ äîñëiäæåíü äåðèâàöiéíèõ ñïiââiäíî-
øåíü äëÿ ôóíêöiîíàëiâ òà îïåðàòîðiâ, ùî
äiþòü â ðiçíèõ ïðîñòîðàõ àíàëiòè÷íèõ ôóí-
êöié, ¹ çáiëüøåííÿ êiëüêîñòi íåâiäîìèõ îïå-
ðàòîðiâ â îïåðàòîðíèõ ðiâíÿííÿõ. Ó çâ'ÿç-
êó ç öèì âèíèêà¹ ïèòàííÿ ïðî çíàõîäæåííÿ
âñiõ ïàð ëiíiéíèõ îïåðàòîðiâ A òà B, ÿêi äi-
þòü ó ïðîñòîði öiëèõ ôóíêöié H(C) i çàäî-
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âîëüíÿþòü îïåðàòîðíå ðiâíÿííÿ Ðóáåëà

(A(fg))(z) = (Af)(z)(Bg)(z)+(Ag)(z)(Bf)(z)
(2)

äëÿ äîâiëüíèõ öiëèõ ôóíêöié f òà g. Çàçíà-
÷èìî òàêîæ, ùî âñi ðîçâ'ÿçêè ðiâíÿííÿ (2)
â êëàñi ëiíiéíèõ íåïåðåðâíèõ îïåðàòîðiâ íà
ïðîñòîði H(G) áóëè îïèñàíi ó [15].

Íàäàëi íàì çíàäîáèòüñÿ äîïîìiæíå òâåð-
äæåííÿ ñòîñîâíî îïèñó ìóëüòèïëiêàòèâíèõ
ëiíiéíèõ îïåðàòîðiâ íà ïðîñòîði H(C) (äèâ.,
íàïðèêëàä, [13]). Çàðàäè ïîâíîòè, ìè ñôîð-
ìóëþ¹ìî i íàâåäåìî íîâå äîâåäåííÿ öüîãî
òâåðäæåííÿ.
Ëåìà. Äëÿ òîãî, ùîá ëiíiéíèé íà ïðî-

ñòîði H(C) îïåðàòîð A çàäîâîëüíÿâ ñïiââiä-
íîøåííÿ

(A(fg))(z) = (Af)(z)(Ag)(z)

äëÿ äîâiëüíèõ ôóíêöié f òà g ç ïðîñòîðó
H(C) ïðè z ∈ C, íåîáõiäíî i äîñòàòíüî, ùîá
A = 0, àáî Af = f ◦ ψ äëÿ f ∈ H(C), äå ψ �
äåÿêà ôóíêöiÿ ç ïðîñòîðó H(C).
Äîâåäåííÿ. Íåõàé ëiíiéíèé íà ïðîñòî-

ði H(C) îïåðàòîð A çàäîâîëüíÿ¹ ñïiââiäíî-
øåííÿ ëåìè. Íàäàëi ÷åðåç e(z) ïîçíà÷àòèìå-
ìî ôóíêöiþ e(z) = z. Äëÿ äîâiëüíî¨ òî÷êè
z ∈ C ôîðìóëîþ Lz(f) = (Af)(z) âèçíà÷à-
¹òüñÿ ëiíiéíèé ìóëüòèïëiêàòèâíèé ôóíêöiî-
íàë Lz íà H(C). Âèêîðèñòîâóþ÷è îïèñ ëi-
íiéíèõ ìóëüòèïëiêàòèâíèõ ôóíêöiîíàëiâ íà
ïðîñòîði H(C), (äèâ., íàïðèêëàä, [6]) îäåð-
æó¹ìî, ùî Lz = 0, àáî Lz(f) = f(z0), äå
z0 = Lz(e). Íåõàé Lz ̸= 0 i A(e) = ψ. Òî-
äi z0 = ψ(z), i òîìó Lz(f) = f(ψ(z)), òîá-
òî (Af)(z) = f(ψ(z)) äëÿ äîâiëüíî¨ ôóíêöi¨
f ∈ H(C).

Íåõàé U = {z ∈ C : Lz = 0}. ßêùî U =
C, òî A = 0. Ó âèïàäêó U = ∅ ìà¹ìî, ùî
(Af)(z) = (f ◦ψ)(z) ïðè z ∈ C äëÿ äîâiëüíî¨
ôóíêöi¨ f ∈ H(C), äå ψ � äåÿêà ôóíêöiÿ
ç ïðîñòîðó H(C). Ïîêàæåìî, ùî ìíîæèíà
U ìîæå íàáóâàòè ëèøå äâà íàâåäåíi âèùå
çíà÷åííÿ. Äiéñíî, ÿêáè U ̸= C i U ̸= ∅, òî
äëÿ äîâiëüíî¨ ôóíêöi¨ f ∈ H(C) ìè ìàëè á,
ùî

(Af)(z) =

{
0, ÿêùî z ∈ U ;
f(ψ(z)), ÿêùî z ∈ C \ U.

ßêùî ïîçíà÷èòè h(z) = A(1), òî ìè îäåð-
æó¹ìî, ùî ôóíêöiÿ h(z) ç ïðîñòîðó H(C)
íàáóâà¹ ëèøå äâà çíà÷åííÿ: 0 òà 1, ùî íå-
ìîæëèâî. Íåîáõiäíiñòü óìîâ ëåìè äîâåäåíî,
à ¨õ äîñòàòíiñòü ¹ î÷åâèäíîþ.

Íåõàé ëiíiéíi íà ïðîñòîði H(C) îïåðàòî-
ðè A òà B çàäîâîëüíÿþòü ñïiââiäíîøåííÿ
(2). Ïîçíà÷èìî a(z) = A(1), b(z) = B(1).
Ïîêëàäàþ÷è â (2) f = g = 1, îäåðæèìî,
ùî a(z)(1 − 2b(z))) = 0 ïðè z ∈ C. Îñêiëü-
êè ôóíêöi¨ a(z) òà b(z) ¹ öiëèìè, òî çà òå-
îðåìîþ ¹äèíîñòi äëÿ àíàëiòè÷íèõ ôóíêöié
çâiäñè âèïëèâà¹, ùî b(z) ≡ 1

2
àáî a(z) ≡ 0 â

C.
Ðîçãëÿíåìî ñïî÷àòêó âèïàäîê, êî-

ëè a(z) ̸≡ 0 â C. Òîäi b(z) ≡ 1
2
ïðè

z ∈ C. Ïîêëàäàþ÷è â (2) g(z) = 1,
îäåðæèìî, ùî (Af)(z) = 2a(z)(Bf)(z)
äëÿ äîâiëüíî¨ ôóíêöi¨ f ∈ H(C) ïðè
z ∈ C. Òîäi ç (2) îòðèìó¹ìî, ùî
a(z)(2(B(fg)(z) − 4(Bf)(z)(Bg)(z)) = 0
äëÿ äîâiëüíèõ öiëèõ ôóíêöié f òà g ïðè
z ∈ C. Îñêiëüêè a(z) ̸≡ 0 â G, òî çâiäñè âè-
ïëèâà¹, ùî 2(B(fg))(z) = 2(Bf)(z)2(Bg)(z),
f, g ∈ H(C), z ∈ C. Òîäi 2B ¹ íåíóëüîâèì
ìóëüòèïëiêàòèâíèì îïåðàòîðîì, ÿêèé äi¹
â ïðîñòîði öiëèõ ôóíêöié. Çà ëåìîþ îäåð-
æó¹ìî, ùî B(f) = 1

2
(f ◦ ψ), äå ψ � äåÿêà

öiëà ôóíêöiÿ. Òîìó A(f) = a · (f ◦ ψ).
Òàêèì ÷èíîì, ó âèïàäêó, êîëè a(z) ̸≡ 0 â
C, ïàðà îïåðàòîðiâ A òà B âèçíà÷à¹òüñÿ
íàñòóïíèìè ôîðìóëàìè: A(f) = a · (f ◦ ψ),
B(f) = 1

2
(f ◦ ψ) äå a, ψ ∈ H(C).

Íåõàé òåïåð a(z) ≡ 0 â C. Ïiäñòàâëÿþ÷è ó
(2) g = 1, îäåðæó¹ìî, ùî A = 0 àáî b(z) ≡ 1
â C. ßêùî A = 0, òî äëÿ áóäü-ÿêîãî ëiíiéíî-
ãî íà ïðîñòîði H(C) îïåðàòîðà B ïàðà îïå-
ðàòîðiâ A = 0, B çàäîâîëüíÿ¹ ñïiââiäíîøåí-
íÿ (2). Íàäàëi ââàæàòèìåìî, ùî A ̸= 0. Òîäi
b(z) ≡ 1 â C.

Îòæå, íåõàé a(z) ≡ 0 i b(z) ≡ 1 â C.
Âiçüìåìî äîâiëüíå z ∈ C i íåõàé Lz(f) =
(A(f))(z) i Mz(f) = (B(f))(z). Òîäi ç (2) âè-
ïëèâà¹, ùî ïàðà ëiíiéíèõ ôóíêöiîíàëiâ Lz
òà Mz çàäîâîëüíÿ¹ ñïiââiäíîøåííÿ

Lz(fg) = Lz(f)Mz(g) + Lz(g)Mz(f) (3)

äëÿ äîâiëüíèõ öiëèõ ôóíêöié f òà g. Êðiì
òîãî, Lz(1) = 0 i Mz(1) = 1. Òîäi ç [3] (äèâ.
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òàêîæ [8]) âèïëèâà¹, ùî ïàðà ôóíêöiîíàëiâ
Lz òà Mz âèçíà÷à¹òüñÿ îäíi¹þ iç íàñòóïíèõ
òðüîõ óìîâ:

1) Lz = 0, Mz � äîâiëüíèé ëiíiéíèé ôóí-
êöiîíàë íà H(C);

2) Lz(f) = C f(z1)−f(z2)
z1−z2 , Mz(f) =

1
2
(f(z1) +

f(z2)), äå C, z1, z2 ∈ C, ïðè÷îìó z1 ̸= z2;
3) Lz(f) = Cf ′(z1), Mz(f) = f(z1), äå

C, z1 ∈ C.
×åðåç S ïîçíà÷èìî ìíîæèíó òèõ òî÷îê

z ∈ C, äëÿ ÿêèõ ïàðà ôóíêöiîíàëiâ Lz òàMz

âèçíà÷àþòüñÿ ôîðìóëàìè 1). Òîäi (Af)(z) =
0 äëÿ äîâiëüíî¨ öiëî¨ ôóíêöi¨ f i äëÿ äî-
âiëüíî¨ òî÷êè z ∈ S. ×åðåç Im(A) ïîçíà÷è-
ìî ìíîæèíó çíà÷åíü îïåðàòîðà A. Îñêiëüêè
A ̸= 0, òî iñíó¹ ôóíêöiÿ α ∈ Im(A), ÿêà íå
äîðiâíþ¹ òîòîæíîìó íóëåâi â C. Òîäi ìíî-
æèíà S ¹ ïiäìíîæèíîþ ìíîæèíè íóëiâ ôóí-
êöi¨ α(z) â C. Òîìó ìíîæèíà S ¹ íå áiëüø
íiæ çëi÷åííîþ i íå ìà¹ ñêií÷åííèõ ãðàíè-
÷íèõ òî÷îê. Äëÿ äîâiëüíî¨ òî÷êè z iç S ïî-
çíà÷èìî mz = min{m ∈ N : g(z) = g′(z) =
. . . = g(m−1)(z) = 0,∀g ∈ Im(A)}. Ç âèçíà÷å-
ííÿ ÷èñëà mz âèïëèâà¹, ùî äëÿ êîæíî¨ òî-
÷êè z ∈ S iñíó¹ ôóíêöiÿ gz ∈ Im(A), äëÿ
ÿêî¨ g(mz)z (z) ̸= 0. Íåõàé h � äîâiëüíà öi-
ëà ôóíêöiÿ, ìíîæèíà íóëiâ ÿêî¨ çáiãà¹òüñÿ
ç ìíîæèíîþ S, ïðè÷îìó êðàòíiñòü äîâiëü-
íîãî íóëÿ z ∈ S ôóíêöi¨ h(z) äîðiâíþ¹ mz.
Ôóíêöiÿ h iñíó¹ çà òåîðåìîþ Âåé¹ðøòðàñ-
ñà (äèâ. [16], ñòîð. 272). Äëÿ äîâiëüíî¨ öiëî¨
ôóíêöi¨ f ôóíêöiÿ 1

h(z)
(Af)(z) ¹ òàêîæ öi-

ëîþ, îñêiëüêè êîæíà ñêií÷åííà îñîáëèâà òî-
÷êà öi¹¨ ôóíêöi¨ ¹ óñóâíîþ. Òîìó ôîðìóëîþ
(A1f)(z) = 1

h(z)
(Af)(z) âèçíà÷à¹òüñÿ ëiíié-

íèé îïåðàòîð A1 íà ïðîñòîði H(C). Ðiâíiñòü
(2) ìîæíà çàïèñàòè ó âèãëÿäi

h(z)(A1(fg))(z) =

= h(z)(A1f)(z)(Bg)(z)+h(z)(A1g)(z)(Bf)(z),

f, g ∈ H(C), z ∈ C. Ïðè z ∈ C\S çâiäñè
âèïëèâà¹, ùî

(A1(fg))(z) =

= (A1f)(z)(Bg)(z) + (A1g)(z)(Bf)(z) (4)

äëÿ f, g ∈ H(C). Îñêiëüêè êîæíà òî÷êà ç
ìíîæèíè S ¹ içîëüîâàíîþ, òî ñïiââiäíîøåí-
íÿ (4) ¹ ïðàâèëüíèì äëÿ äîâiëüíèõ ôóíêöié

f òà g iç H(C) ïðè z ∈ C. Äëÿ äîâiëüíî¨
òî÷êè z ∈ G ïîçíà÷èìî L′

z(f) = (A1(f))(z).
Òîäi ç (4) âèïëèâà¹, ùî ïàðà ëiíiéíèõ ôóí-
êöiîíàëiâ L′

z òà Mz çàäîâîëüíÿ¹ ñïiââiäíî-
øåííÿ âèäó (3), â ÿêîìó Lz çàìiíåíå íà L′

z.
Êðiì òîãî, L′

z(1) = 0 i Mz(1) = 1. Îñêiëü-
êè äëÿ äîâiëüíî¨ òî÷êè z ∈ C ôóíêöiîíàë
L′
z ̸= 0, òî ïàðà ôóíêöiîíàëiâ L′

z òà Mz âè-
çíà÷àþòüñÿ îäíi¹þ ç âèùåíàâåäåíèõ ôîðìóë
òèïó 2) àáî 3).

×åðåç V ïîçíà÷èìî ìíîæèíó òèõ òî÷îê
z ∈ C, äëÿ êîæíî¨ ç ÿêèõ ïàðà ôóíêöiîíà-
ëiâ L′

z òà Mz âèçíà÷à¹òüñÿ ôîðìóëàìè âè-
äó 2). Íåõàé V ̸= ∅ i z ∈ V . Òîäi L′

z(f) =

C f(z1)−f(z2)
z1−z2 , Mz(f) = 1

2
(f(z1) + f(z2)), äå

C, z1, z2 ∈ C, f ∈ H(C). Ïîçíà÷èìî A1(e) =
a1, a1 ∈ H(C). Òîäi C = L′

z(e) = a1(z). Íå-
õàé B(e) = b i B(e2) = b1, b, b1 ∈ H(C).
Òîäi Mz(e) = b(z) = 1

2
(z1 + z2) i Mz(e

2) =

b1(z) = 1
2
(z21 + z22). Ç öèõ ðiâíîñòåé çíàõî-

äèìî, ùî z1 = b(z) +
√
b1(z)− b2(z), z2 =

b(z)−
√
b1(z)− b2(z), äå ðîçãëÿäà¹òüñÿ îäíå

iç çíà÷åíü êîðåíÿ
√
b1(z)− b2(z). Íåõàé öi-

ëi ôóíêöi¨ u òà v âèçíà÷àþòüñÿ íàñòóïíèìè
ôîðìóëàìè: u(z) = b(z) i v(z) = b1(z)−b2(z),
z ∈ C. Òàêèì ÷èíîì, îäåðæó¹ìî, ùî

L′
z(f) = a1(z)

f
(
u(z)+

√
v(z)

)
−f

(
u(z)−

√
v(z)

)
2
√
v(z)

,

Mz(f) =
f
(
u(z)+

√
v(z)

)
+f

(
u(z)−

√
v(z)

)
2

.
Çàóâàæèìî, ùî v(z) ̸= 0, îñêiëüêè z ∈ V .

Íåõàé V ̸= C i z ∈ C \ V . Òîäi L′
z(f) =

Cf ′(z1) i Mz(f) = f(z1), äå z1 ∈ C. Òîìó

L′
z(f) = a1(z)f

′(u(z)),

Mz(f) = f(u(z)),

äå a1 = A1(e), u = B(e).
Ïîçíà÷èìî φ(z) = h(z)a1(z), z ∈ C. Âðà-

õîâóþ÷è âèçíà÷åííÿ ôóíêöiîíàëiâ L′
z òà Mz

i òå, ùî (Af)(z) = h(z)(A1f)(z), z ∈ C, îäåð-
æó¹ìî, ùî äëÿ äîâiëüíî¨ ôóíêöi¨ f ∈ H(C)

(Af)(z) =

=

 φ(z)
f
(
u(z)+

√
v(z)

)
−f

(
u(z)−

√
v(z)

)
2
√
v(z)

, ïðè z ∈ V,

φ(z)f ′(u(z)), ïðè z ∈ C \ V ; (5)

(Bf)(z) =
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=

{
f
(
u(z)+

√
v(z)

)
+f

(
u(z)−

√
v(z)

)
2

, ïðè z ∈ V,
f(u(z)), ïðè z ∈ C \ V. (6)

Îñêiëüêè B(e2) = b1, òî ç ôîðìóëè (6) âè-
ïëèâà¹, ùî

b1(z) =

{
u2(z) + v(z), ÿêùî z ∈ V,
u2(z), ÿêùî z ∈ C \ V. (7)

Ôóíêöiÿ b1 ¹ öiëîþ, òîìó ç (7) âèïëèâà¹, ùî
ìíîæèíà C\V çáiãà¹òüñÿ ç ìíîæèíîþ íóëiâ
ôóíêöi¨ v(z).

ßêùî æ V = ∅, òî v ≡ 0 â C, i ç ôîðìóë
(5) òà (6) âèïëèâà¹, ùî A(f) = φ · (f ′ ◦ u),
B(f) = f ◦ u, äå φ, u ∈ H(C).

Òàêèì ÷èíîì, ìè äîâåëè íåîáõiäíiñòü
óìîâ íàñòóïíî¨ òåîðåìè.
Òåîðåìà. Äëÿ òîãî, ùîá ëiíiéíi íà ïðî-

ñòîði H(C) îïåðàòîðè A òà B çàäîâîëü-
íÿëè ñïiââiäíîøåííÿ (2), íåîáõiäíî i äîñòà-
òíüî, ùîá ïàðà öèõ îïåðàòîðiâ âèçíà÷àëàñÿ
îäíi¹þ ç íàñòóïíèõ óìîâ:

1) A = 0, B � äîâiëüíèé ëiíiéíèé îïåðà-
òîð íà H(C);

2) A(f) = φ · (f ◦ ψ); B(f) = 1
2
f ◦ ψ, äå

φ, ψ ∈ H(C);
3) A(f) = φ · (f ′ ◦ ψ), B(f) = f ◦ ψ, äå

φ, ψ ∈ H(C);
4) îïåðàòîðè A òà B âèçíà÷àþòüñÿ ôîð-

ìóëàìè (5) òà (6), â ÿêèõ φ, u, v ∈ H(C),
ïðè÷îìó v ̸≡ 0, à ìíîæèíà C\V çáiãà¹òüñÿ
ç ìíîæèíîþ íóëiâ ôóíêöi¨ v(z).
Äîâåäåííÿ. Äîñòàòíiñòü. ßêùî îïå-

ðàòîðè A òà B âèçíà÷àþòüñÿ îäíi¹þ ç óìîâ
1)�3) òî âîíè ëiíiéíî äiþòü ó ïðîñòîði H(C)
i çàäîâîëüíÿþòü ñïiââiäíîøåííÿ (2). Íåõàé
òåïåð îïåðàòîðè A òà B âèçíà÷àþòüñÿ óìî-
âîþ 4). Ïîêàæåìî ñïî÷àòêó, ùî öi îïåðàòî-
ðè äiþòü â H(C). Äîâåäåííÿ ïðîâåäåìî äëÿ
îïåðàòîðà A. Äëÿ äîâiëüíî¨ öiëî¨ ôóíêöi¨ f
ïðè z ∈ V ìà¹ìî

(Af)(z) =
φ(z)

2
√
v(z)

∞∑
n=0

f (n)(0)

n!
×

×
((
u(z) +

√
v(z)

)n
−
(
u(z)−

√
v(z)

)n)
=

=
φ(z)

2
√
v(z)

∞∑
n=1

f (n)(0)

n!

n∑
k=0

Ck
n

(√
v(z)

)k
×

×u(z)n−k(1 + (−1)k+1) = φ(z)
∞∑
n=1

f (n)(0)

n!
×

×
[n−1

2 ]∑
l=0

C2l+1
n (v(z))l (u(z))n−2l−1 .

Ïðè z ∈ C \ V îòðèìó¹ìî, ùî

(Af)(z) = φ(z)f ′(u(z)) =

= φ(z)
∞∑
n=1

f (n)(0)

(n− 1)!
(u(z))n−1 .

Îñêiëüêè v(z) = 0 ïðè z ∈ C \ V , òî ç öèõ
ðiâíîñòåé îäåðæó¹ìî, ùî äëÿ äîâiëüíî¨ öiëî¨
ôóíêöi¨ f ïðè z ∈ C ìà¹ìî

(Af)(z) = φ(z)
∞∑
n=1

f (n)(0)

n!
×

×
[n−1

2 ]∑
l=0

C2l+1
n (v(z))l (u(z))n−2l−1 . (8)

Ïîêàæåìî, ùî îïåðàòîð A äi¹ â ïðîñòîði
H(C). Äëÿ öüîãî äîñòàòíüî ïåðåâiðèòè, ùî
äëÿ äîâiëüíî¨ ôóíêöi¨ f ∈ H(C) ôóíêöiÿ

F (z) =
∞∑
n=1

f (n)(0)

n!
×

×
[n−1

2 ]∑
l=0

C2l+1
n (v(z))l (u(z))n−2l−1 (9)

¹ öiëîþ. Íåõàé r � äîâiëüíå äîäàòí¹ ÷èñëî.
Ïîçíà÷èìî max

|z|≤r
|v(z)| = a, max

|z|≤r
|u(z)| = b.

Âèáåðåìî ÷èñëî c òàêèì, ùîá c > a+b. Çà íå-
ðiâíîñòÿìè Êîøi äëÿ òåéëîðiâñüêèõ êîåôiöi-

¹íòiâ öiëî¨ ôóíêöi¨ f(z), ìà¹ìî ùî
∣∣∣f (n)(0)n!

∣∣∣ ≤
M(c)
cn

, n = 0, 1, . . ., äåM(c) = max
|z|=c

|f(z)|. Òîìó

max
|z|≤r

∣∣∣∣∣∣∣
f (n)(0)

n!

[n−1
2 ]∑
l=0

C2l+1
n (v(z))l (u(z))n−2l−1

∣∣∣∣∣∣∣ ≤

≤
∣∣∣∣f (n)(0)

n!

∣∣∣∣ [
n−1
2 ]∑
l=0

C2l+1
n albn−2l−1 ≤
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≤ M(c)

cn

n∑
k=0

Ck
na

kbn−k =M(c)

(
a+ b

c

)n
,

n = 1, 2, . . .. Îñêiëüêè c > a+ b, òî çâiäñè âè-
ïëèâà¹, ùî ðÿä â ïðàâié ÷àñòèíi ôîðìóëè (9)
çáiãà¹òüñÿ ðiâíîìiðíî â êðóçi |z| ≤ r. Â ñèëó
äîâiëüíîñòi r, îäåðæó¹ìî, ùî öåé ðÿä çái-
ãà¹òüñÿ ðiâíîìiðíî íà äîâiëüíié êîìïàêòíié
ïiäìíîæèíi ç C. Îñêiëüêè u òà v ¹ öiëèìè
ôóíêöiÿìè, òî çà òåîðåìîþ Âåé¹ðøòðàññà
ïðî ðÿäè ç àíàëiòè÷íèõ ôóíêöié îäåðæó¹ìî,
ùî ôóíêöiÿ F (z), ÿêà âèçíà÷à¹òüñÿ ôîðìó-
ëîþ (9), ¹ öiëîþ. Òîìó îïåðàòîð A äi¹ â ïðî-
ñòîði H(C). Ïîäiáíèì ÷èíîì ïåðåêîíó¹ìîñÿ
â òîìó, ùî îïåðàòîð B òàêîæ äi¹ â H(C).
Îïåðàòîðè A òà B ¹ ëiíiéíèìè. Áåçïîñåðå-
äíüîþ ïåðåâiðêîþ ïåðåêîíó¹ìîñÿ â òîìó, ùî
âîíè çàäîâîëüíÿþòü ñïiââiäíîøåííÿ (2). Òå-
îðåìà äîâåäåíà.

Ç äîâåäåíî¨ òåîðåìè, íàïðèêëàä, âèïëè-
âà¹, ùî äëÿ äîâiëüíî¨ öiëî¨ ôóíêöi¨ φ òà äî-
âiëüíî¨ öiëî¨ ôóíêöi¨ v, ÿêà íå ìà¹ íóëiâ â C,
ôîðìóëàìè

(Af)(z) = φ(z)
f
(
u(z)+

√
v(z)

)
−f

(
u(z)−

√
v(z)

)
2
√
v(z)

(Bf)(z) =
f
(
u(z)+

√
v(z)

)
+f

(
u(z)−

√
v(z)

)
2

âèçíà÷àþòüñÿ ëiíiéíi íà ïðîñòîði H(C) îïå-
ðàòîðè A òà B, ÿêi çàäîâîëüíÿþòü (2).
Çàóâàæåííÿ. Îïåðàòîðè A òà B, ÿêi

âèçíà÷àþòüñÿ îäíi¹þ ç óìîâ 2)�4) äîâåäå-
íî¨ òåîðåìè, íåïåðåðâíî äiþòü ó ïðîñòî-
ði H(C). Òîìó ìíîæèíà ðîçâ'ÿçêiâ ðiâíÿ-
ííÿ (2) â êëàñi íåíóëüîâèõ ëiíiéíèõ íåïå-
ðåðâíèõ îïåðàòîðiâ, ùî äiþòü ó ïðîñòîði
H(C), îïèñó¹òüñÿ îäíi¹þ iç ôîðìóë 2)�4).
Â iíøié ôîðìi òà iíøèì ìåòîäîì âñi ëiíié-
íi íåïåðåðâíi îïåðàòîðè A òà B, ùî äiþòü
ó ïðîñòîði öiëèõ ôóíêöié i çàäîâîëüíÿþòü
ðiâíiñòü (2), îïèñàíi â [15].
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×åðíiâåöüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Þðiÿ Ôåäüêîâè÷à,
Áóêîâèíñüêèé äåðæàâíèé ôiíàíñîâî-åêîíîìi÷íèé óíiâåðñèòåò

IÍÄÓÊÒÈÂÍI ÃÐÀÍÈÖI,
ÏÎÐÎÄÆÅÍI ÏÀÐÎÞ ÍÎÐÌÎÂÀÍÈÕ ÏÐÎÑÒÎÐIÂ

Ââåäåíi iíäóêòèâíi ãðàíèöi [E,F ], ïîðîäæåíi ïàðîþ íîðìîâàíèõ ïðîñòîðiâ, òàêèõ, ùî
òîòîæíå âêëàäåííÿ F ↪→ E íåïåðåðâíå, i äîñëiäæåíî êîëè iíäóêòèâíà ãðàíèöÿ [E,F ] áóäå íå
ìàéæå ðåãóëÿðíîþ ÷è ñòðîãîþ òà êîëè [E,F ] áóäå ñèëüíî σ-ìåòðèçîâíèì ïðîñòîðîì.

We introduce inductive limits [E,F ] generated by a pair of normed spaces, such that the
identity embedding F ↪→ E is continuous. We also investigate in what cases an inductive limit
[E,F ] is not either almost regular or strict and in what cases [E,F ] is a strongly σ-metrizable
space.

1. Âñòóï. Çà îñòàííi 25 ðîêiâ ç'ÿâèëî-
ñÿ áàãàòî ðîáiò (äèâ. [1-5] i âêàçàíó òàì ëi-
òåðàòóðó), â ÿêèõ äîñëiäæóâàëàñÿ ìíîæè-
íà C(f) òî÷îê ñóêóïíî¨ íåïåðåðâíîñòi íàði-
çíî íåïåðåðâíèõ âiäîáðàæåíü f : X × Y →
Z òà ¨õ àíàëîãiâ çi çíà÷åííÿìè â ïðîñòî-
ðàõ, áëèçüêèõ äî ìåòðèçîâíèõ, çîêðåìà, â
σ-ìåòðèçîâíèõ i ñèëüíî σ-ìåòðèçîâíèõ ïðî-
ñòîðàõ, ó ïðîñòîðàõ Ìóðà, âè÷åðïíèõ òà íà-
ïiââè÷åðïíèõ ïðîñòîðàõ, òîùî.

Öi äîñëiäæåííÿ ðîçïî÷àëèñÿ â ïðàöÿõ
[6,7], äå âèâ÷àëèñÿ íàðiçíî íåïåðåðâíi âiä-
îáðàæåííÿ çi çíà÷åííÿìè â ñòðîãèõ ií-
äóêòèâíèõ ãðàíèöÿõ. Îñíîâíèì iíñòðóìåí-
òîì ó äîâåäåííÿõ òàì âèñòóïàëà òåîðåìà
Ä'¹äîííå-Øâàðöà [8, ñ. 54] ïðî òå, ùî çà
ïåâíèõ óìîâ êîæíà îáìåæåíà ìíîæèíà â ií-
äóêòèâíié ãðàíèöi îáîâ'ÿçêîâî ìiñòèòüñÿ ó
äåÿêîìó äîãðàíè÷íîìó ïðîñòîði i îáìåæåíà
â íüîìó. Òàêi iíäóêòèâíi ãðàíèöi íàçèâàþòü
ðåãóëÿðíèìè. Ìiæ òèì, ó ïðàöi [9] áóëî ââå-
äåíî îäèí êëàñ iíäóêòèâíèõ ãðàíèöü Z, ïî-
áóäîâàíèõ íà îñíîâi ïàðè (E,F ) òàêèõ íîð-
ìîâàíèõ ïðîñòîðiâ, ùî F � öå ëiíiéíèé ïiä-
ïðîñòið E i òîòîæíå âêëàäåííÿ F ↪→ E íåïå-
ðåðâíå, ÿêi ìè òóò ïîçíà÷àòèìåìî ñèìâîëîì
[E,F ], i âêàçàíî ïåâíi óìîâè íàE i F , ùîá ií-
äóêòèâíà ãðàíèöÿ [E,F ] áóëà íåðåãóëÿðíîþ.
Îñêiëüêè íàðiçíî íåïåðåðâíi âiäîáðàæåííÿ
çi çíà÷åííÿìè â íåðåãóëÿðíèõ iíäóêòèâíèõ
ãðàíèöÿõ äîñi íå âèâ÷àëèñÿ, òî ïîñòà¹ ïðè-
ðîäíå ïèòàííÿ: ç'ÿñóâàòè, çà ÿêèõ óìîâ ií-

äóêòèâíi ãðàíèöi [E,F ] áóäóòü íàëåæàòè äî
òèõ ÷è iíøèõ êëàñiâ ïðîñòîðiâ, áëèçüêèõ äî
ìåòðèçîâíèõ, i ÿêèìè ìîæóòü áóòè ìíîæè-
íè C(f) ó íàðiçíî íåïåðåðâíèõ âiäîáðàæåíü
f : X × Y → [E,F ].

Òóò ìè ïîäàìî ïåðøi ðåçóëüòàòè, îòðè-
ìàíi â öüîìó íàïðÿìêó, ÿêi áóëè àíîíñîâàíi
â òåçàõ [10].
2. Îñíîâíi îçíà÷åííÿ. Íàãàäà¹ìî, ùî

ìíîæèíà A â òîïîëîãi÷íîìó âåêòîðíîìó
ïðîñòîði (êîðîòêî � ÒÂÏ) X íàçèâà¹òüñÿ
îáìåæåíîþ [11, ñ. 45], ÿêùî âîíà ïîãëèíà-
¹òüñÿ áóäü-ÿêèì îêîëîì íóëÿ â X. Âiäîìî
[11, òâ. 2, ñ. 45], ùî ìíîæèíà A â ÒÂÏ X
áóäå îáìåæåíîþ òîäi i òiëüêè òîäi, êîëè äëÿ
êîæíî¨ ïîñëiäîâíîñòi òî÷îê xn ç A i äîâiëü-
íî¨ íåñêií÷åííî ìàëî¨ ïîñëiäîâíîñòi ñêàëÿ-
ðiâ λn ïîñëiäîâíiñòü òî÷îê λnxn ïðÿìó¹ äî
íóëÿ â X.

Ëåãêî ïåðåâiðèòè, ùî îáðàç f(A) îáìåæå-
íî¨ â X ìíîæèíè A ïðè êîæíîìó ëiíiéíîìó
íåïåðåðâíîìó âiäîáðàæåííi f : X → Y çà-
ëèøà¹òüñÿ îáìåæåíîþ ìíîæèíîþ ó ïðîñòî-
ði Y , à òàêîæ, ùî çàìèêàííÿ A îáìåæåíî¨
ìíîæèíè â ïðîñòîði X áóäå çíîâó îáìåæå-
íîþ â X ìíîæèíîþ.

Ðîçãëÿíåìî çðîñòàþ÷ó ïîñëiäîâíiñòü ëi-
íiéíèõ ïiäïðîñòîðiâ Xn ïðîñòîðó X íàä ïî-
ëåì K äiéñíèõ àáî êîìïëåêñíèõ ÷èñåë, òà-

êó, ùî X =
∞∪
n=1

Xn. Ïðèïóñòèìî, ùî íà êî-

æíîìó ïðîñòîði Xn çàäàíî ëîêàëüíî îïóêëó
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òîïîëîãiþ Tn, ïðè÷îìó âñi òîòîæíi âêëàäå-
ííÿ (Xn, Tn) ↪→ (Xn+1, Tn+1) íåïåðåðâíi. Íà-
ãàäà¹ìî [8, ñ. 46], ùî ëîêàëüíî îïóêëà òî-
ïîëîãiÿ T íà ïðîñòîði X íàçèâà¹òüñÿ òî-
ïîëîãi¹þ iíäóêòèâíî¨ ãðàíèöi ïîñëiäîâíîñòi
ëîêàëüíî îïóêëèõ ïðîñòîðiâ (Xn, Tn), ÿêùî
T � öå iíäóêòèâíà òîïîëîãiÿ íà X, ùî ïî-
ðîäæåíà ïîñëiäîâíiñòþ òîòîæíèõ âêëàäåíü
jn : Xn ↪→ X, òîáòî íàéñèëüíiøà ç ëîêàëü-
íî îïóêëèõ òîïîëîãié S íà X, äëÿ ÿêèõ óñi
âêëàäåííÿ jn : (Xn, Tn) ↪→ (X,S) íåïåðåðâ-
íi. Ëîêàëüíî îïóêëèé ïðîñòið (X, T ) íàçèâà-
¹òüñÿ iíäóêòèâíîþ ãðàíèöåþ ïîñëiäîâíîñòi
ëîêàëüíî îïóêëèõ ïðîñòîðiâ (Xn, Tn), êîðî-
òêî:

(X, T ) = lim ind (Xn, Tn) àáî X = lim indXn.

Iíäóêòèâíà ãðàíèöÿ X = lim indXn íà-
çèâà¹òüñÿ ñòðîãîþ, ÿêùî äëÿ êîæíîãî n
çâóæåííÿ Tn+1|Xn òîïîëîãi¨ Tn+1 íà ïðî-
ñòið Xn çáiãà¹òüñÿ ç òîïîëîãi¹þ Tn, òîá-
òî âñi òîòîæíi âêëàäåííÿ gn : (Xn, Tn) ↪→
(Xn+1, Tn+1) ¹ içîìîðôíèìè. Íàãàäà¹ìî äî-
áðå âiäîìèé ðåçóëüòàò, ùî íàëåæèòüÆ. Ä'¹-
äîííå i Ë. Øâàðöó: ó ñòðîãié iíäóêòèâíié
ãðàíèöi X = lim indXn, äëÿ ÿêî¨ êîæíèé
ïðîñòið Xn çàìêíåíèé â Xn+1, ìíîæèíà
B áóäå îáìåæåíîþ òîäi i òiëüêè òîäi, êî-
ëè âîíà ìiñòèòüñÿ ó äåÿêîìó äîãðàíè÷íîìó
ïðîñòîði Xn i ¹ òàì îáìåæåíîþ. Iíäóêòèâ-
íi ãðàíèöi, ùî ìàþòü âëàñòèâiñòü, âèñëîâëå-
íó ó òåîðåìi Ä'¹äîííå-Øâàðöà, íàçèâàþòü
ðåãóëÿðíèìè. Ðåãóëÿðíi iíäóêòèâíi ãðàíè-
öi âèâ÷àëèñÿ â ñåði¨ ðîáiò áàãàòüîõ àâòîðiâ
[12-20]. Iíäóêòèâíó ãðàíèöþ X = lim indXn

ìè íàçâåìî ìàéæå ðåãóëÿðíîþ, ÿêùî êîæíà
îáìåæåíà â X ìíîæèíà ìiñòèòüñÿ â äåÿêî-
ìó äîãðàíè÷íîìó ïðîñòîði Xn. Çðîçóìiëî,
ùî êîæíà ðåãóëÿðíà iíäóêòèâíà ãðàíèöÿ ¹
i ìàéæå ðåãóëÿðíîþ.
Òåîðåìà 1. Íåõàé X = lim indXn � ií-

äóêòèâíà ãðàíèöÿ, ÿêà íå ¹ ìàéæå ðåãóëÿð-
íîþ. Òîäi iñíó¹ òàêà çáiæíà äî íóëÿ â X
ïîñëiäîâíiñòü òî÷îê am ç X, ùî ìíîæèíà
A = {am : m ∈ N} íå ìiñòèòüñÿ â æîäíîìó
äîãðàíè÷íîìó ïðîñòîði Xn.

Äîâåäåííÿ. Çà óìîâîþ iñíó¹ îáìåæåíà
â X ìíîæèíà B, òàêà, ùî B ̸⊆ Xn äëÿ êî-
æíîãî n. Òîäi äëÿ êîæíîãî n iñíó¹ òî÷êà

xn ∈ B \ Xn. Âiçüìåìî äîâiëüíó ïîñëiäîâ-
íiñòü ñêàëÿðiâ λn ̸= 0, òàêó, ùî λn → 0 ïðè
n → ∞ (íàïðèêëàä, λn = 1

n
), i ïîêëàäåìî

an = λnxn. Ç îáìåæåíîñòi ìíîæèíè B âè-
ïëèâà¹, ùî an → 0 âX. Ðàçîì ç òèì, an ̸∈ Xn

äëÿ êîæíîãî n, áî xn = 1
λn
an ̸∈ Xn çà ïîáó-

äîâîþ. Òîìó A = {am : m ∈ N} ̸⊆ Xn äëÿ
êîæíîãî n. �
3. Iíäóêòèâíi ãðàíèöi [E,F ]. Íåõàé E

i F � íîðìîâàíi ïðîñòîðè íàä ïîëåì K ç íîð-
ìàìè ∥·∥E i ∥·∥F âiäïîâiäíî, ïðè÷îìó F � öå
ëiíiéíèé ïiäïðîñòið E i òîòîæíå âêëàäåííÿ
F ↪→ E íåïåðåðâíå, òîáòî iñíó¹ òàêà êîí-
ñòàíòà γ > 0, ùî ∥z∥E ≤ γ∥z∥F äëÿ êîæíîãî
z ∈ F . Äëÿ êîæíîãî íîìåðà n ðîçãëÿíåìî
íåñêií÷åííèé äîáóòîê

Z̃n = E × E × · · · × E︸ ︷︷ ︸
n ðàçiâ

×F × . . . ,

ÿêèé ¹ âåêòîðíèì ïðîñòîðîì íàä K, i éîãî
ëiíiéíèé ïiäïðîñòið

Zn = {z = (zk)
∞
k=1 ∈ Z̃n : ∥z∥n = sup{∥z1∥E,

. . . , ∥zn∥E, ∥zn+1∥F , . . . } < +∞}.

Ëåãêî ïåðåâiðèòè, ùî ôóíêöiÿ ∥ · ∥n � öå
íîðìà íà Zn, Zn ⊆ Zn+1 i ∥z∥n+1 ≤ γ0∥z∥n,
äå γ0 = max{γ, 1}, îòæå, òîòîæíi âêëàäåííÿ
Zn ↪→ Zn+1 íåïåðåðâíi. Ïîçíà÷èìî ÷åðåç Tn
ëîêàëüíî îïóêëó òîïîëîãiþ íà Zn, ùî ïî-

ðîäæåíà íîðìîþ ∥ · ∥n. Íåõàé Z =
∞∪
n=1

Zn.

Îñêiëüêè âñi Zn � öå ëiíiéíi ïiäïðîñòîðè âå-
êòîðíîãî ïðîñòîðó EN, ïðè÷îìó Zn ⊆ Zn+1

äëÿ êîæíîãî n, òî i Z áóäå ëiíiéíèì ïiäïðî-
ñòîðîì EN, à ïðîñòîðè Zn � ëiíiéíèìè ïiä-
ïðîñòîðàìè ïðîñòîðó Z. Iíäóêòèâíó ãðàíè-
öþ

(Z, T ) = lim ind (Zn, Tn)

ìè áóäåìî ïîçíà÷àòè ñèìâîëîì [E,F ].
Ïî÷íåìî ç âñòàíîâëåííÿ äåÿêèõ äîñòà-

òíiõ óìîâ, ùîá ââåäåíà iíäóêòèâíà ãðàíèöÿ
íå áóëà ìàéæå ðåãóëÿðíîþ.
Òåîðåìà 2. Íåõàé iñíó¹ åëåìåíò a ∈ E,

ÿêèé íàëåæèòü äî çàìèêàííÿ [B]E îäèíè-
÷íî¨ êóëi B = {b ∈ F : ∥b∥F ≤ 1} ïðî-
ñòîðó F ó ïðîñòîði E, i íå íàëåæèòü äî
F . Òîäi ìíîæèíà A = {z(m) : m ∈ N},
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äå z(m) = (0, ..., 0︸ ︷︷ ︸
m ðàçiâ

, a, 0, ...) áóäå îáìåæåíîþ

â ïðîñòîði Z = [E,F ], A ̸⊆ Zn äëÿ êî-
æíîãî n, ïîñëiäîâíiñòü 1

m
z(m) → 0 â Z i

{ 1
m
z(m) : m ∈ N} ̸⊆ Zn äëÿ êîæíîãî n.
Äîâåäåííÿ. Îñêiëüêè a ∈ [B]E, òî iñíó¹

òàêà ïîñëiäîâíiñòü åëåìåíòiâ ak ∈ B, ùî
ak → a â E. Ðîçãëÿíåìî åëåìåíò

z(m,k) = (0, ..., 0︸ ︷︷ ︸
m

, ak, 0, ...)

i ìíîæèíó

A0 = {z(m,k) : (m, k) ∈ N2}.

Çðîçóìiëî, ùî A0 ⊆ Z1, àäæå ak ∈ F äëÿ
êîæíîãî k. Ïðè öüîìó ∥z(m,k)∥1 = ∥ak∥F ≤ 1
äëÿ äîâiëüíèõ m i k, áî ak ∈ B äëÿ êîæíî-
ãî k. Îòæå, ìíîæèíà A0 ëåæèòü i îáìåæåíà
ó ïåðøîìó ïðîñòîði Z1. Îñêiëüêè òîòîæíå
âêëàäåííÿ j1 : Z1 ↪→ Z ëiíiéíå i íåïåðåðâíå,
òî ìíîæèíà A0 = j1(A0) áóäå îáìåæåíîþ i â
ïðîñòîði Z.

Ïîêàæåìî, ùî A ⊆ A0, äå çàìèêàííÿ áå-
ðåòüñÿ ó ïðîñòîði Z. Äëÿ öüîãî äîñèòü ç'ÿ-
ñóâàòè, ùî z(m,k) → z(m) â Z ïðè k → ∞
äëÿ êîæíîãî m. Çàóâàæèìî, ùî z(m,k) i z(m)

ëåæàòü ó ïðîñòîði Zm+1, ïðè÷îìó

∥z(m,k)−z(m)∥m+1 = ∥ak−a∥E → 0 ïðè k → ∞.

Òîìó z(m,k) → z(m) ó ïðîñòîði Zm+1, à çíà-
÷èòü, i ó ïðîñòîði Z, îñêiëüêè âêëàäåííÿ
jm+1 : Zm+1 ↪→ Z íåïåðåðâíå.

Îñêiëüêè çàìèêàííÿ îáìåæåíî¨ ìíîæèíè
çàëèøà¹òüñÿ îáìåæåíîþ ìíîæèíîþ, òî ìíî-
æèíà A0 áóäå îáìåæåíîþ â Z, à ç íåþ i ¨¨
ïiäìíîæèíà A.

ßñíî, ùî z(m) ∈ A \ Zm ïðè m = 1, 2, ...,
àäæå a ̸∈ F , òîìó A ̸⊆ Zn äëÿ êîæíîãî n.

Ñïiââiäíîøåííÿ 1
m
z(m) → 0 âèïëèâà¹ ç

îáìåæåíîñòi ìíîæèíè A. Çðîçóìiëî, ùî i
1
m
z(m) ̸⊆ Zm äëÿ êîæíîãî m = 1, 2, ..., îòæå,

{ 1
m
z(m) : m ∈ N} ̸⊆ Zn äëÿ êîæíîãî n.�
4. Ïðèêëàäè ïðîñòîðiâ E i F , äëÿ

ÿêèõ [B]E \ F ̸= Ø. Ïî÷íåìî ç ïåðøîãî
ïðèêëàäó òàêèõ ïðîñòîðiâ, ÿêèé íàëåæèòü
Á.Ì. Ìàêàðîâó [15]. Íàøà êîíñòðóêöiÿ ç ïî-
ïåðåäíüîãî ïóíêòó óçàãàëüíþ¹ éîãî ïîáóäî-
âè.

Ïðèêëàä 1. Íåõàé F = c � áàíàõiâ ïðî-
ñòið çáiæíèõ ÷èñëîâèõ ïîñëiäîâíîñòåé x =
(ξk)

∞
k=1 ç íîðìîþ ∥x∥F = sup

k∈N
|ξk| = ∥x∥∞

i c0 � áàíàõiâ ïðîñòið óñiõ íåñêií÷åííî ìà-
ëèõ ïîñëiäîâíîñòåé ñêàëÿðiâ ç òi¹þ æ íîð-
ìîþ. Ñèìâîëîì xy ìè ïîçíà÷à¹ìî ïîêîîð-
äèíàòíèé äîáóòîê (ξkηk)

∞
k=1 ïîñëiäîâíîñòåé

x = (ξk)
∞
k=1 i y = (ηk)

∞
k=1 ç KN. Äëÿ äîâiëüíî¨

ïîñëiäîâíîñòi a = (αk)
∞
k=1 ðîçãëÿíåìî ïðî-

ñòið c0 ç âàãîþ a:

c0(a) = {x = (ξk)
∞
k=1 ∈ KN : ax ∈ c0}.

ßêùî αk ̸= 0 äëÿ êîæíîãî k, òî ôóíêöiÿ
∥x∥E = ∥ax∥∞ áóäå íîðìîþ íà ïðîñòîði
E = c0(a), íîðìîâàíèé ïðîñòið (E, ∥ · ∥E) áó-
äå áàíàõîâèì, à âiäîáðàæåííÿ f : E → c0,
f(x) = ax � ëiíiéíîþ içîìåòði¹þ.

Êîëè a ∈ c0, òî ax ∈ c0 äëÿ êîæíîãî
x ∈ F , ïðè÷îìó

∥x∥E = ∥ax∥∞ ≤ ∥a∥∞∥x∥∞ = ∥a∥∞∥x∥F ,

îòæå, F ⊆ E i òîòîæíå âêëàäåííÿ F ↪→ E
íåïåðåðâíå.

Ïðèïóñòèìî, ùî a ∈ c0 i ïîêàæå-
ìî, ùî äëÿ ïàðè (E,F ) áóäåìî ìàòè, ùî
[B]E \ F ̸= Ø, äå B = {x ∈ F : ∥x∥F ≤ 1}.

Ðîçãëÿíåìî òî÷êó b = (1, 0, 1, 0, ...) i ïî-
ñëiäîâíiñòü òî÷îê

bn = (1, 0, 1, 0, ..., 1, 0,︸ ︷︷ ︸
2n ðàçiâ

0, 0, ...).

Îñêiëüêè ∥bn∥F = ∥bn∥∞ = 1, òî
bn ∈ B äëÿ êîæíîãî n. Ïîñëiäîâíiñòü
ab = (α1, 0, α3, 0, ..., α2n−1, 0, ...), î÷åâèäíî,
íàëåæèòü äî c0, îòæå, b ∈ c0(a). Ïðè öüîìó

∥b− bn∥E = ∥a(b− bn)∥∞ = sup
k≥n

|α2k+1| → 0

ïðè n → ∞, îòæå, bn → b â E, à çíà÷èòü,
b ∈ [B]E. Ïðè öüîìó ÿñíî, ùî b ̸∈ F , àäæå
ïîñëiäîâíiñòü 1,0,1,0,... ðîçáiæíà. Òàêèì ÷è-
íîì, b ∈ [B]E \ F .

Çàóâàæèìî, ùî êîëè x = (ξk)
∞
k=1 ∈

[B]E ∩ F , òî iñíó¹ òàêà ïîñëiäîâíiñòü òî÷îê
xn = (ξn,k)

∞
k=1 ç B, ùî xn → x â E. Òîäi i

ξn,k → ξk ïðè n → ∞ äëÿ êîæíîãî k, àäæå
|ξn,k− ξk| ≤ 1

|αk|
∥xn−x∥E. Îñêiëüêè |ξn,k| ≤ 1
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äëÿ äîâiëüíèõ n i k, òî i |ξk| ≤ 1 äëÿ êî-
æíîãî k, îòæå, ∥x∥∞ ≤ 1. Àëå x ∈ F , òîìó
x ∈ B. Ìè ïîêàçàëè, ùî ó öüîìó âèïàäêó
[B]E \ F = [B]E \ B. Ó ïðèêëàäi Ìàêàðîâà
αk =

1
k
äëÿ êîæíîãî k.

Ïðèêëàä 2. Íåõàé E � öå áàíàõiâ ïðî-
ñòið lp, 1 ≤ p < ∞, âñiõ ñóìîâíèõ ç p-òèì
ñòåïåíåì ïîñëiäîâíîñòåé x = (ξk)

∞
k=1 ñêàëÿ-

ðiâ ç íîðìîþ

∥x∥p =

(
∞∑
k=1

|ξk|p
)1/p

= ∥x∥E,

à F � öå ïðîñòið K∞ âñiõ ôiíiòíèõ ïîñëi-
äîâíîñòåé ñêàëÿðiâ ç íîðìîþ ∥ · ∥F , iíäó-
êîâàíîþ ç E, òîáòî ∥x∥F = ∥x∥E äëÿ êî-
æíîãî x ∈ F . Òî÷êà a = ( 1

2k
)∞k=1 íàëåæèòü

äî E = lp äëÿ êîæíîãî p ≥ 1. Äëÿ òî-
÷îê an = (1

2
, 1
4
, ..., 1

2n
, 0, 0, ...) áóäåìî ìàòè, ùî

an ∈ B = {x ∈ F : ∥x∥F ≤ 1}, àäæå an ∈ F i

∥an∥F = ∥an∥p =

(
n∑
k=1

1

2kp

) 1
p

<

(
∞∑
k=1

1

2kp

) 1
p

=

=

( 1
2p

1− 1
2p

) 1
p

=
1

(2p − 1)1/p
≤ 1

(2− 1)1/p
= 1,

àäæå p ≥ 1.
Ïðè öüîìó

∥an − a∥E = ∥an − a∥p =

(∑
k>n

1

2kp

) 1
p

=

=

(
1

2p(n+1)

1− 1
2p

) 1
p

=
1

2n(2p − 1)1/p
→ 0,

îòæå, an → a â E ïðè n→ ∞, òîìó a ∈ [B]E.
Çðîçóìiëî, ùî ïðè öüîìó a ̸∈ F .

ßê i â ïîïåðåäíüîìó ïðèêëàäi, ëåãêî ïî-
êàçàòè, âèêîðèñòàâøè ïåðåõiä äî ïîêîîðäè-
íàòíî¨ ãðàíèöi, ùî i òóò [B]E \F = [B]E \B.
Ïðèêëàä 3. Ìiðêóâàííÿ ïîïåðåäíüîãî

ïðèêëàäó ëåãêî ïåðåíîñÿòüñÿ íà âèïàäîê
E = c0, F = (K∞, ∥ · ∥∞). Òóò òàêîæ
[B]E \ F = [B]E \B ̸= Ø.
Ïðèêëàä 4. Íåõàé E = C[a, b] �

öå áàíàõiâ ïðîñòið íåïåðåðâíèõ ôóíêöié
f : [a, b] → K ç ðiâíîìiðíîþ íîðìîþ ∥f∥E =

= ∥f∥∞ = max
a≤t≤b

|f(t)|, à F = C1[a, b] �

áàíàõiâ ïðîñòið óñiõ íåïåðåðâíî äèôåðåí-
öiéîâíèõ ôóíêöié f : [a, b] → K ç íîð-
ìîþ ∥f∥F = max{∥f∥∞, ∥f ′∥∞}. Çðîçóìi-
ëî, ùî òóò F ⊆ E i òîòîæíå âêëàäåííÿ
F ↪→ E íåïåðåðâíå, áî ∥f∥E = ∥f∥∞ ≤
max{∥f∥∞, ∥f ′∥∞} = ∥f∥F äëÿ êîæíîãî
f ∈ F . Ïîêàæåìî, ùî i òóò [B]E \ F ̸= Ø.

Ñïî÷àòêó ðîçãëÿíåìî âèïàäîê, êîëè
a = −1, b = 1. Çðîçóìiëî, ùî ôóíêöiÿ
g(t) = |t|√

2
íàëåæèòü äî E \ F , à ôóíêöi¨

gn(t) =

√
t2 + 1

n2

2

íàëåæàòü äî F . Ïðè öüîìó

∥gn∥∞ = max
|t|≤1

|gn(t)| =

√
1 + 1

n2

2
≤ 1,

g′n(t) =
1√
2
· 1

2
√
t2 + 1

n2

· 2t = t√
2(t2 + 1

n2 )

i
∥g′n∥∞ = max

|t|≤1
|g′n(t)| ≤

1√
2
< 1,

îòæå,

∥gn∥F ≤ 1 i gn ∈ B = {f ∈ F : ∥f∥F ≤ 1}

äëÿ êîæíîãî n. Îñêiëüêè

|gn(t)− g(t)| = 1√
2

∣∣∣∣∣
√
t2 +

1

n2
− |t|

∣∣∣∣∣ =
=

1
√
2n2

(√
t2 + 1

n2 + |t|
) ≤ 1√

2n

äëÿ âñiõ t, ïðè÷îìó ïðè t = 0 ìà¹ ìiñöå ðiâ-
íiñòü, òî ∥gn − g∥E = ∥gn − g∥∞ = 1√

2n
→ 0

ïðè n→ ∞, òîáòî gn → g â E. Òàêèì ÷èíîì,
g ∈ [B]E \ F .

Ç äîïîìîãîþ ëiíiéíîãî ïåðåòâîðåííÿ
φ : [a, b] → [−1, 1] öåé ïðèêëàä ëåãêî ïåðåíå-
ñòè íà âèïàäîê äîâiëüíîãî âiäðiçêà [a, b], äå
a < b.

Ðiâíiñòü [B]E \ F = [B]E \ B ó öüîìó âè-
ïàäêó äëÿ K = R ëåãêî âèïëèâà¹ ç òàêîãî
ðåçóëüòàòó.
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Òåîðåìà 3. Íåõàé (fn)
∞
n=1 � ïîñëiäîâ-

íiñòü íåïåðåðâíî äèôåðåíöiéîâíèõ ôóíêöié
fn : [a, b] → R, f : [a, b] → R � íåïåðåðâíî
äèôåðåíöiéîâíà ôóíêöiÿ i fn(t) → f(t) íà
äåÿêié ùiëüíié íà âiäðiçêó [a, b] ìíîæèíi T .
Òîäi ÿêùî f ′

n(t) ≤ γ äëÿ âñiõ t ∈ [a, b] i âñiõ
n, òî i f ′(t) ≤ γ äëÿ âñiõ t ∈ [a, b].

Äîâåäåííÿ. Ïðèïóñòèìî, ùî f ′(t0) > γ
äëÿ äåÿêîãî t0 ∈ [a, b]. Îñêiëüêè ïîõiäíà f ′

íåïåðåðâíà i T = [a, b], òî çíàéäåòüñÿ òà-
êèé íåâèðîäæåíèé ñåãìåíò [α, β] ⊆ [a, b], ùî
α, β ∈ T i f ′(t) > γ äëÿ âñiõ t ∈ [α, β]. Ç
ôîðìóëè Ëà ðàíæà âèïëèâà¹, ùî

f(β)− f(α) = f ′(ξ)(β − α) > γ(β − α)

äëÿ äåÿêîãî ξ ∈ (α, β). Îñêiëüêè
f(β) − f(α) = lim

n→∞
(fn(β) − fn(α)), òî i

fm(β)− fm(α) > γ(β − α) äëÿ äåÿêîãî m.
Ùå ðàç âèêîðèñòàâøè ôîðìóëó Ëà ðàíæà,
îòðèìà¹ìî, ùî

fm(β)− fm(α) = f ′
m(ξ0)(β − α)

äëÿ äåÿêî¨ òî÷êè ξ0 ∈ (α, β) ⊆ [a, b], à òî-
äi äëÿ íå¨ f ′

m(ξ0) > γ, ùî ñóïåðå÷èòü óìîâi
òåîðåìè. �

Çðîçóìiëî, ùî òàêèé æå ðåçóëüòàò ìàòè-
ìå ìiñöå, êîëè íåðiâíiñòü ≤ çàìiíèòè íà ≥.

ßêùî òåïåð f ∈ [B]E ∩ F , äå E = C[a, b],
F = C1[a, b], òî iñíó¹ ïîñëiäîâíiñòü ôóíêöié
fn ∈ B, òàêà, ùî fn ⇒ f íà [a, b]. Îñêiëüêè
−1 ≤ f ′

n(t) ≤ 1 íà [a, b], òî çà òåîðåìîþ 3 i
−1 ≤ f ′(t) ≤ 1 íà [a, b]. Êðiì òîãî, çðîçóìiëî,
ùî i −1 ≤ f(t) ≤ 1 íà [a, b], îòæå, f ∈ B, à
òîìó [B]E \ F = [B]E \B.
Ïèòàííÿ 1. ×è iñíó¹ òàêà ïàðà íîðìî-

âàíèõ ïðîñòîðiâ (E,F ), ùî F ⊆ E, ïðè÷îìó
òîòîæíå âêëàäåííÿ F ↪→ E ëiíiéíå i íåïå-
ðåðâíå, ùî äëÿ íèõ

Ø = [B]E \ F ⊂ [B]E \B ̸= Ø,

äå B = {x ∈ F : ∥x∥F ≤ 1}?
5. Âèïàäîê, êîëè [E,F ] áóäå ñèëüíî

σ-ìåòðèçîâíèì ïðîñòîðîì. ßêùî E = K
� öå ïîëå ñêàëÿðiâ çi ñâî¹þ ïðèðîäíîþ íîð-
ìîþ, à F = {0} � öå íóëüîâèé ïiäïðîñòið
K, òî ïðîñòið Zn ó öüîìó âèïàäêó ñêëàäà-
¹òüñÿ ç óñiõ ôiíiòíèõ ïîñëiäîâíîñòåé z =

(ξ1, ..., ξn, 0, 0, ...) ñêàëÿðiâ ξk, ÿêèé ïîçíà÷à-
¹òüñÿ Kn, ïðè öüîìó ∥z∥n = max

1≤k≤n
|ξk|. Â öüî-

ìó âèïàäêó iíäóêòèâíà ãðàíèöÿ Z = [E,F ]
çáiãà¹òüñÿ ç ïðîñòîðîì K∞ = lim indKn óñiõ
ôiíiòíèõ ïîñëiäîâíîñòåé ñêàëÿðiâ ç òîïîëî-
ãi¹þ iíäóêòèâíî¨ ãðàíèöi ñâî¨õ ñêií÷åííîâè-
ìiðíèõ ïiäïðîñòîðiâ Kn. Öÿ iíäóêòèâíà ãðà-
íèöÿ çàäîâîëüíÿ¹ óìîâè òåîðåìè Ä'¹äîííå-
Øâàðöà i òîìó ¹ ðåãóëÿðíîþ. Ïðè öüîìó òóò
[B]E = {0} ⊆ F , îòæå, [B]E \ F = Ø. Öå ïî-
êàçó¹, ùî óìîâà [B]E \ F ̸= Ø â òåîðåìi 2
iñòîòíà. Ó öüîìó ïóíêòi ìè óçàãàëüíèìî öå
ñïîñòåðåæåííÿ.

Ìè áóäåìî âèêîðèñòîâóâàòè ïîçíà÷åí-
íÿ ïóíêòó 3. Ïî÷íåìî ç äîïîìiæíèõ òâåð-
äæåíü.

Ëåìà 1. à). ßêùî òîòîæíå âêëàäåííÿ
J : F ↪→ E içîìîðôíå, òî i âñi òîòîæíi
âêëàäåííÿ Jn : Zn ↪→ Zn+1 áóäóòü içîìîð-
ôíèìè.

á). ßêùî äëÿ äåÿêîãî íîìåðà n âêëàäåííÿ
Jn : Zn ↪→ Zn+1 içîìîðôíå, òî i âêëàäåííÿ
J : F ↪→ E áóäå içîìîðôíèì.

Äîâåäåííÿ. à). Íåõàé J : F ↪→ E � içî-
ìîðôíå âêëàäåííÿ. Òîäi iñíóþòü òàêi êîí-
ñòàíòè α i β, ùî 0 < α ≤ 1 ≤ β i

α∥x∥F ≤ ∥x∥E ≤ β∥x∥F
äëÿ êîæíîãî x ∈ F . Çàôiêñó¹ìî íîìåð n i
ðîçãëÿíåìî äîâiëüíèé åëåìåíò z = (zk)

∞
k=1 ç

ïðîñòîðó Zn. Òîäi zk ∈ E ïðè k ≤ n i zk ∈ F
ïðè k > n. Äëÿ åëåìåíòà zn+1 ç ïðîñòîðó F
áóäåìî ìàòè:

α∥zn+1∥F ≤ ∥zn+1∥E ≤ β∥zn+1∥F .

Îñêiëüêè α ≤ 1 ≤ β, òî i

α∥zk∥E ≤ ∥zk∥E ≤ β∥zk∥E ïðè k ≤ n,

òàê ñàìî ÿê

α∥zk∥F ≤ ∥zk∥F ≤ β∥zk∥F ïðè k > n+ 1.

Òîìó
α∥z∥n ≤ ∥z∥n+1 ≤ β∥z∥n,

à öå îçíà÷à¹, ùî âêëàäåííÿ Jn : Zn ↪→ Zn+1

içîìîðôíå.
á). Íåõàé âêëàäåííÿ Jn : Zn ↪→ Zn+1

içîìîðôíå äëÿ äåÿêîãî íîìåðà n. Ðîçãëÿ-
íåìî âiäîáðàæåííÿ T : F → Zn, Tx =
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(0, .., 0︸ ︷︷ ︸
n ðàçiâ

, x, 0, ...). Îñêiëüêè ∥Tx∥n = ∥x∥F , òî

T � öå ëiíiéíà içîìåòðiÿ ïðîñòîðó F íà ïiä-
ïðîñòið Yn = T (F ) ïðîñòîðó Zn. Ðîçãëÿíåìî
òîé æå ïðîñòið T (F ), àëå ç íîðìîþ, iíäó-
êîâàíîþ ç ïðîñòîðó Zn+1, ÿêèé ìè ïîçíà-
÷èìî ñèìâîëîì Yn+1. Îñêiëüêè âêëàäåííÿ
Jn : Zn ↪→ Zn+1 içîìîðôíå i Jn(Yn) = Yn+1,
òî çâóæåííÿ In = Jn|Yn : Yn → Yn+1 áó-
äå içîìîðôiçìîì íîðìîâàíèõ ïðîñòîðiâ Yn
i Yn+1. Äàëi, âiäîáðàæåííÿ S : Yn+1 → E,
S(Tx) = x äëÿ êîæíîãî x ∈ F � öå ëiíiéíå
içîìåòðè÷íå âêëàäåííÿ, àäæå ∥S(Tx)∥E =
∥x∥E = ∥Tx∥n+1 äëÿ êîæíîãî x ∈ F . Îñêiëü-
êè J = SInT , òî i J : F ↪→ E áóäå içîìîð-
ôíèì âêëàäåííÿì ðàçîì ç Jn.

Òåîðåìà 4. Iíäóêòèâíà ãðàíèöÿ [E,F ]
áóäå ñòðîãîþ òîäi i òiëüêè òîäi, êîëè âêëà-
äåííÿ E ↪→ F içîìîðôíå.

Äîâåäåííÿ. Öå íåãàéíî âèïëèâà¹ ç îçíà-
÷åííÿ ñòðîãî¨ iíäóêòèâíî¨ ãðàíèöi i ëåìè 1.

Ëåìà 2. à). ßêùî F � öå çàìêíåíèé ïiä-
ïðîñòið ïðîñòîðó E, òî äëÿ êîæíîãî n ïðî-
ñòið Zn áóäå çàìêíåíèì ïiäïðîñòîðîì ïðî-
ñòîðó Zn+1.

á). ßêùî äëÿ äåÿêîãî íîìåðà n ïðîñòið
Zn áóäå çàìêíåíèì ïiäïðîñòîðîì ïðîñòîðó
Zn+1, òî i F � öå çàìêíåíèé ïiäïðîñòið ïðî-
ñòîðó E.

Äîâåäåííÿ. à). Íåõàé F � çàìêíåíèé
ïiäïðîñòið E. Îñêiëüêè ∥x∥F = ∥x∥E äëÿ
êîæíîãî x ∈ F , òî i ∥z∥n = ∥z∥n+1 äëÿ êî-
æíîãî z ∈ Zn, îòæå, íîðìîâàíèé ïðîñòið Zn
¹ ïiäïðîñòîðîì íîðìîâàíîãî ïðîñòîðó Zn+1.
Äîâåäåìî, ùî Zn çàìêíåíèé â Zn+1.

Ðîçãëÿíåìî ïiäïðîñòîðè Xn i Yn ïðîñòî-
ðó Zn, ùî ñêëàäàþòüñÿ ç óñiõ íàáîðiâ x =
(z1, ..., zn, 0, zn+2, ...) i y = (0, .., 0︸ ︷︷ ︸

n ðàçiâ

, zn+1, 0, ...) ç

ïðîñòîðó Zn. Çðîçóìiëî, ùî äëÿ êîæíî¨ òî-
÷êè z = (zk)

∞
k=1 ç ïðîñòîðó Zn ìà¹ìî, ùî

z = x + y, äå x i y � âèçíà÷åíi âèùå íàáîðè
ç Xn i Yn âiäïîâiäíî, i òàêå çîáðàæåííÿ åëå-
ìåíòà z ó âèãëÿäi ñóìè åëåìåíòiâ ç Xn i Yn
¹äèíå. Òîìó Zn = Xn ⊕ Yn � öå ïðÿìà ñóìà
ñâî¨õ ïiäïðîñòîðiâ Xn i Yn. Çàóâàæèìî, ùî
ïðè öüîìó

∥z∥n = max{∥x∥n, ∥y∥n},

òîìó ïðîñòið Zn içîìåòðè÷íèé äîáóòêó
Xn × Yn íîðìîâàíèõ ïðîñòîðiâ Xn i Yn ç
ìàêñèìóì-íîðìîþ.

Òàê ñàìî ïðîñòið Zn+1 içîìåòðè÷íèé äî-
áóòêó Xn× Ỹn, äå ïðîñòið Ỹn � öå ïiäïðîñòið
ïðîñòîðó Zn+1, ùî ñêëàäà¹òüñÿ ç óñiõ íàáî-
ðiâ y = (0, .., 0︸ ︷︷ ︸

n ðàçiâ

, zn+1, 0, ...) ç ïðîñòîðó Zn+1.

Êðiì òîãî, iñíóþòü ïðèðîäíi ëiíiéíi içîìå-
òði¨ T : F → Yn i S : E → Ỹn, ÿêi ñïiâñòàâëÿ-
þòü êîæíîìó åëåìåíòó u ç F ÷è E åëåìåíò
y = (0, .., 0︸ ︷︷ ︸

n ðàçiâ

, u, 0, ...) ç Yn ÷è Ỹn âiäïîâiäíî. Íå-

õàé J : F ↪→ E i In : Yn ↪→ Ỹn � öå òîòîæíi
âêëàäåííÿ, ÿêi, î÷åâèäíî, ¹ içîìåòðè÷íèìè.
Ïðè öüîìó äiàãðàìà

F
J−→ E

T ↓ ↓ S

Yn
−→
In

Ỹn

(∗)

êîìóòàòèâíà, àäæå InT = SJ ÿê ëåãêî ïå-
ðåâiðèòè. Çà óìîâîþ ïðîñòið F = J(F ) çà-
ìêíåíèé â E, òîäi i ïðîñòið S(F ) = S(J(F ))

áóäå çàìêíåíèì â Ỹn, àäæå S � öå içîìåòðiÿ.
Àëå

S(J(F )) = In(T (F )) = In(Yn) = Yn.

Òîìó ïðîñòið Yn çàìêíåíèé â Ỹn, à òîäi é
äîáóòîê P = Xn × Yn çàìêíåíèé â äîáóòêó
P̃ = Xn × Ỹn. Ðîçãëÿíåìî ïîáóäîâàíi âèùå
içîìåòði¨ Φ : Zn → P i Ψ : Zn+1 → P̃ . Î÷åâè-
äíî, ùî äiàãðàìà

Zn
Jn−→ Zn+1

Φ ↓ ↓ Ψ

P −→
I

P̃ ,

äå I : P ↪→ P̃ � òîòîæíå âêëàäåííÿ, êîìóòà-
òèâíà. Îñêiëüêè

Zn = Jn(Zn) = (Ψ−1IΦ)(Zn) = Ψ−1(P )

i P � çàìêíåíà ÷àñòèíà P̃ , òî i ïðîñòið Zn
çàìêíåíèé â Zn+1.

á). Íåõàé Zn � öå çàìêíåíèé ïiäïðîñòið
Zn+1 äëÿ äåÿêîãî n. Ðîçãëÿíåìî íîðìîâàíi
ïðîñòîðè Yn i Ỹn, ââåäåíi âèùå. Îñêiëüêè Yn
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� öå çàìêíåíèé ïiäïðîñòið Zn i Zn çàìêíå-
íèé â Zn+1, òî i Yn çàìêíåíèé â Zn+1. Àëå
Yn � öå ïiäïðîñòið Ỹn, îòæå, Yn áóäå çàìêíå-
íèé i â Ỹn. Ç êîìóòàòèâíîñòi äiàãðàìè (∗)
òåïåð ëåãêî âèâåñòè, ùî i F áóäå çàìêíåíèì
ïiäïðîñòîðîì ïðîñòîðó E. �

Ëåìà 3. Íåõàé (X, T ) � öå ñòðîãà ií-
äóêòèâíà ãðàíèöÿ ïîñëiäîâíîñòi ëîêàëüíî
îïóêëèõ ïðîñòîðiâ (Xn, Tn), òàêà, ùî ïðî-
ñòið Xn çàìêíåíèé â Xn+1 äëÿ êîæíîãî n.
Òîäi Xn áóäå çàìêíåíèé i â X äëÿ êîæíîãî
n.

Äîâåäåííÿ. Çàôiêñó¹ìî ÿêåñü n i ïîêà-
æåìî, ùî Xn çàìêíåíèé â X. Íåõàé x ∈
X \Xn. Òîäi iñíó¹ òàêèé íîìåð m, ùî m > n
i x ∈ Xm. Ç óìîâè âèïëèâà¹, ùî ïðîñòið
Xn çàìêíåíèé ó ïðîñòîði Xm. Îñêiëüêè x ̸∈
Xn, òî iñíó¹ òàêèé îêië íóëÿ Um â Xm, ùî
(x + Um) ∩Xn = Ø. Àëå, ÿê âiäîìî [8, c. 54,
òåîðåìà 2], ó íàøîìó âèïàäêó T |Xm = Tm.
Îòæå, iñíó¹ òàêèé îêië íóëÿ U â X, ùî Um =
U ∩ Xm. Â òàêîìó ðàçi i (x + U) ∩ Xn = Ø.
Ñïðàâäi, ÿêáè x + u = y äëÿ äåÿêèõ u ∈ U
i y ∈ Xn, òî u = y − x ∈ Xm, îòæå, u ∈
U∩Xm = Um, à òîìó y = x+u ∈ (x+Um)∩Xn,
ùî ñóïåðå÷èòü âèáîðó Um. Òàêèì ÷èíîì,
(x + U) ∩ Xn = Ø äëÿ äåÿêîãî îêîëó íóëÿ
U â X, çâiäêè âèïëèâà¹ çàìêíåíiñòü Xn â
X. �

Íàãàäà¹ìî, ùî òîïîëîãi÷íèé ïðîñòið Z
íàçèâà¹òüñÿ ñèëüíî σ-ìåòðèçîâíèì, ÿêùî
âií ïîäà¹òüñÿ ó âèãëÿäi îá'¹äíàííÿ çðîñòà-
þ÷î¨ ïîñëiäîâíîñòi ñâî¨õ ìåòðèçîâíèõ i çà-
ìêíåíèõ â Z ïiäïðîñòîðiâ Zn, ïðè÷îìó äëÿ
êîæíî¨ çáiæíî¨ â Z ïîñëiäîâíîñòi òî÷îê
zm iñíó¹ òàêèé íîìåð n, ùî {zm : m ∈
N} ⊆ Zn. Ïðè öüîìó òàêà ïîñëiäîâíiñòü
(Zn)

∞
n=1 íàçèâà¹òüñÿ âè÷åðïóâàííÿì ñèëüíî

σ-ìåòðèçîâíîãî ïðîñòîðó Z.
Òåîðåìà 5. Íåõàé íîðìîâàíèé ïðîñòið

F ¹ çàìêíåíèì ïiäïðîñòîðîì íîðìîâàíîãî
ïðîñòîðó E. Òîäi iíäóêòèâíà ãðàíèöÿ Z =
[E,F ] áóäå ñòðîãîþ i ðåãóëÿðíîþ, ïðè÷îìó
Z áóäå ñèëüíî σ-ìåòðèçîâíèì ïðîñòîðîì ç
âè÷åðïóâàííÿì (Zn)

∞
n=1.

Äîâåäåííÿ. Ç òåîðåìè 4, òâåðäæåííÿ
à) ëåìè 2 i òåîðåìè Ä'¹äîííå-Øâàðöà íå-
ãàéíî âèïëèâà¹, ùî iíäóêòèâíà ãðàíèöÿ

Z = lim indZn áóäå ñòðîãîþ i ðåãóëÿðíîþ.
Îñêiëüêè Tn = T |Zn çãiäíî ç [8, ñ. 54, òåîðåìà
2] i ïðîñòîðè Zn çàìêíåíi â Z çà ëåìîþ 3, òî
(Zn, Tn) � öå çàìêíåíi ïiäïðîñòîðè ïðîñòîðó
(Z, T ), ïðè÷îìó âîíè íîðìîâàíi i Zn ⊆ Zn+1

äëÿ êîæíîãî n. Äëÿ çáiæíî¨ â Z ïîñëiäîâ-
íîñòi òî÷îê zm ìíîæèíà, A = {zm : m ∈ N}
áóäå îáìåæåíîþ, à òîìó ëåæèòü ó äåÿêîìó
äîãðàíè÷íîìó ïðîñòîði Zn, àäæå íàøà iíäó-
êòèâíà ãðàíèöÿ ¹ ðåãóëÿðíîþ. Òîìó (Zn)

∞
n=1

� öå âè÷åðïóâàííÿ ñèëüíî σ-ìåòðèçîâíîãî

ïðîñòîðó Z =
∞∪
n=1

Zn. �

6. Äåÿêi ïðèêëàäè. Íàâåäåìî íàïðè-
êiíöi ùå äâà ïðèêëàäè, ùî âèíèêëè â çâ'ÿç-
êó ç öèìè äîñëiäæåííÿìè.

Ïðèêëàä 5. Íåõàé (E, ∥ · ∥) � äîâiëüíèé
íîðìîâàíèé ïðîñòið, ÿêèé ìà¹ âëàñíèé âñþ-
äè ùiëüíèé ëiíiéíèé ïiäïðîñòið F . Çðîçóìi-
ëî, ùî âêëàäåííÿ F ↪→ E içîìîðôíå. Ïîçíà-
÷èìî, ÿê i ðàíiøå, ÷åðåç B = {x ∈ F : ∥x∥ ≤
1} îäèíè÷íó êóëþ ó ïðîñòîði F i ïîêàæåìî,
ùî [B]E \ F ̸= Ø. Ñïðàâäi, çà óìîâîþ iñíó¹
åëåìåíò a ∈ E \ F . Ïîêëàäåìî x = a

∥a∥ . Òîäi

∥x∥ = 1 i x ̸∈ F . Îñêiëüêè F = E, òî iñíó¹ òà-
êà ïîñëiäîâíiñòü åëåìåíòiâ xn ∈ F \ {0}, ùî
xn → x. Òîäi i ∥xn∥ → ∥x∥ = 1, à çíà÷èòü,
yn = xn

∥xn∥ → x, ïðè÷îìó yn ∈ B, áî ∥yn∥ = 1

äëÿ êîæíîãî n. Òàêèì ÷èíîì, x ∈ [B]E \ F .
Öåé ïðèêëàä ïîêàçó¹, ùî âêëàäåííÿ

F ↪→ E ìîæå áóòè içîìîðôíèì i êîëè
[B]E \ F ̸= Ø. Êîíêðåòíi ïðèêëàäè � öå ïðè-
êëàäè 2, 3 ÷è ïðèêëàä, ó ÿêîìó E = C[a, b],
à F � öå ïiäïðîñòið âñiõ ìíîãî÷ëåíiâ íà [a, b].

Ïðèêëàä 6. Íàâåäåìî ïðèêëàä ëîêàëü-
íî îïóêëîãî ïðîñòîðó X i òàêîãî éîãî ìå-
òðèçîâíîãî ïiäïðîñòîðó E (íåëiíiéíîãî), ùî
éîãî ëiíiéíà îáîëîíêà L = sp(E) áóäå íåìå-
òðèçîâíèì. Ðîçãëÿíåìî ïðîñòið R∞ âñiõ ôi-
íiòíèõ ïîñëiäîâíîñòåé äiéñíèõ ÷èñåë ç éîãî
ïðèðîäíîþ iíäóêòèâíîþ òîïîëîãi¹þ. Âií íå
ìåòðèçîâíèé, áî íå çàäîâîëüíÿ¹ ïåðøó àêñi-
îìó çëi÷åííîñòi. Éîãî ïiäïðîñòið E = {en :
n ∈ N}, äå en = (0, .., 0︸ ︷︷ ︸

n ðàçiâ

, 1, 0, 0, ...) � îðòè, ìå-

òðèçîâíèé, áî âií äèñêðåòíèé. Àëå ó äàíîìó
âèïàäêó

L = sp(E) = R∞,
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îòæå, L � öå íåìåòðèçîâíèé ïðîñòið.
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ÃÐÀÍÈ×ÍI ÊÎËÈÂÀÍÍß ËÎÊÀËÜÍÎ ÑÒÀËÈÕ ÔÓÍÊÖIÉ

Â äàíié ðîáîòi âñòàíîâëþ¹òüñÿ, ùî êîæíà íåâiä'¹ìíà íåïåðåðâíà ôóíêöiÿ, ÿêà âèçíà÷åíà
íà çàìêíåíié íiäå íå ùiëüíié ìíîæèíi áåç içîëüîâàíèõ òî÷îê, ¹ ãðàíè÷íèì êîëèâàííÿì äåÿêî¨
ëîêàëüíî ñòàëî¨ ôóíêöi¨, ùî âèçíà÷åíà íà äîïîâíåííi äî öi¹¨ ìíîæèíè.

In this paper we prove that every nonnegative continuous function de�ned on a closed nowhere
dense subset of the reals without isolated points is the limiting oscillation of some locally constant
function de�ned on the complement to this set.

Âñòóï. Ïåðøèé ðåçóëüòàò ïðî ïîáóäîâó
ôóíêöié iç çàäàíèì êîëèâàííÿì áóâ îäåð-
æàíèé Ï. Êîñòèðêîì [1]. Âií äîâiâ, ùî äëÿ
äîâiëüíî¨ íàïiâíåïåðåðâíî¨ çâåðõó ôóíêöi¨
f : X → [0; +∞], ùî âèçíà÷åíà íà ìåòðè-
çîâíîìó áåðiâñüêîìó ïðîñòîði X áåç içîëüî-
âàíèõ òî÷îê, iñíó¹ ôóíêöiÿ g : X → R, êî-
ëèâàííÿ ωg ÿêî¨ ðiâíå f . Ïiçíiøå éîãî äî-
ñëiäæåííÿ áóëè ïðîäîâæåíi Ç. Äóæèíñüêèì,
Ç. Ãðàíäå, Ñ. Ïîíîìàðüîâèì i É. Åâåðòîì ó
ïðàöÿõ [2-4]. Çàãàëüíiøó çàäà÷ó ïðî ïîáóäî-
âó ôóíêöié ç ïåâíîãî ôóíêöiîíàëüíîãî êëà-
ñó ç äàíèì êîëèâàííÿì äåòàëüíî âèâ÷åíà â
ðîáîòàõ [5-9].

Ïðîòå ó çãàäàíèõ ïðàöÿõ ðîçãëÿäàëèñÿ
ôóíêöi¨, ùî âèçíà÷åíi íà âñüîìó ïðîñòîði.
Àëå äëÿ ôóíêöié, ùî âèçíà÷åíi íà ïiäìíî-
æèíàõ ïåâíîãî òîïîëîãi÷íîãî ïðîñòîðó êî-
ëèâàííÿ ïðèðîäíî ðîçãëÿäàòè íà çàìèêàí-
íi ¨õ îáëàñòi âèçíà÷åííÿ. ßêùî G � äåÿêà
âiäêðèòà ïiäìíîæèíà òîïîëîãi÷íîãî ïðîñòî-
ðó X i g : G → R � äåÿêà ôóíêöiÿ, òî ¨¨
êîëèâàííÿ ωg : G → [0; +∞] âèçíà÷à¹òüñÿ
ôîðìóëîþ

ωg(x) = inf
U - îêië x

sup
u,v∈U∩G

|g(u)− g(v)|, x ∈ G.

Òàêèì ÷èíîì, ðàíiøå âèâ÷àëèñÿ òiëüêè çâó-
æåííÿ ωg|G êîëèâàííÿ íà îáëàñòü âèçíà÷åí-
íÿ ôóíêöi¨ g. Àëå àêòóàëüíî äîñëiäèòè òà-
êîæ i ïîâåäiíêó ôóíêöi¨ g íà ìåæi F =
G\G. Çâóæåííÿ ω̃g = ωg|F ìè íàçèâàòèìåìî
ãðàíè÷íèì êîëèâàííÿì. Â äàíié ðîáîòi ìè
ðîçïî÷èíà¹ìî âèâ÷åííÿ íàñòóïíî¨ çàãàëüíî¨

ïðîáëåìè.
Ïðîáëåìà 1. Íåõàé X � òîïîëîãi÷íèé

ïðîñòið, P � äåÿêà âëàñòèâiñòü ôóíêöié, G
� âiäêðèòà ïiäìíîæèíà X i F = G\G. Äëÿ
ÿêèõ ôóíêöié f : F → [0; +∞] iñíó¹ ôóíêöiÿ
g : G→ R, ÿêà ìà¹ âëàñòèâiñòü P i ω̃g = f?

Çðîçóìiëî, ùî ãðàíè÷íå êîëèâàííÿ ω̃g,
òàê ñàìî ÿê i çâè÷àéíå êîëèâàííÿ ωg, ¹ íà-
ïiâíåïåðåðâíîþ çâåðõó íåâiä'¹ìíîþ ôóíêöi-
¹þ. Öiêàâî ç'ÿñóâàòè, ÷è ìîæóòü ïåâíi æîðñ-
òêi ëîêàëüíi óìîâè íà ôóíêöiþ g çóìîâëþ-
âàòè ñïåöèôi÷íó ïîâåäiíêó ôóíêöi¨ íà ìåæi
F . À ñàìå íàñ öiêàâèòèìå íàñòóïíà çàäà÷à.
Ïðîáëåìà 2. Íåõàé G � âiäêðèòà âñþ-

äè ùiëüíà ïiäìíîæèíà R i F = G \ G �
¨¨ ìåæà. Äëÿ ÿêèõ íàïiâíåïåðåðâíèõ çâåð-
õó ôóíêöié f : F → [0; +∞] iñíó¹ ëîêàëüíî
ñòàëà ôóíêöiÿ g : G→ R, äëÿ ÿêî¨ ω̃g = f?

Ó äàíié ðîáîòi ìè ðîçâ'ÿæåìî öþ çàäà÷ó
äëÿ íåïåðåðâíèõ ôóíêöié f .
1. Äîïîìiæíi òâåðäæåííÿ. Äëÿ çà-

ìêíåíî¨ ìíîæèíè F ⊆ R i òî÷êè x ∈ R \ F
ñèìâîëîì UF (x) ïîçíà÷àòåìåìî êîìïîíåíòó
çâ'ÿçíîñòi òî÷êè x â R \ F [10, ñ. 523]. Íà-
ñïðàâäi ìíîæèíà UF (x) � öå iíòåðâàë ñóìi-
æíîñòi ìíîæèíè F , òîáòî ìàêñèìàëüíèé ií-
òåðâàë, ùî ìiñòèòü òî÷êó x i íå ïåðåòèíà¹-
òüñÿ ç F . Ïîçíà÷èìî

UF = {UF (x) : x ∈ R \ F}.

Òàêèì ÷èíîì UF ¹ äèç'þíêòíîþ ñèñòåìîþ
âiäêðèòèõ íåïîðîæíiõ iíòåðâàëiâ, ïðè÷îìó∪

UF = R \ F .
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Ëåìà 1. Íåõàé A � íåñêií÷åííà ëiíié-
íî âïîðÿäêîâàíà ìíîæèíà. Òîäi â A iñíó¹
ñòðîãî ìîíîòîííà ïîñëiäîâíiñòü åëåìåí-
òiâ.
Äîâåäåííÿ. Ðîçãëÿíåìî ñïî÷àòêó âèïà-

äîê, êîëè A ¹ öiëêîì âïîðÿäêîâàíîþ ìíîæè-
íîþ. Òîäi êîæíà ¨¨ íåïîðîæíÿ ïiäìíîæèíà
ìà¹ ìiíiìàëüíèé åëåìåíò. Âiçüìåìî A1 = A.
Òîäi A1 íåñêií÷åííà, à çíà÷èòü, íåïîðîæíÿ,
à òîìó iñíó¹ x1 = minA1. Ïîçíà÷èìî A2 =
A1 \ {x1}. Îñêiëüêè A1 íåñêií÷åííà, òî òà-
êîþ áóäå i ìíîæèíà A2. Çíà÷èòü, ìíîæèíà
A2 íåïîðîæíÿ i òîìó iñíó¹ x2 = minA2. Àëå
x2 ∈ A2 ⊆ A1 i x1 = minA1, òîìó x2 ≥ x1. À
îñêiëüêè x2 ∈ A2 i x1 /∈ A2, òî x1 ̸= x2. Îòæå,
x2 > x1. Äàëi ïîçíà÷èìî A3 = A2\{x2}. Çíî-
âó æ òàêè, ç òîãî, ùî A2 ¹ íåñêií÷åííîþ âè-
ïëèâà¹, ùî íåñêií÷åííîþ áóäå i ìíîæèíà A3.
Çíà÷èòü, A3 ̸= ∅, i òîìó iñíó¹ x3 = minA3.
Îñêiëüêè A3 ⊆ A2 i x2 /∈ A3, òî x3 > x2. Ïðî-
äîâæóþ÷è öåé ïðîöåñ äàëi, îòðèìà¹ìî ñòðî-
ãî çðîñòàþ÷ó ïîñëiäîâíiñòü òî÷îê xn ìíîæè-
íè A.

Íåõàé òåïåð A íå ¹ öiëêîì âïîðÿäêîâà-
íîþ ìíîæèíîþ. Òîäi iñíó¹ íåïîðîæíÿ ìíî-
æèíà E ⊆ A òàêà, ùî äëÿ äîâiëüíîãî x ∈ E
iñíó¹ y ∈ E òàêå, ùî y < x. Âèêîðèñòàâøè
öþ âëàñòèâiñòü äëÿ äåÿêî¨ ôiêñîâàíî¨ òî÷êè
x = x1 ∈ E çíàéäåìî y = x2 ∈ E òàêå, ùî
x2 < x1. Äàëi âèêîðèñòàâøè öþ æ âëàñòè-
âiñòü äëÿ x = x2 ïîáóäó¹ìî y = x3 òàêå, ùî
x3 < x2. Ïðîäîâæóþ÷è öåé ïðîöåñ äî íå-
ñêií÷åííîñòi, áóäó¹ìî ñïàäíó ïîñëiäîâíiñòü
òî÷îê xn ∈ E ⊆ A.

Íàãàäà¹ìî, ùî ïiäìíîæèíà F ÷èñëîâî¨
ïðÿìî¨ R íàçèâà¹òüñÿ äîñêîíàëîþ, ÿêùî âî-
íà ¹ çàìêíåíîþ i íå ìà¹ içîëüîâàíèõ òî÷îê.
Ëåìà 2. Íåõàé F ⊆ R � äîñêîíàëà íiäå

íå ùiëüíà ìíîæèíà, U � âiäêðèòà â R ìíî-
æèíà, òàêà, ùî U ∩ F ̸= ∅. Òîäi ìíîæèíà
UF (U) = {V ∈ UF : V ⊆ U} íåñêií÷åííà.
Äîâåäåííÿ. Âèáåðåìî íåïîðîæíié

âiäêðèòèé iíòåðâàë U0 ⊆ U òàêèé, ùî
U0 ∩ F ̸= ∅. Îñêiëüêè F íå ìiñòèòü içîëüî-
âàíèõ òî÷îê, òî ìíîæèíà F0 = U0 ∩ F
íåñêií÷åííà. Çà ëåìîþ 1 iñíó¹ ñòðîãî ìîíî-
òîííà ïîñëiäîâíiñòü (xn) â F0. Íåõàé, äëÿ
ïåâíîñòi, (xn) ñòðîãî çðîñòà¹. Òîäi iíòåð-
âàëè Un = (xn;xn+1) íåïîðîæíi, ïðè÷îìó

Un ∩ Um = ∅ ïðè n ̸= m i Un ⊆ U0. Îñêiëüêè
F íiäå íå ùiëüíà, òî äëÿ äîâiëüíîãî n
iíòåðâàë Un * F , à òîìó iñíó¹ yn òàêå, ùî
yn ∈ Un i yn /∈ F . Ïîêëàäåìî Vn = UF (yn).
Îñêiëüêè iíòåðâàë Vn ìiñòèòü yn, àëå íå
ìiñòèòü òî÷êè xn òà xn+1, òî Vn ⊆ Un. Òîìó
Vn ∩ Vm = ∅ ïðè n ̸= m. Çîêðåìà, Vn ̸= Vm
ïðè n ̸= m i UF (U) ⊇ {Vn : n ∈ N}. Çíà÷èòü,
ñèñòåìà ìíîæèí UF (U) íåñêií÷åííà.
Ëåìà 3. Íåõàé F ⊆ R äîñêîíàëà íiäå

íå ùiëüíà ìíîæèíà. Òîäi iñíóþòü ñèñòå-
ìè ìíîæèí VF i WF òàêi, ùî
(i) UF = VF ⊔WF ;
(ii) äëÿ äîâiëüíîãî x ∈ F i éîãî îêîëó U iñíó-
þòü V ∈ VF i W ∈ WF òàêi, ùî V,W ⊆ U .
Äîâåäåííÿ. Âèáåðåìî çëi÷åííó ìíîæè-

íó E òàêó, ùî E = F , i çàíóìåðó¹ìî

E × { 1
m

: m ∈ N} = {(xn, εn) : n ∈ N}.

Ïîêëàäåìî Un = (xn − εn; xn + εn) äëÿ êî-
æíîãî n ∈ N. Çàðàç iíäóêòèâíî âèçíà÷èìî
ïîñëiäîâíiñòü ðiçíèõ ìíîæèí Vn,Wn ∈ UF
òàêèõ, ùî Vn,Wn ⊆ Un. Ïðèïóñòèìî, ùî
äëÿ äåÿêîãî n ∈ N óæå âèçíà÷åíi ìíîæè-
íè Vk,Wk äëÿ k < n. Çà ëåìîþ 2 ñèñòå-
ìà ìíîæèí UF (Un) ¹ íåñêií÷åííîþ. Âèáåðå-
ìî ðiçíi ìíîæèíè Vn,Wn ∈ UF (U) òàêi, ùî
Vn,Wn /∈ {Vk : k < n} ∪ {Wk : k < n}. Òîäi
âñi Vk i Wk ïðè k ≤ n ¹ ðiçíèìè, ïðè÷îìó
Vk,Wk ⊆ Uk ïðè k ≤ n. ×èì i çàâåðøó¹òüñÿ
iíäóêòèâíà ïîáóäîâà.

Ïîêëàäåìî VF = {Vn : n ∈ N} i
WF = UF \ VF . Ïåðåâiðèìî, ùî ñèñòåìè øó-
êàíi.

Âëàñòèâiñòü (i) âèïëèâà¹ ç ïîáóäîâè. Äî-
âåäåìî (ii). Âiçüìåìî x0 ∈ F i âiäêðèòèé
îêië U òî÷êè x0. Îñêiëüêè E = F , òî iñíó¹
x ∈ E ∩ U . Âèáåðåìî m ∈ N òàêå, ùî
(x − 1

m
, x + 1

m
) ⊆ U . Ïîòiì çíàéäåìî n ∈ N,

äëÿ ÿêîãî xn = x i εn = 1
m
. Òîäi Vn ∈ VF ,

Wn ∈ WF i Vn,Wn ⊆ Un = (xn − 1
m
, xn +

1
m
).

À òîìó Vn,Wn ⊆ U .
2. Îñíîâíèé ðåçóëüòàò. Íåõàé X � òî-

ïîëîãi÷íèé ïðîñòið, G ⊆ X i g : G → R, äå
R = [−∞; +∞]. Âåðõíÿ òà íèæíÿ ãðàíè÷íi
ôóíêöi¨ g∨, g∧ : G → R âèçíà÷àþòüñÿ ôîð-
ìóëàìè
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g∨(x) = lim sup
u→x

f(u) = inf
U - îêië x

sup
u∈U∩G

f(u),

g∧(x) = lim inf
u→x

f(u) = sup
U - îêië x

inf
u∈U∩G

f(u).

ßê âiäîìî

ωg(x) = g∨(x)− g∧(x),

ÿêùî x ∈ G òàêå, ùî g∨(x) > −∞ i
g∧(x) < +∞.

Ìè ñêîðèñòà¹ìîñÿ öi¹þ ôîðìóëîþ ïðè
äîâåäåííi íàñòóïíî¨ òåîðåìè, ùî ¹ îñíîâíèì
ðåçóëüòàòîì öi¹¨ ðîáîòè.
Òåîðåìà. Íåõàé F ⊆ R � äîñêîíà-

ëà íiäå íå ùiëüíà ìíîæèíà, G = R \ F
i f : F → [0; +∞] � íåïåðåðâíà ôóí-
êöiÿ. Òîäi iñíó¹ ëîêàëüíî ñòàëà ôóíêöiÿ
g : G→ [0; +∞) òàêà, ùî ω̃g = f .
Äîâåäåííÿ. Îñêiëüêè íåñêií÷åííèé âiä-

ðiçîê [0; +∞] ãîìåîìîðôíèé âiäðiçêó [0; 1],
òî çà òåîðåìîþ Òiòöå-Óðèñîíà [10, ñ. 116]
iñíó¹ íåïåðåðâíà ôóíêöiÿ f1 : R → [0; +∞]
òàêà, ùî f1(x) = f(x) íà F . Äàëi çà òå-
îðåìîþ Âåäåíiñîâà [10, ñ. 82] iñíó¹ íåïå-
ðåðâíà ôóíêöiÿ f2 : R → [0; +∞] òàêà, ùî
F = f−1

2 (+∞). Âèçíà÷èìî íåïåðåðâíó ôóí-
êöiþ f0 : R → [0; +∞] çà ïðàâèëîì

f0(x) = min{f1(x), f2(x)}

äëÿ äîâiëüíîãî x ∈ R. Òîäi f0(x) = f(x) íà F
i f0(x) < +∞ íà G, àäæå f0(x) ≤ f2(x). Äà-
ëi âèáåðåìî VF i WF çãiäíî ç ëåìîþ 3. Äëÿ
äîâiëüíîãî U ∈ UF = VF ⊔WF ïîêëàäåìî

hU =

{
inf f0(U), ÿêùî U ∈ VF ,

0 , ÿêùî U ∈ WF .

Âèçíà÷èìî ôóíêöiþ g : G→ [0; +∞), ïîêëà-
äàþ÷è g(x) = hU ïðè x ∈ U äëÿ äîâiëüíîãî
U ∈ UF . Ïåðåâiðèìî, ùî ôóíêöiÿ g øóêàíà.
Îñêiëüêè ωf = f∨ − f∧, òî äîñèòü ïîêàçàòè,
ùî g∧(x) = 0 i g∨(x) = f(x) íà F .

Âèáåðåìî äîâiëüíå x0 ∈ F . ßñíî, ùî
0 ≤ g(x) ≤ f0(x) íà G. Îñêiëüêè f0 íåïå-
ðåðâíà, òî f0 = f0

∨. Òîìó 0 ≤ g∧(x0) ≤
≤ g∨(x0) ≤ f0

∨(x0) = f0(x0) = f(x0). Ïî-
êàæåìî, ùî g∧(x0) ≤ 0. Ðîçãëÿíåìî îêië U

òî÷êè x0. Çà âèáîðîì ñèñòåìèWF iñíó¹W ∈
WF òàêå, ùî W ⊆ U . Âiçüìåìî x1 ∈ W . Äëÿ
íüîãî ìà¹ìî, ùî inf g(U) ≤ g(x1) = hW = 0.
Òîìó g∧(x0) = sup

U - îêië x0

inf g(U) ≤ 0.

Äîâåäåìî òåïåð, ùî g∨(x0) ≥ f(x0).
Çàôiêñó¹ìî γ < f(x0) i ïåðåâiðèìî, ùî
g∨(x0) ≥ γ. Ç íåïåðåðâíîñòi f0 âèïëèâà¹, ùî
iñíó¹ òàêèé îêië U0 òî÷êè x0, ùî äëÿ äî-
âiëüíîãî x ∈ U0 âèêîíó¹òüñÿ, ùî f0(x) >
γ. Ðîçãëÿíåìî äîâiëüíèé îêië U òî÷êè x0.
Çà âèáîðîì VF iñíó¹ V ∈ VF òàêå, ùî
V ⊆ U ∩ U0. Äàëi âiçüìåìî x2 ∈ V . Òîäi
g(x2) = hV = inf f0(V ) ≥ inf f0(U0) ≥ γ. À
òîìó sup g(U) ≥ g(x2) ≥ γ. Òàêèì ÷èíîì,
g∨(x0) = inf

U - îêië x0
sup g(U) ≥ γ. Ïîïðÿìóâàâ-

øè â ïîïåðåäíié íåðiâíîñòi γ → f(x0) îòðè-
ìà¹ìî, ùî g∨(x0) ≥ f(x0). Òàêèì ÷èíîì,
ω̃g(x0) = g∨(x0)− g∧(x0) = f(x0)− 0 = f(x0).
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×åðíiâåöüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Þðiÿ Ôåäüêîâè÷à

ÏÐÎ ÍÀÐIÇÍÎ ÍÅÏÅÐÅÐÂÍI ÂIÄÎÁÐÀÆÅÍÍß ÇI ÇÍÀ×ÅÍÍßÌÈ Â
ÏËÎÙÈÍI ÑIÄÐÀ

Äîñëiäæåíî ìíîæèíó òî÷îê íåïåðåðâíîñòi íàðiçíî íåïåðåðâíèõ âiäîáðàæåíü f : X1 × ...×
Xn+1 → M, âèçíà÷åíèõ íà äîáóòêó çâ'ÿçíèõ òîïîëîãi÷íèõ ïðîñòîðiâ çi çíà÷åííÿìè â ïëîùèíi
Ñiäðà M.

We investigate the continuity points set of separately continuous mappings f : X1×...×Xn+1 →
M de�ned on a product of connected topological spaces with values in the Ceder plane M.

1. Âñòóï. Ç êiíöÿ XX ñòîëiòòÿ àêòèâ-
íî âåäóòüñÿ äîñëiäæåííÿ ñóêóïíî¨ íåïåðåðâ-
íîñòi íàðiçíî íåïåðåðâíèõ âiäîáðàæåíü f :
X × Y → Z òà ¨õ àíàëîãiâ çi çíà÷åííÿìè
â íåìåòðèçîâíèõ ïðîñòîðàõ. Âàæëèâèìè òè-
ïàìè ïðîñòîðiâ áëèçüêèõ äî ìåòðèçîâíèõ ¹
iíäóêòèâíi ãðàíèöi, σ-ìåòðèçîâíi òà ñèëüíî
σ-ìåòðèçîâíi ïðîñòîðè, ïðîñòîðè Ìóðà, âè-
÷åðïíi òà íàïiââè÷åðïíi ïðîñòîðè. Ìíîæè-
íà C(f) òî÷îê ñóêóïíî¨ íåïåðåðâíîñòi íàði-
çíî íåïåðåðâíèõ âiäîáðàæåíü çi çíà÷åííÿ-
ìè â çãàäàíèõ ïðîñòîðàõ, êðiì âè÷åðïíèõ
òà íàïiââè÷åðïíèõ, âæå äîñèòü äîáðå âèâ÷å-
íà. Îòðèìàíî òàêîæ äåÿêi ðåçóëüòàòè ïðî
íàðiçíî íåïåðåðâíi âiäîáðàæåííÿ çi çíà÷åí-
íÿìè â êîíêðåòíèõ íàïiââè÷åðïíèõ ïðîñòî-
ðàõ, òàêèõ ÿê Cp[0, 1] òà ïëîùèíà Áií à [1,2].
Äæ.Ñiäð [3] íàâiâ öiêàâèé ïðèêëàä íåìåòðè-
çîâíîãî âè÷åðïíîãî ïðîñòîðó, ÿêèé ìè íàçè-
âà¹ìî ïëîùèíîþ Ñiäðà i ïîçíà÷à¹ìîM. Óçà-
ãàëüíåííÿ öi¹¨ êîíñòðóêöi¨ âèâ÷àëîñÿ â [4-6].
Òîìó ïðèðîäíî ïîñòàëî ïèòàííÿ ïðî äîñëi-
äæåííÿ òî÷îê ðîçðèâó íàðiçíî íåïåðåðâíèõ
âiäîáðàæåíü çi çíà÷åííÿìè ó ïëîùèíi Ñiäðà,
ùî i çäiéñíþ¹òüñÿ â äàíié ñòàòòi.

2. Çâ'ÿçíi ìíîæèíè òà ¨õ âëàñòèâî-
ñòi. Ó öüîìó ïiäðîçäiëi ìè ââåäåìî ïîòðiáíi
äëÿ íàñ ïîíÿòòÿ, ùî ñòîñóþòüñÿ çâ'ÿçíîñòi, i
äîâåäåìî äåÿêi ôàêòè ïðî êîìïîíåíòè çâ'ÿ-
çíîñòi.

Íàãàäà¹ìî, ùî òîïîëîãi÷íèé ïðîñòið X
íàçèâà¹òüñÿ çâ'ÿçíèì, ÿêùî éîãî íåìîæëè-
âî ïîäàòè ó âèãëÿäi äèç'þíêòíîãî îá'¹äíà-
ííÿ A ⊔ B äâîõ íåïîðîæíiõ âiäêðèòèõ â X

ìíîæèí. Ïiäìíîæèíà E ïðîñòîðó X íàçèâà-
¹òüñÿ çâ'ÿçíîþ, ÿêùî ïiäïðîñòið E ïðîñòîðó
X ç iíäóêîâàíîþ ç X òîïîëîãi¹þ ¹ çâ'ÿçíèì.

Ìè áóäåìî âèêîðèñòîâóâàòè òàêèé ôàêò.
Ëåìà 1. Íåõàé A � ñèñòåìà çâ'ÿçíèõ

ïiäìíîæèí òîïîëîãi÷íîãî ïðîñòîðó X, B
� çâ'ÿçíà ïiäìíîæèíà ïðîñòîðó X, òàêà,
ùî B ⊆ S =

∪
A i B ∩ A ̸= ∅ äëÿ äîâiëü-

íî¨ ìíîæèíè A ç A. Òîäi i S � öå çâ'ÿçíà
ìíîæèíà.
Äîâåäåííÿ. Íåõàé E � íåïîðîæíÿ

âiäêðèòî-çàìêíåíà ìíîæèíà â ïiäïðîñòîði
S. Ïîêàæåìî, ùî E = S, çâiäêè i áóäå âè-
ïëèâàòè çâ'ÿçíiñòü S.

Îñêiëüêè, E ̸= ∅, òî iñíó¹ òî÷êà x0 ∈ E.
Àëå E ⊆ S, òîìó i x0 ∈ S, à çíà÷èòü, iñíó¹
åëåìåíò A0 ∈ A, òàêèé, ùî x0 ∈ A0. Ïåðåòèí
A0 ∩E íåïîðîæíié, áî x0 ∈ A0 ∩E, ïðè÷îìó
A0 ∩ E � öå âiäêðèòî-çàìêíåíà ïiäìíîæèíà
çâ'ÿçíî¨ ìíîæèíè A0. Òîìó A0 ∩ E = A0,
òîáòî A0 ⊆ E. Àëå B ∩ A0 ̸= ∅ çà óìîâîþ,
îòæå, i E ∩ B ̸= ∅. Îñêiëüêè ìíîæèíà E
âiäêðèòî-çàìêíåíà â S i B ⊆ S, òî E∩B áóäå
âiäêðèòî-çàìêíåíîþ ìíîæèíîþ â B. Àëå i
ìíîæèíà B çâ'ÿçíà, îòæå, E ∩B = B, òîáòî
B ⊆ E. Íåõàé A � äîâiëüíèé åëåìåíò ç A.
Çà óìîâîþ A ∩ B ̸= ∅, à çíà÷èòü A ∩ E ̸=
∅, çâiäêè íåãàéíî âèïëèâà¹, ùî A ∩ E = A,
òîáòî A ⊆ E. Â òàêîìó ðàçi i S =

∪
A ⊆ E,

à çíà÷èòü i S = E, àäæå E ⊆ S.
Çàóâàæèìî, ùî óìîâàB ⊆ S â ëåìi 1 iñòî-

òíà. Ñïðàâäi, ðîçãëÿíåìî íà åâêëiäîâié ïëî-
ùèíi R2 ñèñòåìó A çâ'ÿçíèõ ìíîæèí Ax =
{x} × [0,+∞), äå x ïðîáiãà¹ ìíîæèíó X0 =
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[0, 1]∪ [2, 3], à çà B âiçüìåìî çâ'ÿçíó ìíîæè-
íó [0, 3] × {0}. ßñíî, ùî Ax ∩ B = {(x, 0)}
äëÿ êîæíîãî x ∈ X0, îòæå, A ∩ B ̸= ∅ äëÿ
êîæíîãî A ∈ A. Àëå ìíîæèíà

S =
∪

A =
∪
x∈X0

Ax = X0 × [0,+∞) =

= ([0, 1]× [0,+∞)) ⊔ ([2, 3]× [0,+∞)),

î÷åâèäíî, íå çâ'ÿçíà, àäæå òóò B * S.
Ñëiä çàçíà÷èòè, ùî ëåìó 1 ìîæíà áó-

ëî á âèâåñòè i ç òåîðåìè 6.1.9 ìîíîãðàôi¨
Ð.Åíãåëüêiíãà [7, c. 520], êîëè äîëó÷èòè ìíî-
æèíó B äî ñèñòåìè A, çàóâàæèâøè ïðè öüî-
ìó, ùî îá'¹äíàííÿ íå çìiíèòüñÿ, àäæå B ⊆
S. Òåîðåìó 6.1.9 ìîæíà ïîäàòè â íàñòóïíî-
ìó åêâiâàëåíòíîìó ïåðåôîðìóëþâàííi, ïiä-
ñèëèâøè òèì ñàìèì ëåìó 1.
Òåîðåìà 1. Íåõàé A � ñèñòåìà çâ'ÿçíèõ

ïiäìíîæèí òîïîëîãi÷íîãî ïðîñòîðó X, B
� çâ'ÿçíà ïiäìíîæèíà X, B ⊆ S =

∪
A i

A ∩ B ̸= ∅ àáî A ∩ B ̸= ∅ äëÿ êîæíîãî A ç
A. Òîäi i ìíîæèíà S çâ'ÿçíà â X.
Äîâåäåííÿ. Ìiðêóþ÷è òàê ñàìî ÿê

ïðè äîâåäåííi ëåìè 1, âiçüìåìî íåïîðîæíþ
âiäêðèòî-çàìêíåíó ìíîæèíó E â S i äîâåäå-
ìî, ùî E = S. Iñíó¹ òàêà ìíîæèíà A0 ∈ A,
ùî A0 ∩ E ̸= ∅, à çíà÷èòü, A0 ⊆ E. Çà óìî-
âîþ A0 ∩B ̸= ∅ àáî A0 ∩B ̸= ∅.

Ïðèïóñòèìî, ùî A0 ∩ B ̸= ∅. Îñêiëüêè
A0 ⊆ E, òî i E∩B ̸= ∅, àäæå E∩B ⊇ A0∩B.
Çàóâàæèìî, ùî ñèìâîëîì M ìè ïîçíà÷à¹-
ìî çàìèêàííÿ ìíîæèíè M ó ïðîñòîði X.
Çàìèêàííÿ æ ìíîæèíè M ⊆ S ó ïiäïðî-
ñòîði S ïîçíà÷èìî ñèìâîëîì M

S
. ßê äîáðå

âiäîìî M
S

= M ∩ S. Ó íàøîìó âèïàäêó
E ∩ B ⊆ B ⊆ S, îòæå E ∩ B = E ∩ B ∩ S =

E ∩S ∩B = E
S ∩B = E ∩B, àäæå ìíîæèíà

E çàìêíåíà â S. Òîìó E ∩B ̸= ∅, çâiäêè, ÿê
i â äîâåäåííi ëåìè 1, âèïëèâà¹, ùî B ⊆ E.

Íåõàé A0 ∩ B ̸= ∅. Ç âêëþ÷åííÿ A0 ⊆ E
âèïëèâà¹, ùî i E ∩ B ̸= ∅. Îñêiëüêè E ⊆
S, òî ∅ ̸= E ∩ B = E ∩ S ∩ B = E ∩ B

S
.

Àëå ìíîæèíà E âiäêðèòà â S. Òîìó ç óìîâè
E∩BS ̸= ∅ âèïëèâà¹, ùî E∩B ̸= ∅, çâiäêè,
ÿê i ðàíiøå, çíîâó îòðèìó¹ìî, ùî B ⊆ E.

Òàêèì ÷èíîì, ìè âñòàíîâèëè, ùî B ⊆ E.
Íåõàé òåïåð A � äîâiëüíà ìíîæèíà ç A. Çà

óìîâîþ A∩B ̸= ∅ àáî A∩B ̸= ∅. Çàìiíþþ÷è
â ïîïåðåäíüîìó ìiðêóâàííi A0 íà B, à B íà
A, îòðèìó¹ìî, ùî A ⊆ E. Òîìó i S ⊆ E, à
çíà÷èòü, S = E, ù.ò.á.ä.

Íàñïðàâäi íàì áóäå ïîòðiáíà òiëüêè ëåìà
1, à íå ñèëüíiøà âiä íå¨ òåîðåìà 1.

Çîêðåìà, ç ëåìè 1 ëåãêî âèâåñòè
Íàñëiäîê 1. Íåõàé A � ñèñòåìà çâ'ÿ-

çíèõ ïiäìíîæèí òîïîëîãi÷íîãî ïðîñòîðó
X, òàêà, ùî

∩
A ̸= ∅. Òîäi îá'¹äíàííÿ

S =
∪

A � öå çâ'ÿçíà ìíîæèíà.
Äîâåäåííÿ. Îñêiëüêè

∩
A ̸= ∅, òî

iñíó¹ òàêà òî÷êà x0 ∈ X, ùî x0 ∈ A äëÿ
êîæíîãî A ∈ A. Îäíîòî÷êîâà ìíîæèíà B =
{x0} çâ'ÿçíà i B ⊆ S. Êðiì òîãî, A ∩ B =
{x0} ̸= ∅ äëÿ êîæíîãî A ∈ A. Îòæå, çà ëå-
ìîþ 1 ìíîæèíà S çâ'ÿçíà.
3. Êîìïîíåíòè çâ'ÿçíîñòi. Òî÷êè x1 i

x2 òîïîëîãi÷íîãî ïðîñòîðó X íàçâåìî çâ'ÿ-
çíèìè (ïîçíà÷à¹òüñÿ x1 ∼ x2), ÿêùî iñíó¹
òàêà çâ'ÿçíà ïiäìíîæèíà C ïðîñòîðó X, ùî
{x1, x2} ⊆ C. Ëåãêî ïåðåâiðèòè, ùî ∼ �
öå âiäíîøåííÿ åêâiâàëåíòíîñòi íà ïðîñòîði
X. Éîãî ðåôëåêñèâíiñòü âèïëèâà¹ ç òîãî,
ùî êîæíà îäíîòî÷êîâà ìíîæèíà {x} â X ¹
çâ'ÿçíîþ, ñèìåòðè÷íiñòü î÷åâèäíà. Òðàíçè-
òèâíiñòü äîâîäèòüñÿ òàê. Íåõàé x1 ∼ x2 i
x2 ∼ x3. Òîäi iñíóþòü òàêi çâ'ÿçíi ìíîæèíè
C1 i C2, ùî {x1, x2} ⊆ C1 i {x2, x3} ⊆ C2. Â
òàêîìó ðàçi x2 ∈ C1 ∩C2, îòæå, C1 ∩C2 ̸= ∅,
à òîìó çà íàñëiäêîì 1 ìíîæèíà C = C1 ∪C2

çâ'ÿçíà. Àëå {x1, x3} ⊆ C, îòæå, x1 ∼ x3.
ßê äîáðå âiäîìî [8, òåîðåìà 2, ñ.43] âiä-

íîøåííÿ åêâiâàëåíòíîñòi ïîðîäæó¹ ðîçáèò-
òÿ C = C(X) íà êëàñè åêâiâàëåíòíèõ åëåìåí-
òiâ, ÿêi íàçèâàþòüñÿ êîìïîíåíòàìè çâ'ÿ-
çíîñòi ïðîñòîðó X. Äëÿ òî÷êè x ∈ X òà
ìíîæèíà C ç C(X), äëÿ ÿêî¨ x ∈ C, íàçè-
âà¹òüñÿ êîìïîíåíòîþ çâ'ÿçíîñòi òî÷êè x
â X i ïîçíà÷à¹òüñÿ ñèìâîëîì Cx. ßñíî, ùî
Cx = {y ∈ X : x ∼ y}.
Òåîðåìà 2. Íåõàé X òîïîëîãi÷íèé ïðî-

ñòið, x ∈ E ⊆ X. Òîäi íàñòóïíi óìîâè ðiâ-
íîñèëüíi:

(i) E � êîìïîíåíòà çâ'ÿçíîñòi òî÷êè x
â X;

(ii) E � íàéáiëüøà çâ'ÿçíà ìíîæèíà, ùî
ìiñòèòü òî÷êó x.
Äîâåäåííÿ. (i) ⇒ (ii). Íåõàé E = Cx ∈
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C(X) i Cx � öå ñèñòåìà âñiõ çâ'ÿçíèõ ïiäìíî-
æèí C ïðîñòîðó X, òàêèõ, ùî x ∈ C. Çà íà-
ñëiäêîì 1 ìíîæèíà C̃x =

∪
Cx çâ'ÿçíà. Çðî-

çóìiëî ç îçíà÷åííÿ, ùî C̃x � öå íàéáiëüøà
çâ'ÿçíà â X ìíîæèíà, ÿêà ìiñòèòü òî÷êó x.
Çàëèøèëîñÿ äîâåñòè, ùî E = C̃x.

Çàóâàæèìî, ùî ìíîæèíà E ¹ çâ'ÿçíîþ.
Ñïðàâäi äëÿ êîæíî¨ òî÷êè y ∈ E iñíó¹ òàêà
çâ'ÿçíà â X ìíîæèíà Ay, ùî {x, y} ⊆ Ay.
Ìíîæèíà S =

∪
y∈E

Ay áóäå çâ'ÿçíîþ çà íà-

ñëiäêîì 1, áî
∩
y∈E

Ay ∋ x. Çðîçóìiëî, ùî

S ⊇ E, àäæå y ∈ Ay äëÿ êîæíîãî y ∈ Cx.
Íàâïàêè, íåõàé z ∈ S. Òîäi iñíó¹ òàêå y ∈ Cx,
ùî z ∈ Ay. Â òàêîìó ðàçi {x, z} ⊆ Ay, îòæå,
x ∼ z, à òîìó z ∈ E. Òàêèì ÷èíîì, i S ⊆ E,
îòæå, E = S, ùî i äà¹ íàì çâ'ÿçíiñòü ìíî-
æèíè E.

Îñêiëüêè ìíîæèíà E çâ'ÿçíà i x ∈ E, òî
E ⊆ C̃x çà ïîáóäîâîþ C̃x. Íàâïàêè, íåõàé
y ∈ C̃x. Òîäi iñíó¹ òàêà çâ'ÿçíà ìíîæèíà C,
ùî ìiñòèòü òî÷êó x, òîáòî åëåìåíò ç Cx, ùî
y ∈ C. Äëÿ öi¹¨ ìíîæèíè {x, y} ⊆ C, îòæå,
x ∼ y, òîìó y ∈ E.

Òàêèì ÷èíîì, E = C̃x.
(ii) ⇒ (i). Íåõàé Cx = {y ∈ X : x ∼ y}

� êîìïîíåíòà çâ'ÿçíîñòi òî÷êè x â X i E �
íàéáiëüøà çâ'ÿçíà ìíîæèíà â X, ùî ìiñòèòü
òî÷êó x. Çà äîâåäåíèì âèùå i Cx ¹ íàéáiëü-
øîþ çâ'ÿçíîþ ìíîæèíîþ â X, ùî ìiñòèòü
x. Çðîçóìiëî, ùî òàêà ìíîæèíà ¹äèíà, îò-
æå, E = Cx i E � öå êîìïîíåíòà çâ'ÿçíîñòi
òî÷êè x â X.
Ëåìà 2. Íåõàé X =

⊔
i∈I
Xi, äå âñi Xi �

öå êîìïîíåíòè çâ'ÿçíîñòi ïðîñòîðó X. Òî-
äi C(X) = {Xi : i ∈ I}.
Äîâåäåííÿ. Íåõàé A = {Xi : i ∈ I}.

ßñíî, ùî A ⊆ C(X). Íàâïàêè, íåõàé C �
ÿêàñü êîìïîíåíòà çâ'ÿçíîñòi íåïîðîæíüîãî
ïðîñòîðó X. Òîäi C ̸= ∅, îòæå, iñíó¹ åëå-
ìåíò x ∈ C. Îñêiëüêè X =

⊔
i∈I
Xi, òî iñíó¹

òàêå i ∈ I, ùî x ∈ Xi. Ìíîæèíà C ∪Xi çâ'ÿ-
çíà çà íàñëiäêîì 1, áî òàêèìè ¹ C i Xi, ïðè-
÷îìó x ∈ C ∩ Xi, îòæå, C ∩ Xi ̸= ∅. Êðiì
òîãî, C ⊆ C ∪Xi ⊇ Xi. Îñêiëüêè i C, i Xi �
öå êîìïîíåíòè çâ'ÿçíîñòi, òî çà òåîðåìîþ 2
C = C∪Xi = Xi, îòæå, C ∈ A. Òàêèì ÷èíîì,

C(X) = A.
Òâåðäæåííÿ 1. Íåõàé X � òîïîëîãi-

÷íèé ïðîñòið, (Yi : i ∈ I) � ñiì'ÿ íåïî-
ðîæíiõ âiäêðèòî-çàìêíåíèõ çâ'ÿçíèõ ìíî-
æèí ó ïðîñòîði X, X0 � íåïîðîæíÿ çâ'ÿ-
çíà ìíîæèíà â X i X = X0 ⊔ (

⊔
i∈I
Yi). Òîäi

C(X) = {Yi : i ∈ I} ∪ {X0}.
Äîâåäåííÿ. Äîâåäåìî, ùî Yi � êîìïî-

íåíòà çâ'ÿçíîñòi ïðîñòîðó X. Îñêiëüêè Yi �
íåïîðîæíÿ âiäêðèòî-çàìêíåíà çâ'ÿçíà ìíî-
æèíà â ïðîñòîði X, òî iñíó¹ òî÷êà x ∈ Yi,
i íåõàé B � çâ'ÿçíà ìíîæèíà â X, òàêà, ùî
x ∈ B. Ïîêàæåìî, ùî B ⊆ Yi. Áóäåìî ìið-
êóâàòè âiä ñóïðîòèâíîãî, íåõàé B * Yi. Òîäi
iñíó¹ òî÷êà y ∈ B \ Yi. Îñêiëüêè ìíîæèíà
Yi âiäêðèòà â X, òî B ∩ Yi � âiäêðèòà â B i
x ∈ B ∩ Yi. Àëå ìíîæèíà Yi, êðiì òîãî, ùå
é çàìêíåíà â ïðîñòîði X, îòæå äîïîâíåííÿ
äî íå¨ X \ Yi � âiäêðèòà ìíîæèíà â ïðîñòî-
ði X. Òîäi B \ Yi = B ∩ (X \ Yi) � öå âiä-
êðèòà ìíîæèíà â B i òî÷êà y íàëåæèòü äî
íå¨. Òàêèì ÷èíîì, ìíîæèíà B ïîäà¹òüñÿ ó
âèãëÿäi äèç'þíêòíîãî îá'¹äíàííÿ äâîõ íåïî-
ðîæíiõ âiäêðèòèõ â ïiäïðîñòîði B ìíîæèí,
à öå ñóïåðå÷èòü çâ'ÿçíîñòi ìíîæèíè B. Îò-
æå, B ⊆ Yi, òîìó Yi � ìàêñèìàëüíà çâ'ÿçíà
ìíîæèíà, ùî ìiñòèòü òî÷êó x.

Ïîêàæåìî òåïåð, ùî X0 � êîìïîíåíòà
çâ'ÿçíîñòi ïðîñòîðó X. Íåõàé x ∈ X0 i C
� çâ'ÿçíà ìíîæèíà â ïðîñòîði X, òàêà, ùî
x ∈ C. Äîâåäåìî, ùî C ⊆ X0. Çíîâó áóäå-
ìî ìiðêóâàòè âiä ñóïðîòèâíîãî. Íåõàé öå íå
òàê, îòæå, iñíó¹ òî÷êà y ∈ C \ X0. Îñêiëü-
êè, y /∈ X0, òî iñíó¹ i ∈ I, òàêå, ùî y ∈ Yi.
Ïîêëàäåìî C0 = C ∩ Yi i C1 = C ∩ (X \ Yi).
Ìíîæèíè C0 i C1 âiäêðèòi â ïiäïðîñòîði C,
ÿê ñëiäè âiäêðèòèõ ìíîæèí Yi òà X \ Yi âiä-
ïîâiäíî â ïðîñòîðiX, i íåïîðîæíi, áî x ∈ C0,
à y ∈ C1. Âèõîäèòü, ùî ìíîæèíà C = C0⊔C1

ðîçáèâà¹òüñÿ íà äâi íåïåðåòèííi íåïîðîæíi
âiäêðèòi â C ìíîæèíè, ùî ñóïåðå÷èòü çâ'ÿ-
çíîñòi C. Îòæå, C ⊆ X0, à çíà÷èòü, X0 �
êîìïîíåíòà çâ'ÿçíîñòi ïðîñòîðó X. Êðiì òî-
ãî, iç çîáðàæåííÿ X = X0 ⊔ (

⊔
i∈I
Yi) i òîãî,

ùî ìíîæèíè X0 òà Yi äëÿ âñiõ i ∈ I ¹ êîì-
ïîíåíòàìè çâ'ÿçíîñòi, ç ëåìè 2 âèïëèâà¹, ùî
iíøèõ êîìïîíåíò çâ'ÿçíîñòi ïðîñòîðó X íå-
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ìà¹. Òîìó C(X) = {Yi : i ∈ I} ∪ {X0}.
4. Ïëîùèíà Ñiäðà òà ¨¨ ðîçáèòòÿ.Äëÿ

äîâiëüíèõ ε > 0, x ∈ R i y > 0 ââåäå-
ìî òàêi ïîçíà÷åííÿ: Uε(x) = (x − ε, x + ε),
Vε(0) = [0, ε) i Vε(y) = (y − ε, y + ε).

Ïëîùèíîþ Ñiäðà M ìè íàçèâà¹ìî òî-
ïîëîãi÷íèé ïðîñòið, ùî ñêëàäà¹òüñÿ ç òî-
÷îê ïiâïëîùèíè R × [0,+∞), òîïîëîãi÷íà
ñòðóêòóðà íà ÿêîìó ââîäèòüñÿ òàê: ìíî-
æèíà W áóäå îêîëîì òî÷êè p = (x, y) ç
y > 0 â M, ÿêùî iñíó¹ òàêå ε ∈ (0, y), ùî
Wε(p) = {x} × Vε(y) ⊆ W , i îêîëîì òî÷êè
p = (x, 0) â M, ÿêùî iñíó¹ òàêå ε > 0, ùî

Wε(p) = Uε(x)
x
×Vε(0) = (Uε(x) × Vε(0)) \

({x} × (0, ε)) ⊆ W .
Ïîçíà÷èìî Yx = {x}× (0,+∞), äå x ∈ R i

X0 = R×{0}, i çàóâàæèìî, ùî âiäîáðàæåííÿ
φ : R → X0, äëÿ ÿêîãî φ(x) = (x, 0), i âñi
âiäîáðàæåííÿ ψx : (0,+∞) → Yx, òàêi, ùî
ψx(y) = (x, y), ¹ ãîìåîìîðôiçìàìè.
Òåîðåìà 3. Ïiäïðîñòîðè Yx = {x} ×

(0,+∞) ïëîùèíè ÑiäðàM ¹ âiäêðèòèìè, çà-
ìêíåíèìè i çâ'ÿçíèìè, à ïiäïðîñòið X0 =
R×{0} çâ'ÿçíèé i çàìêíåíèé â M, ïðè öüî-
ìó M = (

⊔
x∈R

Yx) ⊔X0.

Äîâåäåííÿ. Äîâåäåìî, ùî ìíîæèíà Yx
âiäêðèòà â M. Cïðàâäi, íåõàé x ∈ X i p =
(x, y) ∈ Yx. Âiçüìåìî áóäü-ÿêå 0 < ε < y.
Òîäi Vε(y) ⊆ (0,+∞), îòæå Wε(p) = {x} ×
Vε(y) ⊆ {x}×(0,+∞) = Yx. Òîìó Yx � öå îêië
äîâiëüíî¨ ñâî¹¨ òî÷êè p, à çíà÷èòü, âiäêðèòà
ìíîæèíà.

Äëÿ äîâåäåííÿ çàìêíåíîñòi ïiäïðîñòîðó
Yx ðîçãëÿíåìî òî÷êó p0 = (x0, y0) ∈ M \ Yx.
ßêùî x0 = x i y0 = 0, òî äëÿ äîâiëüíîãî
ε > 0 ìíîæèíà W = Wε(p0) áóäå îêîëîì
òî÷êè p0, òàêèì, ùî W ∩ Yx = ∅. ßêùî æ
x0 ̸= x, à y0 > 0, òî W = {x0} × (0,+∞)
¹ îêîëîì òî÷êè p0 â M i W ∩ Yx = ∅. Ðîç-
ãëÿíåìî íàðåøòi âèïàäîê, êîëè x0 ̸= x, a
y0 = 0. Òîäi |x0 − x| = ε > 0 i ìíîæèíà
W = ((x0 − ε, x0 + ε) × [0,+∞)) ¹ îêîëîì
òî÷êè p0 â M, òàêèì, ùî W ∩Yx = ∅. Öå ïî-
êàçó¹, ùî ìíîæèíà Yx ìiñòèòü âñi ñâî¨ òî÷êè
äîòèêó, îòæå, ¹ çàìêíåíîþ â M.

Ïiäïðîñòið Yx ¹ çâ'ÿçíèì, ÿê îáðàç çâ'ÿ-
çíî¨ ìíîæèíè (0,+∞) ïðè ïîáóäîâàíî-
ìó âèùå íåïåðåðâíîìó âiäîáðàæåííi ψx :

(0,+∞) → Yx.
Äîâåäåìî òåïåð çàìêíåíiñòü ïiäïðîñòîðó

X0 ïëîùèíè Ciäðà. Ðîçãëÿíåìî äîâiëüíó òî-
÷êó p0 = (x0, y0) ∈ M \X0. Òîäi îáîâ'ÿçêîâî
y0 > 0 i ìíîæèíàW = {x0}×(0,+∞) = Yx0 ¹
îêîëîì òî÷êè p0 âM, òàêèì, ùîW∩X0 = ∅,
çâiäêè âèïëèâà¹ çàìêíåíiñòü X0.

Çâ'ÿçíiñòü ïiäïðîñòîðó X0 îòðèìó¹òüñÿ ç
òîãî, ùî X0 ãîìåìîðôíèé äî ÷èñëîâî¨ ïðÿ-
ìî¨ R, ÿêà ¹ çâ'ÿçíèì ïðîñòîðîì.

ßêùî x1 ̸= x2, òî î÷åâèäíî, ùî Yx1 ∩
Yx2 = ∅. Ïåðåòèí ïiäïðîñòîðiâ Yx òà X0 òà-
êîæ ïîðîæíié, îñêiëüêè äëÿ äîâiëüíî¨ òî÷êè
p = (x, y) ∈ Yx îáîâ'ÿçêîâî y > 0, à äëÿ
p = (x, y) ∈ X0 ìóñèòü âèêîíóâàòèñü óìîâà,
ùî y = 0. Ïðè öüîìó òî÷êà p = (x, y) ∈ M
âõîäèòü â X0, ÿêùî y = 0 i â Yx, ÿêùî y > 0.

Ç òâåðäæåííÿ 1 òà òåîðåìè 3 íåãàéíî âè-
ïëèâà¹
Íàñëiäîê 2. Íåõàé Yx = {x} × (0,+∞),

X0 = R× {0} � ïiäïðîñòîðè ïëîùèíè Ñiäðà
M. Òîäi C(M) = {Yx : x ∈ R} ∪ {X0} � ñè-
ñòåìà óñiõ êîìïîíåíò çâ'ÿçíîñòi ïëîùèíè
Ñiäðà M.
5. Ñóêóïíà íåïåðåðâíiñòü íàðiçíî

íåïåðåðâíèõ âiäîáðàæåíü âiä äâîõ
çìiííèõ çi çíà÷åííÿìè â ïëîùèíi Ci-
äðà. Íàì áóäå ïîòðiáíå òàêå
Òâåðäæåííÿ 2. Íåõàé X,Y � çâ'ÿçíi

òîïîëîãi÷íi ïðîñòîðè, Z � òîïîëîãi÷íèé
ïðîñòið i f : X×Y → Z � íàðiçíî íåïåðåðâ-
íå âiäîáðàæåííÿ. Òîäi f(X × Y ) � çâ'ÿçíà
ìíîæèíà.
Äîâåäåííÿ. Çàôiêñó¹ìî x ∈ X i ðîç-

ãëÿíåìî ìíîæèíó fx(Y ), ÿêà ¹ çâ'ÿçíîþ, ÿê
îáðàç çâ'ÿçíî¨ ìíîæèíè Y ïðè íåïåðåðâíî-
ìó âiäîáðàæåííi fx : Y → Z. Çðîçóìiëî,
ùî f(X × Y ) =

∪
x∈X f

x(Y ). Ðîçãëÿíåìî
y0 ∈ Y i âiäïîâiäíèé ãîðèçîíòàëüíèé ðîç-
ðiç fy0(X), âií ¹ çâ'ÿçíîþ ïiäìíîæèíîþ ïðî-
ñòîðó Z, ÿê îáðàç çâ'ÿçíî¨ ìíîæèíè X ïðè
íåïåðåðâíîìó âiäîáðàæåííi fy0 : X → Z.
Îñêiëüêè f(x, y0) ∈ fx(Y ) i f(x, y0) ∈ fy0(X)
äëÿ äîâiëüíîãî x ç X, òî ìà¹ìî, ùî fy0(X)∩
fx(Y ) ̸= ∅ äëÿ âñiõ x ç X. Îòæå, çà ëåìîþ 1
ìíîæèíà f(X×Y ) =

∪
x∈X f

x(Y ) ¹ çâ'ÿçíîþ.
Íàãàäà¹ìî, ùî ìíîæèíîþ çëi÷åííîãî

òèïó íàçèâàþòü òàêó ïiäìíîæèíó B òîïî-
ëîãi÷íîãî ïðîñòîðó Y , ùî äëÿ íå¨ iñíó¹ ïî-
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ñëiäîâíiñòü âiäêðèòèõ â Y ìíîæèí Vn, òàêà,
ùî äëÿ êîæíîãî y ∈ B ñèñòåìà {Vn : y ∈ Vn}
¹ áàçîþ îêîëiâ òî÷êè y â Y .

Äîáðå âiäîìà òåîðåìà Êàëáði-Òðîàëëiêà
[9] òâåðäèòü, ùî äëÿ äîâiëüíèõ òîïîëîãi-
÷íèõ ïðîñòîðiâ X i Y , ìåòðèçîâíîãî ïðî-
ñòîðó Z, íàðiçíî íåïåðåðâíîãî âiäîáðàæåí-
íÿ f : X × Y → Z i ìíîæèíè B çëi÷åííî-
ãî òèïó â Y iñíó¹ òàêà çàëèøêîâà ìíîæèíà
A â X, ùî A × B ⊆ C(f). Ç öi¹¨ òåîðåìè
ëåãêî âèïëèâà¹, ùî äëÿ íàðiçíî íåïåðåðâíî-
ãî âiäîáðàæåííÿ f : X × Y → Z çi çíà÷å-
ííÿìè â ìåòðèçîâíîìó ïðîñòîði Z ìíîæèíè
Cy(f) = {x ∈ X : (x, y) ∈ C(f)} äëÿ êîæíîãî
y ∈ Y ÷è CY (f) = {x ∈ X : {x}×Y ) ⊆ C(f)}
áóäóòü çàëèøêîâèìè â X, ÿêùî Y çàäîâîëü-
íÿ¹ ïåðøó ÷è äðóãó àêñiîìè çëi÷åííîñòi âiä-
ïîâiäíî.
Òåîðåìà 4. Íåõàé X i Y � çâ'ÿçíi òî-

ïîëîãi÷íi ïðîñòîðè, f : X × Y → M � íà-
ðiçíî íåïåðåðâíå âiäîáðàæåííÿ i B � ìíî-
æèíà çëi÷åííîãî òèïó â Y . Òîäi ìíîæèíà
CB(f) = {x ∈ X : {x} × B ⊆ C(f)} ¹ çàëè-
øêîâîþ â X.
Äîâåäåííÿ. Îñêiëüêè X òà Y � çâ'ÿ-

çíi ïðîñòîðè, òî çà òâåðäæåííÿì 2 ìíîæèíà
f(X × Y ) ¹ çâ'ÿçíîþ â M, à çíà÷èòü, çà òåî-
ðåìîþ 2 ìiñòèòüñÿ â äåÿêié êîìïîíåíòi çâ'ÿ-
çíîñòi ïëîùèíè Ñiäðà M. Â ïëîùèíi Ñiäðà
êîìïîíåíòàìè çâ'ÿçíîñòi ¹ ïiäïðîñòîðè Yx,
äå x ∈ R, òà X0, ùî âñòàíîâëåíî â íàñëiäêó
2, òîìó f(X × Y ) ⊆ Yx äëÿ äåÿêîãî x ∈ R
àáî f(X × Y ) ⊆ X0. Îñêiëüêè äëÿ äîâiëü-
íîãî x ∈ R ïiäïðîñòið Yx ãîìåîìîðôíèé äî
ìåòðèçîâíîãî ïiäïðîñòîðó (0,+∞) ÷èñëîâî¨
ïðÿìî¨ R, à X0 ãîìåîìîðôíèé äî ÷èñëîâî¨
ïðÿìî¨ R, òî f íàáóâà¹ çíà÷åíü â ìåòðèçîâ-
íîìó ïiäïðîñòîði ïëîùèíè ÑiäðàM. Òîìó çà
òåîðåìîþ Êàëáði-Òðîàëëiêà iñíó¹ çàëèøêî-
âà ìíîæèíà A â X, òàêà ùî A × B ⊆ C(f).
Òîäi i ìíîæèíà CB(f) ¹ çàëèøêîâîþ â X,
àäæå A ⊆ CB(f).
Íàñëiäîê 3. Íåõàé X i Y � çâ'ÿçíi òî-

ïîëîãi÷íi ïðîñòîðè, f : X × Y → M � íà-
ðiçíî íåïåðåðâíå âiäîáðàæåííÿ. Òîäi ìíî-
æèíè Cy(f) = {x ∈ X : (x, y) ∈ C(f)}
äëÿ êîæíîãî y ∈ Y ÷è CY (f) = {x ∈ X :
{x}×Y ) ⊆ C(f)} áóäóòü çàëèøêîâèìè â X,
ÿêùî Y çàäîâîëüíÿ¹ ïåðøó ÷è äðóãó àêñiîìè

çëi÷åííîñòi âiäïîâiäíî.
Äîâåäåííÿ. Íåõàé Y çàäîâîëüíÿ¹ ïåð-

øó àêñiîìó çëi÷åííîñòi, òîáòî äëÿ äîâiëüíî-
ãî y ç Y iñíó¹ ñèñòåìà Vy = {Vn : n ∈ N} âiä-
êðèòèõ ìíîæèí â Y , ÿêà ¹ áàçîþ îêîëiâ òî-
÷êè y. Îòæå, áóäü-ÿêà îäíîòî÷êîâà ìíîæèíà
{y} áóäå ìíîæèíîþ çëi÷åííîãî òèïó â Y . Òî-
äi ìíîæèíà Cy(f) = {x ∈ X : (x, y) ∈ C(f)}
¹ çàëèøêîâîþ â X äëÿ êîæíîãî y ∈ Y çà
òåîðåìîþ 4.

Íåõàé òåïåð Y çàäîâîëüíÿ¹ äðóãó àêñiîìó
çëi÷åííîñòi, òîáòî iñíó¹ V = {Vn : n ∈ N} �
áàçà ïðîñòîðó Y . Â öüîìó âèïàäêó ñàì ïðî-
ñòið Y ¹ ìíîæèíîþ çëi÷åííîãî òèïó. Îòæå,
çà òåîðåìîþ 4 ìíîæèíà CY (f) = {x ∈ X :
{x} × Y ) ⊆ C(f)} ¹ çàëèøêîâîþ â X.
6. Ñóêóïíà íåïåðåðâíiñòü íàðiçíî

íåïåðåðâíèõ ôóíêöié âiä áàãàòüîõ
çìiííèõ çi çíà÷åííÿìè â ïëîùèíi Ci-
äðà. Êîðèñòóþ÷èñü âiäîìèìè ðåçóëüòàòàìè
Â. Ìàñëþ÷åíêà ïðî âåëè÷èíó ìíîæèíè òî-
÷îê íåïåðåðâíîñòi íàðiçíî íåïåðåðâíèõ âiä-
îáðàæåíü áàãàòüîõ çìiííèõ çi çíà÷åííÿìè
â ìåòðèçîâíèõ ïðîñòîðàõ [10], ìè ìîæåìî
ïåðåíåñòè òåîðåìè ïîïåðåäíüîãî ðîçäiëó íà
âèïàäîê n+1 çìiííî¨. Äëÿ öüîãî íàì áóäóòü
ïîòðiáíi òàêi òåîðåìè:
Òåîðåìà À. (Ìàñëþ÷åíêî Â.Ê., 1998)

ßêùî X1 � äîâiëüíèé òîïîëîãi÷íèé ïðî-
ñòið, ïðîñòîðè X2, ..., Xn+1 çàäîâîëüíÿþòü
ïåðøó àêñiîìó çëi÷åííîñòi, ïðîñòið Z ìå-
òðèçîâíèé i f : X1 ×X2 × ...×Xn+1 → Z �
íàðiçíî íåïåðåðâíå âiäîáðàæåííÿ, òî ìíî-
æèíà Cy(f) = {x ∈ X = X1 × ... × Xn :
(x, y) ∈ C(f)} äëÿ êîæíîãî y ∈ Y = Xn+1

áóäå çàëèøêîâîþ â X.
Òåîðåìà B. (Ìàñëþ÷åíêî Â.Ê., 1998)

ßêùî X1 � òîïîëîãi÷íèé ïðîñòið, X2, ..., Xn

çàäîâîëüíÿþòü ïåðøó àêñiîìó çëi÷åííîñòi,
Y = Xn+1 çàäîâîëüíÿ¹ äðóãó àêñiîìó çëi-
÷åííîñòi, Z � ìåòðèçîâíèé, f : X1 × X2 ×
...×Xn+1 → Z � íàðiçíî íåïåðåðâíå âiäîáðà-
æåííÿ, òî ìíîæèíà CY (f) = {x ∈ X =
X1 × ...×Xn : ({x} × Y ) ⊆ C(f)} áóäå çàëè-
øêîâîþ â X.
Òåîðåìà 5. Íåõàé X1, X2, ..., Xn � çâ'ÿ-

çíi òîïîëîãi÷íi ïðîñòîðè, Z � òîïîëîãi-
÷íèé ïðîñòið i f : X1 × X2 × ... × Xn →
Z � íàðiçíî íåïåðåðâíå âiäîáðàæåííÿ. Òîäi
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f(X1 ×X2 × ... ×Xn) � çâ'ÿçíà ìíîæèíà â
Z.
Äîâåäåííÿ. Äëÿ äîâåäåííÿ çàñòîñó¹ìî

iíäóêöiþ âiäíîñíî n. Äëÿ n = 1 òâåðäæåí-
íÿ òåîðåìè öå íå ùî iíøå ÿê äîáðå âiäîìèé
ôàêò, ÿêèì ìè íå ðàç êîðèñòóâàëèñÿ â äàíié
ðîáîòi, ïðî òå, ùî îáðàç çâ'ÿçíî¨ ìíîæèíè
ïðè íåïåðåðâíîìó âiäîáðàæåííi ¹ çâ'ÿçíîþ
ìíîæèíîþ. Ïðè n = 2 öÿ òåîðåìà � öå òâåð-
äæåííÿ 2. Ïðèïóñòèìî, ùî öÿ òåîðåìà âiðíà
äëÿ ôóíêöié âiä n çìiííèõ, äå n ≥ 2, i äîâå-
äåìî, ùî âîíà ìà¹ ìiñöå i äëÿ ôóíêöié âiä
n+ 1 çìiííî¨.

Íåõàé X1, ..., Xn, Xn+1 � çâ'ÿçíi òîïîëîãi-
÷íi ïðîñòîðè. Òîäi äîáóòîê X = X1 × ... ×
Xn ¹ òàêîæ çâ'ÿçíèì [7, c. 521]. Ïîêëàäåìî
Y = Xn+1 i áóäåìî ðîçãëÿäàòè âiäîáðàæåííÿ
ç ôîðìóëþâàííÿ òåîðåìè, ÿê âiäîáðàæåííÿ
íà äîáóòêó äâîõ çâ'ÿçíèõ ïðîñòîðiâ X òà Y .
Çðîçóìiëî, ùî f(X × Y ) =

∪
x∈X f

x(Y ). Âñi
ìíîæèíè fx(Y ) çâ'ÿçíi, îñêiëüêè âiäîáðàæå-
ííÿ fx : Y → Z íåïåðåðâíi i Y � çâ'ÿ-
çíèé ïðîñòið. Çàôiêñó¹ìî y0 ∈ Y i ðîçãëÿ-
íåìî ìíîæèíó fy0(X), ÿêà ¹ çâ'ÿçíîþ çà ií-
äóêòèâíèì ïðèïóùåííÿì, àäæå fy0 : X → Z
� íàðiçíî íåïåðåðâíå âiäîáðàæåííÿ. Îñêiëü-
êè f(x, y0) ∈ fy0(X) ∩ fx(Y ) äëÿ äîâiëüíî-
ãî x ∈ X, òî fx(Y ) ∩ fy0(X) ̸= ∅ äëÿ êî-
æíîãî x ∈ X. Òîìó çà ëåìîþ 1 ìíîæè-
íà f(X1 × X2 × ... × Xn+1) = f(X × Y ) =∪
x∈X f

x(Y ) ¹ çâ'ÿçíîþ.
Òåîðåìà 6. Íåõàé X1, ..., Xn, Xn+1 � çâ'ÿ-

çíi òîïîëîãi÷íi ïðîñòîðè, X2, ..., Xn çà-
äîâîëüíÿþòü ïåðøó àêñiîìó çëi÷åííîñòi,
X = X1 × ... × Xn, Y = Xn+1 i f : X1 ×
X2 × ... × Xn+1 → M � íàðiçíî íåïåðåðâíå
âiäîáðàæåííÿ. Òîäi ìíîæèíè Cy(f) = {x ∈
X : (x, y) ∈ C(f)} äëÿ êîæíîãî y ∈ Y ÷è
CY (f) = {x ∈ X : {x} × Y ) ⊆ C(f)} áóäóòü
çàëèøêîâèìè â X, ÿêùî Y çàäîâîëüíÿ¹ ïåð-
øó ÷è äðóãó àêñiîìè çëi÷åííîñòi âiäïîâiä-
íî.
Äîâåäåííÿ. Çà òåîðåìîþ 5 ìíîæèíà

f(X × Y ) ¹ çâ'ÿçíîþ â M, à çíà÷èòü ìiñòè-
òüñÿ â äåÿêié êîìïîíåíòi çâ'ÿçíîñòi ïëîùè-
íè Ñiäðà M. Äàëi, ìiðêóþ÷è àíàëîãi÷íî ÿê i
â äîâåäåííi òåîðåìè 4, îòðèìà¹ìî, ùî ìíî-
æèíà çíà÷åíü f(X × Y ) íàøîãî âiäîáðàæå-
ííÿ f ìiñòèòüñÿ â ìåòðèçîâíîìó ïiäïðîñòî-

ði ïëîùèíè Ñiäðà M. Îòæå, ÿêùî ïðîñòið
Y çàäîâîëüíÿ¹ ïåðøó àêñiîìó çëi÷åííîñòi,
òî çà òåîðåìîþ A ìíîæèíà Cy(f) = {x ∈
X : (x, y) ∈ C(f)} áóäå çàëèøêîâîþ â äîáó-
òêó X = X1 × ... × Xn äëÿ êîæíîãî y ∈ Y .
ßêùî æ ïðîñòið Y çàäîâîëüíÿ¹ äðóãó àêñiî-
ìó çëi÷åííîñòi, òî çà òåîðåìîþ Â îòðèìó¹ìî
çàëèøêîâiñòü ìíîæèíè CY (f) = {x ∈ X :
{x} × Y ) ⊆ C(f)} â ïðîñòîði X.

Âèñëîâëþþ ùèðó âäÿ÷íiñòü Ìàñëþ÷åíêó
Âîëîäèìèðó Êèðèëîâè÷ó çà äîïîìîãó òà ïî-
ñòiéíó óâàãó ïðè íàïèñàííi öi¹¨ ñòàòòi.
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ÍÎÂI ÕÀÐÀÊÒÅÐÈÇÀÖI� ÄÅßÊÈÕ ÎÑËÀÁËÅÍÜ ÍÅÏÅÐÅÐÂÍÎÑÒI

Äîñëiäæóþòüñÿ õàðàêòåðèçàöi¨ ðiçíèõ îñëàáëåíü íåïåðåðâíîñòi â òåðìiíàõ çàìèêàííÿ.
Çîêðåìà âñòàíîâëåíî, ùî âiäîáðàæåííÿ f ¹ B-êâàçiíåïåðåðâíèì òîäi i òiëüêè òîäi, êîëè
f(A) ⊆ f(A) äëÿ äîâiëüíî¨ ïåðåäâiäêðèòî¨ ìíîæèíè A, òàêî¨, ùî intA � îáëàñòü.

We study characterizations of various weakening of continuity in terms of the closure. In parti-
cular, we prove that a mapping f is a B-quasi-continuous if and only if f(A) ⊆ f(A) for any
pre-open set A such that intA is a connected open set.

1. Âñòóï. Äîáðå âiäîìîþ ¹ õàðàêòåðè-
çàöiÿ íåïåðåâíîñòi âiäîáðàæåííÿ â òåðìiíàõ
éîãî çàìèêàííÿ: âiäîáðàæåííÿ f ìiæ òîïî-
ëîãi÷íèìè ïðîñòîðàìè X òà Y ¹ íåïåðåðâ-
íèì òîäi i òiëüêè òîäi, êîëè

f(A) ⊆ f(A)

äëÿ äîâiëüíî¨ ïiäìíîæèíè A ïðîñòîðó X, äå
A îçíà÷à¹ çàìèêàííÿ ìíîæèíè A.

Ê.Êåëëóì ó [1] óâiâ ïîíÿòòÿ ôóíêöi¨ �iá-
ñîíà, à ñàìå, âiäîáðàæåííÿ f : X → Y
íàçèâà¹òüñÿ ôóíêöi¹þ �iáñîíà, ÿêùî
f(U) ⊆ f(U) äëÿ âñiõ âiäêðèòèõ ìíîæèí U
â X. Â [2] Î.Êàðëîâà òà Â.Ìèõàéëþê âñòà-
íîâèëè, ùî ïîíÿòòÿ ìàéæå íåïåðåðâíîñòi
òà ïîíÿòòÿ ôóíêöi¨ �iáñîíà îçíà÷àþòü îäíå
i òåæ.

Ï.Ñ.Êåëëåð â [3] óâiâ âëàñòèâiñòü ùiëüíî-
ñòi âiäîáðàæåííÿ (�dense mapping property�,
êîðîòêî DMP). Âiäîáðàæåííÿ f : X → Y

ìà¹ âëàñòèâiñòü DMP, ÿêùî f(D) ⊆ f(D)
äëÿ äîâiëüíî¨ ïiäìíîæèíè D ïðîñòîðó X,
òàêî¨, ùî D ¹ çâ'ÿçíîþ ìíîæèíîþ. Ð.Ìiìíà
â [4] âñòàíîâèâ, ùî ôóíêöiÿ f : R → R ¹
äâîñòîðîííüî êâàçiíåïåðåðâíîþ òîäi i òiëü-
êè òîäi, êîëè âîíà ìà¹ âëàñòèâiñòü DMP. Â
[5] ß.Áîðñiêîì áóëî ïîêàçàíî, ùî ÿêùî âiä-
îáðàæåííÿ f : X → Y ìiæ òîïîëîãi÷íèìè
ïðîñòîðàìè X òà Y ìà¹ âëàñòèâiñòü DMP,
òî f ¹ B-êâàçiíåïåðåðâíèì, à òàêîæ íàâå-
äåíî ïðèêëàä ôóíêöi¨ f : R2 → R, ÿêà ¹
B-êâàçiíåïåðåðâíîþ, àëå íå ìà¹ âëàñòèâîñòi
DMP. Òàêîæ â [4] Ð.Ìiìíà ïîêàçàâ, ùî ôóí-
êöiÿ f : R → R íåïåðåðâíà òîäi i òiëüêè

òîäi, êîëè f(N) ⊆ f(N) äëÿ äîâiëüíî¨ íiäå
íå ùiëüíî¨ ìíîæèíè N .

Êðiì ìàéæå íåïåðåðâíîñòi òà äâîñòî-
ðîííüî¨ êâàçiíåïåðåðâíîñòi iñíó¹ âåëèêà
êiëüêiñòü iíøèõ îñëàáëåíü íåïåðåðâíîñòi
(êâàçiíåïåðåðâíiñòü, ïåðèôåðiéíà íåïåðåðâ-
íiñòü, ëåäü íåïåðåðâíiñòü òîùî). Âèíèêà¹
ïðèðîäíèé iíòåðåñ äîñëiäèòè ÷è äîïóñêà-
þòü iíøi îñëàáëåííÿ íåïåðåðâíîñòi ïîäi-
áíó õàðàêòåðèçàöiþ ç äîïîìîãîþ âêëþ÷åí-
íÿ f(A) ⊆ f(A), ùî âèêîíó¹òüñÿ äëÿ ìíîæè-
íè A ç ïåâíî¨ ñèñòåìè A. Â öié ñòàòòi õàðà-
êòåðèçiöi¨ çíàéäåíî äëÿ âëàñòèâîñòi Þí à,
B-êâàçiíåïåðåðâíîñòi, α-íåïåðåðâíîñòi, ëåäü
íåïåðåðâíîñòi òà ìàéæå ëåäü íåïåðåðâíîñòi.
Äîñëiäæåíî òàêîæ ç öi¹¨ òî÷êè çîðó i ïåðè-
ôåðiéíó íåïåðåðâíiñòü. Íà æàëü, äëÿ êâà-
çiíåïåðåðâíîñòi òàêî¨ õàðàêòåðèçàöi¨ íå çíà-
éäåíî.
2. A-íåïåðåðâíiñòü. Íåõàé X i Y � òî-

ïîëîãi÷íi ïðîñòîðè, A � äåÿêà ñèñòåìà ïiä-
ìíîæèí ïðîñòîðó X i f : X → Y � âiäîáðà-
æåííÿ. Ìè êàæåìî, ùî âiäîáðàæåííÿ f ¹ A-
íåïåðåðâíèì, ÿêùî f(A) ⊆ f(A) äëÿ äîâiëü-
íî¨ ìíîæèíè A ∈ A.

Ñïî÷àòêó ïåðåíåñåìî ðåçóëüòàò Ð.Ìiìíè
ç [4] íà âèïàäîê òîïîëîãi÷íèõ ïðîñòîðiâ.
Òåîðåìà 2.1. Íåõàé X òà Y � òîïîëîãi-

÷íi ïðîñòîðè, ïðè÷îìó ïðîñòið X çàäîâîëü-
íÿ¹ óìîâó:

(⋆) äëÿ äîâiëüíî¨ ïiäìíîæèíè A â X i òî-
÷êè x ∈ A\A iñíó¹ íiäå íå ùiëüíà ìíî-
æèíà N â X, òàêà, ùî N ⊆ A i x ∈ N ,

i N � ñèñòåìà íiäå íå ùiëüíèõ ïiäìíîæèí
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ïðîñòîðó X. Âiäîáðàæåííÿ f : X → Y ¹
íåïåðåðâíèì òîäi i òiëüêè òîäi, êîëè f ¹
N -íåïåðåðâíèì.
Äîâåäåííÿ. Íåîáõiäíiñòü ¹ î÷åâèäíîþ.

Âñòàíîâèìî äîñòàòíiñòü. Ïðèïóñòèìî, ùî
âiäîáðàæåííÿ f ¹ N -íåïåðåðâíèì i íå ¹
íåïåðåðâíèì â äåÿêié òî÷öi x0 ∈ X. Òî-
äi iñíó¹ âiäêðèòèé îêië V òî÷êè f(x0) â
Y òàêèé, ùî äëÿ äîâiëüíîãî îêîëó U òî-
÷êè x0 â X iñíó¹ òî÷êà xU ∈ U , òàêà,
ùî f(xU) ∈ Y \ V . Ðîçãëÿíåìî ìíîæè-
íó A = {xU ∈ X : U − îêië òî÷êè x0}. Î÷å-
âèäíî, ùî x0 ∈ A \ A i f(A) ⊆ Y \ V . Òî-
äi çà óìîâîþ iñíó¹ íiäå íå ùiëüíà ìíîæèíà
N â X, òàêà, ùî N ⊆ A i x0 ∈ N . Ç N -
íåïåðåðâíîñòi âiäîáðàæåííÿ f , çàìêíåíîñòi
ìíîæèíè Y \V i óìîâè N ⊆ A âèïëèâà¹, ùî

f(x0) ∈ f(N) ⊆ f(N) ⊆ Y \ V = Y \ V.

Îäíàê, f(x0) ∈ V , ùî ïðèâîäèòü äî ñóïåðå-
÷íîñòi.

Çàóâàæèìî, ùî ÿêùî ïðîñòið ìà¹ içîëüî-
âàíi òî÷êè, òî âií íå çàäîâîëüíÿ¹ óìîâó (⋆).
Òå, ùî ïðîñòið X â òåîðåìi 2.1 íå ìà¹ içîëüî-
âàíèõ òî÷îê, ¹ iñòîòíîþ óìîâîþ. Öå ïîêàçó¹
íàñòóïíèé ïðèêëàä.
Ïðèêëàä. Íåõàé X =

{
1
n
: n ∈ N

}
∪{0} �

ïðîñòið ç iíäóêîâàíîþ òîïîëîãi¹þ. Âèçíà÷è-
ìî ôóíêöiþ f : X → R òàê: f(x) = 0, ÿêùî
x ̸= 0 i f(0) = 1. Òàê âèçíà÷åíà ôóíêöiÿ
¹ ðîçðèâíîþ â òî÷öi x = 0. �äèíîþ íåïî-
ðîæíüîþ íiäå íå ùiëüíîþ ìíîæèíîþ â X ¹
îäíîòî÷êîâà ìíîæèíà N = {0}. Çðîçóìiëî,
ùî N = N . Òîäi

f(N) = f(N) = {1} = {1} = f(N).

Îòæå, ôóíêöiÿ f ¹ N -íåïåðåðâíîþ, àëå ðîç-
ðèâíîþ.

Òåîðåìà 2.2. ßêùî X � ãàóñäîðôîâèé
ïðîñòið ç ïåðøîþ àêñiîìîþ çëi÷åííîñòi áåç
içîëüîâàíèõ òî÷îê, òî âií çàäîâîëüíÿ¹ óìî-
âó (⋆).

Äîâåäåííÿ. Íåõàé A ⊆ X, x ∈ A \ A i
V � çëi÷åííà áàçà òî÷êè x. Âiçüìåìî äîâiëü-
íó òî÷êó x1 ∈ A. Ç ãàóñäîðôîâîñòi âèïëèâà¹,
ùî iñíóþòü âiäêðèòi îêîëè U1 i V1 òî÷îê x1
i x âiäïîâiäíî, òàêi, ùî V1 ∈ V i U1 ∩V1 = ∅.

Îñêiëüêè x ∈ A, òî iñíó¹ òî÷êà x2 ∈ V1 ∩ A.
Çíîâó ç ãàóñäîðôîâîñòi ïðîñòîðó X âèïëè-
âà¹, ùî iñíóþòü âiäêðèòi îêîëè U2 i V2 òî-
÷îê x2 i x âiäïîâiäíî, òàêi, ùî V2 ∈ V i
V2 ⊆ V1, U2 ⊆ V1 i U2 ∩ V2 = ∅. Çàóâà-
æèìî, ùî U2 ∩ U1 = ∅. Ïðîäîâæèâøè öå
ïðîöåñ äî áåçìåæíîñòi ìè îòðèìà¹ìî ïîñëi-
äîâíiñòü òî÷îê (xn) i ïîñëiäîâíiñòü ïîïàðíî
íåïåðåòèííèõ âiäêðèòèõ ìíîæèí (Un), òàêi,
ùî N = {x1, x2, ..., xn, ...} ⊆ A i xn ∈ Un äëÿ
âñiõ n ∈ N.

Ïîêàæåìî, ùî ìíîæèíà N íiäå íå ùiëü-
íà. Ðîçãëÿíåìî äîâiëüíó âiäêðèòó íåïîðî-
æíþ ìíîæèíó G â X. Íåõàé G∩N ̸= ∅. Òîäi
iñíó¹ íîìåð n0, òàêèé, ùî xn0 ∈ G. Îñêiëüêè
ïðîñòiðX áåç içîëüîâàíèõ òî÷îê, òî iñíó¹ òî-
÷êà x′ ∈ G∩Un0 i x

′ ̸= xn0 . Ç ãàóñäîðôîâîñòi
ïðîñòîðó X âèïëèâà¹, ùî iñíó¹ âiäêðèòèé
îêië G′ òî÷êè x′, òàêèé, ùî xn0 ̸∈ G′. Òîäi
ìíîæèíà H = G∩G′ ∩Un0 âiäêðèòà íåïîðî-
æíÿ, xn0 ̸∈ H iH ⊆ G. Êðiì òîãî,H∩Un = ∅
äëÿ âñiõ íîìåðiâ n ̸= n0, áî ïîñëiäîâíiñòü
(Un) ñêëàäà¹òüñÿ iç ïîïàðíî íåïåðåòèííèõ
âiäêðèòèõ ìíîæèí. Òîìó H ∩ N = ∅ i öå
îçíà÷à¹, ùî ìíîæèíà N íiäå íå ùiëüíà.

3. Ìàéæå íåïåðåðâíiñòü òà ôóíêöi¨
�iáñîíà. Âiäîáðàæåííÿ f : X → Y íàçèâà-
¹òüñÿ ìàéæå íåïåðåðâíèì (â ðîçóìiííi Ãó-
ñåéíà) â òî÷öi x ∈ X [6], ÿêùî äëÿ êîæíîãî
îêîëó V òî÷êè y = f(x) â Y iñíó¹ ìíîæè-
íà A â X, òàêà, ùî x ∈ intA i f(A) ⊆ V ,
äå intA îçíà÷à¹ âíóòðiøíiñòü ìíîæèíè A.
ßêùî âiäîáðàæåííÿ f ìàéæå íåïåðåðâíå â
êîæíié òî÷öi, òî âîíî íàçèâà¹òüñÿ ìàéæå
íåïåðåðâíèì.

Î.Êàðëîâà òà Â.Ìèõàéëþê â [2] âñòàíî-
âèëè íàñòóïíèé ðåçóëüòàò.
Òåîðåìà 3.1. Íåõàé X òà Y � òî-

ïîëîãi÷íi ïðîñòîðè i G � ñèñòåìà âiäêðè-
òèõ ïiäìíîæèí ïðîñòîðó X. Âiäîáðàæå-
ííÿ f : X → Y ¹ ìàéæå íåïåðåðâíå òîäi i
òiëüêè òîäi, êîëè f ¹ G-íåïåðåðâíèì.

Öþ òåîðåìó ìîæíà äîïîâíèòè òàêèì ÷è-
íîì. Ïiäìíîæèíà A ïðîñòîðóX íàçèâà¹òüñÿ
íàïiââiäêðèòîþ [7], ÿêùî A ⊆ intA. Î÷åâè-
äíî, ùî êîæíà âiäêðèòà ìíîæèíà ¹ íàïiââiä-
êðèòîþ.
Òåîðåìà 3.2. Íåõàé X òà Y � òîïîëîãi-
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÷íi ïðîñòîðè, Gs � ñèñòåìà íàïiââiäêðèòèõ
ìíîæèí â X. Âiäîáðàæåííÿ f : X → Y
¹ ìàéæå íåïåðåðâíèì òîäi i òiëüêè òîäi,
êîëè f ¹ Gs-íåïåðåðâíèì.
Äîâåäåííÿ. ßêùî f � ìàéæå íåïåðåðâ-

íå, òî çà òåîðåìîþ 3.1 f ¹ ôóíêöi¹þ �iáñî-
íà, òîáòî f(G) ⊆ f(G) äëÿ êîæíî¨ âiäêðèòî¨
ìíîæèíè G, à òîäi äëÿ êîæíî¨ íàïiââiäêðè-
òî¨ ìíîæèíè A ìà¹ìî, ùî

f(A) ⊆ f(intA) ⊆ f(intA) ⊆ f(A),

áî ìíîæèíà G = intA âiäêðèòà i A ⊆ intA.
Íàâïàêè, íåõàé âiäîáðàæåííÿ f ¹ Gs-

íåïåðåðâíèì. Îñêiëüêè G ⊆ Gs i âiäîáðàæåí-
íÿ f ¹ Gs-íåïåðåðâíèì, òî âiäîáðàæåííÿ f ¹
G-íåïåðåðâíèì. Òîäi ç òåîðåìè 3.1 âèïëèâà¹,
ùî f ¹ ìàéæå íåïåðåðâíèì.

Ç òåîðåì 3.1 òà 3.2 îäåðæó¹ìî íàñòóïíèé
î÷åâèäíèé ðåçóëüòàò.
Íàñëiäîê 3.3. Äëÿ òîïîëîãi÷íèõ ïðî-

ñòîðiâ X òà Y i âiäîáðàæåííÿ f : X → Y
íàñòóïíi óìîâè ðiâíîñèëüíi:

(1) f � ìàéæå íåïåðåðâíå;
(2) f ¹ ôóíêöi¹þ �iáñîíà;
(3) f ¹ Gs-íåïåðåðâíèì.
4. Âëàñòèâiñòü Þí à òà ñëàáêi ôóí-

êöi¨ �iáñîíà. Ó [2], ïîðÿä ç ïîíÿò-
òÿ ôóíêöi¨ �iáñîíà, ðîçãëÿäà¹òüñÿ ïîíÿò-
òÿ ñëàáêî¨ ôóíêöi¨ �iáñîíà. Âiäîáðàæåííÿ
f : X → Y íàçèâà¹òüñÿ ñëàáêîþ ôóíêöi¹þ
�iáñîíà, ÿêùî f(O) ⊆ f(O) äëÿ äîâiëüíî¨
îáëàñòi (âiäêðèòî¨ òà çâ'ÿçíî¨ ìíîæèíè) O â
X.

Ôóíêöiÿ f : R → R ìà¹ âëàñòè-
âiñòü Þí à [8], ÿêùî äëÿ êîæíî¨
òî÷êè x ∈ R iñíóþòü ïîñëiäîâíîñòi
(x′n) i (x′′n), òàêi, ùî x′n ≤ x′n+1 < x,
x′′n ≥ x′′n+1 > x, lim

n→∞
x′n = lim

n→∞
x′′n = x i

lim
n→∞

f(x′n) = lim
n→∞

f(x′′n) = f(x).

Òåîðåìà 4.1. Íåõàé O � ñèñòåìà âñiõ
îáëàñòåé â R (òîáòî, ñèñòåìà âñiõ iíòåð-
âàëiâ â R). Ôóíêöiÿ f : R → R ìà¹ âëàñòè-
âiñòü Þí à òîäi i òiëüêè òîäi, êîëè f ¹
O-íåïåðåðâíîþ.
Äîâåäåííÿ. Íåõàé f ìà¹ âëàñòèâiñòü

Þí à i A ∈ O. Ðîçãëÿíåìî äîâiëüíó òî÷êó
y ∈ f(A) i îêië V òî÷êè y. Íåõàé x � öå òàêà
òî÷êà, ùî x ∈ A i f(x) = y. ßêùî x ∈ A,

òî y ∈ f(A) ⊆ f(A). Íåõàé x ̸∈ A. Îñêiëüêè
A ¹ âiäêðèòèì iíòåðâàëîì i x ∈ A \ A, òî
A = (x, ω), äå x < ω ≤ +∞, àáî A = (ω, x),
äå −∞ ≤ ω < x. Ïðèïóñòèìî, ùî A = (x, ω).
Îñêiëüêè f ìà¹ âëàñòèâiñòü Þí à, òî iñíó¹
ïîñëiäîâíiñòü (xn), òàêà, ùî xn ≥ xn+1 > x,
lim
n→∞

xn = x i lim
n→∞

f(xn) = f(x). Òîäi iñíó¹

òàêèé íîìåð N , ùî xN ∈ A i f(xN) ∈ V .
Òîìó f(A) ∩ V ̸= ∅ i y ∈ f(A). Àíàëîãi-
÷íî ìiðêó¹òüñÿ ó âèïàäêó A = (ω, x). Îò-
æå, f(A) ⊆ f(A). Òàêèì ÷èíîì, f ¹ O-
íåïåðåðâíîþ.

Íàâïàêè, íåõàé ôóíêöiÿ f ¹ O-
íåïåðåðâíîþ. Ïðèïóñòèìî, ùî ôóíêöiÿ
f íå ìà¹ âëàñòèâîñòi Þí à. Òîäi iñíóþòü
òî÷êà x0, âiäêðèòèé îêië V òî÷êè f(x0) òà
iíòåðâàëè A = (x, x + δ), àáî A = (x, x + δ),
äå δ > 0, òàêi, ùî f(A) ⊆ R \ V . Îñêiëüêè
x0 ∈ A, A ∈ O, ôóíêöiÿ f ¹ O-íåïåðåðâíîþ
i ìíîæèíà R \ V çàìêíåíà, òî

f(x0) ∈ f(A) ⊆ f(A) ⊆ R \ V = R \ V.

Öå ñóïåðå÷èòü òîìó, ùî V ¹ îêîëîì òî÷êè
x0. Îäåðæàíà ñóïåðå÷íiñòü çàâåðøó¹ äîâå-
äåííÿ.

Íàñëiäîê 4.2. Ôóíêöiÿ f : R → R ìà¹
âëàñòèâiñòü Þí à òîäi i òiëüêè òîäi, êî-
ëè f ¹ ñëàáêîþ ôóíêöi¹þ �iáñîíà.
5. Ïåðèôåðiéíà íåïåðåðâíiñòü. Äëÿ

ìíîæèíè A òîïîëîãi÷íîãî ïðîñòîðó X ÷åðåç
frA = A \ intA ïîçíà÷èìî ¨¨ ìåæó. Âiäîáðà-
æåííÿ f : X → Y íàçèâà¹òüñÿ ïåðèôåðiéíî
íåïåðåðâíèì ó òî÷öi x ∈ X [9], ÿêùî äëÿ
äîâiëüíèõ âiäêðèòèõ îêîëiâ U i V òî÷îê x â
X i y = f(x) â Y âiäïîâiäíî, iñíó¹ âiäêðè-
òèé îêië G òî÷êè x â X, òàêèé, ùî G ⊆ U
i f(frG) ⊆ V , i ïðîñòî ïåðèôåðiéíî íåïå-
ðåðâíèì, ÿêùî âîíî ¹ òàêèì â êîæíié òî÷öi.
Äëÿ X = Y = R ïåðèôåðiéíà íåïåðåðâíiñòü
åêâiâàëåíòíà âëàñòèâîñòi Þí à [8, ñ. 495].
Òåîðåìà 5.1. Íåõàé X � T1-ïðîñòið òà

Y � òîïîëîãi÷íèé ïðîñòið, C � ñèñòåìà
çâ'ÿçíèõ ìíîæèí â X i f : X → Y � ïå-
ðèôåðiéíî íåïåðåðâíå âiäîáðàæåííÿ. Òîäi f
¹ C-íåïåðåðâíèì.
Äîâåäåííÿ. Íåõàé âiäîáðàæåííÿ f ïå-

ðèôåðiéíî íåïåðåðâíå. Ðîçãëÿíåìî çâ'ÿçíó
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ìíîæèíó A â X. Íåõàé y ∈ f(A), V � îêië
òî÷êè y â Y, òî÷êà x ∈ A, òàêà, ùî f(x) = y.

ßêùî äëÿ äîâiëüíîãî îêîëó U òî÷êè x ìà-
¹ìî, ùî U ∩ A ⊇ A, òî A = {x}. Ñïðàâäi,
ÿêùî A ̸= {x}, òî iñíó¹ òî÷êà a ∈ A, òàê,
ùî a ̸= x. Îñêiëüêè ïðîñòið X çàäîâîëüíÿ¹
àêñiîìó T1, òî iñíó¹ îêië Ua òî÷êè x, òàêèé,
ùî a ̸∈ Ua i òîäi Ua ̸⊇ A. À öå ñóïåðå÷èòü
òîìó, ùî U ∩A ⊇ A äëÿ äîâiëüíîãî îêîëó U
òî÷êè x. Òàêèì ÷èíîì, ÿêùî äëÿ äîâiëüíîãî
îêîëó U òî÷êè x ìà¹ìî, ùî U ∩ A ⊇ A, òî
A = {x} i òîìó y = f(x) ∈ f(A) ⊆ f(A).

Íåõàé iñíó¹ âiäêðèòèé îêië U0 òî÷êè x,
òàêèé, ùî U0 ∩ A ̸⊇ A. Ç ïåðèôåðiéíî¨ íå-
ïåðåðâíîñòi âiäîáðàæåííÿ f â òî÷öi x âè-
ïëèâà¹, ùî iñíó¹ âiäêðèòà íåïîðîæíÿ G
â X, òàêà, ùî G ⊆ U0 i f(frG) ⊆ V .
Îñêiëüêè G ∩ A ̸= ∅, áî x ∈ A, G ̸⊇ A,
áî G ⊆ U0 i ìíîæèíà A ¹ çâ'ÿçíîþ, òî
frG ∩ A ̸= ∅. Âiçüìåìî òî÷êó a ∈ frG ∩ A.
Òîäi f(a) ∈ f(frG) ⊆ V . Îòæå, f(A)∩V ̸= ∅
i òîìó y ∈ f(A).

Â îáîõ âèïàäêàõ ìè îäåðæó¹ìî, ùî
y ∈ f(A), îòæå f(A) ⊆ f(A). Òàêèì ÷èíîì,
f ¹ C-íåïåðåðâíèì.
Íàñëiäîê 5.2. Äëÿ ôóíêöi¨ f : R → R

íàñòóïíi óìîâè åêâiâàëåíòíi:
(1) f ìà¹ âëàñòèâiñòü Þí à;
(2) f ¹ ñëàáêîþ ôóíêöi¹þ �iáñîíà;
(3) f ïåðèôåðiéíî íåïåðåðâíà;
(4) f ¹ C-íåïåðåðâíîþ.
Äîâåäåííÿ. Iìïëiêàöiþ (1) ⇔ (2) äî-

âåäåíî ó ïóíêòi 4 (íàñëiäîê 4.2). Òå, ùî
(1) ⇔ (3) âñòàíîâëåíî ó [8, ñ. 495]. Iìïëiêà-
öiÿ (3) ⇒ (4) âèïëèâà¹ ç òåîðåìè 5.1. Ç îçíà-
÷åííÿ C-íåïåðåðâíîñòi ëåãêî âèâåñòè, ùî
(4) ⇒ (2).

Ïèòàííÿ. Íåõàé C � ñèñòåìà çâ'ÿçíèõ
ìíîæèí â R2 i f : R2 → R ¹ C-íåïåðåðâíà
ôóíêöiÿ. ×è áóäå f ïåðèôåðiéíî íåïåðåðâ-
íîþ?
6. B-êâàçiíåïåðåðâíiñòü. Âiäîáðàæåí-

íÿ f : X → Y íàçèâà¹òüñÿ B-êâàçiíåïå-
ðåðâíèì ó òî÷öi x ∈ X [5], ÿêùî äëÿ äîâiëü-
íîãî îêîëó V òî÷êè y = f(x) â Y i äîâiëüíî¨
îáëàñòi O â X, òàêî¨, ùî x ∈ O iñíó¹ âiä-
êðèòà íåïîðîæíÿ ìíîæèíà G â X, òàêà, ùî
G ⊆ O i f(U) ⊆ V . ßêùî âiäîáðàæåííÿ B-

êâàçiíåïåðåðâíå ó êîæíié òî÷öi, òî âîíî íà-
çèâà¹òüñÿ B-êâàçiíåïåðåðâíèì. Ïîíÿòòÿ B-
êâàçiíåïåðåðâíîñòi ¹ óçàãàëüíåííÿì ïîíÿò-
òÿ äâîñòîðîííüî¨ êâàçiíåïåðåðâíîñòi íà âè-
ïàäîê âiäîáðàæåíü ìiæ äîâiëüíèìè òîïîëî-
ãi÷íèìè ïðîñòîðàìè.

Ïiäìíîæèíà A ïðîñòîðó X íàçèâà¹òüñÿ
ïåðåäâiäêðèòîþ [10], ÿêùî A ⊆ intA.
Ëåìà 6.1. ßêùî O � îáëàñòü â òîïîëî-

ãi÷íîìó ïðîñòîði X, A ⊆ X i A ⊆ O ⊆ A,
òî intA � îáëàñòü â X.
Äîâåäåííÿ. ßêáè ìíîæèíà intA áóëà íå

çâ'ÿçíîþ, òî iñíóâàëè á âiäêðèòi íåïîðîæíi
ìíîæèíè U1 òà U2, òàêi, ùî U1 ∩ intA ̸= ∅,
U2 ∩ intA ̸= ∅ i intA ⊆ U1 ⊔ U2. Çðîçóìiëî,
ùî òîäi á Ui ∩ A ̸= ∅ ïðè i = 1, 2. Îñêiëüêè
A = O, òî Ui∩O ̸= ∅ ïðè i = 1, 2. Ç âëàñòèâî-
ñòi ìíîæèíè Ui âèïëèâà¹, ùî Ui∩O ̸= ∅ ïðè
i = 1, 2. Îñêiëüêè O ⊆ intA i intA ⊆ U1⊔U2,
òî O ⊆ U1⊔U2. Òîäi O = (U1∩O)⊔ (U2∩O),
ùî ñóïåðå÷èòü çâ'ÿçíîñòi ìíîæèíè O. Îòæå,
ìíîæèíà intA çâ'ÿçíà. Òàêèì ÷èíîì, intA �
îáëàñòü.

Òåîðåìà 6.2. Íåõàé X òà Y � òîïî-
ëîãi÷íi ïðîñòîðè, Op = {A ∈ 2X : A −
ïåðåäâiäêðèòà ìíîæèíà i intA− îáëàñòü}.
Âiäîáðàæåííÿ f : X → Y ¹ B-êâàçiíåïåðåð-
âíèì òîäi i òiëüêè òîäi, êîëè f ¹ Op-
íåïåðåðâíèì.
Äîâåäåííÿ. Íåõàé ñïî÷àòêó âiäîáðàæå-

ííÿ f ¹ B-êâàçiíåïåðåðâíèì i A ∈ Op, òîáòî,
A � ïåðåäâiäêðèòà ìíîæèíà, òàêà, ùî intA �
îáëàñòü. Âiçüìåìî äîâiëüíó òî÷êó y ∈ f(A)
òà îêië V òî÷êè y. Íåõàé x � öå òàêà òî÷êà
ç ìíîæèíè A, ùî f(x) = y. Ïîêàæåìî, ùî

x ∈ intA. Ñïðàâäi, íåõàé U � äîâiëüíèé îêië
òî÷êè x. Îñêiëüêè x ∈ A, òî U ∩A ̸= ∅. Àëå
ç ïåðåäâiäêðèòîñòi ìíîæèíè A âèïëèâà¹, ùî
∅ ̸= U ∩ A ⊆ U ∩ intA. Îòæå, x ∈ intA.

Çà óìîâîþ intA ¹ îáëàñòþ. Òîäi ç B-
êâàçiíåïåðåðâíîñòi âiäîáðàæåííÿ f âèïëè-
âà¹, ùî iñíó¹ âiäêðèòà íåïîðîæíÿ ìíîæèíà
G â X, òàêà, ùî G ⊆ intA, à îòæå, G ⊆ A,
i f(G) ⊆ V . Îñêiëüêè G � âiäêðèòà íåïîðî-
æíÿ ìíîæèíà i G ⊆ A, òî G ∩ A ̸= ∅. Òîìó
f(A) ∩ V ̸= ∅ i, òàêèì ÷èíîì, y ∈ f(A).
Îñêiëüêè y áóëà äîâiëüíîþ òî÷êîþ ìíîæè-
íè f(A), òî f(A) ⊆ f(A). Öå îçíà÷à¹, ùî
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âiäîáðàæåííÿ f ¹ Op-íåïåðåðâíå.
Íàâïàêè, íåõàé òåïåð âiäîáðàæåííÿ

f ¹ Op-íåïåðåðâíèì. Ïîêàæåìî, ùî f �
B-êâàçiíåïåðåðâíå âiäîáðàæåííÿ. Áóäåìî
ìiðêóâàòè âiä ñóïðîòèâíîãî. Íåõàé âiä-
îáðàæåííÿ f íå ¹ B-êâàçiíåïåðåðâíèì â
äåÿêié òî÷öi x0 ∈ X. Òîäi iñíóþòü âiä-
êðèòèé îêië V òî÷êè y0 = f(x0) â Y i
îáëàñòü O â X, äëÿ ÿêî¨ x0 ∈ O, òàêi,
ùî äëÿ äîâiëüíî¨ âiäêðèòî¨ íåïîðîæíüî¨
ìíîæèíè G ⊆ O ìà¹ìî, ùî f(G) ̸⊆ V .
Òàêèì ÷èíîì, äëÿ äîâiëüíî¨ âiäêðèòî¨
íåïîðîæíüî¨ ìíîæèíè G â X, òàêî¨, ùî
G ⊆ O, iñíó¹ òî÷êà xG ∈ G, ùî f(xG) ̸∈ V .
Ðîçãëÿíåìî ìíîæèíó A = {xG ∈ X : G −
âiäêðèòà íåïîðîæíÿ ìíîæèíà â X i G ⊆ O}.
Çðîçóìiëî, ùî f(A) ⊆ Y \ V .

Çàóâàæèìî, ùî A ⊆ O ⊆ A. Òîäi
O = intO ⊆ intA i A ⊆ O ⊆ intA. Îòæå,
ìíîæèíà A ïåðåäâiäêðèòà, à çãiäíî ç ëåìîþ
6.1 ìíîæèíà intA çâ'ÿçíà.

Îñêiëüêè âiäîáðàæåííÿ f ¹ Op-íåïåðåðâ-
íå, òî

f(x0) ∈ f(A) ⊆ f(A) ⊆ Y \ V = Y \ V.

Àëå ç äðóãîãî áîêó, f(x0) ∈ V , áî V � îêië
òî÷êè f(x0). Îäåðæàíà ñóïåðå÷íiñòü çàâåð-
øó¹ äîâåäåííÿ.

Íàâåäåìî ùå îäíó õàðàêòåðèçàöiþ B-
êâàçiíåïåðåðâíîñòi. Íàãàäà¹ìî, ùî âiäîáðà-
æåííÿ f : X → Y íàçèâà¹òüñÿ êâàçiíå-
ïåðåðâíèì â òî÷öi x ∈ X [11], ÿêùî äëÿ
äîâiëüíèõ îêîëiâ U i V âiäïîâiäíî òî÷îê
x ∈ X i y = f(x) ∈ Y iñíó¹ âiäêðèòà íå-
ïîðîæíÿ ìíîæèíà G â X òàêà, ùî G ⊆ U
i f(G) ⊆ V . Âiäîáðàæåííÿ íàçèâà¹òüñÿ êâà-
çiíåïåðåðâíèì, ÿêùî âîíà ¹ òàêèì â êîæíié
òî÷öi. Êàæóòü, ùî ôóíêöiÿ f : X → Y ìà¹
âëàñòèâiñòü Äàðáó [12], ÿêùî f(A) ¹ çâ'ÿ-
çíîþ ìíîæèíîþ äëÿ äîâiëüíî¨ çâ'ÿçíî¨ ìíî-
æèíè A â X. Â [13] ß.Áîðñiê âñòàíîâèâ, ùî
êîëè ôóíêöiÿ f : R → R ¹ êâàçiíåïåðåðâíîþ
i ìà¹ âëàñòèâiñòü Äàðáó, òî âîíà äâîñòîðîí-
íüî êâàçiíåïåðåðâíà. Òàì æå áóëî íàâåäåíî
ïðèêëàä ôóíêöi¨, ÿêèé ïîêàçó¹, ùî îáåðíå-
íå òâåðäæåííÿ íå âiðíå. Òóò ìè óçàãàëüíèìî
öåé ðåçóëüòàò.
Òåîðåìà 6.3. Íåõàé X � ëîêàëüíî çâ'ÿ-

çíèé ïðîñòið i Y � òîïîëîãi÷íèé ïðî-
ñòið. Âiäîáðàæåííÿ f : X → Y ¹ B-
êâàçiíåïåðåðâíèì òîäi i òiëüêè òîäi, êîëè
f ¹ êâàçiíåïåðåðâíèì i ¹ ñëàáêîþ ôóíêöi¹þ
�iáñîíà.
Äîâåäåííÿ. Íåõàé âiäîáðàæåííÿ

f : X → Y ¹ B-êâàçiíåïåðåðâíèì. Ïåðå-
âiðèìî ñïî÷àòêó, ùî f ¹ ñëàáêîþ ôóíêöi¹þ
�iáñîíà. Ðîçãëÿíåìî äîâiëüíó îáëàñòü O â
ïðîñòîði X. Îñêiëüêè ìíîæèíà O âiäêðèòà,
òî O ⊆ intO i òîìó O � ïåðåäâiäêðèòà
ìíîæèíà. Çãiäíî ç ëåìîþ 6.1 ìíîæèíà
intO ¹ îáëàñòþ. Òàêèì ÷èíîì, O ∈ Op.
Òîäi ç B-êâàçiíåïåðåðâíîñòi âiäîáðàæåííÿ
f âèïëèâà¹, ùî

f(O) ⊆ f(O).

Öå îçíà÷à¹, ùî f ¹ ñëàáêîþ ôóíêöi¹þ �iá-
ñîíà.

Òåïåð âñòàíîâèìî êâàçiíåïåðåðâíiñòü.
Ðîçãëÿíåìî äîâiëüíó òî÷êó x ∈ X òà îêîëè
U i V òî÷îê x â X i f(x) â Y âiäïîâiäíî.
Iñíó¹ âiäêðèòèé çâ'ÿçíèé îêië O òî÷êè
x, òàêèé, ùî O ⊆ U . Òàêèì îêîëîì áóäå
êîìïîíåíòà çâ'ÿçíîñòi áóäü-ÿêîãî âiäêðè-
òîãî îêîëó òî÷êè x, ùî ìiñòèòü öþ òî÷êó
i ìiñòèòüñÿ â U . Îñêiëüêè âiäîáðàæåííÿ
f B-êâàçiíåïåðåðâíå, òî iñíó¹ âiäêðèòà
íåïîðîæíÿ ìíîæèíà G â X, òàêà, ùî
G ⊆ O i f(G) ⊆ V . Îòæå, âiäîáðàæåííÿ f
êâàçiíåïåðåðâíå â òî÷öi x.

Íàâïàêè, íåõàé âiäîáðàæåííÿ f : X → Y
¹ êâàçiíåïåðåðâíèì i ¹ ñëàáêîþ ôóíêöi¹þ
�iáñîíà. Ðîçãëÿíåìî äîâiëüíó òî÷êó x ∈ X,
âiäêðèòèé îêië V òî÷êè f(x) â Y i îáëàñòü
O â X, òàêó, ùî x ∈ O. Ç îçíà÷åííÿ ñëàáêî¨
ôóíêöi¨ �iáñîíà âèïëèâà¹, ùî f(O) ⊆ f(O).
Îñêiëüêè x ∈ O, òî f(x) ∈ f(O), i òîìó
V ∩ f(O) ̸= ∅. Òîäi iñíó¹ òî÷êà x1 ∈ O, òàêà,
ùî f(x1) ∈ V . Ç êâàçiíåïåðåðâíîñòi âiäîáðà-
æåííÿ f i òîãî, ùî ìíîæèíè O i V ¹ îêîëàìè
òî÷îê x1 â X i f(x1) â Y âiäïîâiäíî âèïëè-
âà¹, ùî iñíó¹ âiäêðèòà íåïîðîæíÿ ìíîæèíà
G â X, òàêà, ùî G ⊆ O i f(G) ⊆ V . Îòæå,
f � B-êâàçiíåïåðåðâíå â òî÷öi x.

Íàñëiäîê 6.4. Ôóíêöiÿ f : R → R ¹ äâî-
ñòîðîííüî êâàçiíåïåðåðâíîþ òîäi i òiëüêè
òîäi, êîëè f ¹ êâàçiíåïåðåðâíîþ i ìà¹ âëà-
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ñòèâiñòü Þí à.
7. α-íåïåðåðâíiñòü. Ìíîæèíà A

íàçèâà¹òüñÿ α-âiäêðèòîþ [14], ÿêùî
A ⊆ int(intA). Ëåãêî ïåðåêîíàòèñÿ [14, òâåð-
äæåííÿ 4], ùî ìíîæèíà A ¹ α-âiäêðèòîþ â
X òîäi i òiëüêè òîäi, êîëè A = U \N , äå U �
âiäêðèòà ìíîæèíà â X, à N � íiäå íå ùiëü-
íà. Âiäîáðàæåííÿ f : X → Y íàçèâà¹òüñÿ
α-íåïåðåðâíèì ó òî÷öi x ∈ X [15], ÿêùî
äëÿ êîæíîãî îêîëó V òî÷êè f(x) â Y iñíó¹
α-âiäêðèòà ìíîæèíà A â X, òàêà, ùî x ∈ A
i f(A) ⊆ V , i ïðîñòî α-íåïåðåðâíèì, ÿêùî
âîíî ¹ òàêèì ó êîæíié òî÷öi.

Ëåìà 7.1. Íåõàé (As)s∈S � ñèñòåìà ïå-
ðåäâiäêðèòèõ ìíîæèí â X. Òîäi ìíîæèíà
A =

∪
s∈S

As ïåðåäâiäêðèòà.

Äîâåäåííÿ. Íåõàé x ∈ A. Òîäi iñíó¹
s ∈ S, ùî x ∈ As. Îñêiëüêè ìíîæè-
íà As ïåðåäâiäêðèòà, òî x ∈ intAs. Òîäi
x ∈ intAs ⊆ intA. Îòæå, A � ïåðåäâiäêðèòà
ìíîæèíà.

Òåîðåìà 7.2. Íåõàé X òà Y � òîïî-
ëîãi÷íi ïðîñòîðè, Gp � ñèñòåìà âñiõ ïå-
ðåäâiäêðèòèõ ìíîæèí â X. Âiäîáðàæåííÿ
f : X → Y ¹ α-íåïåðåðâíèì òîäi i òiëüêè
òîäi, êîëè f ¹ Gp-íåïåðåðâíèì.
Äîâåäåííÿ. Íåõàé ñïî÷àòêó âiäîáðàæå-

ííÿ f : X → Y ¹ α-íåïåðåðâíèì. Ðîç-
ãëÿíåìî äîâiëüíó ìíîæèíó A ∈ Gp, òî÷êó
y ∈ f(A) i V � îêië òî÷êè y â Y . Òîäi iñíó¹
òî÷êà x ∈ A, òàêà, ùî f(x) = y. Îñêiëü-
êè âiäîáðàæåííÿ f ¹ α-íåïåðåðâíèì â òî-
÷öi x, òî iñíó¹ α-âiäêðèòà ìíîæèíà E, òà-
êà, ùî x ∈ E i f(E) ⊆ V . Ç α-âiäêðèòîñòi
ìíîæèíè E âèïëèâà¹, ùî iñíóþòü âiäêðèòà
ìíîæèíà U â X i íiäå íå ùiëüíà ìíîæèíà
N â X, òàêi, ùî E = U \ N . Çðîçóìiëî,
ùî U � îêië òî÷êè x. Îñêiëüêè x ∈ A, òî
U ∩ A ̸= ∅. Ç ïåðåäâiäêðèòîñòi ìíîæèíè A
âèïëèâà¹, ùî ∅ ̸= U ∩A ⊆ U ∩ intA. Ïîêëà-
äåìî G = U ∩ intA. Îñêiëüêè G ⊆ intA ⊆ A,
òî ìíîæèíà A ùiëüíà â ìíîæèíi G. Òîäi
A ∩ (G \ N) ̸= ∅, áî ìíîæèíà N íiäå íå
ùiëüíà. Ç òîãî, ùî G ⊆ U ìè îäåðæó¹ìî,
ùî i A ∩ (U \N) ̸= ∅, îòæå, A ∩ E ̸= ∅. Òî-
äi iñíó¹ òî÷êà a ∈ A ∩ E, à òîìó f(a) ∈ V .
Îòæå, f(A) ∩ V ̸= ∅ i y ∈ f(A). Òàêèì ÷è-

íîì, f(A) ⊆ f(A), i çíà÷èòü âiäîáðàæåííÿ f
¹ Gp-íåïåðåðâíèì.

Íàâïàêè, íåõàé f ¹ Gp-íåïåðåðâíèì. Ïðè-
ïóñòèìî, ùî f íå ¹ α-íåïåðåðâíèì â äåÿêié
òî÷öi x0. Òîäi iñíó¹ âiäêðèòèé îêië V òî÷êè
f(x0) â Y , òàêèé, ùî äëÿ äîâiëüíîãî îêîëó U
òî÷êè x0 i äîâiëüíî¨ íiäå íå ùiëüíî¨ ìíîæè-
íè N â X iñíó¹ òî÷êà xN ∈ U \N , òàêà, ùî
f(xN) ̸∈ V . Ðîçãëÿíåìî ìíîæèíó AU = {xN :
N − íiäå íå ùiëüíà ïiäìíîæèíà U}. Ìíî-
æèíà AU äåñü ùiëüíà, áî ÿêáè âîíà áóëà íiäå
íå ùiëüíà, òî iñíóâàëà á òî÷êà xAU ∈ U \AU ,
ÿêà çà âèçíà÷åííÿì ìíîæèíè AU ¨é íàëå-
æàëà. Òàêèì ÷èíîì, iñíó¹ âiäêðèòèé îêië V
òî÷êè f(x0) â Y , òàêèé, ùî äëÿ äîâiëüíîãî
îêîëó U òî÷êè x0 iñíó¹ äåñü ùiëüíà â U ìíî-
æèíà AU , òàêà, ùî AU ⊆ U i f(AU) ⊆ Y \ V .

Äëÿ êîæíîãî âiäêðèòîãî îêîëó U òî÷êè
x0 ðîçãëÿíåìî ìíîæèíó EU = AU ∩ intAU .
Çðîçóìiëî, ùî EU ̸= ∅ i EU ⊆ U . Ïîêàæå-
ìî, ùî ìíîæèíà EU ¹ ïåðåäâiäêðèòîþ. Äëÿ
öüîãî òðåáà âñòàíîâèòè, ùî EU ⊆ intEU . Çà-
óâàæèìî, ùî îñêiëüêè G = intAU ⊆ AU , òî

G ⊆ AU ∩G = AU ∩ intAU = EU .

Ç âiäêðèòîñòi ìíîæèíè G âèïëèâà¹, ùî
G = intG ⊆ intEU . Òàêèì ÷èíîì,

EU = AU ∩ intAU = AU ∩G ⊆ intEU .

Îòæå, ìíîæèíà EU ïåðåäâiäêðèòà.
Ðîçãëÿíåìî ìíîæèíó

A =
∪

{EU : U − âiäêðèòèé îêië òî÷êè x0}.

Çðîçóìiëî, ùî x0 ∈ A. Çãiäíî ç ëåìîþ 7.1
ìíîæèíà A ¹ ïåðåäâiäêðèòîþ. Òîìó çà ïðè-
ïóùåííÿì ìà¹ìî, ùî

f(x0) ∈ f(A) ⊆ f(A) ⊆ Y \ V ⊆ Y \ V.

À öå ñóïåðå÷èòü òîìó, ùî f(x0) ∈ V .

8. Ëåäü íåïåðåðâíiñòü. Âiäîáðàæåííÿ
f : X → Y íàçèâà¹òüñÿ ëåäü íåïåðåðâíèì â
òî÷öi x ∈ X [16], ÿêùî äëÿ êîæíîãî îêîëó
V òî÷êè y = f(x) â Y iñíó¹ âiäêðèòà íåïîðî-
æíÿ ìíîæèíà G, òàêà, ùî f(G) ⊆ V , i ïðî-
ñòî ëåäü íåïåðåðâíèì, ÿêùî âîíî ¹ òàêèì â
êîæíié òî÷öi.
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Òåîðåìà 8.1. Íåõàé X òà Y � òîïîëî-
ãi÷íi ïðîñòîðè, D = {A ∈ 2X : A = X}.
Âiäîáðàæåííÿ f : X → Y ¹ ëåäü íåïå-
ðåðâíèì òîäi i òiëüêè òîäi, êîëè f ¹ D-
íåïåðåðâíèì.
Äîâåäåííÿ. Äîñèòü âñòàíîâèòè, ùî âiä-

îáðàæåííÿ f : X → Y ëåäü íåïåðåðâíå òîäi i
òiëüêè òîäi, êîëè f(X) ⊆ f(A) äëÿ âñiõ âñþ-
äè ùiëüíèõ â X ìíîæèí A.

Íåõàé âiäîáðàæåííÿ f : X → Y ëåäü íå-
ïåðåðâíå i A � âñþäè ùiëüíà â X ìíîæèíà.
Ðîçãëÿíåìî x ∈ X, f(x) = y i V � îêië òî÷êè
y. Ç ëåäü íåïåðåðâíîñòi âiäîáðàæåííÿ f âè-
ïëèâà¹, ùî iñíó¹ âiäêðèòà íåïîðîæíÿ ìíî-
æèíà G â X, òàêà, ùî f(G) ⊆ V . Îñêiëü-
êè A = X, òî G ∩ A ̸= ∅. Âiçüìåìî òî÷êó
a ∈ G∩A. Òîäi f(a) ∈ V . Îòæå, f(A)∩V ̸= ∅
i y ∈ f(A). Òàêèì ÷èíîì, f(X) ⊆ f(A).

Íàâïàêè, íåõàé f(X) ⊆ f(A) äëÿ âñiõ
âñþäè ùiëüíèõ â X ìíîæèí A. Ïðèïóñòèìî,
ùî f : X → Y íå ¹ ëåäü íåïåðåðâíèì â òî÷öi
x0. Òîäi iñíó¹ âiäêðèòèé îêië V òî÷êè f(x0),
òàêèé, ùî äëÿ äîâiëüíî¨ âiäêðèòî¨ íåïîðî-
æíüî¨ ìíîæèíè G â X iñíó¹ òî÷êà xG ∈ G,
òàêà, ùî f(xG) ∈ Y \ V . Ðîçãëÿíåìî ìíîæè-
íó A = {xG : G− âiäêðèòà íåïîðîæíÿ â X}.
Î÷åâèäíî, ùî ìíîæèíàA âñþäè ùiëüíà âX.
Òîäi

f(x0) ∈ f(X) ⊆ f(A) ⊆ Y \ V = Y \ V

i ðàçîì ç òèì f(x0) ∈ V . Îäåðæàíà ñóïåðå-
÷íiñòü çàâåðøó¹ äîâåäåííÿ.
9. Ìàéæå ëåäü íåïåðåðâíiñòü. Âiä-

îáðàæåííÿ f : X → Y íàçèâà¹òüñÿ ìàéæå
ëåäü íåïåðåðâíèì â òî÷öi x ∈ X [17], ÿêùî
äëÿ êîæíîãî îêîëó V òî÷êè y = f(x) â Y
iñíó¹ ìíîæèíà A â X, òàêà, ùî intA ̸= ∅ i
f(A) ⊆ V , i ïðîñòî ìàéæå ëåäü íåïåðåðâ-
íèì, ÿêùî âîíî ¹ òàêèì â êîæíié òî÷öi.
Òåîðåìà 9.1. Íåõàé X òà Y � òî-

ïîëîãi÷íi ïðîñòîðè, Dn = {X \ N :
N − íiäå íå ùiëüíà ìíîæèíà â X}. Âiä-
îáðàæåííÿ f : X → Y ¹ ìàéæå ëåäü íå-
ïåðåðâíèì òîäi i òiëüêè òîäi, êîëè f ¹ Dn-
íåïåðåðâíèì.
Äîâåäåííÿ. ßê i ïðè äîâåäåííi òåîðå-

ìè 8.1 äîñèòü âñòàíîâèòè, ùî âiäîáðàæåííÿ
f : X → Y ìàéæå ëåäü íåïåðåðâíå òîäi i

òiëüêè òîäi, êîëè f(X) ⊆ f(A) äëÿ âñiõ ìíî-
æèí A = X \ N , äå N � íiäå íå ùiëüíà â
X.

Íåõàé âiäîáðàæåííÿ f : X → Y ìàéæå
ëåäü íåïåðåðâíå i A = X \N , äå N � íiäå íå
ùiëüíà â X. Ðîçãëÿíåìî x ∈ X, f(x) = y i
V � îêië òî÷êè y. Ç ìàéæå ëåäü íåïåðåðâíî-
ñòi âiäîáðàæåííÿ f âèïëèâà¹, ùî iñíó¹ äåñü
ùiëüíà ìíîæèíà E â X, òàêà, ùî f(E) ⊆ V .
Îñêiëüêè N � íiäå íå ùiëüíà â X, A = X \N
i ìíîæèíà E äåñü ùiëüíà â X, òî E∩A ̸= ∅.
Âiçüìåìî òî÷êó a ∈ E ∩ A. Òîäi f(a) ∈ V .
Îòæå, f(A) ∩ V ̸= ∅ i òîìó f(X) = f(A).

Íàâïàêè, íåõàé f(X) ⊆ f(A) äëÿ âñiõ
ìíîæèí A = X \N , äå N � íiäå íå ùiëüíà â
X. Ïðèïóñòèìî, ùî f : X → Y íå ¹ ìàéæå
ëåäü íåïåðåðâíèì â òî÷öi x0. Òîäi iñíóþòü
âiäêðèòèé îêië V òî÷êè f(x0) òà ìíîæèíà
A = X \N , äå N � íiäå íå ùiëüíà â X, òàêi,
ùî f(A) ∈ Y \ V . Â òàêîìó ðàçi

f(x0) ∈ f(X) ⊆ f(A) ⊆ Y \ V = Y \ V,

i ðàçîì ç òèì f(x0) ∈ V . Îòðèìàíà ñóïåðå-
÷íiñòü, ÿêà i çàâåðøó¹ äîâåäåííÿ.
10. (A,B)-íåïåðåðâíiñòü. Óçàãàëüíþþ-

÷è ïîíÿòòÿ B-êâàçiíåïåðåðâíîñòi, ââåäåìî
íîâå ïîíÿòòÿ. Íåõàé A òà B � äåÿêi ñèñòå-
ìè ïiäìíîæèí ïðîñòîðó X. Âiäîáðàæåííÿ
f : X → Y íàçèâà¹òüñÿ (A,B)-íåïåðåðâíèì
â òî÷öi x ∈ X, ÿêùî äëÿ äîâiëüíîãî îêîëó
V òî÷êè f(x) i äîâiëüíî¨ íåïîðîæíüî¨ ìíî-
æèíè A ∈ A, ç óìîâè x ∈ A âèïëèâà¹, ùî
iñíó¹ ìíîæèíà B ∈ B, òàêà, ùî B ⊆ A
i f(B) ⊆ V . Âiäîáðàæåííÿ f íàçèâà¹òüñÿ
(A,B)-íåïåðåðâíèì, ÿêùî âîíî ¹ òàêèì â êî-
æíié òî÷öi.

Â [5] áóëî ïîêàçàíî, ùî âiäîáðàæåííÿ
f : X → Y ìiæ òîïîëîãi÷íèìè ïðîñòîðàìè
X i Y ¹ íåïåðåðâíèì â òî÷öi x ∈ X òîäi
i òiëüêè òîäi, êîëè äëÿ äîâiëüíîãî îêîëó V
òî÷êè f(x) i äîâiëüíî¨ âiäêðèòî¨ ìíîæèíè U
â X ç óìîâè x ∈ U âèïëèâà¹, ùî iñíó¹ âiä-
êðèòà íåïîðîæíÿ ìíîæèíà G â X, òàêà, ùî
G ⊆ U i f(G) ⊆ V . Çâiäñè ñëiäó¹, ùî âiä-
îáðàæåííÿ f : X → Y ¹ íåïåðåðâíèì òîäi i
òiëüêè òîäi, êîëè âîíî (G,G)-íåïåðåðâíå.

Ç îçíà÷åííÿ B-êâàçiíåïåðåðâíîñòi âèïëè-
âà¹, ùî âiäîáðàæåííÿ f : X → Y ¹ B-
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êâàçiíåïåðåðâíèì òîäi i òiëüêè, êîëè f ¹
(O,G)-íåïåðåðâíèì.

Î÷åâèäíîþ ¹ íàñòóïíà ïðîñòà õàðàêòåðè-
çàöiÿ A-íåïåðåðâíîñòi.
Òåîðåìà 10.1. Íåõàé X òà Y � òîïî-

ëîãi÷íi ïðîñòîðè, A � ñèñòåìà ïiäìíîæèí
ïðîñòîðó X. Âiäîáðàæåííÿ f : X → Y ¹ A-
íåïåðåðâíèì òîäi i òiëüêè òîäi, êîëè äëÿ
äëÿ êîæíî¨ òî÷êè x ∈ X, äîâiëüíîãî îêîëó
V òî÷êè f(x) â Y òà äîâiëüíî¨ ìíîæèíè
A ∈ A â X, òàêî¨, ùî x ∈ A iñíó¹ òî÷êà
a ∈ A, ùî f(a) ∈ V .

Ïîçíà÷èìî ÷åðåç P � ñèñòåìó âñiõ îäíî-
òî÷êîâèõ ìíîæèí âX. Âèêîðèñòîâóþ÷è òåî-
ðåìó 10.1 òà âñòàíîâëåíi âèùå ðåçóëüòàòè ìè
îäåðæó¹ìî, ùî äëÿ âiäîáðàæåííÿ f : X → Y
ìiæ òîïîëîãi÷íèìè ïðîñòîðàìè X i Y :

ìàéæå íåïåðåðâíiñòü ðiâíîñèëüíà (Gs,P)-
íåïåðåðâíîñòi (òåîðåìà 3.2);
B-êâàçiíåïåðåðâíiñòü ðiâíîñèëüíà

(Op,P)-íåïåðåðâíîñòi (òåîðåìà 6.2);
α-íåïåðåðâíiñòü ðiâíîñèëüíà (Gp,P)-

íåïåðåðâíîñòi (òåîðåìà 7.2);
ëåäü íåïåðåðâíiñòü ðiâíîñèëüíà (D,P)-

íåïåðåðâíîñòi (òåîðåìà 8.1);
ìàéæå ëåäü íåïåðåðâíiñòü ðiâíîñèëüíà

(Dn,P)-íåïåðåðâíîñòi (òåîðåìà 9.1).
ßêùî ïðîñòið X çàäîâîëüíÿ¹ óìîâó

(⋆) ç ïóíêòó 2, òî äëÿ âiäîáðàæåí-
íÿ f : X → Y íåïåðåðâíiñòü ðiâíîñèëüíà
(N ,P)-íåïåðåðâíîñòi (òåîðåìà 2.1);

Äëÿ ôóíêöi¨ f : R → R âëàñòèâiñòü Þí à
ðiâíîñèëüíà (O,P)-íåïåðåðâíîñòi (òåîðåìà
4.1);

Àâòîð âäÿ÷íèé Ìàñëþ÷åíêó Âîëîäèìèðó
Êèðèëîâè÷ó çà êîðèñíi çàóâàæåííÿ, ÿêi äî-
çâîëèëè ïîëiïøèòè îðèãiíàëüíó âåðñiþ öi¹¨
ñòàòòi.
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ÀÑÈÌÏÒÎÒÈ×ÍÀ ÄÅÊÎÌÏÎÇÈÖIß ÑÈÍÃÓËßÐÍÎ ÇÁÓÐÅÍÈÕ
ÑÈÑÒÅÌ

Íàâåäåíà ñõåìà ðîçùåïëåííÿ ëiíiéíèõ ñèíãóëÿðíî çáóðåíèõ ñèñòåì ç äâîìà ìàëèìè ïàðà-
ìåòðàìè. Äîñëiäæåíà çàäà÷à ïðî ïîáóäîâó àñèìïòîòè÷íèõ ðîçêëàäiâ ðîçùåïëþþ÷îãî ïåðå-
òâîðåííÿ.

We provide a splitting scheme for linear singularly perturbed systems with two small parameters.
We also �nd asymptotic expansions of the splitting operator.

Âñòóï
Äåêîìïîçèöiÿ ëiíiéíèõ ñèíãóëÿðíî çáóðå-

íèõ ñèñòåì äèôåðåíöiàëüíèõ ðiâíÿíü ðîç-
ãëÿäàëàñü áàãàòüìà àâòîðàìè. Çðó÷íèì àïà-
ðàòîì, ÿêèé äîçâîëÿ¹ åôåêòèâíî ðîçâ'ÿçó-
âàòè âàæëèâó äëÿ çàñòîñóâàíü çàäà÷ó ïî-
íèæåííÿ ðîçìiðíîñòi, ¹ ìåòîä iíòåãðàëüíèõ
ìíîãîâèäiâ [1�3]. Äëÿ ëiíiéíèõ ñèíãóëÿðíî
çáóðåíèõ ñèñòåì ìåòîä iíòåãðàëüíèõ ìíîãî
âèäiâ äîçâîëÿ¹ çäiéñíèòè ðîçùåïëåííÿ âèõi-
äíî¨ ñèñòåìè íà íåçàëåæíi øâèäêó i ïîâiëü-
íó ïiäñèñòåìè [4�5].

Àíàëîãi÷íi çàäà÷i äëÿ ëiíiéíèõ ñèíãóëÿð-
íî çáóðåíèõ ñèñòåì ç äåêiëüêîìà ìàëèìè ïà-
ðàìåòðàìè äîñëiäæóâàëèñü â ðîáîòàõ [6�8].

Ó äàíié ðîáîòi äëÿ ëiíiéíèõ ñèíãóëÿðíî
çáóðåíèõ ñèñòåì ç äâîìà ìàëèìè ïàðàìåòðà-
ìè äîñëiäæó¹òüñÿ ïîáóäîâà àñèìïòîòè÷íèõ
ðîçêëàäiâ iíòåãðàëüíèõ ìíîãîâèäiâ, çà äîïî-
ìîãîþ ÿêèõ çäiéñíþ¹òüñÿ ðîçùåïëåííÿ âèõi-
äíî¨ ñèñòåìè.
1. Ñõåìà ðîçùåïëåííÿ
Ðîçãëÿíåìî ëiíiéíó ñèíãóëÿðíî çáóðåíó

ñèñòåìó

ẋ0 = A00x0 + A01x1 + A02x2,
ε1ẋ1 = A10x0 + A11x1 + A12x2,
ε1ε2ẋ2 = A20x0 + A21x1 + A22x2,

(1)

äå xi ∈ Rni , Aij = Aij(t), i, j = 0, 2 � ni × nj
ìàòðèöi, ε1, ε2 � ìàëi äîäàòíi ïàðàìåòðè.

Íåõàé äëÿ ñèñòåìè (1) ñïðàâäæóþòüñÿ
óìîâè:

I) ìàòðèöi Aij(t), i, j = 0, 2 ðiâíîìiðíî
îáìåæåíi äëÿ t ∈ R äîäàòíîþ ñòàëîþ M ;

II) âëàñíi çíà÷åííÿ ìàòðèöi A22(t) çàäî-
âîëüíÿþòü íåðiâíiñòü

Reλi(A22) ≤ −2β, β > 0.

Ðîçùåïëåííÿ ñèñòåìè (1) çäiéñíþ¹òüñÿ ó
äâà åòàïè [6, 7]. Íà ïåðøîìó êðîöi çà äîïî-
ìîãîþ çàìiíè çìiííèõ

x0 = y0 + ε1ε2H0w,
x1 = y1 + ε2H1w,
x2 = w + P0x0 + P1x1

(2)

ñèñòåìà (1) çâîäèòüñÿ äî âèãëÿäó

ẏ0 = B00y0 +B01y1,
ε1ẏ1 = B10y0 +B11y1,
ε1ε2ẇ = B22w,

(3)

äå Bij = Aij + Ai2Pj, i, j = 0, 1, B22 = A22 −
ε1ε2P0A02 − ε2P1A12.

Ïðè öüîìó ìàòðè÷íi ôóíêöi¨ P0, P1 �
îáìåæåíi ðîçâ'ÿçêè ñèñòåìè ðiâíÿíü

ε1ε2Ṗ0 = A20 + A22P0 − ε1ε2P0A00−
−ε1ε2P0A02P0 − ε2P1A10 − ε2P1A12P0,

ε1ε2Ṗ1 = A21 + A22P1 − ε1ε2P0A01−
−ε1ε2P0A02P1 − ε2P1A11 − ε2P1A12P1,

(4)

à ìàòðè÷íi ôóíêöi¨ H0, H1 � îáìåæåíi
ðîçâ'ÿçêè ñèñòåìè

ε1ε2Ḣ0 = ε1ε2A00H0 + ε2A01H1+
+A02R1 −H0R2,

ε1ε2Ḣ1 = ε1ε2A10H0 + ε2A11H1+
+A12R1 −H1R2,

(5)

äå R1 = (E+ε1ε2P0H0+ε2P1H1), R2 = (A22−
−ε1ε2P0A02 − ε2P1A12).

114 Áóêîâèíñüêèé ìàòåìàòè÷íèé æóðíàë. 2013. � Ò. 1, � 3-4.



Íà äðóãîìó êðîöi ðîçùåïëåííÿ ïðèïóñêà-
¹ìî, ùî ñïðàâäæó¹òüñÿ óìîâà

III) âëàñíi çíà÷åííÿ ìàòðèöi B11(t, ε1, ε2)
çàäîâîëüíÿþòü íåðiâíiñòü

Reλi(B11) ≤ −2γ, γ > 0.

Òîäi çà äîïîìîãîþ çàìiíè

y0 = u+ ε1Hv, y1 = v + Py0 (6)

ñèñòåìà iç ïåðøèõ äâîõ ðiâíÿíü ñèñòåìè (3)
çâîäèòüñÿ äî íåçàëåæíèõ ïiäñèñòåì [4,7]

u̇ = (B00 +B01P )u,
ε1v̇ = (B11 − ε1PB01)v.

(7)

Ìàòðè÷íi ôóíêöi¨ P,H ¹ ðiâíîìiðíî
îáìåæåíèìè ðîçâ'ÿçêàìè ñèñòåìè

ε1Ṗ = ε1(B00 +B01H)P +B01−
−P (B11 − εHB01),

ε1Ḣ = B10 +B11H − ε1H(B00+
+B01H).

(8)

Ìà¹ ìiñöå íàñòóïíà òåîðåìà.
Òåîðåìà 1 [7]. Íåõàé âèêîíóþòüñÿ óìî-

âè I)�III). Òîäi äëÿ äîñòàòíüî ìàëèõ ε1, ε2
iñíó¹ íåâèðîäæåíà çàìiíà çìiííèõ çà äîïî-
ìîãîþ ÿêî¨ ñèñòåìà (1) çâîäèòüñÿ äî òðüîõ
íåçàëåæíèõ ïiäñèñòåì

u̇ = (B00 +B01P )u,
ε1v̇ = (B11 − ε1PB01)v,
ε1ε2ẇ = B22w.

(9)

Çàóâàæåííÿ 1. Óìîâà III) ¹ ñêëàäíîþ
äëÿ ïåðåâiðêè, îñêiëüêè ìàòðèöi P0 òà P1

âäà¹òüñÿ çíàéòè â ÿâíîìó âèãëÿäi òiëüêè ó
íàéïðîñòiøèõ âèïàäêàõ. Ëåãêî ïåðåêîíàòè-
ñÿ, ùî óìîâà III) áóäå ñïðàâäæóâàòèñÿ ïðè
ìàëèõ ε1, ÿêùî A12 = ε1Ā12, i âëàñíi çíà÷å-
ííÿ ìàòðèöi A11 çàäîâîëüíÿþòü íåðiâíiñòü

Reλi(A11) ≤ −2γ, γ > 0.

2. Àñèìïòîòè÷íi ðîçêëàäè ðîçùå-
ïëþþ÷îãî ïåðåòâîðåííÿ

Çíàéòè òî÷íèé âèãëÿä êîåôiöi¹íòiâ ðîç-
ùåïëþþ÷îãî ïåðåòâîðåííÿ (2), (6) âäà¹òüñÿ
òiëüêè ó íàéïðîñòiøèõ âèïàäêàõ, òîìó ïðåä-
ñòàâëÿ¹ iíòåðåñ âèïèñàòè âiäïîâiäíi ðîçùå-
ïëåíi ñèñòåìè ïðè íàáëèæåíîìó çíàõîäæåí-
íi àñèìïòîòè÷íèõ ðîçêëàäiâ öèõ êîåôiöi¹í-
òiâ.

IV) Íåõàé ìàòðèöi Aij(t), i, j = 0, 2,
A−1

22 (t) ðiâíîìiðíî îáìåæåíi äëÿ t ∈ R ðà-
çîì iç ñâî¨ìè ïîõiäíèìè äî (n + 1) ïîðÿäêó
âêëþ÷íî.

Ðîçãëÿíåìî äèôåðåíöiàëüíèé âèðàç

T (u) = A20x0+A21x1+A22u− ε1ε2
d

dt
u. (10)

Ïîêàæåìî, ùî iñíó¹ ôóíêöiÿ
u(t, x0(t), x1(t), ε2), ÿêó ìîæíà ïðåäñòà-
âèòè ó âèãëÿäi

u = P 0(t, ε2)x0 + P 1(t, ε2)x1 =
= (P 0

0 (t) + ε2P
1
0 (t) + ...+ εn2P

n
0 (t))x0+

+(P 0
1 (t) + ε2P

1
1 (t) + ...+ εn2P

n
1 (t))x1,

(11)
äå P i

0(t), P
i
1(t), i = 0, n � ðiâíîìiðíî îáìåæå-

íi ðàçîì iç ñâî¨ìè (n−i+1) ïîõiäíèìè, òàêà,
ùî íà îáìåæåíèõ ðîçâ'ÿçêàõ ñèñòåìè (1)

T (u) = o(εn+1
2 ).

Ïiäñòàâèìî ñïiââiäíîøåííÿ (11) ó ðiâ-
íiñòü (10) i ïiäáåðåìî ôóíêöi¨ P i

0(t), P
i
1(t),

i = 0, n òàê, ùîá ó ðiâíîñòi (10) ïåðåòâîðè-
ëèñÿ â íóëü âñi ÷ëåíè, ùî ìiñòÿòü ε2 â ñòå-
ïåíi, ìåíøié, íiæ n+ 1. Îáãðóíòóâàííÿ ìî-
æëèâîñòi òàêîãî âèáîðó íåâàæêî ïðîâåñòè
çà iíäóêöi¹þ. Ïðè öüîìó äëÿ êîåôiöi¹íòiâ
ó ïðåäñòàâëåííi (11) îäåðæó¹ìî àëãåáðà¨÷íi
ñïiââiäíîøåííÿ

P 0
0 (t) = −A−1

22 (t)A20(t),
P 0
1 (t) = −A−1

22 (t)A21(t),

P k
0 (t) = A−1

22 (t)
(
ε1Ṗ

k−1
1 (t) + ε1P

k−1
0 (t)A00(t)+

+ε1
k−1∑
i=0

P i
0(t)A02(t)P

k−i−1
0 (t) + P k−1

1 (t)A10(t)+

+
k−1∑
i=0

P i
1(t)A12(t)P

k−i−1
0 (t)

)
,

P k
1 (t) = A−1

22 (t)
(
ε1Ṗ

k−1
1 (t) + ε1P

k−1
0 (t)A01(t)+

+ε1
k−1∑
i=0

P i
0(t)A02(t)P

k−i−1
0 (t) + P k−1

1 (t)A11(t)+

+
k−1∑
i=0

P i
1(t)A12(t)P

k−i−1
1 (t)

)
, k = 1, 2, ..., n.

(12)
Îáìåæåíiñòü P i

0, P
i
1 òà ¨õ ÷àñòèííèõ ïî-

õiäíèõ äî (n − i + 1) ïîðÿäêó âèïëèâà¹ iç
óìîâè IV). ßêùî ôóíêöi¨ P i

0, P
i
1 âèáðàíi çà
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ôîðìóëàìè (12), òî äèôåðåíöiàëüíå ñïiââiä-
íîøåííÿ (10) íàáóäå âèãëÿäó

T (u) = εn+1
2 (η0(t, ε1, ε2)x0 + η1(t, ε1, ε2)x1),

äå η0, η1 � ðiâíîìiðíî îáìåæåíi ôóíêöi¨.
ßêùî ó âèõiäíié ñèñòåìi (1) çðîáèòè çà-

ìiíó
x2 = P 0x0 + P 1x1 + εn+2

2 z,

òî äëÿ çìiííèõ x0, x1, z îäåðæèìî ñèñòåìó

ẋ0 = (A00(t) + A02(t)P 0)x0 + (A01(t)+
+A02(t)P 1

)
x1 + εn+1

2 A02(t)z,
ε1ẋ1 = (A10(t) + A12(t)P 0)x0 + (A11(t)+
+A12(t)P 1

)
x1 + εn+1

2 A12(t)z,
ε1ε2ż = η0(t, ε1, ε2)x0 + η1(t, ε1, ε2)x1+
+A22(t)z.

(13)
Ñèñòåìà (13) � öå ñèñòåìà òèïó (1), äëÿ

ÿêî¨ iñíó¹ iíòåãðàëüíèé ìíîãîâèä [7]

z = P ∗
0 (t, ε)x0 + P ∗

1 (t, ε)x1, (14)

äå P ∗
0 , P

∗
1 � ðiâíîìiðíî îáìåæåíi ôóíêöi¨.

ßêùî ñèñòåìà (13) ìà¹ iíòåãðàëüíèé ìíî-
ãîâèä (14), òî ñèñòåìà (1) ìà¹ iíòåãðàëüíèé
ìíîãîâèä

x2 = (P 0 + εn+1
2 P ∗

0 )x0 + (P 1 + εn+1
2 P ∗

1 )x1 =

= P0x0 + P1x1,

äëÿ ÿêîãî ñïðàâåäëèâèé àñèìïòîòè÷íèé
ðîçêëàä

x2 = (P 0
0 + ε2P

1
0 + ...+ εn2P

n
0 + εn+1

2 P ∗
0 )x0+

+(P 0
1 + ε2P

1
1 + ...+ εn2P

n
1 + εn+1

2 P ∗
1 )x1. (15)

Çäiéñíèìî â ñèñòåìi (1) çàìiíó çìiííèõ

x2 = P0x0 + P1x1 + w,

îäåðæèìî ñèñòåìó

ẋ0 = (A00 + A02P0)x0+
+(A01 + A02P1)x1 + A02w,
ε1ẋ1 = (A10 + A12P0)x0+
+(A11 + A12P1)x2 + A12w,
ε1ε2ẇ = (A22 − ε1ε2P0A02−
−ε2P1A12)w.

(16)

Ðîçãëÿíåìî òåïåð äèôåðåíöiàëüíi âèðàçè

T0(u0, u1) = ε1ε2(A00 + A02P0)u0+
+ε2(A01 + A02P1)u1 − ε1ε2

d
dt
u0 + A02w,

T1(u0, u1) = ε1ε2(A10 + A12P0)u0+
+ε2(A11 + A12P1)u1 − ε1ε2

d
dt
u1 + A12w.

(17)
Ïîêàæåìî, ùî iñíóþòü ôóíêöi¨

u0(t, ε2, w), u1(t, ε2, w), ÿêi ìîæíà ïðåä-
ñòàâèòè ó âèãëÿäi

u0 = H0w =
n∑
i=0

εi2H
i
0w,

u1 = H1w =
n∑
i=0

εi2H
i
1w,

(18)

äå H i
0, H

i
1, i = 0, n � ðiâíîìiðíî îáìåæåíi

ðàçîì iç ñâî¨ìè (n − i + 1) ïîõiäíèìè, òàêi
ùî

T0(u0, u1) = o(εn+1
2 ), T1(u0, u1) = o(εn+1

2 ).

Ïiäñòàâèìî ñïiââiäíîøåííÿ (18) ó ðiâíî-
ñòi (17) i ïiäáåðåìî ôóíêöi¨ H i

0, H
i
1, i = 0, n

òàê, ùîá â ðiâíîñòÿõ (17) ïåðåòâîðèëèñü â
íóëü âñi ÷ëåíè, ùî ìiñòÿòü ε2 â ñòåïåíi ìåí-
øié, íiæ n+1. Äëÿ êîåôiöi¹íòiâH i

0,H
i
1 îäåð-

æó¹ìî àëãåáðà¨÷íi ñïiââiäíîøåííÿ

H0
0 = A01A

−1
22 ,

H0
1 = A12A

−1
22 ,

Hk
0 = (ε1A00H

k−1
0 + A01H

k−1
1 +

+ε1A02

k−1∑
i=0

P i
0H

k−1−i
0 + A02

k−1∑
i=0

P i
1H

k−1−i
1 +

+ε1
k−1∑
i=0

H i
0P

k−1−i
0 A02 +

k−1∑
i=0

H i
0P

k−1−i
1 A12−

−ε1Ḣk−1
0 )A−1

22 ,
Hk

1 = (ε1A10H
k−1
0 + A11H

k−1
1 +

+ε1A12

k−1∑
i=0

P i
0H

k−1−i
0 + A12

k−1∑
i=0

P i
1H

k−1−i
1 +

+ε1
k−1∑
i=0

H i
1P

k−1−i
0 A02 +

k−1∑
i=0

H i
1P

k−1−i
1 A12−

−ε1Ḣk−1
1 )A−1

22 , k = 1, 2, ..., n.
(19)

Îáìåæåíiñòü H i
0, H

i
1 òà ¨õ ÷àñòèííèõ ïî-

õiäíèõ âèïëèâà¹ iç óìîâè IV). Ó öüîìó âè-
ïàäêó äèôåðåíöiàëüíi âèðàçè (17) íàáóâà-
þòü âèãëÿäó

T0(u0, u1) = εn+1
2 µ0(t, ε1, ε2)w,
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T1(u0, u1) = εn+1
2 µ1(t, ε1, ε2)w,

äå µ0, µ1 � ðiâíîìiðíî îáìåæåíi ôóíêöi¨.
ßêùî òåïåð ó ñèñòåìi (16) çðîáèòè çàìiíó

x0 = εn+1
2 y0 + ε1ε2H0w,

x1 = εn+1
2 y1 + ε2H1w,

òî äëÿ çìiííèõ y0, y1, w îäåðæèìî ñèñòåìó

ẏ0 = (A00 + A02P0)y0+
+(A01 + A02P1)y1 + µ0w,
ε1ẏ1 = (A10 + A12P0)y0+
+(A11 + A12P1)y1 + µ1w,
ε1ε2ẇ = (A22 − ε1ε2P0A02−
−ε2P1A12)w,

(20)

òèïó (1), äëÿ ÿêî¨ iñíóþòü iíòåãðàëüíi ìíî-
ãîâèäè [7]

y0 = ε1ε2H
∗
0w, y1 = ε2H

∗
1w. (21)

ßêùî ñèñòåìà (20) ìà¹ iíòåãðàëüíi ìíîãî-
âèäè (21), òîäi ñèñòåìà (16) ìà¹ iíòåãðàëüíi
ìíîãîâèäè

x0 = ε1ε2(H0 + εn+1
2 H∗

0 )w = ε1ε2H0w,

x1 = ε2(H1 + εn+1
2 H∗

1 )w = ε2H1w,

äëÿ ÿêèõ ñïðàâåäëèâi àñèìïòîòè÷íi ðîçêëà-
äè

x0 = ε1ε2

(
n∑
i=0

εi2H
i
0 + εn+1

2 H∗
0

)
w,

x1 = ε2

(
n∑
i=0

εi2H
i
1 + εn+1

2 H∗
1

)
w.

Çäiéñíèâøè â ñèñòåìi (6) çàìiíó çìiííèõ

x0 = y0 + ε1ε2H0w, x1 = y1 + ε2H1w,

îäåðæèìî ñèñòåìó (3) i çàâåðøó¹ìî ïåðøèé
åòàï ðîçùåïëåííÿ ñèñòåìè (1).
Òåîðåìà 2. Íåõàé ñïðàâäæóþòüñÿ óìî-

âè I), II), IV). Òîäi äëÿ äîñòàòíüî ìàëèõ
çíà÷åíü ε2 iñíó¹ çàìiíà çìiííèõ (2), çà äî-
ïîìîãîþ ÿêî¨ ñèñòåìà (1) çâîäèòüñÿ äî âè-
ãëÿäó (3), i êîåôiöi¹íòè àñèìïòîòè÷íèõ
ðîçêëàäiâ ïåðåòâîðåííÿ (2) ìîæíà îäíîçíà-
÷íî çíàéòè iç àëãåáðà¨÷íèõ ñïiââiäíîøåíü
(12), (19).

Ïðåäñòàâëåííÿ ôóíêöié P,H iç ðiâíîñòåé
(6) ó âèãëÿäi àñèìïòîòè÷íèõ ðîçêëàäiâ

P (t, ε1) = P0(t) + ε1P1(t) + ...,
H(t, ε1) = H0(t) + ε1H1(t) + ...,

(22)

âñòàíîâëåíî ó ïðàöÿõ [2, 4, 9].
Ïðè öüîìó êîåôiöi¹íòè ðîçêëàäiâ (22)

îäíîçíà÷íî çíàõîäÿòüñÿ iç àëãåáðà¨÷íèõ
ñïiââiäíîøåíü

P0(t) = −B−1
11 B10, H0(t) = B01B

−1
11 ,

Pk(t) = B−1
11 (Ṗk−1 + Pk−1B00+

+
k−1∑
i=0

PiB01Pk−1−i),

Hk(t) = (B00Hk−1 +
k−1∑
i=0

B01PiHk−1−i+

+
k−1∑
i=0

MiPk−1−i +B01 − Ṁk−1)B
−1
11 .

(23)
Îáìåæóþ÷èñü ó ñïiââiäíîøåííÿõ (2) òà

(6) òiëüêè íóëüîâèìè êîåôiöi¹íòàìè àñèì-
ïòîòè÷íèõ íàáëèæåíü îäåðæó¹ìî òàêå íó-
ëüîâå íàáëèæåííÿ ðîçùåïëåíî¨ ñèñòåìè

u̇ = (A00 − A02A
−1
22 A20 + A01−

−A02A
−1
22 A21)u,

ε1v̇1 = (A11 − A12A
−1
22 A21)− ε1×

×(A01 − A02A
−1
22 A21)(A11 − A12A

−1
22 A21)

−1×
×(A01 − A02A

−1
22 A21))v,

ε1ε2ẇ = (A22 + ε1ε2A
−1
22 A20A02+

+ε2A
−1
22 A21A12)w.

(24)
3. Ðîçùåïëåííÿ ïî÷àòêîâèõ óìîâ
Âèõîäÿ÷è iç ñïiââiäíîøåíü (2), (6), äiñòà-

¹ìî ðiâíÿííÿ, ùî çâ'ÿçóþòü ïî÷àòêîâi óìîâè
äëÿ âèõiäíî¨ ñèñòåìè ç ïî÷àòêîâèìè óìîâà-
ìè äëÿ ðîçùåïëåíî¨ ñèñòåìè

x00 = u0 + ε1Hv0 + ε1ε2H0w0,

x10 = Pu0 + (E + ε1PH)v0 + ε2H1w0, (25)

x20 = (P0+P1P )u0+(P1+ε1(P0+P1P )H)v0+

+(E + ε1ε2P0H0 + ε2P1H1)w0.

Ðîçâ'ÿçóþ÷è ñèñòåìó (25), äiñòà¹ìî

u0 = (E + ε1HP − ε1ε2(−(E + ε1HP )H0+

+HH1)P0)x00 + (−ε1H−
−ε1ε2(−(E + ε1HP )H0 +HH1)P1)x10+
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+ε1ε2(−(E + ε1HP )H0 +HH1)x20,

v0 = (−P − (ε1ε2PH0 − ε2H1)P0)x00+

+(E+ε1ε2PH0−ε2H1)x10+(ε1ε2PH0−ε2H1)x20,

w0 = −P0x00 − P1x10 + x20.

ßêùî âðàõîâóâàòè òiëüêè íóëüîâi ÷ëåíè
àñèìïòîòè÷íèõ ðîçêëàäiâ (12), (19), (23), òî
îäåðæèìî òàêi ïî÷àòêîâi óìîâè äëÿ ñèñòåìè
(24)

u0 = (E + ε1B01B
−2
11 B10 +R1A

−1
22 A20)x00+

+(−ε1B01B
−1
11 +R1A

−1
22 A21)x10 +R1x20,

v0 = (B−1
11 B10−R1A

−1
22 A20)x00+(E+R2)x10+

+R2x20,

w0 = A−1
22 A20)x00 + A−1

22 A21x10 + x20,

äå

R1 = ε1ε2((ε1B01B
−2
11 B10 − E)A02A

−1
22 +

+B01B
−1
11 A12A

−1
22 ),

R2 = −ε1ε2B−1
11 B10A02A

−1
22 − ε2A12A

−1
22 ).

ÑÏÈÑÎÊ ËIÒÅÐÀÒÓÐÈ

1. Ìèòðîïîëüñêèé Þ.À., Ëûêîâà Î.Á. Èíòå-
ãðàëüíûå ìíîãîîáðàçèÿ â íåëèíåéíîé ìåõàíèêå. �
Ì.: Íàóêà, 1973. � 512 ñ.
2. Ñòðûãèí Â.Â., Ñîáîëåâ Â.À. Ðàçäåëåíèå äâè-

æåíèÿ ìåòîäîì èíòåãðàëüíûõ ìíîãîîáðàçèé. � Ì.:
Íàóêà, 1988. � 256 ñ.
3. Âîðîïàåâà Í.Â., Ñîáîëåâ Â.À. Êîíñòðóêòèâ-

íûé ìåòîä ðàñùåïëåíèÿ ñèíãóëÿðíî âîçìóùåííûõ
ñèñòåì // Äèôôåðåíöèàëüíûå óðàâíåíèÿ. � 1995.�
31, � 44. � Ñ. 569-578.
4. Sobolev V.A. Decomposition of linear singularly

perturbed systems // Acta Math. Hung. � 1987.� 49,
� 3-4. � P. 365-376.
5. ×åðåâêî I.Ì. Ðîçùåïëåííÿ ëiíiéíèõ ñèí-

ãóëÿðíî çáóðåíèõ äèôåðåíöiàëüíî-ôóíêöiîíàëüíèõ
ðiâíÿíü // Äîï. ÍÀÍ Óêðà¨íè. � 2002. � � 6. � Ñ. 32-
36.
6. Ñåìåíîâà Ì.Ì. Äåêîìïîçèöèÿ ñèñòåì ñ íå-

ñêîëüêèìè âðåìåííûìè ìàñøòàáàìè // Ìåõàòðîíè-
êà, àâòîìàòèçàöèÿ, óïðàâëåíèå. � 2004. � 8. � C. 6-11.
7. Ñåëüñüêèé Ñ.Ñ., ×åðåâêî I.Ì. Ðîçùåïëåííÿ

ñèñòåì ëiíiéíèõ äèôåðåíöiàëüíèõ ñèíãóëÿðíî çáó-
ðåíèõ ðiâíÿíü // Íàóêîâèé âiñíèê ×åðíiâåöüêîãî
íàö. óí-òó. Ñåðiÿ: ìàòåìàòèêà : Çá. íàóê. ïðàöü. �
1, � 3. � ×åðíiâöi: ×ÍÓ, 2011. � Ñ. 104-107.

8. Îñèïîâà Î.Â., ×åðåâêî I.Ì. Ðîçùåïëåííÿ ði-
çíîòåìïîâèõ ñèíãóëÿðíî çáóðåíèõ ëiíiéíèõ ñèñòåì
// Íàóêîâèé âiñíèê ×åðíiâåöüêîãî íàö. óí-òó. Ñåðiÿ:
ìàòåìàòèêà : Çá. íàóê. ïðàöü. � 2, � 1. � ×åðíiâöi:
×ÍÓ, 2012. � Ñ. 78-83.
9. Âîðîïàåâà Í.Â., Ñîáîëåâ Â.À. Ãåîìåòðè÷å-

ñêàÿ äåêîìïîçèöèÿ ñèíãóëÿðíî âîçìóùåííûõ ñè-
ñòåì. � Ì.: Ôèçìàòëèò, 2009. � 256 ñ.

118 Áóêîâèíñüêèé ìàòåìàòè÷íèé æóðíàë. 2013. � Ò. 1, � 3-4.



ÓÄÊ 517.977

c⃝2013 ð. A.C. Ïåðöîâ

×åðíiâåöüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Þðiÿ Ôåäüêîâè÷à

ÃÀÐÀÍÒÎÂÀÍÅ ÎÖIÍÞÂÀÍÍß ËIÍIÉÍÈÕ ÍÅÏÅÐÅÐÂÍÈÕ
ÔÓÍÊÖIÎÍÀËIÂ ÂIÄ ÐÎÇÂ'ßÇÊIÂ ÁIÃÀÐÌÎÍI×ÍÎÃÎ ÐIÂÍßÍÍß ÏÐÈ

IÍÒÅÃÐÀËÜÍÈÕ ÎÏÅÐÀÒÎÐÀÕ ÑÏÎÑÒÅÐÅÆÅÍÜ

Äîñëiäæåíà ïðîáëåìà ãàðàíòîâàíîãî îöiíþâàííÿ çíà÷åíü ëiíiéíèõ íåïåðåðâíèõ ôóíêöiî-
íàëiâ âiä ðîçâ'ÿçêiâ êðàéâî¨ çàäà÷i Íåéìàíà äëÿ áiãàðìîíi÷íîãî ðiâíÿííÿ ïðè iíòåãðàëüíèõ
îïåðàòîðàõ ñïîñòåðåæåíü òà êâàäðàòè÷íèõ îáìåæåííÿõ íà äåòåðìiíîâàíi äàíi.

The problem of guaranteed estimation of values of continuous linear functionals of solutions
of the Neumann boundary value problem for the biharmonic equation with integral operators
observations and quadratic constraints on deterministic data is investigated.

Âñòóï. Ìiíiìàêñíèé ìåòîä îöiíþâàííÿ,
ÿêèé áóâ çàïî÷àòêîâàíèé â ìîíîãðàôi¨ [1],
âèÿâèâñÿ äîñèòü êîðèñíèì äëÿ ñèñòåì ç çî-
ñåðåäæåíèìè òà ðîçïîäiëåíèìè ïàðàìåòðà-
ìè â óìîâàõ íåâèçíà÷åíîñòi. Â ïîäàëüøîìó
çàäà÷àì ìiíiìàêñíîãî îöiíþâàííÿ ñòàíiâ ñè-
ñòåì, ÿêi îïèñóþòüñÿ çâè÷àéíèìè äèôåðåí-
öiéíèìè ðiâíÿííÿìè i ðiâíÿííÿìè â ÷àñòèí-
íèõ ïîõiäíèõ áóëî ïðèñâÿ÷åíî çíà÷íó êiëü-
êiñòü ðîáiò, çîêðåìà [2], [3]. Îêðåìî ìîæíà
âiäçíà÷èòè âèïàäîê, êîëè ðîçâ'ÿçêè êðàéî-
âèõ çàäà÷ íå âèçíà÷åíi îäíîçíà÷íî i iñíóþòü
ëèøå òîäi, êîëè äàíi öèõ çàäà÷ çàäîâîëüíÿ-
þòü äåÿêèì óìîâàì ñóìiñíîñòi. Â öüîìó íà-
ïðÿìêó äîñëiäæåíü âiäîìi ðîáîòè [4], [5]. Äî
îïèñàíîãî êîëà ïðîáëåì âiäíîñÿòüñÿ i ðîáî-
òè [6], [7].

Â ðîáîòi [6] çà ñïîñòåðåæåííÿìè åëåìåíòà
âèãëÿäó

y = Cφ+ η, (1)

ó ÿêèõ φ(x) � ðîçâ'ÿçîê âàðiàöiéíî¨ çàäà÷i

φ(x) ∈ H2(D), (2)

∫
D

[(
∂2v

∂x21
+ σ

∂2v

∂x22

)
∂2φ

∂x21
+

+ 2(1− σ)
∂2v

∂x1∂x2

∂2φ

∂x1∂x2
+

+

(
∂2v

∂x22
+ σ

∂2v

∂x21

)
∂2φ

∂x22

]
dx =

=

∫
D

v(x)f(x) dx+

∫
Γ

vh1 dΓ +

∫
Γ

∂v

∂ν
h2 dΓ

∀v ∈ H2(D), (3)

C ∈ L(L2(D), H0) � ëiíiéíèé íåïåðåðâíèé
îïåðàòîð, 0 ≤ σ < 1, çà óìîâè, ùî F :=
(f, h1h2) ∈ G0 i η ∈ G1, áóëà äîñëiäæåíà ïðî-
áëåìà çíàõîäæåííÿ ìiíiìàêñíî¨ îöiíêè çíà-
÷åííÿ ôóíêöiîíàëó

l(φ) =

∫
D

l0(x)φ(x) dx, (4)

òîáòî òàêî¨ îöiíêè âèãëÿäó̂̂
l(φ) = (y, û)H0 + ĉ,

äëÿ ÿêî¨ åëåìåíò û i ÷èñëî ĉ âèçíà÷àþòüñÿ
iç óìîâè

inf
u∈H0, c∈R

σ(u, c) = σ(û, ĉ),

äe

σ(u, c) := sup
F̃∈G0,η̃∈G1

E|l(φ̃)− l̂(φ̃)|2,

φ̃ � áóäü-ÿêèé ðîçâ'ÿçîê êðàéîâî¨ çàäà÷i (2)�
(3) ïðè 1 f(x) = f̃(x), h1 = h̃1, h2 = h̃2,

l̂(φ̃) = (ỹ, u)H0 + c, ỹ = Cφ̃+ η̃.

Òóò H0 - ñåïàðàáåëüíèé ãiëüáåðòîâèé ïðî-
ñòið2 íàä R iç ñêàëÿðíèì äîáóòêîì (·, ·)H0 òà

1Ïðè öüîìó âåëè÷èíà ϱ := σ(û, ĉ)1/2 âèçíà÷à¹ ïîõèáêó ìi-
íiìàêñíîãî îöiíþâàííÿ âèðàçó (4).

2ßêùî H0 � ñêií÷åííîâèìiðíèé ïðîñòið, òî òîäi ïðèïóñêà-
¹òüñÿ, ùî dimH0 > 3.
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íîðìîþ ∥ · ∥H0 ; D - îáìåæåíà îáëàñòü â R2

ç ëiïøèöåâîþ ãðàíèöåþ Γ; H2(D) � ïðîñòið
Ñîáîë¹âà äðóãîãî ïîðÿäêó â îáëàñòi D:

H2(D) = {v ∈ L2(D) : Dαv ∈ L2(D)

∀α, |α| ≤ 2}

ç âiäïîâiäíîþ íîðìîþ, äe Dα = ∂α1+α2

∂x
α1
1 x

α2
2
,

α = {α1, α2}, |α| = α1 + α2, à ÷åðåç Dαv ïî-
çíà÷åíi óçàãàëüíåíi ÷àñòèííi ïîõiäíi ïîðÿä-
êó α ôóíêöi¨ v; ÷åðåç G0 ïîçíà÷åíî ìíîæèíó
ôóíêöié F̃ := (f̃ , h̃1, h̃2) ∈ L2(D) × L2(Γ) ×
L2(Γ), ùî çàäîâîëüíÿòü óìîâè∫

D

Q(f̃ − f0)(x)(f̃(x)− f0(x)) dx+

+

∫
Γ

Q1(h̃1 − h
(0)
1 )(h̃1 − h

(0)
1 ) dΓ+

+

∫
Γ

Q2(h̃2 − h
(0)
2 )(h̃2 − h

(0)
2 ) dΓ ≤ 1,

i ∫
D

f̃(x) dx+

∫
Γ

h̃1 dΓ = 0, (5)∫
D

x1f̃(x) dx+

∫
Γ

x1h̃1 dΓ +

∫
Γ

∂x1
∂ν

h̃2 dΓ = 0,

(6)∫
D

x2f̃(x) dx+

∫
Γ

x2h̃1 dΓ +

∫
Γ

∂x2
∂ν

h̃2 dΓ = 0,

(7)
÷åðåç G1 ïîçíà÷åíî ìíîæèíó âèïàäêîâèõ
åëåìåíòiâ η̃ = η̃(ω), âèçíà÷åíèõ íà äåÿêîìó
éìîâiðíîñíîìó ïðîñòîði (Ω,B, P ) iç çíà÷åí-
íÿìè âH0 òàêèõ, ùî E∥η̃(ω)∥2H0

<∞ i íóëüî-
âèìè ñåðåäíiìè, ùî çàäîâîëüíÿþòü íåðiâíî-
ñòi

E(Q0η̃, η̃)H0 ≤ 1, (8)

äå E � ñèìâîë ìàòåìàòè÷íîãî ñïîäiâàííÿ,
Q, Q1, Q2 i Q0 � îáìåæåíi ñàìîñïðÿæåíi
äîäàòíî-âèçíà÷åíi îïåðàòîðè â L2(D), L2(Γ)
i H0 âiäïîâiäíî, äëÿ ÿêèõ iñíóþòü îáìåæå-
íi îáåðíåíi îïåðàòîðè Q−1, Q−1

1 , Q−1
2 i Q−1

0 ;

F0 := (f0, h
(0)
1 , h

(0)
2 ) ∈ L2(D)×L2(Γ)×L2(Γ) �

çàäàíà ôóíêöiÿ, ùî çàäîâîëüíÿ¹ óìîâè (5)�
(7); u ∈ H0, c ∈ R, l0 ∈ L2(D) � çàäàíà ôóí-
êöiÿ. Êðiì òîãî ïðèïóñêà¹òüñÿ, ùî çâóæåí-
íÿ ëiíiéíîãî îïåðàòîðà C íà ïiäïðîñòið ïî-
ëiíîìiâ ïåðøîãî ñòåïåíÿ âèãëÿäó p(x1, x2) =

a + bx1 + cx2 ¹ ií'¹êòèâíèì. Â [6] äîâåäåíà
òàêà òåîðåìà.
Òåîðåìà 1. Iñíó¹ ¹äèíà ìiíiìàêñíà

îöiíêà âèðàçó l(φ), ÿêà ìîæå áóòè ïðåä-
ñòàâëåíà ó âèãëÿäi

̂̂
l(φ) = (y, û)H0 + ĉ = l(φ̂), (9)

äe

û = Q0Cp, ĉ =

∫
D

ẑ(x)f (0)(x) dx+

+

∫
Γ

ẑh
(0)
1 dΓ +

∫
Γ

∂ẑ

∂ν
h
(0)
2 dΓ, (10)

à ôóíêöi¨ p(x), ẑ(x) i φ̂(x) âèçíà÷àþòüñÿ iç
îäíîçíà÷íî ðîçâ'ÿçíèõ ñèñòåì âàðiàöiéíèõ
ðiâíÿíü (11)�(20) i (21)�(30):

ẑ ∈ H2(D), (11)

∫
D

[(∂2v1
∂x21

+ σ
∂2v1
∂x22

)
∂2ẑ

∂x21
+

+ 2(1− σ)
∂2v1
∂x1∂x2

∂2ẑ

∂x1∂x2
+

+

(
∂2v1
∂x22

+ σ
∂2v1
∂x21

)
∂2ẑ

∂x22

]
dx =

=

∫
D

(
l0(x)− C∗ΛH0Q0Cp(x)

)
v1(x) dx

∀v1 ∈ H2(D), (12)∫
D

Q−1ẑ(x) dx+

∫
Γ

Q−1
1 ẑ dΓ = 0, (13)

∫
D

x1Q
−1ẑ(x) dx+

∫
Γ

x1Q
−1
1 ẑ dΓ+

+

∫
Γ

∂x1
∂ν

Q−1
2

∂ẑ

∂ν
dΓ = 0, (14)

∫
D

x2Q
−1ẑ(x) dx+

∫
Γ

x2Q
−1
1 ẑ dΓ+

+

∫
Γ

∂x2
∂ν

Q−1
2

∂ẑ

∂ν
dΓ = 0, (15)

p ∈ H2(D), (16)
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∫
D

[(
∂2v2
∂x21

+ σ
∂2v2
∂x22

)
∂2p

∂x21
+

+ 2(1− σ)
∂2v2
∂x1∂x2

∂2p

∂x1∂x2
+

+

(
∂2v2
∂x22

+ σ
∂2v2
∂x21

)
∂2p

∂x22

]
dx =

=

∫
D

v2(x)Q
−1ẑ(x) dx+

∫
Γ

v2Q
−1
1 ẑ dΓ+

+

∫
Γ

∂v2
∂ν

Q−1
2

∂ẑ

∂ν
dΓ ∀v2 ∈ H2(D). (17)∫

D

(l0(x)− C∗ΛH0Q0Cp(x)) dx = 0, (18)∫
D

(l0(x)− C∗ΛH0Q0Cp(x))x1 dx = 0, (19)∫
D

(l0(x)− C∗ΛH0Q0Cp(x))x2 dx = 0. (20)

i
p̂ ∈ H2(D), (21)

∫
D

[(∂2v1
∂x21

+ σ
∂2v1
∂x22

)
∂2p̂

∂x21
+

+ 2(1− σ)
∂2v1
∂x1∂x2

∂2p̂

∂x1∂x2
+

+

(
∂2v1
∂x22

+ σ
∂2v1
∂x21

)
∂2p̂

∂x22

]
dx =

=

∫
D

(
C∗ΛH0Q0(y − Cφ̂)(x)

)
v1(x) dx

∀v1 ∈ H2(D), (22)∫
D

Q−1p̂(x) dx+

∫
Γ

Q−1
1 p̂ dΓ = 0, (23)

∫
D

x1Q
−1p̂(x) dx+

∫
Γ

x1Q
−1
1 p̂ dΓ+

+

∫
Γ

∂x1
∂ν

Q−1
2

∂p̂

∂ν
dΓ = 0, (24)

∫
D

x2Q
−1p̂(x) dx+

∫
Γ

x2Q
−1
1 p̂ dΓ+

+

∫
Γ

∂x2
∂ν

Q−1
2

∂p̂

∂ν
dΓ = 0, (25)

φ̂ ∈ H2(D), (26)

∫
D

[(∂2v2
∂x21

+ σ
∂2v2
∂x22

)
∂2φ̂

∂x21
+

+ 2(1− σ)
∂2v2
∂x1∂x2

∂2φ̂

∂x1∂x2
+

+

(
∂2v2
∂x22

+ σ
∂2v2
∂x21

)
∂2φ̂

∂x22

]
dx =

=

∫
D

v2(x)(Q
−1p̂(x) + f0(x)) dx+

+

∫
Γ

v2(Q
−1
1 p̂+ h

(0)
1 ) dΓ+

+

∫
Γ

∂v2
∂ν

(
Q−1

2

∂p̂

∂ν
+ h

(0)
2

)
dΓ

∀v2 ∈ H2(D), (27)∫
D

C∗ΛH0Q0(y − Cφ̂)(x) dx = 0, (28)∫
D

x1C
∗ΛH0Q0(y − Cφ̂)(x) dx = 0, (29)∫

D

x2C
∗ΛH0Q0(y − Cφ̂)(x) dx = 0, (30)

âiäïîâiäíî, â ÿêié ðiâíîñòi (21) � (30) âè-
êîíóþòüñÿ ç éìîâiðíiñòþ 1. Òóò ΛH0 ∈
L(H0, H

′
0) � îïåðàòîð, ÿêèé äi¹ ç H0 íà éî-

ãî ñïðÿæåíèé ïðîñòið H ′
0 òà âèçíà÷à¹òüñÿ

ðiâíiñòþ 3 (v, u)H0 = < v,ΛH0u >H0×H′
0

∀u, v ∈ H0, äå < x, f >H0×H′
0
, := f(x) äëÿ

x ∈ H0, f ∈ H ′
0, C

∗ : H ′
0 → L2(D) � oïå-

ðàòîð, òðàíñïîíîâàíèé äî C, ùî âèçíà÷à-
¹òüñÿ ñïiââiäíîøåííÿì < Cv,w >H0×H′

0
=∫

D
v(x)C∗w(x) dx äëÿ âñiõ v ∈ L2(D), w ∈

H ′
0.
Ïîõèáêà îöiíþâàííÿ ϱ âèçíà÷à¹òüñÿ

ôîðìóëîþ ϱ = l(p)1/2.

Îñíîâíèé ðåçóëüòàò. Çàñòîñó¹ìî íàâå-
äåíó âèùå òåîðåìó äëÿ äîñëiäæåííÿ ïðåä-
ñòàâëåííÿ ìiíiìàêñíèõ îöiíîê ôóíêöiîíàëó
(4) âiä íåâiäîìîãî ðîçâ'ÿçêó âàðiàöiéíî¨ çà-
äà÷i (2), (3) ó âèïàäêó, êîëè â ñïîñòåðåæåí-
íÿõ (1) îïåðàòîð C ¹ iíòåãðàëüíèì.

Ç öi¹þ ìåòîþ ïîêëàäåìî H0 = L2(D1) ×
. . . L2(Di) × . . . L2(DN), äå Di, i = 1, . . . , N,

3Öåé îïåðàòîð iñíó¹ â ñèëó òåîðåìè Ðicñà.
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- äåÿêi ïiäîáëàñòi îáëàñòi D ç ëiïøèöåâèìè
ãðàíèöÿìè. Òîäi ΛH0 = IH0 , äå IH0 � îäèíè-
÷íèé îïåðàòîð â H0.

Íåõàé â ñïîñòåðåæåííÿõ (1) îïåðàòîð C :
L2(D) → L2(D1)× . . . L2(Di)× . . . L2(DN) çà-
äà¹òüñÿ ðiâíiñòþ

Cφ(x) = (C1φ(x), . . . , Ciφ(x) . . . , CNφ(x)) ,

Ci : L
2(D) → L2(Di) � iíòåãðàëüíèé îïåðà-

òîð, çàäàíèé âèðàçîì

Ciφ(x) :=

∫
Di

Ki(x, ξ)φ(ξ) dξ, i = 1 . . . , N,

äå Ki ∈ L2(Di)×L2(Di), òàê ùî ñïîñòåðåæå-
ííÿ y â (1) ìàþòü âèãëÿä

y =
(
y1, . . . , yi, . . . , yN

)
,

η =
(
η1, . . . , ηi, . . . , ηN

)
, (31)

äå

yi(x) =

∫
Di

Ki(x, ξ)φ(ξ) dξ + ηi(x),

x ∈ Di, i = 1, N, (32)

à îïåðàòîðQ0 â óìîâi (8), ùî âõîäèòü â îçíà-
÷åííÿ ìíîæèíè G1, äi¹ çà ôîðìóëîþ

Q0η̃ = (Q
(0)
1 η̃1, . . . , Q

(0)
i η̃i, . . . , Q

(0)
N η̃N),

â ÿêié Q(0)
i (x) � íåïåðåðâíi äîäàòíi ôóíêöi¨

â îáëàñòi D̄i, η̃i ∈ L2(Ω, L2(Di)), i = 1, . . . , N.
Â öüîìó âèïàäêó óìîâà (8) íàáóäå âèãëÿ-

äó
N∑
i=1

∫
Di

Q
(0)
i (x)R̃i(x, x) dx ≤ 1,

äå ÷åðåç R̃i(x, y) = Eη̃i(x)η̃i(y) ïîçíà÷åíà êî-
ðåëÿöiéíà ôóíêöiÿ ïðîöåñó η̃i(x), i = 1, N,
(x, y) ∈ Di ×Di.

Äiéñíî,

E(Q0η̃, η̃)H0 =

=
N∑
i=1

E(Q(0)
i (x)ηi(x), ηi(x))L2(Di) =

=
N∑
i=1

∫
Di

Q
(0)
i (x)E(ηi(x)ηi(x)) dx =

=
N∑
i=1

∫
Di

Q
(0)
i (x)R̃

(0)
i (x, x) dx.

i, îòæå, ìíîæèíà G1 áóäå îïèñóâàòèñü íà-
ñòóïíîþ ôîðìóëîþ:

G1 =
{
η̃ = (η̃1, . . . , η̃i, . . . , η̃N) :

E∥η̃i∥2L2(Di)
<∞,

Eη̃i = 0, i = 1, N,
N∑
i=1

∫
Di

Q
(0)
i (x)R̃i(x, x) dx ≤ 1.

}
(33)

Ëåãêî áà÷èòè, ùî îïåðàòîð C∗ : L2(D1)×
. . . L2(Di)× . . . L2(DN) → L2(D), ñïðÿæåíèé
äî C, áóäå çàäàâàòèñÿ ôîðìóëîþ C∗ψ(x) =∑N

l=1 χDl(x)
∫
Dl
Kl(ξ, x)ψl(ξ) dξ, äå ψ(ξ) =

(ψ1(ξ), . . . , ψl(ξ), . . . , ψN(ξ)), ψl ∈ L2(Dl),
χDl(x) � õàðàêòåðèñòè÷íà ôóíêöiÿ ìíîæè-
íè Dl, l = 1, . . . , N.

Âðàõîâóþ÷è, ùî

û = Q0Cp = (û1, . . . , ûi, . . . , ûN),

ûl ∈ L2(Di), i = 1, N,

äå

ûi(ξ) = Q
(0)
i (ξ)

∫
Di

Ki(ξ, ξ1)p(ξ1) dξ1,

i = 1, N, (34)

ìà¹ìî

C∗JH0Q0Cp(x) =

=
N∑
i=1

χDi(x)

∫
Di

K̃i(·, ξ1)p(ξ) dξ1, (35)

äå

K̃i(x, ξ1) =

∫
Di

Ki(ξ, x)Q
(0)
i (ξ)Ki(ξ, ξ1)dξ.

Êëàñ ëiíiéíèõ çà ñïîñòåðåæåííÿìè (32)
îöiíîê l̂(φ) áóäå ìàòè âèãëÿä

l̂(φ) =
N∑
i=1

∫
Di

ui(x)yi(x) dx+ c. (36)

Òàêèì ÷èíîì, ç ïðîâåäåíîãî âèùå àíàëiçó
òà ç òåîðåìè 1 äëÿ iíòåãðàëüíèõ îïåðàòîðiâ
ñïîñòåðåæåííÿ (32) ó ïðèïóùåííÿõ, ùî

η ∈ G1,
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äå η i G1 âèçíà÷àþòüñÿ ôîðìóëàìè (31),
(33), òà

F := (f, h1h2) ∈ G0,

ìíîæèíà G0 âèçíà÷åíà âèùå, îäåðæó¹ìî íà-
ñòóïíèé ðåçóëüòàò.

Òåîðåìà 2. Ìiíiìàêñía îöiíêà
̂̂
l(φ) çíà-

÷åííÿ l(φ) âèçíà¹òüñÿ ôîðìóëîþ

̂̂
l(φ) =

N∑
i=1

∫
Di

ûi(x)yi(x) dx+ ĉ = l(φ̂),

äå

ĉ =

∫
D

ẑ(x)f (0)(x) dx+

∫
Γ

ẑh
(0)
1 dΓ+

+

∫
Γ

∂ẑ

∂ν
h
(0)
2 dΓ,

ûi(x) = Q
(0)
i (x)

∫
Di

Ki(x, η)p(η) dη,

i = 1, N,

a ôóíêöi¨ ẑ, p, φ̂ ∈ H2(D) çíàõîäÿòüñÿ ç
ðîçâ'ÿçêó ñèñòåì âàðiàöiéíèõ ðiâíÿíü:∫

D

[(∂2v1
∂x21

+ σ
∂2v1
∂x22

)
∂2ẑ

∂x21
+

+ 2(1− σ)
∂2v1
∂x1∂x2

∂2ẑ

∂x1∂x2
+

+

(
∂2v1
∂x22

+ σ
∂2v1
∂x21

)
∂2ẑ

∂x22

]
dx =

=

∫
D

(
l0(x)−

−
N∑
i=1

χDi(x)

∫
Di

K̃i(x, ξ1)p(ξ1) dξ1

)
v1(x) dx

∀v1 ∈ H2(D),∫
D

Q−1ẑ(x) dx+

∫
Γ

Q−1
1 ẑ dΓ = 0,

∫
D

x1Q
−1ẑ(x) dx+

∫
Γ

x1Q
−1
1 ẑ dΓ+

+

∫
Γ

∂x1
∂ν

Q−1
2

∂ẑ

∂ν
dΓ = 0,

∫
D

x2Q
−1ẑ(x) dx+

∫
Γ

x2Q
−1
1 ẑ dΓ+

+

∫
Γ

∂x2
∂ν

Q−1
2

∂ẑ

∂ν
dΓ = 0,

∫
D

[(
∂2v2
∂x21

+ σ
∂2v2
∂x22

)
∂2p

∂x21
+

+ 2(1− σ)
∂2v2
∂x1∂x2

∂2p

∂x1∂x2
+

+

(
∂2v2
∂x22

+ σ
∂2v2
∂x21

)
∂2p

∂x22

]
dx =

=

∫
D

v2(x)Q
−1ẑ(x) dx+

∫
Γ

v2Q
−1
1 ẑ dΓ+

+

∫
Γ

∂v2
∂ν

Q−1
2

∂ẑ

∂ν
dΓ ∀v2 ∈ H2(D).

∫
D

(
l0(x)−

−
N∑
i=1

χDi(x)

∫
Di

K̃i(x, ξ1)p(ξ1) dξ1

)
dx = 0,

∫
D

(
l0(x)−

−
N∑
i=1

χDi(x)

∫
Di

K̃i(x, ξ1)p(ξ1) dξ1

)
x1 dx = 0,

∫
D

(
l0(x)−

−
N∑
i=1

χDi(x)

∫
Di

K̃i(x, ξ1)p(ξ1) dξ1

)
x2 dx = 0.

i ∫
D

[(∂2v1
∂x21

+ σ
∂2v1
∂x22

)
∂2p̂

∂x21
+

+ 2(1− σ)
∂2v1
∂x1∂x2

∂2p̂

∂x1∂x2
+

+

(
∂2v1
∂x22

+ σ
∂2v1
∂x21

)
∂2p̂

∂x22

]
dx =
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=

∫
D

(
θ(x)−

−
N∑
i=1

χDi(x)

∫
Di

K̃i(x, ξ1)φ̂(ξ) dξ1

)
v1(x) dx

∀v1 ∈ H2(D),∫
D

Q−1ẑ(x) dx+

∫
Γ

Q−1
1 ẑ dΓ = 0,

∫
D

x1Q
−1p̂(x) dx+

∫
Γ

x1Q
−1
1 p̂ dΓ+

+

∫
Γ

∂x1
∂ν

Q−1
2

∂p̂

∂ν
dΓ = 0,

∫
D

x2Q
−1p̂(x) dx+

∫
Γ

x2Q
−1
1 p̂ dΓ+

+

∫
Γ

∂x2
∂ν

Q−1
2

∂p̂

∂ν
dΓ = 0,

∫
D

[(∂2v2
∂x21

+ σ
∂2v2
∂x22

)
∂2φ̂

∂x21
+

+ 2(1− σ)
∂2v2
∂x1∂x2

∂2φ̂

∂x1∂x2
+

+

(
∂2v2
∂x22

+ σ
∂2v2
∂x21

)
∂2φ̂

∂x22

]
dx =

=

∫
D

v2(x)(Q
−1p̂(x) + f0(x)) dx+

+

∫
Γ

v2(Q
−1
1 p̂+ h

(0)
1 ) dΓ+

+

∫
Γ

∂v2
∂ν

(
Q−1

2

∂p̂

∂ν
+h

(0)
2

)
dΓ, ∀v2 ∈ H2(D),

∫
D

(
θ(x)−

−
N∑
i=1

χDi(x)

∫
Di

K̃i(x, ξ1)φ̂(ξ1) dξ1

)
dx = 0,

∫
D

(
θ(x)−

−
N∑
i=1

χDi(x)

∫
Di

K̃i(x, ξ1)φ̂(ξ1) dξ1

)
x1 dx = 0,

∫
D

(
θ(x)−

−
N∑
i=1

χDi(x)

∫
Di

K̃i(x, ξ1)φ̂(ξ1) dξ1

)
x2 dx = 0.

âiäïîâiäíî. Òóò p̂ ∈ H2(D) i

θ(x) =
N∑
i=1

χDi(x)

∫
Di

Ki(ξ, x)Q
(0)
i (ξ)yi(ξ) dξ.

Ïîõèáêà ìiíiìàêcíîãî îöiíþâàííÿ ϱ âè-
çíà÷à¹òüñÿ ôîðìóëîþ

ϱ = l(p)1/2.
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×åðíiâåöüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Þðiÿ Ôåäüêîâè÷à

ÊÐÀÉÎÂÀ ÇÀÄÀ×À Ç ÍÅÐIÂÍÎÑÒßÌÈ ÄËß ÅËIÏÒÈ×ÍÈÕ ÐIÂÍßÍÜ
Ç ÂÈÐÎÄÆÅÍÍßÌ

Çà äîïîìîãîþ ïðèíöèïà ìàêñèìóìà i àïðiîðíèõ îöiíîê âèâ÷à¹òüñÿ êðàéîâà çàäà÷à ç
íåðiâíîñòÿìè äëÿ åëiïòè÷íîãî ðiâíÿííÿ äðóãîãî ïîðÿäêó çi ñòåïåíåâèìè îñîáëèâîñòÿìè ó
êîåôiöi¹íòàõ äîâiëüíîãî ïîðÿäêó. Â ãåëüäåðîâèõ ïðîñòîðàõ çi ñòåïåíåâîþ âàãîþ äîâåäåíî
iñíóâàííÿ i ¹äèíiñòü ðîçâ'ÿçêó ïîñòàâëåíî¨ çàäà÷i.

Using the maximum principle and a priori estimates we study a boundary value problem
with inequalities for a second order elliptic equation with power singularities in the coe�cients
of an arbitrary order. We establish the existence and the uniqueness of the solution of the stated
problem in H�older spaces with a power weight.

Ìàòåìàòè÷íå ìîäåëþâàííÿ áàãàòüîõ çà-
äà÷ ìåõàíiêè, ôiçèêè i òåîði¨ êåðóâàíü ïðè-
âîäèòü äî âèâ÷åííÿ ñèñòåì íåðiâíîñòåé iç
÷àñòèííèìè ïîõiäíèìè [1, 2]. Ðiâíÿííÿ ç âè-
ðîäæåííÿìè çà ïðîñòîðîâèìè çìiííèìè îïè-
ñóþòü ðiçíi ïðîöåñè. Ó ðiâíÿííi Øðåäiíãå-
ðà, ÿêå îïèñó¹ ñòàí êâàíòî-ìåõàíi÷íî¨ ñè-
ñòåìè, êîåôiöi¹íòè âèçíà÷àþòü ïîòåíöiàëü-
íó åíåðãiþ i ìàþòü ñòåïåíåâi îñîáëèâîñòi
ïðè ìîëîäøèõ ïîõiäíèõ [3]. Ðiâíÿííÿìè iç
ñèíãóëÿðíèì îïåðàòîðîì Áåññåëÿ ó òiëàõ iç
ñèìåòði¹þ ìîäåëþþòüñÿ äèôóçiéíi ïðîöåñè,
ðàäiàëüíi êîëèâàííÿ, òåïëî-ìàñîîáìií ïðè
âèðîùóâàííi ìîíîêðèñòàëiâ [4]. Âèâ÷åííþ
ðîçâ'ÿçêiâ íåëîêàëüíî¨ êðàéîâî¨ çàäà÷i äëÿ
ñèñòåì äâîõ åëiïòè÷íèõ ðiâíÿíü ç îñîáëè-
âîñòÿìè ïðèñâÿ÷åíî ïðàöþ [5]. Äîñëiäæåí-
íÿ ïèòàíü iñíóâàííÿ i ÿêiñíèõ âëàñòèâîñòåé
ðîçâ'ÿçêiâ åëiïòè÷íèõ ðiâíÿíü ç âèðîäæåí-
íÿìè i îñîáëèâîñòÿìè ïðèâåäåíi ó ïðàöÿõ
[6�10].

Ó öié ñòàòòi âèâ÷à¹òüñÿ êðàéîâà çàäà÷à ç
íåðiâíîñòÿìè äëÿ åëiïòè÷íîãî ðiâíÿííÿ äðó-
ãîãî ïîðÿäêó çi ñòåïåíåâèìè îñîáëèâîñòÿ-
ìè ó êîåôiöi¹íòàõ íà êîîðäèíàòíèõ ïëîùè-
íàõ äîâiëüíîãî ïîðÿäêó. Äîâåäåíî ¹äèíiñòü,
iñíóâàííÿ ðîçâ'ÿçêó ïîñòàâëåíî¨ çàäà÷i òà
âñòàíîâëåíi îöiíêè ðîçâ'ÿçêó i éîãî ïîõiäíèõ
ó ãåëüäåðîâèõ ïðîñòîðàõ çi ñòåïåíåâîþ âà-
ãîþ.
Ïîñòàíîâêà çàäà÷i òà îñíîâíi îáìå-

æåííÿ. Íåõàé (x1, . . . , xn) � êîîðäèíàòè òî-

÷êè P (x) ∈ Rn, Ωj = {x, x ∈ Rn, xj = 0},
D � îáìåæåíà îáëàñòü ïðîñòîðó Rn ç ìåæåþ
∂D òàêà, ùî ∂D ∩ Ωj ̸= ∅, j ∈ {1, 2, . . . , n}.
Ðîçãëÿíåìî â îáëàñòi D çàäà÷ó çíàõîäæåííÿ
ôóíêöi¨ u(x), ÿêà çàäîâîëüíÿ¹ ðiâíÿííÿ

(Lu)(x) =
[ n∑
ij=1

Aij(x)∂xi∂xj +
n∑
i=1

Ai(x)∂xi+

+A0(x)
]
u(x) = f(x) (1)

i êðàéîâi óìîâè

lim
x→z∈∂D

(Bu− g)(x) = lim
x→z∈∂D

[ n∑
i=1

bi(x)∂xiu+

+b0(x)u− g(x)
]
≥ 0,

lim
x→z∈∂D

u(x) ≥ 0, lim
x→z∈∂D

[(Bu− g)u](x) = 0.

(2)
Ïîðÿäîê îñîáëèâîñòåé êîåôiöi¹íòiâ äè-

ôåðåíöiàëüíèõ âèðàçiâ L i B áóäóòü õàðàêòå-
ðèçóâàòè ôóíêöi¨ s(ai, xi): s(ai, xi) = |xi|ai
ïðè |xi| ≤ 1; s(ai, xi) = 1 ïðè |xi| ≥ 1;
S(a, P ) = min{s(a, x1), . . . , s(a, xn)}, a, a1,
. . . , an � äîâiëüíi ôiêñîâàíi äiéñíi ÷èñëà.

Íåõàé D = D ∪ ∂D, P1(x
(1)
1 , . . . , x

(1)
n ),

P
(2)
i (x

(1)
1 , . . . , x

(1)
i−1, x

(2)
i , x

(1)
i+1, . . . , x

(1)
n ) � äî-

âiëüíi òî÷êè ç D, l � äîäàòíå ôiêñîâàíå
äiéñíå ÷èñëî. Âèçíà÷èìî ôóíêöiîíàëüíi
ïðîñòîðè, â ÿêèõ áóäå âèâ÷àòèñÿ çàäà÷à (1),
(2).
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C l(γ; β; a;D) � ìíîæèíà ôóíêöié u, ÿêi
ìàþòü íåïåðåðâíi ÷àñòèííi ïîõiäíi â D âè-
ãëÿäó ∂kxu(P ), |k| ≤ [l], äëÿ ÿêèõ ñêií÷åííà
íîðìà

∥u; γ; β; 0;D∥0 = sup
D

|u| ≡ ∥u;D∥0,

∥u; γ; β; a;D∥l =
[l]∑

|k|=0

∥u; γ; β; a;D∥|k|+

+⟨u; γ; β; a;D⟩l ≡

≡
[l]∑

|k|=0

sup
P∈D

S(|k|γ + a;P )
n∏

m=1

s(−kmβm, xm)×

×|∂kxu(P )|+
∑
|k|=[l]

n∑
i=1

sup
(P1,P

(2)
i )⊂D

S(lγ + a, P̃ )×

×s(−{l}βi, x̃i)
n∏

m=1

s(−kmβm, x̃m)×

×|x(1)i − x
(2)
i |−{l}|∂kxu(P1)− ∂kxu(P

(2)
i )|,

γ, βi � ôiêñîâàíi äiéñíi ÷èñëà, γ ≥ 0,
βi ∈ (−∞,∞), |k| = k1 + · · · + kn,
s(a, x̃i) = min{s(a, x(1)i ), s(a, x

(2)
i )}, S(a, P̃ ) =

min{S(a, P1), S(a, P
(2)
i )}.

Ùîäî çàäà÷i (1), (2) ââàæà¹ìî âèêîíàíè-
ìè óìîâè:

à) äëÿ äîâiëüíîãî âåêòîðà ξ = (ξ1, . . . , ξn)
âèêîíó¹òüñÿ íåðiâíiñòü

π1|ξ|2 ≤
n∑

ij=1

s(βi, xi)s(βj, xj)Aij(x)ξiξj ≤ π2|ξ|2,

π1, π2 � äîäàòíi ôiêñîâàíi ñòàëi i
s(βi, xi)s(βj, xj)Aij ∈ Cα(γ; β; 0;D),
s(µi, xi)Ai ∈ Cα(γ; β; 0;D), S(µ0, P )A0(P ) ∈
Cα(γ; β; 0;D), A0(x) < 0 äëÿ x ∈ D,
f ∈ Cα(γ; β;µ0;D), µ0 ≥ 0, µi ≥ 0, ìåæà
∂D ∈ C2+α, α ∈ (0, 1);

á) âåêòîðè
−→
b (s) = {b(s)1 , . . . , b

(s)
n },

b
(s)
j = s(βj, xj)bj(x) i −→e = {e1, . . . , en},

ej =
[ n∑
i=1

b2i (x)
]−1/2

bj óòâîðþþòü ç

íàïðÿìêîì çîâíiøíüî¨ íîðìàëi −→n äî
∂D â òî÷öi P (x) ∈ ∂D êóò ìåí-

øèé
π

2
, s(βj, xj)bj ∈ C1+α(γ; β; 0;D),

S(δ, P )b0(P ) ∈ C1+α(γ; β; δ;D), b0(x) > 0,
δ ≥ 0, g ∈ C1+α(γ; β; δ;D), γ =

max
{
max
i

(1 + βi),max
i

(µi − βi),
µ0

2
, δ
}
.

Òåîðåìà 1. Íåõàé äëÿ çàäà÷i (1), (2)
âèêîíàíi óìîâè à), á). Òîäi iñíó¹ ¹äè-
íèé ðîçâ'ÿçîê çàäà÷i (1), (2) iç ïðîñòîðó
C2+α(γ, β; 0;D) i ñïðàâäæó¹òüñÿ îöiíêà

∥u; γ; β; 0;D∥2+α ≤ c
(
∥f ; γ; β;µ0;D∥α+

+∥g; γ; β; δ;D∥1+α
)
. (3)

Äîâåäåííÿ öüîãî òâåðäæåííÿ íàâåäåìî
ïiçíiøå.

Äëÿ äîñëiäæåííÿ çàäà÷i (1), (2) âñòàíîâè-
ìî ñïî÷àòêó êîðåêòíó ðîçâ'ÿçíiñòü ïîñëiäîâ-
íîñòi äîïîìiæíèõ êðàéîâèõ çàäà÷ ç ãëàäêè-
ìè êîåôiöi¹íòàìè, ãðàíè÷íèìè çíà÷åííÿìè
ïîñëiäîâíîñòi ðîçâ'ÿçêiâ ÿêèõ áóäå ðîçâ'ÿçîê
çàäà÷i (1), (2).
Îöiíêà ðîçâ'ÿçêiâ êðàéîâèõ çàäà÷ ç

ãëàäêèìè êîåôiöi¹íòàìè. Íåõàé Dm =

D ∩ {x ∈ D
∣∣∣ s(1, xi) ≥ m−1}, m > 1, � ïî-

ñëiäîâíiñòü îáëàñòåé, ÿêà ïðè m→ ∞ çáiãà-
¹òüñÿ äî D. Ðîçãëÿíåìî â îáëàñòi D çàäà÷ó
çíàõîäæåííÿ ðîçâ'ÿçêó ðiâíÿííÿ

(L1um)(x) ≡
[ n∑
ij=1

aij(x)∂xi∂xj+

+
n∑
i=1

ai(x)∂xi + a0(x)
]
um(x) = fm(x), (4)

ÿêèé çàäîâîëüíÿ¹ íà ìåæi ∂D êðàéîâi óìîâè

(B1um − gm)(x)|∂D ≡
[ n∑
i=1

hi(x)∂xium+

+h0(x)um − gm(x)
]∣∣∣∣∣
∂D

≥ 0,

um

∣∣∣
∂D

≥ 0, [um(B1um − gm)]
∣∣∣
∂D

= 0. (5)

Òóò êîåôiöi¹íòè aij, ai, a0, hi, h0 i ôóíêöi¨
fm, gm ïðè x ∈ Dm ñïiâïàäàþòü ç Aij, Ai, A0,
bi, b0 i f , g âiäïîâiäíî, à ïðè x ∈ D \ Dm ¹
íåïåðåðâíèì ïðîäîâæåííÿì çi çáåðåæåííÿì
íîðì i ãëàäêîñòi [11, ñòîð. 82].
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Ñôîðìóëþ¹ìî ïðèíöèï ìàêñèìóìó äëÿ
ðîçâ'ÿçêiâ çàäà÷i (4), (5). Ïðàâèëüíîþ ¹ òàêà
òåîðåìà.
Òåîðåìà 2. ßêùî um � êëàñè÷íèé

ðîçâ'ÿçîê çàäà÷i (4), (5) â îáëàñòi D i âèêî-
íàíi óìîâè à), á), òî äëÿ um(x) ïðàâèëüíà
íåðiâíiñòü

|um| ≤ max{∥fma−1
0 ;D∥0, ∥h−1

0 gm;D∥0}. (6)

Äîâåäåííÿ. Íåõàé max
D

um(x) = um(P0).

ßêùî P0 ∈ D, òî â òî÷öi P0 âèêîíóþòüñÿ
ñïiââiäíîøåííÿ

∂xium(P0) = 0,
n∑

ij=1

aij(P0)∂xi∂xjum(P0) ≤ 0

(7)
i çàäîâîëüíÿ¹òüñÿ ðiâíÿííÿ (4). Ç óðàõóâàí-
íÿì (7) i ðiâíÿííÿ (4) â òî÷öi P0 ïðàâèëüíà
íåðiâíiñòü

um(P0) ≤ ∥fma−1
m ;D∥0. (8)

Íåõàé minum(x) = um(P1). ßêùî P1 ∈ D,
òî â òî÷öi P1 âèêîíóþòüñÿ ñïiââiäíîøåííÿ

∂xium(P1) = 0,
n∑

ij=1

aij(P1)∂xi∂xjum(P1) ≥ 0

(9)
i çàäîâîëüíÿ¹òüñÿ ðiâíÿííÿ (4). Ç óðàõóâàí-
íÿì (9) i ðiâíÿííÿ (4) â òî÷öi P1 ìà¹ìî

um(P1) ≥ inf
D
(fma

−1
0 ). (10)

ßêùî P0 ∈ ∂D, òî âèêîíóþòüñÿ óìîâè
(5). Ìîæëèâi äâà âèïàäêè: um(P0) = 0 àáî
(B1um − gm)(P0) = 0. Â äðóãîìó âèïàäêó

ìà¹ìî
dum(P0)

d−→e
≥ 0 (âåêòîð −→e çàäîâîëüíÿ¹

óìîâó á)), òîìó ç ðiâíîñòi B1um(P0) = gm(P0)
ìà¹ìî

um(P0) ≤ h−1
0 (P0)gm(P0). (11)

ßêùî P1 ∈ ∂D, òî
dum(P1)

d−→e
≤ 0. Âðàõîâóþ÷è

êðàéîâó óìîâó (B1um(P1)− gm(P1))um(P1) =
0, ìà¹ìî

um(P1) ≥ h−1
0 (P1)gm(P1). (12)

Âðàõîâóþ÷è íåðiâíîñòi (8), (10), (11),
(12), äëÿ êëàñè÷íîãî ðîçâ'ÿçêó çàäà÷i (4),
(5) îäåðæó¹ìî íåðiâíiñòü (6).

Çíàéäåìî îöiíêè ïîõiäíèõ ðîçâ'ÿç-
êiâ um(x). Ââåäåìî â ïðîñòîði C l(D)
íîðìó ∥um; γ; β; a;D∥l, åêâiâàëåíòíó
ïðè êîæíîìó ôiêñîâàíîìó m ãåëüäå-
ðåâié íîðìi, ÿêà âèçíà÷à¹òüñÿ òàê ñà-
ìî, ÿê i ∥u; γ; β; a;D∥l, òiëüêè çàìiñòü
ôóíêöié s(ai, xi) áåðåìî âiäïîâiäíî:
d(ai, xi) = max(s(ai, xi),m

−ai), ÿêùî ai ≥ 0 i
d(ai, xi) = min(s(ai, xi),m

−ai), ÿêùî ai < 0;
ρ(a;P ) = max{S(a, P ),max

i
m−ai}, ÿêùî

ai ≥ 0 i ρ(a;P ) = min{S(a, P ),min
i
m−ai},

ÿêùî ai < 0.
Òåîðåìà 3. Íåõàé âèêîíàíi óìîâè òå-

îðåìè 1. Òîäi äëÿ ðîçâ'ÿçêó çàäà÷i (4), (5)
ñïðàâäæó¹òüñÿ îöiíêà

∥um; γ; β; 0;D∥2+α ≤ c(∥f ; γ; β;µ0;D∥α+

+∥g; γ; β; δ;D∥1+α). (13)

Äîâåäåííÿ. Âèêîðèñòîâóþ÷è îçíà÷åííÿ
íîðìè òà iíòåðïîëÿöiéíi íåðiâíîñòi iç [12],
ìà¹ìî

∥um; γ; β; 0;D∥2+α ≤
≤ (1 + εα)⟨um; γ; β; 0;D⟩2+α + c(ε)∥um;D∥0,
äå ε � äîâiëüíå äiéñíå ÷èñëî iç (0; 1). Òîìó
äîñèòü îöiíèòè ïiâíîðìó ⟨um; γ; β; 0;D⟩2+α.
Iç âèçíà÷åííÿ ïiâíîðìè âèïëèâà¹ iñíóâàííÿ
â D òî÷îê P1 òà P (2)

i , äëÿ ÿêèõ ïðàâèëüíà
íåðiâíiñòü

1

2
∥um; γ; β; 0;D∥2+α ≤ E(um), (14)

E(um) ≡
∑
|k|=2

n∑
i=1

ρ((2 + α)γ; P̃ )d(−αβi; x̃i)×

×
n∏

m=1

d(−kmβm; x̃m)|x(1)i − x
(2)
i |−α×

×|∂kxum(P1)− ∂kxum(P
(2)
i )|.

Íåõàé |x(1)i − x
(2)
i | ≤ 4−1n−1τd(γ − βi, x̃) ≡

T , τ ∈ (0, 1). Ââàæàòèìåìî, ùî d(γ, x̃) ≡
d(γ, x(1)). Ðîçãëÿíåìî âèïàäîê |x(1)j − yj| ≤
4T , y ∈ ∂D, j ∈ {1, 2, . . . , n}. Ââàæàòèìåìî
äëÿ ïðîñòîòè, ùî j = n.
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Ïîçíà÷èìî ÷åðåç KR(P ) êóëþ ðàäióñà
R ≥ 4nT , ÿêà ìiñòèòü òî÷êè P1 i P

(2)
i ç öåí-

òðîì â òî÷öi P ∈ ∂D. Âðàõîâóþ÷è îáìå-
æåííÿ íà ãëàäêiñòü ìåæi ∂D, ìîæíà ðîç-
ïðÿìèòè ∂D ∩KR(P ) çà äîïîìîãîþ âçà¹ìíî
îäíîçíà÷íîãî ïåðåòâîðåííÿ x = ψ(t) ([11],
ñòîð. 126). Â ðåçóëüòàòi òàêîãî ïåðåòâîðåí-
íÿ îáëàñòü D ∩KR(P ) ïåðåõîäèòü â îáëàñòü
Q, äëÿ òî÷îê ÿêî¨ tn ≥ 0.

Ââàæàòèìåìî, ùî um(x), P1, P
(2)
i , E,

ρ(a;P1), d(γ, x
(1)
i ), T ïðè öüîìó ïåðåòâîðåí-

íi ïåðåõîäÿòü âiäïîâiäíî â vm(t), H1, H
(2)
i ,

E1, ρ1(a,H1), d1(γ, t
(1)
i ), T1. Ïîçíà÷èìî êîå-

ôiöi¹íòè âèðàçiâ L1 i B1 â îáëàñòi Q ÷åðåç
rij(t), ri(t), r0(t), li(t), l0(t). Òîäi vm(t) áóäå
ðîçâ'ÿçêîì òàêî¨ çàäà÷i[

n∑
ij=1

rij(H1)∂ti∂tj − λ

]
vm(t) =

n∑
ij=1

[rij(H1)−

−rij(t)]∂ti∂tjvm −
n∑
i=1

ri(t)∂tivm−

−(r0(t) + λ)vm + fm(ψ(t)) ≡ Fm(t), (15)

B1vm|tn=0 ≡
n∑
i=1

li(H1)∂tivm|tn=0 ≥

≥
[ n∑
i=1

(li(H1)− li(t))∂tivm−

−l0(t)vm + gm(ψ(t))
]∣∣∣∣∣
tn=0

≡ G1(t)|tn=0, (16)

vm|tn=0 ≥ 0, [vm(B1vm −G1)]
∣∣∣
tn=0

= 0,

λ � äîâiëüíå ÷èñëî, ÿêå çàäîâîëüíÿ¹ íåðiâ-
íiñòü sup

D

A0(x) + λ ≤ 0.

Â çàäà÷i (15), (16) çðîáèìî çàìiíó vm(t) =
ωm(z), zi = d1(βi, t

(1))ti, i ∈ {1, . . . , n}.
Îáëàñòü âèçíà÷åííÿ ωm(z) ïîçíà÷èìî ÷åðåç
Q1. Òîäi ωm(z) áóäå ðîçâ'ÿçêîì çàäà÷i

(L2ωm)(z) ≡

[
n∑

ij=1

d1(βi, t
(1)
i )d1(βj, t

(1)
j )×

×rij(H1)∂zi∂zj − λ

]
ωm = Fm(z̃),

(B2ωm)(z)|zn=0 ≡
n∑
j=1

d1(βj, t
(1)
j )lj(H1)×

×∂zjωm|zn=0 ≥ G1(z̃)|zn=0,

ωm|zn=0 ≥ 0, [ωm(B2ωm −G1)]
∣∣∣
zn=0

= 0,

äå z̃ = (d−1
1 (β1, t

(1)
1 )z1, . . . , d

−1
1 (βn, t

(n)
1 )zn).

Ïîçíà÷èìî ÷åðåç Πq = {z, z ∈ Q1

∣∣∣ |zi −
z
(1)
i | ≤ n−1qd1(γ, t

(1)
i ), z(1)i = d1(βi, t

(1)
i )t

(1)
i ,

zn ≥ 0, q ∈ (0, 1)} i âiçüìåìî òðè÷i äèôå-
ðåíöiéîâíó ôóíêöiþ η(z), ÿêà çàäîâîëüíÿ¹
óìîâè

η(z) =


1, z ∈ Π1/2, 0 ≤ η(z) ≤ 1;
0, z ̸∈ Π3/4, |∂zi∂zj∂zkη(z)| ≤

≤ cd−1
1 (γ, t

(1)
i )d−1

1 (γ, t
(1)
j )×

×d−1
1 (γ, t

(1)
k ).

Òîäi ôóíêöiÿ Wm(z) = ωm(z)η(z) áóäå
ðîçâ'ÿçêîì êðàéîâî¨ çàäà÷i

(L2Wm)(z) =
n∑

ij=1

rij(H1)d1(β
(1)
i , t

(1)
i )d1(β

(1)
j , t

(1)
j )×

×[∂ziωm∂zjη + ∂ziη∂zjωm]+

+ωm

[ n∑
ij=1

rij(H1)d1(βi, t
(1)
i )d1(βj, t

(1)
j )∂zi∂zjη

]
+

+η(z)Fm(z̃) ≡ Φm(z) + ηFm(z̃), (17)

(B2Wm)(z)|zn=0 ≥
[ n∑
i=1

d1(βi, t
(1)
i )li(H1)ωm∂ziη+

+ηG1

]∣∣∣∣∣
zn=0

≡ [G2 + ηG1]
∣∣∣
zn=0

, (18)

Wm|zn=0 ≥ 0,
[
Wm(B2Wm−G2−ηG1)

]∣∣∣∣∣
zn=0

= 0.

Ìîæëèâi äâà âèïàäêè: iñíóþòü òàêi òî-
÷êè ìåæi Q1 ∩ {zn = 0}, â ÿêèõ âèêîíó¹òüñÿ
óìîâà

[B2Wm −G2 − ηG1]|zn=0 = 0, (19)

àáî òàêèõ òî÷îê íå iñíó¹, òîáòî [B2Wm−G2−
ηG1]|zn=0 > 0. Òîäi ç êðàéîâî¨ óìîâè (18) ìà-
¹ìî

Wm|zn=0 = 0. (20)
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Ó ïåðøîìó âèïàäêó äîñëiäæó¹ìî çàäà÷ó
(17), (19). Íà ïiäñòàâi òåîðåìè 2.17 ([8], ñòîð.
231) äëÿ ðîçâ'ÿçêó çàäà÷i (17), (19) i äîâiëü-
íèõ òî÷îê M1, M2 ∈ Π1/2 ïðàâèëüíà íåðiâ-
íiñòü

|ξ(1) − ξ(2)|−α|∂2ξωm(M1)− ∂2ξωm(M2)| ≤

≤ c(∥Φm + ηFm∥Cα(Π3/4))+ (21)

+∥G2 + ηG)1∥C1+α(Π3/4).

Âðàõîâóþ÷è âëàñòèâîñòi ôóíêöi¨ η(z),
çíàõîäèìî

∥Φm + ηFm∥Cα(Π3/4) ≤ cρ1(−(2 + α)γ;H1)×

×(∥Fm; γ; 0; 2γ; Π3/4∥α+

+∥ωm; γ; 0; 0; Π3/4∥2 + ∥ωm; Π3/4∥0), (22)

∥G2 + ηG1∥C1+α(Π3/4) ≤ cρ1(−(2 + α)γ;H1)×

×(∥G1; γ; 0; γ; Π3/4∥1+α+

+∥ωm; γ; 0; 0; Π3/4∥2 + ∥ωm; Π3/4∥0). (23)

Ïiäñòàâëÿþ÷è (22), (23) ó (21) i ïîâåðòà-
þ÷èñü äî çìiííèõ t, îäåðæèìî íåðiâíiñòü

E(vm) ≤ c(∥Fm; γ; β; 2γ;Q∥α+

+∥G1; γ; β; γ;Q∥1+α+

+∥vm; γ; β; 0;Q∥2 + ∥vm;Q∥0).

Âðàõîâóþ÷è iíòåðïîëÿöiéíi íåðiâíîñòi,
îöiíêè ïiâíîðì êîæíîãî äîäàíêà âèðàçiâ Fm
i G1 i ïîâåðòàþ÷èñü äî çìiííèõ x, îäåðæèìî

E(um) ≤ [εα(n+2)+τ 2n2]∥um; γ; β; 0;D∥2+α+

+c∥um;D∥0 + c1(∥fm; γ; β; 2γ;D∥α+ (24)

+∥gm; γ; β; γ;D∥1+α).

ßêùî âèêîíó¹òüñÿ óìîâà (20), òî äîñëi-
äæó¹ìî çàäà÷ó (17), (20). Ïîâòîðþþ÷è ìið-
êóâàííÿ, íàâåäåíi ïðè çíàõîäæåííi îöiíêè
ðîçâ'ÿçêó çàäà÷i (17), (19) i âèêîðèñòîâó-
þ÷è ïðè öüîìó òåîðåìó 2.17 iç ([8], ñòîð.
231),îäåðæèìî íåðiâíiñòü

E(um) ≤ [εα(n+2)+τ 2n2]∥um; γ; β; 0;D∥2+α+

+c∥um;D∥0 + c1∥fm; γ; β; 2γ;D∥α. (25)

Íåõàé |x(1)j − yj| ≥ 4T . Òîäi çàïèøåìî çà-
äà÷ó (5), (6) ó âèãëÿäi

(L3um)(x) ≡

[
n∑

ij=1

aij(P1)∂xi∂xj − λ

]
um =

=
n∑
i=1

[aij(P1)− aij(x)]∂xi∂xjum−

−
n∑

ij=1

ai(x)∂xium − (am(x) + λ)um + fm(x) ≡

(26)
≡ Φ(x, um) + fm(x),

(B3um)(x)|∂D ≡
n∑
i=1

hi(P1)∂xium|∂D ≥

≥
[ n∑
i=1

(hi(P1)− hi(x))∂xium + gm(x)−

−h0(x)um
]∣∣∣∣∣
∂D

≡ [G3(x, um) + gm]
∣∣∣
∂D
, (27)

um|∂D ≥ 0, [um(B3um −G3 − gm)]
∣∣∣
∂D

= 0.

Â çàäà÷i (26), (27) çðîáèìî çàìiíó
um(x) = v

(1)
m (z), zi = d(βi, x

(1)
i )xi, îäåðæèìî

(L4v
(1)
m )(z) ≡

[ n∑
ij=1

d(βi, x
(1)
i )d(βj, x

(1)
j )×

×aij(P1)∂zi∂zj − λ
]
v(1)m = Φ(z̃, v(1)m ) + fm(z̃),

(B4v
(1)
m )(z)

∣∣∣
∂D

≡

≡
n∑
i=1

d(βi, x
(1))hi(P1)∂xiv

(1)
m

∣∣∣
∂D

≥

≥ [G3(z̃, v
(1)
m ) + gm(z̃)]

∣∣∣
∂D
,

v(1)m |∂D, [v(1)m (B4v
(1)
m −G3 − gm)]

∣∣∣
∂D

= 0,

äå z̃ = (d(−β1, x(1)1 )z1, . . . , d(−βn, x(1)n )zn).
Ïîçíà÷èìî ÷åðåç z

(1)
i = d(βi;x

(1)
1 )x

(1)
i ,

Π
(1)
q =

{
z, |zi − z

(1)
i | ≤ qn−1d(γ; x

(1)
i ), i ∈
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{1, 2, . . . , n}
}

i âiçüìåìî òðè÷i äèôåðåíöi-

éîâíó ôóíêöiþ η1(z), ÿêà çàäîâîëüíÿ¹ óìî-
âè:

η1(z) =


1, z ∈ Π

(1)
1/2, 0 ≤ η1(z) ≤ 1;

0, z ̸∈ Π
(1)
3/4, |∂zi∂zj∂zkη(1)(z)| ≤

≤ cd(−βi, x(1)i )d(−βj, x(1)j )×
×d(−βk, x(1)k ).

Òîäi ôóíêöiÿ Vm(z) = v
(1)
m (z)η1(z) çàäî-

âîëüíÿ¹ êðàéîâó çàäà÷ó

(L4Vm)(z) =
n∑

ij=1

d(βi, x
(1)
i )d(βj, x

(1)
j )aij(P1)×

×[∂ziv
(1)
m ∂zjη1 + ∂zjv

(1)
m ∂ziη1]+

+v(1)m

[ n∑
ij=1

d(βi, x
(1)
i )d(βj, x

(1)
j )aij(P1)∂zi∂zjη1

]
+

+ηΦ(x̃, v(1)m ) + ηfm(z̃), (28)

Vm|∂D = 0. (29)

Ïîâòîðþþ÷è ìiðêóâàííÿ, íàâåäåíi ïðè
çíàõîäæåííi îöiíêè ðîçâ'ÿçêó çàäà÷i (17),
(19) i âèêîðèñòîâóþ÷è ïðè öüîìó òåîðåìó
2.17 iç ([8], ñòîð. 231), îäåðæèìî íåðiâíiñòü
(25).

ßêùî |x(1)i −x(2)i | ≥ T , òî âèêîðèñòîâóþ÷è
iíòåðïîëÿöiéíi íåðiâíîñòi, ìà¹ìî

E(um) ≤ εα∥um; γ; β; 0;D∥2+α+c(ε)∥um;D∥0.
(30)

Ñêîðèñòàâøèñü íåðiâíîñòÿìè (6), (14), (24),
(25), (30) i âèáðàâøè ε i τ äîñèòü ìàëèìè,
îäåðæèìî îöiíêó (13).
Äîâåäåííÿ òåîðåìè 1. Ïðàâà ÷àñòèíà

íåðiâíîñòi (13) íå çàëåæèòü âiä m, òîäi
ïîñëiäîâíîñòi {W (0)

m } ≡ {um}, {W (1)
m } ≡

{ρ(γ, P )d(−βi, xi)∂xium(P )}, {W (2)
m } ≡

{ρ(2γ;P )d(−βi, xi)d(−βj, xj)∂xi∂xjum(P )}
ðiâíîìiðíî îáìåæåíi i ðiâíîñòàéíî íåïå-
ðåðâíi â îáëàñòi D. Çà òåîðåìîþ Àð÷åëà
iñíóþòü ïiäïîñëiäîâíîñòi {W (ν)

mk }, ðiâíîìiðíî
çáiæíi â D äî W (ν), ν ∈ {0, 1, 2}.

Ïåðåõîäÿ÷è äî ãðàíèöi ïðè mk → ∞ â
çàäà÷i (4), (5), îäåðæèìî, ùî u(x) = W (0)

� ¹äèíèé ðîçâ'ÿçîê çàäà÷i (1), (2), u ∈
C2+α(γ; β; 0;D).
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ÏÎÁÓÄÎÂÀ ÏÅÐIÎÄÈ×ÍÈÕ ÐÎÇÂ'ßÇÊIÂ ÂÈÐÎÄÆÅÍÈÕ
ÑÈÍÃÓËßÐÍÎ ÇÁÓÐÅÍÈÕ ÑÈÑÒÅÌ ÄÈÔÅÐÅÍÖIÀËÜÍÈÕ ÐIÂÍßÍÜ

IÇ ÇÀÏIÇÍÅÍÍßÌ ÀÐÃÓÌÅÍÒÓ

Ó ðîáîòi ðîçðîáëåíî àëãîðèòì ïîáóäîâè ïåðiîäè÷íèõ ðîçâ'ÿçêiâ âèðîäæåíèõ ñèíãóëÿðíî
çáóðåíèõ ñèñòåì äèôåðåíöiàëüíèõ ðiâíÿíü iç çàïiçíåííÿì àðãóìåíòó.

We provide an algorithm for construction of periodic solution of degenerate singularly perturbed
systems of di�erential equations with delay.

Ðiçíîìàíiòíi àñïåêòè òåîði¨ ñèñòåì äèôå-
ðåíöiàëüíèõ ðiâíÿíü

dx

dt
= f(x(t, ε), x(t− ε, ε), t, ε), t ∈ [ε;T ],

äå x(t, ε) òà f(x(t, ε), x(t − ε, ε), t, ε) � n-
âèìiðíi âåêòîð-ôóíêöi¨, ç ìàëèì çàïiçíåí-
íÿì àðãóìåíòó (0 < ε ≤ ε0 << 1) ðîçãëÿ-
äàëèñÿ â ðîáîòàõ À.Ä. Ìèøêicà [1], À.Á. Âà-
ñèëü¹âî¨ òà Î.Ì. Ðîäiîíîâà [2], Þ. Î. Ðÿ-
áîâà [3] òîùî. Â. I. Ðîæêîâ òà Ã. Ä. Êóðäå-
âàíiäçå äîâåëè iñíóâàííÿ òà ¹äèíiñòü ïåði-
îäè÷íîãî ðîçâ'ÿçêó ñèñòåìè äèôåðåíöiàëü-
íèõ ðiâíÿíü ç ìàëèì çàïiçíåííÿì àðãóìåíòó
òà ïîáóäóâàëè éîãî àñèìïòîòè÷íå ðîçâèíå-
ííÿ çà ñòåïåíÿìè ìàëîãî ïàðàìåòðó [4]. Çà-
çíà÷èìî, ùî ñèñòåìè (1) çà àñèìïòîòè÷íèìè
âëàñòèâîñòÿìè áëèçüêi äî ñèñòåì ñèíãóëÿð-
íî çáóðåíèõ äèôåðåíöiàëüíèõ ðiâíÿíü.

Ïåðiîäè÷íi ðîçâ'ÿçêè ñèíãóëÿðíî çáóðå-
íèõ ñèñòåì äèôåðåíöiàëüíèõ ðiâíÿíü ç âèðî-
äæåíîþ ìàòðèöåþ ïðè ïîõiäíèõ äîñëiäæó-
âàëèñü â ðîáîòàõ À. Ì. Ñàìîéëåíêà, Ì.I.
Øêiëÿ, Â.Ï. ßêîâöÿ òà ¨õ ó÷íiâ [5, 6].

Ó äàíié ðîáîòi ðîçðîáëåíî àëãîðèòì ïî-
áóäîâè ïåðiîäè÷íîãî ðîçâ'ÿçêó âèðîäæåíî¨
(detB(t) ≡ 0, t ∈ [0;T ]) ñèíãóëÿðíî çáóðå-
íî¨ ñèñòåìè äèôåðåíöiàëüíèõ ðiâíÿíü

εB(t)
dx

dt
= f(x(t, ε), x(t−ε, ε), t, ε), t ∈ [ε;T ],

(1)
ç ìàëèì çàïiçíåííÿì àðãóìåíòó (0 < ε ≤
ε0 << 1).

1. Íåêðèòè÷íèé âèïàäîê. Íàäàëi ïðèïó-
ñêà¹ìî âèêîíàííÿ òàêèõ óìîâ:
1. Åëåìåíòè ìàòðèöi B(t) òà âåêòîð-ôóíêöi¨
f(x, [x], t, ε), [x(t, ε)] = x(t − ε, ε), T -ïåðiî-
äè÷íi çà çìiííîþ t âiäïîâiäíî íà âiäðiçêó
[0;T ] òà íà ìíîæèíi V , äå

V = {(x, [x], t, ε) : ||x|| ≤ a, ||[x]|| ≤ a,

0 ≤ t ≤ T, 0 ≤ ε ≤ ε0}.
2. Ðiâíÿííÿ f(x, x, t, 0) = 0 âiäíîñíî x ìà¹
T -ïåðiîäè÷íèé ðîçâ'ÿçîê x = x0(t) òàêèé,
ùî:
à) x0(t) ∈ C[0;T ];
á) òî÷êè (x0(t), t) ∈ U , U = {(x, t) : ||x|| <
a, 0 ≤ t ≤ T};
â) êîðiíü x = x0(t) ¹ içîëüîâàíèì íà âiäðiçêó
[0;T ].
3. Íà âiäðiçêó [0;T ] â'ÿçêà
fx(x0(t), x0(t), 0, 0) − λB(t) ðåãóëÿðíà,
ìà¹ n− 1 ñêií÷åííèé åëåìåíòàðíèé äiëüíèê
i îäèí íåñêií÷åííèé åëåìåíòàðíèé äiëüíèê
(fx � êâàäðàòíà ìàòðèöÿ n-ãî ïîðÿäêó,

ùî ñêëàäà¹òüñÿ ç âåêòîð-ñòîâïöiâ
∂fj
∂xi

,

i, j = 1, n).
4. Reλi(t) ̸= 0, t ∈ [0;T ], i = 1, n− 1,
ïðè÷îìó λi(t) ̸= λj(t), t ∈ [0;T ], i ̸= j,
i, j = 1, n− 1, äå λi(t) � êîðåíi õàðàêòåðè-
ñòè÷íîãî ðiâíÿííÿ

det(fx(x0(t), x0(t), t, 0)− λB(t)) = 0. (2)

Ïiä ÷àñ ïîáóäîâè ôîðìàëüíîãî ðîçâ'ÿç-
êó ñèñòåìè (1), ââàæà¹ìî, ùî B(t) ∈
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C∞[−T ;T ], f(x, t, ε) ∈ C∞(V1),

V1 = {(x, [x], t, ε) : ||x|| ≤ a, ||[x]|| ≤ a,

−T ≤ t ≤ T, 0 ≤ ε ≤ ε0}.
Ôîðìàëüíèé ðîçâ'ÿçîê ñèñòåìè (1) øóêà-

¹ìî ó âèãëÿäi

x(t, ε) =
∞∑
s=0

εsxs(t). (3)

Äëÿ öüîãî ôóíêöiþ f(x(t, ε), [x(t, ε)], t, ε)
çàïèñó¹ìî òàê

f(x(t, ε), [x(t, ε)], t, ε) = f(x0(t), x0(t), t, 0)+

+ε(fx(t)+f[x](t))x1(t)+f1(t))+ ...+ε
s(fx(t)+

+f[x](t))xs(t) + fs(t)) + ... ≡
∞∑
s=0

εsf s(t),

äå åëåìåíòè ìàòðèöü fx(t), f[x](t) îá÷èñëþþ-
òüñÿ â òî÷öi (x0(t), x0(t), t, 0), à âåêòîðè fs(t)
ïåâíèì ÷èíîì âèðàæàþòüñÿ ÷åðåç xk(t), k <
s.

Ïiäñòàâèìî (3) äî ñèñòåìè (1) i çðiâíÿ¹ìî
êîåôiöi¹íòè ïðè îäíàêîâèõ ñòåïåíÿõ ε. Òàê,
ïðè ε0 ìà¹ìî

f(x0(t), x0(t), t, 0) = 0. (4)

5. Íåõàé det(fx(t) + f[x](t)) ̸= 0, t ∈ [0;T ].
Òîäi çãiäíî ç ïðèïóùåííÿìè 1, 2 ðiâíÿííÿ

(4) ìà¹ T -ïåðiîäè÷íèé ðîçâ'ÿçîê x0 = x0(t)
òàêèé, ùî x0(t) ∈ C∞[−T ;T ].

Çðiâíþþ÷è êîåôiöi¹íòè ïðè εs, s ∈ N , äi-
ñòà¹ìî

B(t)
dxs−1

dt
= (fx(t) + f[x](t))xs + fs(t). (5)

Òîäi

xs(t) = (fx(t) + f[x](t))
−1×

×
(
B(t)

dxs−1(t)

dt
− fs(t)

)
, s ∈ N.

Ïðè öüîìó, âåêòîð-ôóíêöi¨ xs(t), s ∈ N , ¹
T -ïåðiîäè÷íèìè.

Ç'ÿñó¹ìî àñèìïòîòè÷íi âëàñòèâîñòi ïî-
áóäîâàíîãî ôîðìàëüíîãî ðîçâ'ÿçêó ñèñòåìè
(1). Çðîáèâøè çàìiíó ó ñèñòåìi (1)

x(t, ε) = xm(t, ε) + y(t, ε), (6)

äå

xm(t, ε) =
m∑
s=0

εsxs(t),

à y(t, ε) � íîâà íåâiäîìà âåêòîð-ôóíêöiÿ, äi-
ñòà¹ìî

εB(t)
dy

dt
= fx(t, ε)y+f[x](t, ε)[y]+h(y, [y], t, ε),

(7)
fx(t, ε) = fx(x0(t), x0(t), t, ε),

f[x](t, ε) = f[x](x0(t), x0(t), t, ε),

h(y, [y], t, ε) = f(xm + y, [xm + y], t, ε) −
εB(t)

dxm
dt

− fx(t, ε)y − f[x](t, ε)[y].

Äîâåäåìî iñíóâàííÿ òàêîãî T -
ïåðiîäè÷íîãî ðîçâ'ÿçêó y = y(t, ε) ñèñòåìè
(7), ùî y(0, ε) = O(εm+1).

Çãiäíî [7, 8] iñíóþòü íåîñîáëèâi T -
ïåðiîäè÷íi äîñòàòíüî ãëàäêi ìàòðèöi P (t, ε),
Q(t, ε), äëÿ ÿêèõ íà âiäðiçêó [0;T ] ìàþòü ìi-
ñöå ðiâíîñòi

P (t, ε)fx(t, ε)Q(t, ε) = f̃x(t, ε) ≡

≡ diag{e(t, ε),Wn−1(t, ε)},

P (t, ε)B(t)Q(t, ε) = B̃(t, ε) ≡
≡ diag{b(t, ε), En−1(t, ε)},

äå

e(t, 0) = 1, En−1(t, 0) = En−1, b(t, 0) = 0,

Wn−1(t, 0) = Wn−1(t) ≡ {λ1(t), ..., λn−1(t)}.
Çðîáèìî â ñèñòåìi (7) çàìiíó y(t, ε) =
Q(t, ε)z(t, ε) i äîìíîæèìî ¨¨ îáèäâi ÷àñòèíè
çëiâà íà P (t, ε). Ìà¹ìî

εb(t, ε)
dz1
dt

= e(t, ε)z1 + εD1(t, ε)z1+

+εD2(t, ε)z2 + F1(t, ε)[z1] + F2(t, ε)[z2]+

+w1(z, [z], t, ε), (8)

ε
dz2
dt

=Wn−1(t)z2 + εD3(t, ε)z1+

+(E−1
n−1(t, ε)Wn−1(t, ε)−Wn−1(t)+

+εD4(t, ε))z2 + F3(t, ε)[z1] + F4(t, ε)[z2]+

+w2(z, [z], t, ε), (9)
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äå

D(t, ε) = −diag{1, E−1
n−1(t, ε)}B̃(t, ε)×

×Q−1(t, ε)Q′(t, ε) ≡
(
D1(t, ε) D2(t, ε)
D3(t, ε) D4(t, ε)

)
,

F (t, ε) = diag{1, E−1
n−1(t, ε)}P (t, ε)×

×f[x](t, ε)[Q(t, ε)] ≡
(
F1(t, ε) F2(t, ε)
F3(t, ε) F4(t, ε)

)
,

w(z, [z], t, ε) = diag{1, E−1
n−1(t, ε)}×

×P (t, ε)h(Q(t, ε)z, [Q(t, ε)z], t, ε),
D4(t, ε) òà F4(t, ε) � êâàäðàòíi ìàòðèöi (n −
1)-ãî ïîðÿäêó; z1 òà w1 � ïåðøi êîìïîíåí-
òè âåêòîðiâ z òà w âiäïîâiäíî, à z2 òà w2 �
âåêòîðè, ùî ìiñòÿòü ðåøòó êîìïîíåíò z òà
w.

Çàçíà÷èìî, ùî

||w(v1, [v1], t, ε)− w(v2, [v2], t, ε)|| ≤

≤ εk0(||v1 − v2||+ ||[v1]− [v2]||)
äëÿ âñiõ v1, v2 ∈ D1, äå

D1 = {u(t, ε) ∈ C[ε;T ] : ||u(t, ε)|| ≤ k1ε},

òà ||w(0, 0, t, ε)|| ≤ k2ε
m+1, t ∈ [ε;T ].

6. Íåõàé b(t, ε) = εkb1(t, ε), k > 0, ïðè÷îìó
Re b1(t, 0) ̸= 0, t ∈ [0;T ].

Òîäi iç ñèñòåìè (8), (9) äiñòà¹ìî

z1(t, ε) =
1

ε

t+T∫
t

1

b(s, ε)
(Ψ1(s, ε)(Ψ

−1
1 (T + ε, ε)−

−1)Ψ−1
1 (t, ε))−1u(z, [z], s, ε)ds, (10)

z2(t, ε) =
1

ε

t+T∫
t

Ψn−1(s, ε)(Ψ
−1
n−1(T + ε, ε)−

−En−1)Ψ
−1
n−1(t, ε))

−1v(z, [z], s, ε)ds, (11)

äå Ψ1(t, ε) � ðîçâ'ÿçîê çàäà÷i Êîøi

εb(t, ε)
dz1
dt

= e(t, ε)z1, Ψ1(ε, ε) = 1,

à Ψn−1(t, ε) � ôóíäàìåíòàëüíà ìàòðèöÿ
îäíîðiäíî¨ ñèñòåìè

ε
dz2
dt

=Wn−1(t)z2, Ψn−1(ε, ε) = En−1,

u(z, [z], s, ε) = εD1(s, ε)z1 + εD2(s, ε)z2+

+F1(s, ε)[z1] + F2(s, ε)[z2] + w1(z, [z], s, ε),

v(z, [z], s, ε) = εD3(s, ε)z1 + (E−1
n−1(s, ε)×

×Wn−1(s, ε)−Wn−1(s) + εD4(s, ε))z2+

+F3(s, ε)[z1] + F4(s, ε)[z2] + w2(z, [z], s, ε).

Íåõàé Wn−1(t) = diag{W+(t),W−(t)}, äå
W+(t) òà W−(t) � ìàòðèöi, âëàñíèìè çíà-
÷åííÿìè ÿêèõ ¹ âëàñíi çíà÷åííÿ ìàòðèöi
Wn−1(t) âiäïîâiäíî ç äîäàòíèìè òà âiä'¹ì-
íèìè äiéñíèìè ÷àñòèíàìè. Äëÿ âèçíà÷åíî-

ñòi ïðèïóñòèìî, ùî Re
e(t, ε)

b(t, ε)
> 0, t ∈ [ε;T ],

ε ∈ (0; ε1].
Òîäi

z1(t, ε) =
1

ε

exp

−1

ε

ε+T∫
ε

e(t, ε)

b(t, ε)
dt

− 1

−1

×

×
T∫

0

1

b(t+ s, ε)
exp

1

ε

t∫
t+s

e(t, ε)

b(t, ε)
dt

×

×u(z(t+ s, ε), [z(t+ s, ε)], t+ s, ε)ds, (12)

z2+(t, ε) =
1

ε

exp
−1

ε

ε+T∫
ε

W+(t)dt

− E+

−1

×

×
T∫

0

exp

1

ε

t∫
t+s

W+(t)dt

×

×v+(z(t+ s, ε), [z(t+ s, ε)], t+ s, ε)ds, (13)

z2−(t, ε) =
1

ε

E− − exp

1

ε

ε+T∫
ε

W−(t)dt

−1

×

×
T∫

0

exp

1

ε

t∫
t+s−T

W−(t)dt

×

×v−(z(t+ s, ε), [z(t+ s, ε)], t+ s, ε)ds, (14)

äå
v(z, [z], t, ε) =

= colon(v+(z, [z], t, ε), v−(z, [z], t, ε)),

z2(t, ε) = colon(z2+(t, ε), z2−(t, ε)),
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ïðè÷îìó ðîçìiðíîñòi âåêòîðiâ v+(z, [z], t, ε),
z2+(t, ε) òà v−(z, [z], t, ε), z2−(t, ε) âiäïîâiä-
íî äîðiâíþþòü ïîðÿäêó ìàòðèöü W+(t) òà
W−(t); E+ òà E− � îäèíè÷íi ìàòðèöi âiäïî-
âiäíîãî ïîðÿäêó.

Ïîçíà÷èìî ÷åðåç λi+(t) òà λj−(t) äîâiëüíi
ôiêñîâàíi âëàñíi çíà÷åííÿ ìàòðèöüW+(t) òà
W−(t) âiäïîâiäíî. Òîäi iñíóþòü òàêi ñòàëi c+,
c−, ùî 0 < c+ ≤ Reλi+(t), Reλj−(t) ≤ c− <
0, t ∈ [0;T ], äëÿ âñiõ i, j.
7. Íåõàé

c max
0≤t≤T

{
|b1(t, 0)|
Re b1(t, 0)

,
1

c+
,

1

|c−|

}
<

1

2
,

äå ||F (t, ε)|| ≤ c, t ∈ [ε;T ].
Òîäi îïåðàòîð, ùî âèçíà÷åíèé çà äîïîìî-

ãîþ (12) � (14), âiäîáðàæà¹ ìíîæèíó

Pm+1 = {z(t, ε) ∈ C[ε;T ] :

z(t+ T, ε) = z(t, ε), ||z(t, ε)|| ≤ k3ε
m+1},

â ñåáå i ¹ îïåðàòîðîì ñòèñêó. À òîìó ñèñòå-
ìà (12) � (14) íà ìíîæèíi Pm+1 ìà¹ ¹äèíèé
ðîçâ'ÿçîê [9]. Òàêèì ÷èíîì, ñïðàâåäëèâà òà-
êà òåîðåìà.
Òåîðåìà 1. Íåõàé B(t) ∈ Cm+1[−T ;T ],

f(x, [x], t, ε) ∈ Cm+1(V1) i âèêîíóþòüñÿ óìî-
âè 1 � 7. Òîäi iñíó¹ òàêå ε1, ε1 ≤ ε0, ùî
ñèñòåìà (1) íà âiäðiçêó [ε;T ] äëÿ âñiõ 0 <
ε ≤ ε1 ìà¹ ¹äèíèé T -ïåðiîäè÷íèé ðîçâ'ÿçîê
x = x(t, ε), äëÿ ÿêîãî

||x(t, ε)− xm(t, ε)|| = O(εm+1). (15)

2. Êðèòè÷íèé âèïàäîê. Ïðèïóñòèìî, ùî
âèêîíóþòüñÿ òàêi óìîâè:
8. Ðiâíÿííÿ f(x, x, t, 0) = 0 âiäíîñíî x ìà¹
T -ïåðiîäè÷íèé ðîçâ'ÿçîê x = x0(t, α), äå
α = (α1, ..., αk) � k-âèìiðíèé âåêòîð, êîìïî-
íåíòàìè ÿêîãî ¹ äîâiëüíi ïàðàìåòðè, ïðè÷î-
ìó:
à) x0(t, α) ∈ Cm+2(D(t, α)), D(t, α) =
[−T ;T ] × D(α), D(α) � îáëàñòü çìiíè ïàðà-
ìåòðiâ α1, ..., αk;
á) ðàíã ìàòðèöi x0α(t, α) äîðiâíþ¹ k äëÿ âñiõ
(t, α) ∈ D(t, α).
9. λi(t) ≡ 0, t ∈ [0;T ], i = 1, k; Reλi(t) ̸= 0,
t ∈ [0;T ], i = k + 1, n− 1, ïðè÷îìó λi(t) ̸=
λj(t), t ∈ [0;T ], i ̸= j, i, j = k + 1, n− 1, äå
λi(t), i = 1, n− 1, � êîðåíi ðiâíÿííÿ (2).

Ðîçâ'ÿçîê ñèñòåìè (1) øóêà¹ìî ó âèãëÿäi
(3). Òîäi x0(t, α) çíàõîäèìî ç ðiâíÿííÿ (4).
Äèôåðåíöiþþ÷è îòðèìàíó òîòîæíiñòü (4) çà
çìiííîþ α, äiñòà¹ìî

(fx(t) + f[x](t))x0α(t, α) ≡ 0, (t, α) ∈ D(t, α),

òîáòî ñòîâïöi ìàòðèöi x0α(t, α) ¹ âëàñíèìè
âåêòîðàìè ìàòðèöi fx(t) + f[x](t), ùî âiäïî-
âiäàþòü íóëüîâîìó âëàñíîìó çíà÷åííþ.

Âåêòîð-ôóíêöiþ x1(t) âèçíà÷à¹ìî ç (5)
ïðè s = 1

(fx(t) + f[x](t))x1 = B(t)
dx0
dt

− f1(t). (16)

10. Íåõàé íà âiäðiçêó [0;T ] â'ÿçêà fx(t) +
f[x](t) − λB(t) ðåãóëÿðíà i ìà¹ ïðîñòi ñêií-
÷åííi åëåìåíòàðíi äiëüíèêè.

Êðèòåði¹ì ðîçâ'ÿçíîñòi ñèñòåìè (16)
âiäíîñíî x1(t) ¹ îðòîãîíàëüíiñòü âåêòîð-

ôóíêöi¨ B(t)
dx0
dt

− f1(t) äî âëàñíèõ âåêòîðiâ

di(t), i = 1, k, ìàòðèöi (fx(t) + f[x](t))
∗, ÿêi

âiäïîâiäàþòü íóëüîâîìó âëàñíîìó çíà÷åí-
íþ. Òîáòî

(D(t), B(t)
dx0(t, α)

dt
−

−fε(x0(t, α), x0(t, α), t, 0)) = 0

àáî

(D(t), B(t)x0α(t, α))
dα

dt
= D(t)×

×(fε(x0(t, α), x0(t, α), t, 0)−B(t)x0t(t, α)),
(17)

äå D(t) � (k × n)-ìàòðèöÿ, ðÿäêàìè ÿêî¨ ¹
âåêòîðè di(t), i = 1, k.

Çàçíà÷èìî, ùî

det(D(t), B(t)x0α(t, α)) ̸= 0

äëÿ âñiõ t ∈ [0;T ] [8, 10]. Òàêèì ÷èíîì, ðiâ-
íÿííÿ (17) ìîæíà çàïèñàòè ó âèãëÿäi

dα

dt
= (D(t), B(t)x0α(t, α))

−1D(t)×

×(fε(x0(t, α), x0(t, α), t, 0)−B(t)x0t(t, α)).
(18)

11. Íåõàé ðiâíÿííÿ (18) ìà¹ òàêèé T -
ïåðiîäè÷íèé ðîçâ'ÿçîê α = α(t), t ∈ [0;T ],
ùî (x0(t, α(t)), t) ∈ U .
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Òîäi çàãàëüíèé ðîçâ'ÿçîê ñèñòåìè (16) ìà-
òèìå âèãëÿä

x1(t) = x0α(t, α)β(t) + x̃1(t),

äå β(t) � äîâiëüíà k-âèìiðíà âåêòîð-
ôóíêöiÿ, à x̃1(t) � äåÿêèé ÷àñòèííèé ðîçâ'ÿ-
çîê ñèñòåìè (16).

Çðiâíþþ÷è êîåôiöi¹íòè ïðè ε2 àíàëîãi-
÷íî äiñòà¹ìî

dβ

dt
= (D(t), B(t)x0α(t, α))

−1D(t)r(β, t),

(19)
äå êîìïîíåíòè r(β, t) ¹ ìíîãî÷ëåíàìè äðó-
ãîãî ñòåïåíÿ âiäíîñíî β.
12. Íåõàé ðiâíÿííÿ (19) ìà¹ T -ïåðiîäè÷íèé
ðîçâ'ÿçîê β = β(t), t ∈ [0;T ].

Íà k-òîìó êðîöi âèðàç äëÿ xk(t) ìiñòèòè-
ìå äîâiëüíó ôóíêöiþ ηk(t). Ïðè÷îìó, ïî÷è-
íàþ÷è ç k = 3, äëÿ âèçíà÷åííÿ ôóíêöi¨ ηk(t)
îòðèìó¹ìî ëiíiéíi äèôåðåíöiàëüíi ðiâíÿííÿ
[10].
13. Ïðèïóñòèìî, ùî ôóíêöi¨ ηk(t), t ∈ [0;T ],
k = 3,m , ¹ T -ïåðiîäè÷íèìè ðîçâ'ÿçêàìè âiä-
ïîâiäíèõ ñèñòåì äèôåðåíöiàëüíèõ ðiâíÿíü.

Ç'ÿñó¹ìî àñèìïòîòè÷íi âëàñòèâîñòi ïî-
áóäîâàíîãî ôîðìàëüíîãî ðîçâ'ÿçêó ñèñòåìè
(1). Çðîáèâøè ó ñèñòåìi (1) çàìiíó

x(t, ε) = xm+1(t, ε) + y(t, ε), (20)

ïðèõîäèìî äî ñèñòåìè (7), â ÿêié

fx(t, ε) =

= fx (x0(t) + εx1(t), x0(t) + εx1(t), t, ε) ,

f[x](t, ε) =

= f[x] (x0(t) + εx1(t), x0(t) + εx1(t), t, ε) .

Òîäi

||w(v1, [v1], t, ε)− w(v2, [v2], t, ε)|| ≤

≤ ε2k0(||v1 − v2||+ ||[v1]− [v2]||)
äëÿ âñiõ v1, v2 ∈ D2, äå

D2 = {u(t, ε) ∈ C[ε;T ] : ||u(t, ε)|| ≤ k1ε
2}.

Ó äàíîìó âèïàäêó iñíóþòü òàêi íåîñî-
áëèâi T -ïåðiîäè÷íi äîñòàòíüî ãëàäêi ìàòðèöi
P (t, ε), Q(t, ε), ùî

P (t, ε)fx(t, ε)Q(t, ε) = f̃x(t, ε) ≡

≡ diag{e(t, ε),Wn−1(t, ε)},
Wn−1(t, ε) = diag{Wk(t, ε),Wn−k−1(t, ε)},

P (t, ε)B(t, ε)Q(t, ε) = B̃(t, ε) ≡
≡ diag{b(t, ε), En−1(t, ε)},

En−1(t, ε) = diag{Ek(t, ε), En−k−1(t, ε)},
äëÿ âñiõ [0;T ], äå

e(t, 0) = 1, Ek(t, 0) = Ek,

En−k−1(t, 0) = En−k−1,

b(t, 0) = 0, Wk(t, 0) = 0,

Wn−k−1(t, 0) = Wn−k−1(t) ≡
≡ diag{λk+1(t), ..., λn−1(t)}.

ßê i ðàíiøå, áóäó¹ìî ñèñòåìó, ùî àíàëî-
ãi÷íà (8), (9),

εb(t, ε)
dz1
dt

= e(t, ε)z1 + εD1(t, ε)z1+

+εD2(t, ε)z2 + εD3(t, ε)z3 + F1(t, ε)[z1]+

+F2(t, ε)[z2]+F3(t, ε)[z3]+w1(z, [z], t, ε), (21)

ε
dz2
dt

= (E−1
k (t, ε)Wk(t, ε) + εD5(t, ε))z2+

+εD4(t, ε)z1 + εD6(t, ε)z3 + F4(t, ε)[z1]+

+F5(t, ε)[z1]+F6(t, ε)[z1]+w2(z, [z], t, ε), (22)

ε
dz3
dt

=Wn−k−1(t)z3 + εD7(t, ε)z1+

+εD8(t, ε)z2 + (E−1
n−k−1(t, ε)Wn−k−1(t, ε)−

−Wn−k−1(t) + εD9(t, ε))z3 + F7(t, ε)[z1]+

+F8(t, ε)[z2]+F9(t, ε)[z3]+w3(z, [z], t, ε), (23)

äå Di(t, ε), Fi(t, ε), i = 1, 9, � ïðÿìîêóòíi ìà-
òðèöi âiäïîâiäíèõ ðîçìiðiâ; z1 òà w1 � ïåð-
øi êîìïîíåíòè âåêòîðiâ z òà w, z2 òà w2

� k-âèìiðíi âåêòîðè, ùî ìiñòÿòü k êîìïî-
íåíò z òà w, ïî÷èíàþ÷è ç äðóãî¨, z3 òà w3

� (n−k−1)-âèìiðíi âåêòîðè, ùî ìiñòÿòü ðå-
øòó êîìïîíåíò z òà w.

Ïðèïóñòèìî, ùî ìà¹ ìiñöå óìîâà 6. Òîäi
iç ñèñòåìè (21) � (23) äiñòà¹ìî

z1(t, ε) =
1

ε

t+T∫
t

1

b(s, ε)
(Ψ1(s, ε)×
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×(Ψ−1
1 (T + ε, ε)− 1)Ψ−1

1 (t, ε))−1(εD1(s, ε)z1+

+εD2(s, ε)z2 + εD3(s, ε)z3 + F1(s, ε)[z1]+

+F2(s, ε)[z2] + F3(s, ε)[z3] + w1(z, [z], s, ε))ds,
(24)

z2(t, ε) =
1

ε

t+T∫
t

(Ψk(s, ε)(Ψ
−1
k (T + ε, ε)−

−Ek)Ψ−1
k (t, ε))−1(εD4(s, ε)z1 + εD6(s, ε)z3+

+F4(s, ε)[z1] + F5(s, ε)[z2] + F6(s, ε)[z3]+

+w2(z, [z], s, ε))ds, (25)

z3(t, ε) =
1

ε

t+T∫
t

(Ψn−k−1(s, ε)×

×(Ψ−1
n−k−1(T +ε, ε)−En−k−1)Ψ

−1
n−k−1(t, ε))

−1×

×(εD7(s, ε)z1 + εD8(s, ε)z2 + (E−1
n−k−1(s, ε)×

×Wn−k−1(s, ε)−Wn−k−1(s) + εD9(s, ε))z3+

+F7(s, ε)[z1] + F8(s, ε)[z2] + F9(s, ε)[z3]+

+w3(z, [z], s, ε))ds, (26)

äå ôóíêöiÿ Ψ1(t, ε) âèçíà÷åíà ðàíiøå,
Ψk(t, ε) òà Ψn−k−1(t, ε) � ôóíäàìåíòàëüíi ìà-
òðèöi âiäïîâiäíî ñèñòåì

ε
dz2
dt

= (E−1
k (t, ε)Wk(t, ε) + εD5(t, ε))z2,

Ψk(ε, ε) = Ek,

òà

ε
dz3
dt

= Wn−k−1(t)z3, Ψn−k−1(ε, ε) = En−k−1.

Ïðèïóñòèìî âèêîíàííÿ òàêèõ óìîâ:
14. ||(Ψk(s, ε)(Ψ

−1
k (T + ε, ε)− Ek)×

×Ψ−1
k (t, ε))−1|| ≤ d, t ≤ s ≤ t+ T , t ∈ [ε;T ].

15. ||Fi(t, ε)|| ≤ c

(
exp

(
−αt
ε

)
+ ε

)
,

α > 0, i = 4, 6, t ∈ [ε;T ].

16. c max
0≤t≤T

{
|b1(t, 0)|
Re b1(t, 0)

,
1

c+
,

1

|c−|

}
<

1

3
,

cd

(
5T +

3

α

)
< 1, äå ñòàëi c+, c− âèçíà÷àþ-

òüñÿ äëÿ ìàòðèöi Ψn−k−1(t, ε); ||D(t, ε)|| ≤ c,
||F (t, ε)|| ≤ c, t ∈ [ε;T ].

Òîäi îïåðàòîð, âèçíà÷åíèé çà äîïîìîãîþ
(24) � (26), âiäîáðàæà¹ ìíîæèíó Pm+1 â ñåáå

i ¹ îïåðàòîðîì ñòèñêó. À òîìó ñèñòåìà (24) �
(26) íà ìíîæèíi Pm+1 ìà¹ ¹äèíèé ðîçâ'ÿçîê
[9]. Òàêèì ÷èíîì ñïðàâåäëèâà òàêà òåîðåìà.
Òåîðåìà 2. Íåõàé B(t) ∈ Cm+2[−T ;T ],

f(x, [x], t, ε) ∈ Cm+2(V1) i âèêîíóþòüñÿ óìî-
âè 1, 3, 6, 8 � 16. Òîäi iñíó¹ òàêå ε1, ε1 ≤ ε0,
ùî ñèñòåìà (1) íà âiäðiçêó [ε;T ] äëÿ âñiõ
0 < ε ≤ ε1 ìà¹ ¹äèíèé T -ïåðiîäè÷íèé ðîçâ'ÿ-
çîê x = x(t, ε), äëÿ ÿêîãî ñïðàâäæó¹òüñÿ
îöiíêà (15).
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ÖÈÕ ÐIÂÍßÍÜ

Îòðèìàíî óìîâè iñíóâàííÿ ìàéæå ïåðiîäè÷íèõ ðîçâ'ÿçêiâ ëiíiéíèõ i íåëiíiéíèõ ìàéæå
ïåðiîäè÷íèõ ðiçíèöåâèõ ðiâíÿíü, ùî íå âèêîðèñòîâóþòü H-êëàñè öèõ ðiâíÿíü.

We obtain conditions for the existence of almost periodic solutions of linear and nonlinear
almost periodic di�erence equations which does not use H-classes of these equations.

1. Îñíîâíi ïîçíà÷åííÿ òà çàäà÷à. Íå-
õàé Z+ � ìíîæèíà öiëèõ íåâiä'¹ìíèõ ÷èñåë,
R � ìíîæèíà äiéñíèõ ÷èñåë i E � äîâiëüíèé
áàíàõîâèé ïðîñòið ç íîðìîþ ∥ · ∥E. Ïîçíà÷è-
ìî ÷åðåç C0 áàíàõîâèé ïðîñòið îáìåæåíèõ i
íåïåðåðâíèõ íà R ôóíêöié x = x(t) çi çíà÷å-
ííÿìè â E ç íîðìîþ

∥x∥C0 = sup
t∈R

∥x(t)∥E.

Âèçíà÷èìî îïåðàòîð çñóâó Sh : C0 → C0,
h ∈ R, ðiâíîñòÿìè

(Shx)(t) = x(t+ h), t ∈ R. (1)

Åëåìåíò y ∈ C0 íàçèâà¹òüñÿ ìàéæå ïåði-
îäè÷íèì (äèâ., íàïðèêëàä, [1,2]), ÿêùî çàìè-
êàííÿ ìíîæèíè {Shy : h ∈ R} ó ïðîñòîði C0

¹ êîìïàêòíîþ ïiäìíîæèíîþ öüîãî ïðîñòîðó.
Ïîçíà÷èìî ÷åðåç B0 áàíàõîâèé ïðîñòið

ìàéæå ïåðiîäè÷íèõ åëåìåíòiâ ïðîñòîðó C0

ç íîðìîþ
∥x∥B0 = ∥x∥C0 .

Íåõàé Ω � îáëàñòü ïðîñòîðó E, òîáòî âiä-
êðèòà çâ'ÿçíà ìíîæèíà ïðîñòîðó E, i K �
ìíîæèíà âñiõ íåïîðîæíiõ çâ'ÿçíèõ êîìïàêò-
íèõ ïiäìíîæèí K ⊂ Ω.

Ðîçãëÿíåìî íåïåðåðâíå âiäîáðàæåííÿ F :
R × Ωm+1 → E, äå m ∈ Z+, ùî çàäîâîëüíÿ¹
óìîâè:

1) âåêòîðíà ôóíêöiÿ F (t, x0, x1, . . . , xm)
ðiâíîìiðíî íåïåðåðâíà ïî x0, x1, . . . , xm íà
êîæíié ìíîæèíi R×Km+1, äå K ∈ K;

2) âåêòîðíà ôóíêöiÿ F (t, x0, x1, . . . , xm)
ìàéæå ïåðiîäè÷íà ïî t ðiâíîìiðíî ïî

(x0, x1, . . . , xm) íà êîæíié ìíîæèíi Km+1, äå
K ∈ K.

Íåâàæêî ïîêàçàòè, ùî àíàëîãi÷íî, ÿê i â
[2, ñ. 428�429], äëÿ êîæíî¨ ìíîæèíè K ∈ K

sup
t∈R

xi∈K, i=0,m

∥F (t, x0, x1, . . . , xm)∥E < +∞

i äëÿ êîæíî¨ ïîñëiäîâíîñòi (hk)k>1, hk ∈ R,
iñíó¹ ïiäïîñëiäîâíiñòü (hkl)l>1, äëÿ ÿêî¨ ïî-
ñëiäîâíiñòü (F (t+ hkl , x0, x1, . . . , xm))l>1 ðiâ-
íîìiðíî çáiãà¹òüñÿ íà R×Km+1.

Áóäåìî ââàæàòè, ùî ïîñëiäîâíiñòü
(F (t+ hkl , x0, x1, . . . , xm))l>1 ðiâíîìiðíî
çáiãà¹òüñÿ íà êîæíié ìíîæèíi R × Km+1,
K ∈ K, i âiäîáðàæåííÿ G : R× Ωm+1 → E,
ùî âèçíà÷à¹òüñÿ ñïiââiäíîøåííÿì

G(t, x0, x1, . . . , xm) =

= lim
l→∞

F (t+ hkl , x0, x1, . . . , xm), (2)

çàäîâîëüíÿ¹ óìîâè 1 i 2. Öÿ âèìîãà âèêîíó-
¹òüñÿ, ÿêùî, íàïðèêëàä, ïðîñòið E ¹ ñêií-
÷åííîâèìiðíèì, ùî ïåðåâiðÿ¹òüñÿ àíàëîãi÷-
íèì ÷èíîì ÿê i â [2] ó âèïàäêó m = 0. Çàóâà-
æèìî, ùî â ñòàòòi öÿ âèìîãà áóäå âèêîíóâà-
òè äîïîìiæíó ðîëü ïðè âèêëàäåííi ìàòåði-
àëó i íå áóäå âèêîðèñòîâóâàòèñÿ ïðè îòðè-
ìàííi îñíîâíîãî ðåçóëüòàòó.

Ðîçãëÿíåìî ðiçíèöåâå ðiâíÿííÿ

F (t, x(t), x(t−∆1), . . . , x(t−∆m)) = 0, (3)

äå âiäõèëåííÿ àðãóìåíòiâ ∆1, . . . ,∆m ¹ äî-
âiëüíèìè äiéñíèìè ÷èñëàìè (îäíi âiäõèëåí-
íÿ ìîæóòü áóòè äîäàòíèìè, iíøi � âiä'¹ìíè-
ìè).
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H-êëàñîì ðiâíÿííÿ (3) íàçèâà¹òüñÿ ìíî-
æèíà âñiõ ðiçíèöåâèõ ðiâíÿíü

G(t, y(t), y(t−∆1), . . . , y(t−∆m)) = 0,

ëiâà ÷àñòèíà ÿêèõ âèçíà÷à¹òüñÿ çà äîïîìî-
ãîþ (2).

Ìåòîþ ñòàòòi ¹ âñòàíîâëåííÿ óìîâ ìàéæå
ïåðiîäè÷íîñòi îáìåæåíèõ ðîçâ'ÿçêiâ ðiâíÿí-
íÿ (3) áåç âèêîðèñòàííÿ åëåìåíòiâ H-êëàñó
öüîãî ðiâíÿííÿ.

Çàçíà÷èìî, ùî íå êîæíèé îáìåæåíèé
ðîçâ'ÿçîê ðiâíÿííÿ (3) ¹ ìàéæå ïåðiîäè÷-
íèì. Öå ïiäòâåðäæó¹òüñÿ íàñòóïíèì ïðèê-
ëàäîì.
Ïðèêëàä. Íåõàé E = R. Âèçíà÷èìî âi-

äîáðàæåííÿ H : R3 → R ðiâíiñòþ

H(t, x0, x1) =

= sin t

{
0, ÿêùî |x0|+ |x1|61,
|x0|+ |x1| − 1, ÿêùî |x0|+ |x1|>1,

ùî, ÿê i âiäîáðàæåííÿ F , çàäîâîëüíÿ¹ óìîâè
1 i 2. Î÷åâèäíî, ùî êîæíà íåïåðåðâíà ôóí-
êöiÿ x = x(t), äëÿ ÿêî¨ |x(t)| 6 1/2 äëÿ âñiõ
t ∈ R, ¹ ðîçâ'ÿçêîì ðiçíèöåâîãî ðiâíÿííÿ

H(t, x(t), x(t− 1)) = 0.

Çàóâàæèìî, ùî ó âèïàäêó m = 0 ðiâíÿí-
íÿ (3) ìà¹ âèãëÿä

F (t, x(t)) = 0. (4)

Öå ðiâíÿííÿ äîñëiäæóâàëîñÿ â [3].
Ïðè äîñëiäæåííi ðiâíÿííÿ (3) áóäåìî âè-

êîðèñòîâóâàòè îäèí ôóíêöiîíàë, âèçíà÷å-
íèé íà ìíîæèíi îáìåæåíèõ ðîçâ'ÿçêiâ öüîãî
ðiâíÿííÿ, çàìèêàííÿ ìíîæèí çíà÷åíü ÿêèõ
¹ åëåìåíòàìè ç K.

2. Ôóíêöiîíàë ∆. Ïîçíà÷èìî ÷åðåç
N (F,K) ìíîæèíó âñiõ îáìåæåíèõ ðîçâ'ÿç-
êiâ x = x(t) ðiâíÿííÿ (3), äëÿ êîæíîãî ç
ÿêèõ çàìèêàííÿ R(x) ìíîæèíè

R(x) = {x(t) : t ∈ R}

ó ïðîñòîði E ¹ ïiäìíîæèíîþ ìíîæèíè K ∈
K i

R(x) ̸= K. (5)

Çàôiêñó¹ìî äîâiëüíi ìíîæèíó K ∈ K i
ðîçâ'ÿçîê x∗ ∈ N (F,K) ðiâíÿííÿ (3). Ââà-
æà¹ìî, ùî

N (F,K) ̸= ∅.
Ïîêëàäåìî

r(x∗, K, F ) =

= sup
{
∥x− y∥E : x ∈ R(x∗), y ∈ K

}
.

Íà ïiäñòàâi (5)

r(x∗, K, F ) > 0.

Äëÿ ε ∈ [0, r(x∗, K, F )] ðîçãëÿíåìî ìíîæè-
íó Ω(x∗, K, F, ε) âñiõ åëåìåíòiâ y ∈ C0, äëÿ
êîæíîãî ç ÿêèõ

x∗(t) + y(t) ∈ K

äëÿ âñiõ t ∈ R i

inf
t∈R

∣∣∥y(t)∥E − ε
∣∣ = 0.

Àíàëîãi÷íèì ÷èíîì ìîæíà âèçíà÷èòè
ìíîæèíó Ω(z,K, F, ε) äëÿ áóäü-ÿêî¨ iíøî¨
ôóíêöi¨ z ∈ C0, äëÿ ÿêî¨ R(z) ⊂ K.

Ðîçãëÿíåìî ôóíêöiîíàë

∆(x∗, K, F, ε) =

= inf
y∈Ω(x∗,K,F,ε)

sup
t∈R

∥F (t, x∗(t) + y(t),

x∗(t−∆1) + y(t−∆1), . . . ,

x∗(t−∆m) + y(t−∆m))∥E. (6)

Çàñòîñóâàííÿ ôóíêöiîíàëà ∆ äî äîñëiä-
æåííÿ ìàéæå ïåðiîäè÷íèõ íåëiíiéíîãî ðiâ-
íÿííÿ (3) òà àíàëîãi÷íîãî ëiíiéíîãî ðiâíÿ-
ííÿ íàâåäåìî â íàñòóïíèõ ïóíêòàõ.

3. Îñíîâíèé ðåçóëüòàò. Íàâåäåìî óìî-
âè iñíóâàííÿ ìàéæå ïåðiîäè÷íèõ ðîçâ'ÿç-
êiâ ðiâíÿííÿ (3), â ÿêèõ íà âiäìiíó âiä âi-
äîìèõ òåîðåìè Ôàâàðà ïðî ìàéæå ïåðiî-
äè÷íi ðîçâ'ÿçêè ëiíiéíèõ äèôåðåíöiàëüíèõ
ðiâíÿíü [4] òà òåîðåìè Àìåðiî ïðî ìàéæå
ïåðiîäè÷íi ðîçâ'ÿçêè íåëiíiéíèõ äèôåðåí-
öiàëüíèõ ðiâíÿíü [2,5] íå âèêîðèñòîâó¹òüñÿ
H-êëàñ ðiâíÿííÿ (3).

Òåîðåìà 1. Íåõàé K ∈ K. ßêùî äëÿ
ðîçâ'ÿçêó z ∈ N (F,K) ðiâíÿííÿ (3) i äåÿêî-
ãî ÷èñëà δ > 0 âèêîíó¹òüñÿ ñïiââiäíîøåííÿ

∆(z,K, F, ε) > 0 (7)
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äëÿ âñiõ ε ∈ (0, δ), òî öåé ðîçâ'ÿçîê ¹ ìàé-
æå ïåðiîäè÷íèì.

Äîâåäåííÿ. Ïðèïóñòèìî, ùî ðîçâ'ÿçîê
z ∈ N (F,K) ðiâíÿííÿ (3) íå ¹ åëåìåíòîì
ïðîñòîðóB0. Òîäi çà êîìïàêòíiñòþ ìíîæèíè
K iñíó¹ çáiæíà â òî÷öi t = 0 ïîñëiäîâíiñòü
(z (t+ hp))p>1, ïðè÷îìó äîâiëüíà ¨¨ ïiäïîñëi-
äîâíiñòü (z (t+ kp))p>1 íå çáiãà¹òüñÿ ðiâíî-
ìiðíî íà R. Îòæå,

lim
p,q→∞

∥z(hp)− z(hq)∥E = 0 (8)

òà iñíóþòü ïîñëiäîâíîñòi (pr)r>1, (qr)r>1 i ÷è-
ñëî γ ∈ (0, δ), äëÿ ÿêèõ

sup
t∈R

∥z(t+ kpr)− z(t+ kqr)∥E > γ, r > 1. (9)

Íå îáìåæóþ÷è çàãàëüíîñòi, ìîæíà ââàæàòè,
ùî (F (t+ kp, x0, x1, . . . , xm))p>1 � ðiâíîìiðíî
çáiæíà íà R×Km+1 ïîñëiäîâíiñòü. Òîäi

lim
p,q→∞

sup
t∈R

xi∈K, i={0,m}

∥F (t+ kp, x0, x1, . . . , xm)−

−F (t+ kq, x0, x1, . . . , xm)∥E = 0. (10)

Çàôiêñó¹ìî äîâiëüíå ÷èñëî ε0 ∈ (0, γ]. Íà
ïiäñòàâi (8) i (9) äëÿ ôóíêöié

yr(t) = z(t+ kpr)− z(t+ kqr), r > 1,

âèêîíó¹òüñÿ ñïiââiäíîøåííÿ

yr ∈ Ω(Skqr z,K, F, ε0), r > 1, (11)

äå Sh � îïåðàòîð çñóâó, ùî âèçíà÷à¹òüñÿ
ñïiââiäíîøåííÿì (1).

Ïîêàæåìî, ùî

∆(z,K, F, ε0) = 0. (12)

Çàâäÿêè (6), (11) òà òîãî, ùî

F (t+ kpr , z(t+ kpr), z(t+ kpr −∆1), . . . ,

z(t+ kpr −∆m)) ≡ 0, r > 1,

âèêîíóþòüñÿ ñïiââiäíîøåííÿ

∆(z,K, F, ε0) =

= inf
y∈Ω(z,K,F,ε0)

sup
t∈R

∥F (t, z(t) + y(t), z(t−∆1)+

+y(t−∆1), . . . , z(t−∆m) + y(t−∆m))∥E =

= inf
y∈Ω(Skqr z,K,F,ε0)

sup
t∈R

∥F (t+ kqr , z(t+ kqr)+

+y(t), z(t+ kqr −∆1) + y(t−∆1), . . . ,

z(t+ kqr −∆m) + y(t−∆m))∥E 6

6 sup
t∈R

∥F (t+ kqr , z(t+ kqr) + yr(t),

z(t+ kqr −∆1) + yr(t−∆1), . . . ,

z(t+ kqr −∆m) + yr(t−∆m))∥E =

=sup
t∈R

∥F (t+kqr , z(t+kpr), z(t+kpr −∆1), . . . ,

z(t+ kpr −∆m))∥E 6

6sup
t∈R

∥F (t+kpr , z(t+kpr), z(t+kpr −∆1), . . . ,

z(t+ kpr −∆m))∥E+

+sup
t∈R

∥F (t+ kpr , z(t+ kpr −∆1), . . . ,

z(t+ kpr −∆m))−

−F (t+ kqr , z(t+ kpr −∆1), . . . ,

z(t+ kpr −∆m))∥E =

= sup
t∈R

∥F (t+ kpr , z(t+ kpr −∆1), . . . ,

z(t+ kpr −∆m))−

−F (t+ kqr , z(t+ kpr −∆1), . . . ,

z(t+ kpr −∆m))∥E,

ç ÿêèõ íà ïiäñòàâi (10) âèïëèâà¹ ñïiââiäíî-
øåííÿ (12), ùî ñóïåðå÷èòü (7).

Òàêèì ÷èíîì, ïðèïóùåííÿ, ùî ðîçâ'ÿçîê
z ∈ N (F,K) ðiâíÿííÿ (3) íå ¹ ìàéæå ïåðiî-
äè÷íèì, õèáíå.

Òåîðåìó 1 äîâåäåíî.

4. Âèïàäîê ëiíiéíîãî ðiâíÿííÿ (3).
Çàñòîñó¹ìî òåîðåìó 1 äî äîñëiäæåííÿ ëiíié-
íèõ ìàéæå ïåðiîäè÷íèõ ðiçíèöåâèõ ðiâíÿíü.

Ïîçíà÷èìî ÷åðåç L(E,E) � áàíàõîâèé
ïðîñòið âñiõ ëiíiéíèõ íåïåðåðâíèõ îïåðàòî-
ðiâ A : E → E ç íîðìîþ

∥A∥L(E,E) = sup
∥x∥E=1

∥Ax∥E.
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Ðîçãëÿíåìî íåïåðåðâíå âiäîáðàæåííÿ
F1 : R × Em+1 → E, ùî âèçíà÷à¹òüñÿ
ðiâíiñòþ

F1(t, x0, x1, . . . , xm) =
m∑
k=0

Ak(t)xk + h(t),

äå Ak(t), k = 0,m, � íåïåðåðâíi i ìàéæå ïåði-
îäè÷íi íà R ôóíêöi¨ çi çíà÷åííÿìè â L(E,E)
i h ∈ B0. Òàêîæ ðîçãëÿíåìî âiäïîâiäíå ëiíié-
íå ðiçíèöåâå ðiâíÿííÿ

m∑
k=0

Ak(t)x(t−∆k) + h(t) = 0, (13)

äå ∆1, . . . ,∆m � äîâiëüíi äiéñíi ÷èñëà, ñåðåä
ÿêèõ ìîæóòü áóòè ÿê äîäàòíi, òàê i âiä'¹ìíi
÷èñëà, i ∆0 = 0. Î÷åâèäíî, ùî ðiâíÿííÿ (13)
¹ îêðåìèì âèïàäêîì ðiâíÿííÿ (3).

Çàçíà÷èìî, ùî â ðiâíÿííi (13) îïåðàòî-
ðè Ak(t), k = 0,m, t ∈ R, ìîæóòü íå ìàòè
îáåðíåíèõ íåïåðåðâíèõ îïåðàòîðiâ. ßêùî öi
îïåðàòîðè ìàþòü îáåðíåíi íåïåðåðâíi îïåðà-
òîðè, òî îïåðàòîðíi ôóíêöi¨ A−1

k (t), k = 0,m,
ìîæóòü íå áóòè ìàéæå ïåðiîäè÷íèìè.

Íà ïiäñòàâi òåîðåìè 1 ñïðàâäæó¹òüñÿ íà-
ñòóïíå òâåðäæåííÿ.

Òåîðåìà 2. Íåõàé K ∈ K. ßêùî ëiíié-
íå ðiâíÿííÿ (13) ìà¹ îáìåæåíèé ðîçâ'ÿçîê
z ∈ N (F1, K) i äëÿ äåÿêîãî ÷èñëà δ > 0 âè-
êîíó¹òüñÿ ñïiââiäíîøåííÿ

∆(z,K, F1, ε) > 0

äëÿ âñiõ ε ∈ (0, δ), òî öåé ðîçâ'ÿçîê ¹ ìàéæå
ïåðiîäè÷íèì.

Çàóâàæèìî, ùî ó âèïàäêó dimE <∞
áiëüø çàãàëüíi ðiâíÿííÿ, íiæ (13), ç äîâiëü-
íèì h ∈ C0 äîñëiäæóâàëèñÿ àâòîðîì ó [6].

5. Çàñòîñóâàííÿ òåîðåì 1 i 2. Âèêîðè-
ñòà¹ìî òåîðåìè 1 i 2 äî äîñëiäæåííÿ ìàé-
æå ïåðiîäè÷íèõ íåëiíiéíèõ äèôåðåíöiàëü-
íèõ ðiâíÿíü òà ëiíiéíèõ îïåðàòîðíèõ ðiçíè-
öåâèõ ðiâíÿíü.

5.1. Äèôåðåíöiàëüíi ðiâíÿííÿ. Ðîç-
ãëÿíåìî äèôåðåíöiàëüíå ðiâíÿííÿ

dx

dt
= h(t, x), (14)

â ÿêîìó âiäîáðàæåííÿ h : R × E → E ¹ íå-
ïåðåðâíèì.

Ââàæàòèìåìî, ùî äëÿ êîæíèõ ÷èñëà t0 ∈
R i âåêòîðà x0 ∈ E ðiâíÿííÿ (14) ìà¹ ¹äèíèé
ðîçâ'ÿçîê x = x(t), ùî çàäîâîëüíÿ¹ ïî÷àòêî-
âó óìîâó

x(t0) = x0. (15)

Óìîâè âèêîíàííÿ öi¹¨ âèìîãè ìîæíà çíàéòè
â [7, 8].

Ðîçâ'ÿçîê çàäà÷i (14), (15) ïîçíà÷èìî ÷å-
ðåç x = x(t, t0, x0).

Âèçíà÷èìî âiäîáðàæåííÿ U :R×E →E çà
äîïîìîãîþ ñïiââiäíîøåííÿ

U(t, y) = x(t+ 1, t, y), (t, y) ∈ R× E. (16)

Î÷åâèäíî, ùî êîæíèé âèçíà÷åíèé íà R
ðîçâ'ÿçîê y = y(t) äèôåðåíöiàëüíîãî ðiâíÿ-
ííÿ (14) çàäîâîëüíÿ¹ ñïiââiäíîøåííÿ

y(t+ 1) = x(t+ 1, t, y(t)), t ∈ R,

òîáòî íà ïiäñòàâi (16) ¹ ðîçâ'ÿçêîì ðiçíèöå-
âîãî ðiâíÿííÿ

x(t+ 1) = U(t, x(t)), t ∈ R, (17)

ùî ¹ îêðåìèì âèïàäêîì ðiâíÿííÿ (3). Òîìó
ðiâíÿííÿ (17) ìîæíà âèêîðèñòàòè äëÿ äî-
ñëiäæåííÿ îáìåæåíèõ ðîçâ'ÿçêiâ äèôåðåíöi-
àëüíîãî ðiâíÿííÿ (14).

Ðiçíèöåâîìó ðiâíÿííþ (17) ñïiâñòàâèìî
âiäîáðàæåííÿ F2 : R × E2 → E, ùî âèçíà-
÷à¹òüñÿ ðiâíiñòþ

F2(t, x0, x1) = x1 − U(t, x0),

i ¹ àíàëîãi÷íèì âiäîáðàæåííþ F . Î÷åâèäíî,
ùî ðiçíèöåâå ðiâíÿííÿ (17) ìîæíà ïîäàòè ó
âèãëÿäi

F2(t, x(t), x(t+ 1)) = 0.

Çàâäÿêè íàâåäåíèì ìiðêóâàííÿì òà òåî-
ðåìi 1 ñïðàâäæó¹òüñÿ íàñòóïíå òâåðäæåííÿ.

Òåîðåìà 3. Íåõàé:
1) äèôåðåíöiàëüíå ðiâíÿííÿ (14) ìà¹

îáìåæåíèé ðîçâ'ÿçîê z ∈ C0 çi çíà÷åííÿìè
â êîìïàêòíié ìíîæèíi K ∈ K;

140 Áóêîâèíñüêèé ìàòåìàòè÷íèé æóðíàë. 2013. � Ò. 1, � 3-4.



2) âiäîáðàæåííÿ F2 : R × E → E çà-
äîâîëüíÿ¹ óìîâè 1 i 2 (ÿê i âiäîáðàæåííÿ
F ó ðiçíèöåâîìó ðiâíÿííi (3));

3) äëÿ äåÿêèõ ÷èñëà δ > 0 i ìíîæèíè
K ∈ K âèêîíó¹òüñÿ ñïiââiäíîøåííÿ

∆(z,K, F2, ε) > 0

äëÿ âñiõ ε ∈ (0, δ).
Òîäi îáìåæåíèé ðîçâ'ÿçîê z ðiâíÿííÿ

(14) ¹ ìàéæå ïåðiîäè÷íèì.

Çàóâàæèìî, ùî öå òâåðäæåííÿ îòðèìàíî
âïåðøå â [9] ç âèêîðèñòàííÿì îêðåìîãî âè-
ïàäêó òåîðåìè 1.

5.2. Ëiíiéíi îïåðàòîðíi ðiçíèöåâi

ðiâíÿííÿ. Íåõàé E1 i E2 - äîâiëüíi áàíàõîâi
ïðîñòîðè i L(E1, E2) � áàíàõîâèé ïðîñòið ëi-
íiéíèõ íåïåðåðâíèõ îïåðàòîðiâ A : E1 → E2
ç íîðìîþ

∥A∥L(E1,E2) = sup
∥x∥E1=1

∥Ax∥E2 .

Áóäåìî ââàæàòè, ùî Ω = L(E1, E2) i K
¹ ìíîæèíîþ âñiõ íåïîðîæíiõ çâ'ÿçíèõ êîì-
ïàêòíèõ ïiäìíîæèí K ⊂ L(E1, E2).

Ðîçãëÿíåìî íåïåðåðâíå âiäîáðàæåííÿ

F3 : R×Xm+1 → X ,

äå X = L(E1, E2), ùî âèçíà÷à¹òüñÿ ðiâíiñòþ

F3(t,X0, X1, . . . , Xm) =

=
m∑
k=0

Ak(t)XkBk(t)−H(t),

äå Ak(t), k = 0,m, � íåïåðåðâíi i ìàéæå
ïåðiîäè÷íi íà R ôóíêöi¨ çi çíà÷åííÿìè â
L(E2, E2), Bk(t), k = 0,m, � íåïåðåðâíi i
ìàéæå ïåðiîäè÷íi íà R ôóíêöi¨ çi çíà÷åí-
íÿìè â L(E1, E1) i H(t) � íåïåðåðâíà i ìàéæå
ïåðiîäè÷íà íà R ôóíêöiÿ çi çíà÷åííÿìè â
L(E1, E2).

Òàêîæ ðîçãëÿíåìî âiäïîâiäíå ëiíiéíå îïå-
ðàòîðíå ðiçíèöåâå ðiâíÿííÿ

m∑
k=0

Ak(t)X(t−∆k)Bk(t) = H(t), (18)

äå ∆1, . . . ,∆m � äîâiëüíi äiéñíi ÷èñëà i ∆0 =
0.

Î÷åâèäíî, ùî ðiâíÿííÿ (18) ¹ îêðåìèì
âèïàäêîì ðiâíÿíü (3) i (13) ó âèïàäêó
E = L(E1, E2).

Ó ðiâíÿííi (18) îïåðàòîðè Ak(t) i Bk(t),
k = 0,m, t ∈ R, ìîæóòü íå ìàòè îáåðíåíèõ
íåïåðåðâíèõ îïåðàòîðiâ.

Íà ïiäñòàâi òåîðåì 1 i 2 ñïðàâäæó¹òüñÿ
íàñòóïíå òâåðäæåííÿ.

Òåîðåìà 4. Íåõàé K ∈ K. ßêùî ðiçíè-
öåâå ðiâíÿííÿ (18) ìà¹ íåïåðåðâíèé i îáìå-
æåíèé íà R ðîçâ'ÿçîê Z = Z(t) çi çíà÷åí-
íÿìè â K i äëÿ äåÿêîãî ÷èñëà δ > 0 âèêîíó-
¹òüñÿ ñïiââiäíîøåííÿ

∆(Z,K, F3, ε) > 0

äëÿ âñiõ ε ∈ (0, δ), òî öåé ðîçâ'ÿçîê ¹ ìàé-
æå ïåðiîäè÷íèì.

5.3. Çàñòîñóâàííÿ òåîðåìè 1 ó âè-

ïàäêó m = 0. Ðîçãëÿíåìî äèôåðåíöiàëüíå
ðiâíÿííÿ

F

(
t,
dx(t)

dt
− g(t, x(t))

)
= 0, (19)

äå F � âiäîáðàæåííÿ, ùî é ó ðiâíÿííi (3)
(ïðè m = 0), à íåïåðåðâíå âiäîáðàæåííÿ g :
R× Ω → E ¹ òàêèì, ùî:

à) âåêòîðíà ôóíêöiÿ g(t, x) ðiâíîìiðíî íå-
ïåðåðâíà ïî x íà êîæíié ìíîæèíi R×K, äå
K ∈ K;

á) âåêòîðíà ôóíêöiÿ g(t, x) ìàéæå ïåðiî-
äè÷íà ïî t ðiâíîìiðíî ïî x íà êîæíié ìíî-
æèíi K ∈ K.

Âèêëàäåìî iäåþ îäíîãî ìåòîäó ç'ÿñóâàí-
íÿ ìàéæå ïåðiîäè÷íîñòi îáìåæåíèõ ðîçâ'ÿç-
êiâ äèôåðåíöiàëüíîãî ðiâíÿííÿ (19) ç âèêî-
ðèñòàííÿì òåîðåìè 1.

ßêùî v = v(t) ¹ ðîçâ'ÿçêîì öüîãî ðiâíÿ-
ííÿ i R(v) ⊂ K1, äå K1 ∈ K, òî íà ïiäñòàâi
óìîâ à) i á) ôóíêöiÿ h = h(t), ùî âèçíà÷à¹-
òüñÿ ðiâíiñòþ

h(t) =
dv(t)

dt
− g(t, v(t)),

¹ îáìåæåíîþ i R(h) ⊂ K2 äëÿ äåÿêî¨ ìíî-
æèíè K2 ∈ K. Îòæå, h = h(t) ¹ ðîçâ'ÿçêîì
ðiâíÿííÿ (4). Ó öüîìó âèïàäêó äî (4) ìîæíà
çàñòîñóâàòè òåîðåìó 1 ïðè m = 0, K = K2 i
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z = h. Ââàæàòèìåìî, ùî óìîâè öi¹¨ òåîðåìè
âèêîíóþòüñÿ. Òîäi ôóíêöiÿ h = h(t) ¹ ìàéæå
ïåðiîäè÷íîþ i äî ìàéæå ïåðiîäè÷íîãî äèôå-
ðåíöiàëüíîãî ðiâíÿííÿ

dx(t)

dt
− g(t, x(t)) = h(t),

ùî ìà¹ îáìåæåíèé ðîçâ'ÿçîê x = v, ìîæ-
íà çàñòîñóâàòè ðåçóëüòàòè äîñëiäæåíü ñòà-
òòi [10] (ó âèïàäêó f(t, x) = g(t, x) + h(t)) i
ïîêàçàòè ìàéæå ïåðiîäè÷íiñòü v (ïðè äîäàò-
êîâèõ âèìîãàõ äî f).

Íà çàâåðøåííÿ, çàçíà÷èìî, ùî íàâåäå-
íi óìîâè iñíóâàííÿ ìàéæå ïåðiîäè÷íèõ ðîç-
â'ÿçêiâ ðiçíèöåâèõ ðiâíÿíü òà ¨õ çàñòîñóâàí-
íÿ â ï. 5.2 i 5.3 ¹ íîâèìè, îñêiëüêè íå âèêî-
ðèñòîâóþòü H-êëàñè öèõ ðiâíÿíü.

Òàêîæ çàçíà÷èìî, ùî äîñëiäæåííÿì ìàé-
æå ïåðiîäè÷íèõ ðiâíÿíü ïðèñâÿ÷åíî áàãàòî
ïóáëiêàöié. Âiäìiòèìî äåÿêi ç íèõ. Äëÿ ëi-
íiéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü ïåðøi òåî-
ðåìè ïðî ìàéæå ïåðiîäè÷íi ðîçâ'ÿçêè áóëè
äîâåäåíi Ôàâàðîì ó ðîáîòi [4], à äëÿ íåëi-
íiéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü � Àìåðiî â
ðîáîòi [5]. Ðåçóëüòàòè Ôàâàðà áóëè çíà÷íî
ïîêðàùåíi Å. Ìóõàìàäi¹âèì [11, 12]. Óçà-
ãàëüíåííÿì òåîðåìÌóõàìàäi¹âà ïðèñâÿ÷åíî
ðîáîòè [13�15]. Âàæëèâi ðåçóëüòàòè â öüîìó
íàïðÿìêó òàêîæ íàëåæàòü Á. Ì. Ëåâiòàíó
[1], Àìåðiî [16], Â. Â. Æèêîâó [17�19], Øó-
áèíó Ì. À. [20] òà Ôèíêó [21].

Ôóíêöiîíàë, àíàëîãi÷íèé ôóíêöiîíàëó
∆, âèêîðèñòîâóâàâñÿ àâòîðîì äëÿ äîñëiäæå-
ííÿ ìàéæå ïåðiîäè÷íèõ ëiíiéíèõ i íåëiíié-
íèõ ðiçíèöåâèõ ðiâíÿíü iç íåïåðåðâíèì àð-
ãóìåíòîì [9], äèôåðåíöiàëüíèõ ðiâíÿíü [10],
à òàêîæ ðiâíÿííÿ (4) [3].

Óìîâè iñíóâàííÿ îáìåæåíèõ ðîçâ'ÿçêiâ
íåëiíiéíèõ ðiçíèöåâèõ ðiâíÿíü (âèìîãà iñ-
íóâàííÿ òàêèõ ðîçâ'ÿçêiâ ó òåîðåìi 1 ¹ ñó-
òò¹âîþ) ìîæíà îòðèìàòè, âèêîðèñòîâóþ÷è
ñòàòòi [22�26].
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ÄÈÔÅÐÅÍÖIÀËÜÍI ÐIÂÍßÍÍß ËIÍIÉÍÎÃÎ ÒÈÏÓ Ç ÑÓÒÒ�ÂÎ
ÍÅÑÊIÍ×ÅÍÍÎÂÈÌIÐÍÈÌ ÅËIÏÒÈ×ÍÈÌ ÎÏÅÐÀÒÎÐÎÌ

Äîñëiäæóþòüñÿ ëiíiéíi òà êâàçiëiíiéíi äèôåðåíöiàëüíi ðiâíÿííÿ ç ñóòò¹âî íåñêií÷åííîâè-
ìiðíèì åëiïòè÷íèì îïåðàòîðîì (òèïó Ëàïëàñà-Ëåâi). Äëÿ êâàçiëiíiéíîãî ðiâíÿííÿ äîâåäåíà
òåîðåìà iñíóâàííÿ òà ¹äèíîñòi ðîçâ'ÿçêó. Òàêîæ ïðîâîäèòüñÿ ïàðàëåëü çi çâè÷àéíèìè äèôå-
ðåíöiàëüíèìè ðiâíÿííÿìè òà àëãåáðà¨÷íèìè ðiâíÿííÿìè.

We investigate linear and quasi-linear di�erential equations with essentially in�nite-dimensional
elliptic operator (of the Laplace-L�evy type). For a quasi-linear equation, we prove a theorem on
the existence and uniqueness of a solution. Also we obtain a parallel with ordinary di�erential
equations and algebraic equations.

1. Ñóòò¹âî íåñêií÷åííîâèìiðíi åëiï-
òè÷íi îïåðàòîðè. Â íåñêií÷åííîâèìiðíîìó
ïðîñòîði iñíóþòü îïåðàòîðè, ÿêi íå ìàþòü
ñêií÷åííîâèìiðíèõ àíàëîãiâ. Òàêèì îïåðà-
òîðîì, çîêðåìà, ¹ îïåðàòîð Ëàïëàñà-Ëåâi,
ââåäåíèé Ï. Ëåâi [1] â 1922 ð., ÿê óçàãàëü-
íåííÿ êëàñè÷íîãî îïåðàòîðà Ëàïëàñà. Äëÿ
äâi÷i äèôåðåíöiéîâíèõ ôóíêöié íà äiéñíîìó
ãiëüáåðòîâîìó ïðîñòîði l2 îïåðàòîð Ëàïëà-
ñà-Ëåâi çàäà¹òüñÿ ôîðìóëîþ

(Lu)(x) = lim
n→∞

1

n

n∑
i=1

∂2u

∂x2i
,

à äëÿ ôóíêöié íà àáñòðàêòíîìó äiéñíîìó
íåñêií÷åííîâèìiðíîìó ñåïàðàáåëüíîìó ãiëü-
áåðòîâîìó ïðîñòîði H

(Lu)(x) = lim
n→∞

1

n
trPnu

′′(x),

äå {ei} � îðòîíîðìîâàíèé áàçèñ â H, Pn �
îðòîïðîåêòîð íà ëiíiéíó îáîëîíêó e1, . . . , en,
tr � ñëiä îïåðàòîðà. Òàêèé îïåðàòîð ¹ äèôå-
ðåíöiàëüíèì îïåðàòîðîì äðóãîãî ïîðÿäêó,
àëå âií çàäîâîëüíÿ¹ ëåéáíiöåâñüêó âëàñòè-
âiñòü L(uv) = Lu · v + u · Lv òà ïðèéìà¹ íó-
ëüîâå çíà÷åííÿ íà öèëiíäðè÷íèõ ôóíêöiÿõ;
îñòàííié ôàêò äàâ ïiäñòàâó Ã.�. Øèëîâó, ðå-
äàêòîðó ïåðåêëàäó [1], íàçâàòè éîãî ñóòò¹âî
íåñêií÷åííîâèìiðíèì. Ñó÷àñíèé ñòàí òåîði¨
îïåðàòîðà Ëàïëàñà-Ëåâi âèêëàäåíî â ìîíî-
ãðàôi¨ Ì.Í. Ôåëëåðà [2].

Â 1977 ð. Þ.Â. Áîãäàíñüêèì [3] (äèâ. òà-
êîæ [4�5]) çàïðîïîíîâàíèé ñóòò¹âî íåñêií-
÷åííîâèìiðíèé åëiïòè÷íèé îïåðàòîð, ÿêèé
óçàãàëüíþ¹ îïåðàòîð Ëàïëàñà-Ëåâi òà óñ-
ïàäêîâó¹ éîãî ñïåöèôi÷íi âëàñòèâîñòi. Òà-
êèé îïåðàòîð (òî÷íiøå, äèôåðåíöiàëüíèé
âèðàç) çàäà¹òüñÿ ôîðìóëîþ

(Lu)(x) = j(u′′(x)), (1)

äå j ¹ íåâiä'¹ìíèì íåíóëüîâèì ôóíêöiîíà-
ëîì íà BC(H), ÿäðó ÿêîãî íàëåæàòü âñi îïå-
ðàòîðè ñêií÷åííîãî ðàíãó. Âiäïîâiäíèé ôóí-
êöiîíàë çãiäíî ç ðîáîòîþ [3] òàêîæ íàçè-
âà¹ìî ñóòò¹âî íåñêií÷åííîâèìiðíèì (çà ií-
øîþ òåðìiíîëîãi¹þ � ñèíãóëÿðíèì).

Ìíîæèíó D ⊂ BC(H) íàçèâà¹ìî ìàéæå
êîìïàêòíîþ, ÿêùî äëÿ êîæíîãî ε > 0 iñíó-
þòü êîìïàêòíà ìíîæèíà K ⊂ BC(H) òà ÷è-
ñëà n ∈ N òà d > 0 òàêi, ùî K + Qn,d ¹ ε-
ñiòêîþ äëÿ D (òóò Qn,d ⊂ BC(H) � ìíîæèíà
îïåðàòîðiâ, ðàíã ÿêèõ íå ïåðåâèùó¹ n, à íîð-
ìà íå ïåðåâèùó¹ d).

Íåõàé BR = {x ∈ H | ∥x∥ 6 R} � ôiêñî-
âàíà êóëÿ ðàäióñà R. ×åðåç Z ïîçíà÷èìî
ìíîæèíó äiéñíèõ ôóíêöié êëàñó C2(H), íî-
ñi¨ ÿêèõ íàëåæàòü êóëi BR, u′′(·) ¹ ðiâíîìið-
íî íåïåðåðâíîþ íà H, à ìíîæèíà {u′′(x) |
x ∈ BR} ¹ ìàéæå êîìïàêòíîþ. Íåõàé X �
çàìèêàííÿ Z â ïðîñòîði Cb(H) (òóò Cb(H)
� áàíàõiâ ïðîñòið íåïåðåðâíèõ îáìåæåíèõ
ôóíêöié íà H ç íîðìîþ sup

x∈H
|u(x)|). X ¹

äiéñíîþ êîìóòàòèâíîþ áàíàõîâîþ àëãåáðîþ
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âiäíîñíî ïîòî÷êîâèõ îïåðàöié ç sup-íîðìîþ.
Ç u ∈ Z âèïëèâà¹ Lu ∈ X; ñóòò¹âî íåñêií-
÷åííîâèìiðíèé åëiïòè÷íèé îïåðàòîð L êî-
ðåêòíî âèçíà÷åíèé íà Z ôîðìóëîþ (1). Âií
äîïóñêà¹ çàìèêàííÿ L̄, ÿêå ïîðîäæó¹ (C0)-
ïiâãðóïó ñòèñêó T (t) â X [4�5]. Öÿ ïiâãðó-
ïà ¹ ìóëüòèïëiêàòèâíîþ (∀u, v ∈ X, ∀t >
0: T (t)(uv) = T (t)u·T (t)v) òà íiëüïîòåíòíîþ
(∃t0 > 0: T (t0) = 0). Äëÿ ôóíêöi¨ g ∈ C1(R)
òàêî¨, ùî g(0) = 0, ìà¹ ìiñöå âëàñòèâiñòü

L̄(g ◦ u) = (g′ ◦ u) · L̄u. (2)

Éìîâiðíiñíi âëàñòèâîñòi îïåðàòîðà Ëàï-
ëàñà-Ëåâi äîñëiäæóâàëèñü Ì.É. ßäðåíêîì,
Ì.Í. Ôåëëåðîì i øêîëîþ Ò. Õiäè. Ñ.Â. Êîø-
êiíèì âèâ÷àëèñü éìîâiðíiñíi àñïåêòè õàðàê-
òåðiâ Ëåâi ç òî÷êè çîðó âèïàäêîâèõ ïðî-
öåñiâ òà çâ'ÿçîê ç òåîði¹þ áiëîãî øóìó òà
ñòàòèñòè÷íîþ ìåõàíiêîþ (1998�1999 ðð.).
Çàöiêàâëåíiñòü îïåðàòîðîì Ëàïëàñà-Ëåâi íà
äàíèé ÷àñ â çíà÷íié ìiði îáóìîâëåíà ðî-
áîòàìè Ë. Àêêàðäi, Ï. Ãiáiëiñêî, I.Â. Âî-
ëîâè÷à (1992, 1994 ðð.), à òàêîæ Ð. Ëåàí-
äðà, I.Â. Âîëîâè÷à (2001 ð.), ó ÿêèõ âè-
ÿâëåíî çâ'ÿçîê ìiæ ãàðìîíi÷íèìè çà Ëå-
âi ôóíêöiÿìè òà ðîçâ'ÿçêàìè ðiâíÿíü ßíãà-
Ìiëëñà. Äåòàëüíà áiáëiîãðàôiÿ íàâåäåíà â
[2]. Òàêîæ çàóâàæèìî, ùî iñíó¹ ïàðàëåëü
ìiæ äèôåðåíöiàëüíèìè ðiâíÿííÿìè ç ñóòò¹-
âî íåñêií÷åííîâèìiðíèìè åëiïòè÷íèìè îïå-
ðàòîðàìè òà êëàñè÷íîþ òåîði¹þ çâè÷àéíèõ
äèôåðåíöiàëüíèõ ðiâíÿíü (äèâ. [6�8]); äëÿ
ðiâíÿíü ç îïåðàòîðîì òèïó Ëàïëàñà-Ëåâi òà-
êà ïàðàëåëü âiäñëiäêîâóâàëàñü �.Ì. Ïîëi-
ùóêîì, Ã.�. Øèëîâèì òà Â.ß. Ñèêèðÿâèì.
2. Äèôåðåíöiàëüíi ðiâíÿííÿ ëiíié-

íîãî òèïó. Ðîçãëÿíåìî ëiíiéíå äèôåðåíöi-
àëüíå ðiâíÿííÿ âèùîãî ïîðÿäêó çi çìiííèìè
êîåôiöi¹íòàìè

(L̄nu)(x) + a1(x)(L̄
n−1u)(x) + . . .+

+an(x)u(x) = f(x). (3)

Ìà¹ ìiñöå íàñòóïíà òåîðåìà, äîâåäåíà â [6].
Òåîðåìà 1. Íåõàé a1, . . . , an, f ∈ X. Òîäi

ðiâíÿííÿ (3) ìà¹ i äî òîãî æ ¹äèíèé ðîçâ'ÿ-
çîê.

Â iíøèõ ôóíêöiîíàëüíèõ ïðîñòîðàõ ðiâ-
íÿííÿ âèäó (3) ç îïåðàòîðîì Ëàïëàñà-

Ëåâi òà éîãî ìîäèôiêàöiÿìè äîñëiäæóâà-
ëîñü �.Ì. Ïîëiùóêîì, Ã.�. Øèëîâèì òà
Â.ß. Ñèêèðÿâèì, à ïîëiãàðìîíi÷íå ðiâíÿííÿ
� Ì.Í. Ôåëëåðîì.

Ðîçãëÿíåìî êâàçiëiíiéíå äèôåðåíöiàëüíå
ðiâíÿííÿ

(L̄nu)(x) + a1(x)(L̄
n−1u)(x) + . . .+

+an(x)u(x) = f(x, u(x)), (4)

äå a1, . . . , an ∈ X � çìiííi êîåôiöi¹íòè.
Òåîðåìà 2.Íåõàé ôóíêöiÿ f : H×R → R

ìà¹ íàñòóïíi âëàñòèâîñòi:
à) äëÿ áóäü-ÿêîãî p ∈ R f(·, p) ∈ X,
á) f çàäîâîëüíÿ¹ óìîâó Ëiïøèöÿ çà äðó-

ãèì àðãóìåíòîì ðiâíîìiðíî âiäíîñíî ïåð-
øîãî: iñíó¹ C > 0 òàêå, ùî äëÿ áóäü-ÿêèõ
x ∈ H, p, q ∈ R âèêîíó¹òüñÿ íåðiâíiñòü
|f(x, p)− f(x, q)| 6 C|p− q|.

Òîäi ðiâíÿííÿ (4) ìà¹ i äî òîãî æ ¹äèíèé
ðîçâ'ÿçîê.
Äîâåäåííÿ. Âèáåðåìî â Rn íîðìó ∥y⃗∥ =

|y1| + . . . |yn| (y⃗ ∈ Rn). Ìà¹ ìiñöå íàñòóïíèé
âàðiàíò òåîðåìè Ïiêàðà äëÿ ñèñòåìè äèôå-
ðåíöiàëüíèõ ðiâíÿíü ç ñóòò¹âî íåñêií÷åííî-
âèìiðíèìè åëiïòè÷íèìè îïåðàòîðàìè [8, òå-
îðåìà 2].
Òåîðåìà 3. Íåõàé i = 1, . . . , n; j1, . . . , jn

� ñóòò¹âî íåñêií÷åííîâèìiðíi ôóíêöiîíà-
ëè; (Liu)(x) = ji(u

′′(x)) � âiäïîâiäíi ¨ì ñóò-
ò¹âî íåñêií÷åííîâèìiðíi åëiïòè÷íi îïåðà-
òîðè; ôóíêöiÿ g⃗ = (g1, . . . gn) : H ×Rn → Rn

ìà¹ íàñòóïíi âëàñòèâîñòi:
à) äëÿ áóäü-ÿêîãî p⃗ ∈ Rn, gi(·, p⃗) ∈ X,
á) g⃗ çàäîâîëüíÿ¹ óìîâó Ëiïøèöÿ çà äðó-

ãèì àðãóìåíòîì ðiâíîìiðíî âiäíîñíî ïåð-
øîãî: iñíó¹ C > 0 òàêå, ùî äëÿ áóäü-ÿêèõ
x ∈ H, p⃗, q⃗ ∈ Rn âèêîíó¹òüñÿ íåðiâíiñòü
∥g⃗(x, p⃗)− g⃗(x, q⃗)∥ 6 C∥p⃗− q⃗∥.

Òîäi ñèñòåìà ðiâíÿíü

(L̄iui)(x) = gi(x, u1(x), . . . , un(x)), (5)

äå i = 1, . . . , n, ìà¹ i äî òîãî æ ¹äèíèé ðî-
çâ'ÿçîê.

ßêùî â òåîðåìi 3 óìîâó à) çàìiíèòè íà
óìîâó à') äëÿ áóäü-ÿêèõ ui ∈ X ôóíêöi¨
gi(·, u1(·), . . . , un(·)) íàëåæàòü X, òî òåîðåìà
3 òàêîæ ìà¹ ìiñöå (äåòàëüíiøå äèâ. [8]).

Ïðîäîâæèìî äîâåäåííÿ òåîðåìè 2. Çàìi-
íîþ çìiííèõ v1 = u ∈ X, v2 = L̄u ∈
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X, . . . , vn = L̄n−1u ∈ X ðiâíÿííÿ (4) çâîäèòü-
ñÿ äî ñèñòåìè âèäó (5):

(L̄v1)(x) = v2(x),

. . .

(L̄vn−1)(x) = vn(x),

(L̄vn)(x) = f(x, v1(x))− an(x)v1(x)− . . .−
−a1(x)vn(x).

Âèáåðåìî ôóíêöiþ g⃗ : H × Rn ∋ (x, p⃗) 7→
(p2, . . . , pn, f(x, p1)−an(x)p1−. . .−a1(x)pn) ∈
Rn. Ïåðåâiðèìî óìîâè à') òà á) òåîðåìè 3.
Óìîâà à') òåîðåìè 3 âèïëèâà¹ ç òîãî, ùî
çà óìîâ à)�á) òåîðåìè 2 ç u ∈ X âèïëèâà¹
f(·, u(·)) ∈ X (äèâ. [7]), àX ¹ àëãåáðîþ. Óìî-
âà á) òåîðåìè 3 âèïëèâà¹ ç íåðiâíîñòi

∥g⃗(x, p⃗)− g⃗(x, q⃗)∥ =

=
n∑
k=1

|gk(x, p⃗)− gk(x, q⃗)| =
n∑
k=2

|pk − qk|+

+|(f(x, p1)− an(x)p
1 − . . .− a1(x)p

n)−
−(f(x, q1)− an(x)q

1 − . . .− a1(x)q
n)| 6

6 max(1 + ∥a1∥, . . . , 1 + ∥an−1∥, C + ∥an∥)×
×∥p⃗− q⃗∥ (p⃗, q⃗ ∈ Rn).

Ïîñèëàííÿ íà òåîðåìó 3 ç óìîâàìè à') òà á)
çàâåðøó¹ äîâåäåííÿ òåîðåìè.
3. Ïðèêëàäè. Ñïî÷àòêó íàãàäà¹ìî äâà

âiäîìi ôàêòè. Â àëãåáðà¨÷íîìó ðiâíÿííi xn+
a1x

n−1+. . .+an−1x+an = f , äå a1, . . . , an, f ∈
R(C), çàìiíà x = y − a1

n
ïðèâîäèòü äî òîãî,

ùî â îòðèìàíîìó ðiâíÿííi êîåôiöi¹íò ïðè
yn−1 âèÿâèòüñÿ íóëüîâèì. ßêùî ó çâè÷àéíî-
ìó ëiíiéíîìó äèôåðåíöiàëüíîìó ðiâíÿííi

u(n)(x) + a1(x)u
(n−1)(x) + . . .+

+an−1(x)u
′(x) + an(x)u(x) = f(x),

äå a1, . . . , an, f � íåïåðåðâíi íà äåÿêîìó
âiäðiçêó ôóíêöi¨, çðîáèòè çàìiíó u(x) =

v(x) exp
(
− 1
n

∫
a1(x)dx

)
, òî â îòðèìàíîìó

ðiâíÿííi êîåôiöi¹íò ïðè u(n−1)(·) òàêîæ ñòà-
íå íóëüîâèì. Íàâåäåìî àíàëîãè âêàçàíèõ
ôàêòiâ äëÿ ñóòò¹âî íåñêií÷åííîâèìiðíèõ
ðiâíÿíü äðóãîãî òà òðåòüîãî ïîðÿäêó.
Ïðèêëàä 1. Äîâåäåìî, ùî äëÿ ðiâíÿííÿ

(L̄2u)(x) + a1(x)(L̄u)(x)+

+a2(x)u(x) = f(x), (6)

äå a1 çàäîâîëüíÿ¹ äîäàòêîâó óìîâó a1 ∈
D(L̄), à a2, f ∈ X, çàìiíà

u(x) = v(x) exp

(
1

2

t0∫
0

(T (t)a1)(x)dt

)
(7)

ïåðåòâîðþ¹ ðiâíÿííÿ (6) íà òàêå, ùî íå ìi-
ñòèòü L̄v.

Äðóãèé ìíîæíèê ó ïðàâié ÷àñòèíi ôîð-
ìóëè (7) íå íàëåæèòü X, îñêiëüêè çà ìåæà-
ìè êóëi BR äîðiâíþ¹ îäèíèöi, à òîìó ìà¹
íåîáìåæåíèé íîñié. Çàïèøåìî (7) ó âèãëÿäi

u(x) = v(x)+

+v(x)

(
exp

(
1

2

t0∫
0

(T (t)a1)(x)dt

)
− 1

)
.

Âðàõó¹ìî ëåéáíiöåâñüêó âëàñòèâiñòü îïåðà-
òîðà L̄, âëàñòèâiñòü (2) òà íiëüïîòåíòíiñòü
ïiâãðóïè T (t):

(L̄u)(x) = (L̄v)(x)+

+(L̄v)(x)

(
exp

(
1

2

t0∫
0

(T (t)a1)(x)dt

)
− 1

)
+

+
1

2
v(x) exp

(
1

2

t0∫
0

(T (t)a1)(x)dt

)
×

×
t0∫
0

∂

∂t
(T (t)a1)(x)dt =

=

(
(L̄v)(x)− 1

2
a1(x)v(x)

)
×

× exp

(
1

2

t0∫
0

(T (t)a1)(x)dt

)
. (8)

Ôîðìóëó (8) çàñòîñó¹ìî ðåêóðñèâíî äî ñåáå:

(L̄2u)(x) =

(
L̄

(
(L̄v)(x)− 1

2
a1(x)v(x)

)
−

−1

2
a1(x)

(
(L̄v)(x)− 1

2
a1(x)v(x)

))
×

× exp

(
1

2

t0∫
0

(T (t)a1)(x)dt

)
=

(
(L̄2v)(x)−

−a1(x)(L̄v)(x)−
1

2
(L̄a1)(x)v(x) +

1

4
a21(x)×
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×v(x)
)
exp

(
1

2

t0∫
0

(T (t)a1)(x)dt

)
. (9)

Ïiäñòàíîâêà ôîðìóë (7)-(9) ó ðiâíÿííÿ (6)
òà íàñòóïíå ñïðîùåííÿ ïðèâîäÿòü äî ðiâ-
íÿííÿ:

(L̄2v)(x) +

(
a2(x)−

1

2
(L̄a1)(x)−

1

4
a21(x)

)
×

×v(x) = f(x) exp

(
−1

2

t0∫
0

(T (t)a1)(x)dt

)
.

Ïiäêðåñëèìî, ùî íàâåäåíi ïåðåòâîðåííÿ ìî-
æëèâi ëèøå çà óìîâè a1 ∈ D(L̄).
Ïðèêëàä 2. Äîâåäåìî, ùî äëÿ ðiâíÿííÿ

(L̄3u)(x) + a1(x)(L̄
2u)(x) + a2(x)(L̄u)(x)+

+a3(x)u(x) = f(x), (10)

äå a1 çàäîâîëüíÿ¹ äîäàòêîâó óìîâó a1 ∈
D(L̄2), à a2, a3, f ∈ X, çàìiíà

u(x) = v(x) exp

(
1

3

t0∫
0

(T (t)a1)(x)dt

)

ïåðåòâîðþ¹ ðiâíÿííÿ (10) íà òàêå, ùî íå ìi-
ñòèòü L̄2v.

Àíàëîãi÷íèìè ìiðêóâàííÿìè îòðèìó¹ìî:

(L̄u)(x) =

(
(L̄v)(x)− 1

3
a1(x)v(x)

)
×

× exp

(
1

3

t0∫
0

(T (t)a1)(x)dt

)
;

(L̄2u)(x) =

(
(L̄2v)(x)− 2

3
a1(x)(L̄v)(x)−

−1

3
(L̄a1)(x)v(x) +

1

9
a21(x)v(x)

)
×

× exp

(
1

3

t0∫
0

(T (t)a1)(x)dt

)
;

(L̄3u)(x) =

(
(L̄3v)(x)− a1(x)(L̄

2v)(x)+

+

(
1

3
a21(x)− (L̄a1)(x)

)
(L̄v)(x) +

(
1

3
a1(x)×

×(L̄a1)(x)−
1

3
(L̄2a1)(x)−

1

27
a31(x)

)
v(x)

)
×

× exp

(
1

3

t0∫
0

(T (t)a1)(x)dt

)
.

Ïiäñòàíîâêà íàâåäåíèõ ôîðìóë ó ðiâíÿííÿ
(10) òà íàñòóïíå ñïðîùåííÿ ïðèâîäÿòü äî
ðiâíÿííÿ, ùî íå ìiñòèòü L̄2v.

Âèêëàäåíi â ðîáîòi ðåçóëüòàòè áóëè ïðåä-
ñòàâëåíi íà Âñåóêðà¨íñüêié íàóêîâié êîíôå-
ðåíöi¨ �Äèôåðåíöiàëüíi ðiâíÿííÿ òà ¨õ çàñòî-
ñóâàííÿ â ïðèêëàäíié ìàòåìàòèöi� [9].
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Äîíáàñüêèé äåðæàâíèé ïåäàãîãi÷íèé óíiâåðñèòåò, Ñëîâ'ÿíñüê

ÎÁÅÐÍÅÍI ÒÅÎÐÅÌÈ ÒÅÎÐI� ÍÀÁËÈÆÅÍÍß Ó ÂÀÃÎÂÈÕ
ÏÐÎÑÒÎÐÀÕ ÎÐËÈ×À

Îòðèìàíî àíàëîã âiäîìî¨ íåðiâíîñòi Áåðíøòåéíà äëÿ (ψ;β)-ïîõiäíî¨ âiäíîñíî ìåòðèêè âàãîâèõ
ïðîñòîðiâ Îðëè÷à. Âèêîðèñòîâóþ÷è îòðèìàíó íåðiâíiñòü, äîâåäåíî îáåðíåíi òåîðåìè òåîði¨
íàáëèæåííÿ â öèõ ïðîñòîðàõ.

We obtain an analog of known Bernstein's inequality for (ψ;β)-derivative in the metric of weighted
Orlicz spaces. With its help we prove inverse theorems of the approximation theory in these spaces.

1. Îçíà÷åííÿ i ïîñòàíîâêà çàäà÷i.
Íàâåäåìî ñïî÷àòêó äåÿêi âiäîìîñòi ç òåîði¨
îïóêëèõ ôóíêöié i âàãîâèõ ïðîñòîðiâ Îðëè-
÷à (äèâ. [1, 2]).
Îçíà÷åííÿ 1. Íåïåðåðâíà îïóêëà ôóí-

êöiÿ Φ : R 7→ [0;∞) íàçèâà¹òüñÿ ôóíêöi¹þ
Þíãà, ÿêùî Φ ¹ ïàðíîþ i çàäîâîëüíÿ¹ óìîâè

lim
x→0

Φ(x)

x
= 0, lim

x→∞

Φ(x)

x
= ∞.

Îçíà÷åííÿ 2. Êàæóòü, ùî ôóíêöiÿ
Þíãà Φ çàäîâîëüíÿ¹ óìîâó ∆2 (Φ ∈ ∆2),
ÿêùî iñíó¹ ñòàëà c > 0 òàêà, ùî

Φ(2x) ≤ c Φ(x), ∀x ∈ R.

Îçíà÷åííÿ 3. Íåâiä'¹ìíà ôóíêöiÿ M =
M(t), t ≥ 0 íàçèâà¹òüñÿ êâàçiîïóêëîþ ôóí-
êöi¹þ Þíãà, ÿêùî iñíó¹ îïóêëà ôóíêöiÿ
Þíãà Φ i òàêà ñòàëà c > 1, ùî âèêîíó¹-
òüñÿ íåðiâíiñòü

Φ(x) ≤M(x) ≤ Φ(cx), ∀x ≥ 0.

Ïîçíà÷èìî ÷åðåç QC ìíîæèíó âñiõ êâàçi-
îïóêëèõ ôóíêöié Þíãà.
Îçíà÷åííÿ 4. Íåõàé M ∈ QC. Òîäi ÷å-

ðåç L̃M,ω ïîçíà÷àþòü êëàñ 2π-ïåðiîäè÷íèõ
âèìiðíèõ çà Ëåáåãîì ôóíêöié f , ÿêi çàäî-
âîëüíÿþòü óìîâó

2π∫
0

M(|f(x)|)ω(x)dx <∞,

äå ω(x) � 2π-ïåðiîäè÷íà âèìiðíà i ìàéæå
ñêðiçü äîäàòíà ôóíêöiÿ (âàãà), à ÷åðåç LM,ω

ïîçíà÷àþòü ëiíiéíó îáîëîíêó êëàñó L̃M,ω.
Ìíîæèíà LM,ω ñòà¹ íîðìîâàíèì ïðîñòî-

ðîì, ÿêùî

∥f∥M,ω := sup

{ 2π∫
0

|f(t)g(t)|ω(t) dt :

:

2π∫
0

M̃(|g(t)|)ω(t) dt ≤ 1

}
,

äå M̃(y) := supx≥0(xy − M(x)), y ≥ 0, �
äîïîâíþâàëüíà äî M(x) ôóíêöiÿ.

Êàæóòü, ùî âàãîâà ôóíêöiÿ ω = ω(t) íà-
ëåæèòü äî êëàñó Ìàêåíõàóïà Ap, 1 < p <∞,
ÿêùî ω ¹ 2π-ïåðiîäè÷íîþ i(

1

b− a

b∫
a

ω(t) dt

)(
1

b− a

b∫
a

1

ω1/(p−1)(t)
dt

)p−1

≤

≤ c,

äå [a, b] äîâiëüíèé âiäðiçîê ç [0, 2π].
Äëÿ êâàçiîïóêëî¨ ôóíêöi¨ M âèçíà÷èìî

âåëè÷èíó

1

℘(M)
:= inf{℘ : ℘ > 0, M℘ ∈ QC},

℘′(M) :=
℘(M)

℘(M)− 1
,

ÿêà âïåðøå áóëà ââåäåíà â ðîáîòi [3]. ßêùî
ω ∈ A℘(M), òî LM,ω ⊂ L, äå L � ïðîñòið 2π-
ïåðiîäè÷íèõ ñóìîâíèõ íà ïðîìiæêó [0, 2π]
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ôóíêöié i LM,ω ñòà¹ áàíàõîâèì ïðîñòîðîì ç
íîðìîþ Îðëè÷à. Áàíàõiâ ïðîñòið LM,ω íàçè-
âà¹òüñÿ âàãîâèì ïðîñòîðîì Îðëè÷à.

×åðåç QCθ2 ïîçíà÷àþòü êëàñ ôóíêöié
M = M(t), ÿêi çàäîâîëüíÿþòü óìîâó ∆2 i
òàêèõ, ùî M θ ¹ êâàçiîïóêëîþ äëÿ äîâiëüíî-
ãî θ ∈ (0; 1).

Íàì òàêîæ çíàäîáèòüñÿ âèçíà÷åííÿ
(ψ; β)-ïîõiäíî¨ i ìíîæèí Lψβ , ÿêå íàëåæèòü
Î.I. Ñòåïàíöþ [4, c. 142 � 143].
Îçíà÷åííÿ 5. Íåõàé f ∈ L i

S[f ] =
a0(f)

2
+

+
∞∑
k=1

(ak(f) cos kx+ bk(f) sin kx) ≡

≡
∞∑
k=0

Ak(f, x) (1)

� ¨¨ ðÿä Ôóð'¹. Íåõàé, äàëi, ψ(k) � äîâiëü-
íà äiéñíîçíà÷íà ôóíêöiÿ íàòóðàëüíîãî àð-
ãóìåíòó i β ∈ R. Ïðèïóñòèìî, ùî ðÿä

∞∑
k=1

1

ψ(k)

(
ak(f) cos

(
kx+

βπ

2

)
+

+bk(f) sin

(
kx+

βπ

2

))
(2)

¹ ðÿäîì Ôóð'¹ äåÿêî¨ ôóíêöi¨ ç L. Öþ ôóí-
êöiþ ïîçíà÷àþòü ÷åðåç fψβ (·) (àáî (Dψ

β f)(·))
i íàçèâàþòü (ψ; β)-ïîõiäíîþ ôóíêöi¨ f(·),
à ìíîæèíó ôóíêöié f(·), ó ÿêèõ iñíóþòü
(ψ; β)-ïîõiäíi, ïîçíà÷àþòü ÷åðåç Lψβ .

×åðåç LψβLM,ω áóäåìî ïîçíà÷àòè ìíîæèíè
(ψ; β)-äèôåðåíöiéîâíèõ ôóíêöié f ∈ L, äëÿ
ÿêèõ fψβ ∈ LM,ω.

Íåõàé M � ìíîæèíà ïîñëiäîâíîñòåé äié-
ñíèõ ÷èñåë ψ(k) > 0, ÿêi çàäîâîëüíÿþòü
óìîâè:
1. ψ(k)− ψ(k + 1) ≥ 0, k ∈ N;
2. lim

k→∞
ψ(k) = 0;

3. ψ(k+2)−2ψ(k+1)+ψ(k) > 0, k ∈ N;
à M′ � ïiäìíîæèíà ôóíêöié ψ ∈ M, äëÿ

ÿêèõ
∞∑
k=1

ψ(k)
k

<∞.

Òîäi, ÿêùî ψ ∈ M′ i β ∈ R, òî, ÿê ïî-
êàçàíî â ìîíîãðàôi¨ [4, c. 143 � 144], çàâ-
æäè çíàéäåòüñÿ ôóíêöiÿ fψβ ∈ L0, L0 :=

{φ ∈ L : φ ⊥ 1}, ðÿä Ôóð'¹ ÿêî¨ ñïiâïà-
äà¹ ç (2). Âiäçíà÷èìî ïðè öüîìó, ùî ÿêùî
fψβ ∈ LM,ω ∩ L0, M ∈ QCθ2 i ω ∈ A℘(M), òî íà
ïiäñòàâi ñïiââiäíîøåííÿ (14) â ñåíñi çáiæíî-
ñòi çà ìåòðèêîþ ïðîñòîðiâ LM,ω âèêîíó¹òüñÿ
ðiâíiñòü

fψβ (x) =
∞∑
k=1

1

ψ(k)

(
ak(f) cos

(
kx+

βπ

2

)
+

+bk(f) sin

(
kx+

βπ

2

))
. (3)

Ç ðîçêëàäó (3) âèïëèâàþòü ôîðìóëè
çâ'ÿçêó ìiæ êîåôiöi¹íòàìè Ôóð'¹ ôóíêöié
fψβ i f :

ak(f) = ψ(k)

(
ak(f

ψ
β ) cos

βπ

2
−bk(fψβ ) sin

βπ

2

)
,

(4)

bk(f) = ψ(k)

(
ak(f

ψ
β ) sin

βπ

2
+bk(f

ψ
β ) cos

βπ

2

)
,

(5)
i

ak(f
ψ
β ) =

1

ψ(k)

(
ak(f) cos

βπ

2
+ bk(f) sin

βπ

2

)
,

(6)

bk(f
ψ
β ) =

1

ψ(k)

(
bk(f) cos

βπ

2
− ak(f) sin

βπ

2

)
.

(7)
Ó öié ðîáîòi îòðèìàíî àíàëîã âiäîìî¨

íåðiâíîñòi Áåðíøòåéíà äëÿ (ψ; β)-ïîõiäíî¨
âiäíîñíî ìåòðèêè ïðîñòîðiâ LM,ω. Âèêîðè-
ñòîâóþ÷è öþ íåðiâíiñòü, äîâåäåíî îáåðíå-
íi òåîðåìè òåîði¨ íàáëèæåííÿ íà ìíîæèíàõ
LψβLM,ω.
2. Äîïîìiæíi òâåðäæåííÿ. Ïîçíà÷è-

ìî, ÿê çâè÷àéíî,

Sn(f ; x) =
a0(f)

2
+

+
n∑
k=1

(ak(f) cos kx+bk(f) sin kx), n = 0, 1, . . . ,

(8)
� ÷àñòèííi ñóìè ðÿäó Ôóð'¹ ïîðÿäêó n ôóí-
êöi¨ f .

Ñôîðìóëþ¹ìî òâåðäæåííÿ ç êíèãè [1, c.
278], ÿêå íîñèòü äîïîìiæíèé õàðàêòåð i âè-
êîðèñòîâóâàòèìåòüñÿ ïðè äîâåäåííi îñíîâ-
íèõ ðåçóëüòàòiâ öi¹¨ ðîáîòè.
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Òåîðåìà À. ßêùî M ∈ QCθ2 i ω ∈ A℘(M),
òî äëÿ äîâiëüíî¨ ôóíêöi¨ f ∈ LM,ω i äîâiëü-
íîãî íàòóðàëüíîãî n âèêîíóþòüñÿ íåðiâíî-
ñòi

2π∫
0

M(|Sn(f ; t)|)ω(t) dt ≤

≤ C

2π∫
0

M(|f(t)|)ω(t) dt, (9)

i
2π∫
0

M(|f̃(t)|)ω(t) dt ≤ C

2π∫
0

M(|f(t)|)ω(t) dt,

(10)
äå f̃ � ôóíêöiÿ, òðèãîíîìåòðè÷íî ñïðÿæå-
íà ç f i C � äîäàòíà ñòàëà, ÿêà íå çàëå-
æèòü âiä f i n.

Ç òåîðåìè A, çîêðåìà, âèïëèâà¹, ùî îïå-
ðàòîðè Ôóð'¹ i òðèãîíîìåòðè÷íîãî ñïðÿæåí-
íÿ ¹ ðiâíîìiðíî îáìåæåíèìè âiäíîñíî n ∈ N
â ïðîñòîði LM,ω, M ∈ QCθ2, ω ∈ A℘(M), òîá-
òî äëÿ äîâiëüíî¨ ôóíêöi¨ f ∈ LM,ω, M ∈
QCθ2, ω ∈ A℘(M),

∥Sn(f)∥M,ω ≤ C∥f∥M,ω, (11)

∥f̃∥M,ω ≤ C∥f∥M,ω. (12)

Ïîçíà÷èìî ÷åðåç

En(φ)M,ω := inf
tn−1∈Tn−1

∥φ−tn−1∥M,ω, φ ∈ LM,ω,

� íàéêðàùå íàáëèæåííÿ ôóíêöi¨ φ çà äîïî-
ìîãîþ ïiäïðîñòîðó Tn−1 òðèãîíîìåòðè÷íèõ
ïîëiíîìiâ ïîðÿäêó, íå âèùå n−1. Ó ðîáîòi [5,
ëåìà 3] ïîêàçàíî, ùî äëÿ äîâiëüíî¨ ôóíêöi¨
f ∈ LM,ω i äîâiëüíîãî ε > 0 çíàéäåòüñÿ òðè-
ãîíîìåòðè÷íèé ïîëiíîì T (x), äëÿ ÿêîãî

2π∫
0

M(|f(x)− T (x)|)ω(x) dx < ε.

Öå îçíà÷à¹, ùî

∥f − T∥M,ω < ε,

çâiäêè îòðèìó¹ìî

En(f)M,ω → 0, n→ ∞. (13)

Iç ñïiââiäíîøåíü (11), (12) i (13) âèïëè-
âà¹, ùî çà óìîâ òåîðåìè A

∥f − Sn−1(f)∥M,ω → 0, n→ ∞, (14)

i

∥f − Sn−1(f)∥M,ω = O(1)En(f)M,ω = (15)

= O(1)En(f̃)M,ω,

äå O(1) � âåëè÷èíè, ðiâíîìiðíî îáìåæåíi
âiäíîñíî n.

Äàëi çíàäîáèòèñÿ íàñòóïíå òâåðäæåííÿ,
ÿêå òàêîæ íîñèòü äîïîìiæíèé õàðàêòåð, àëå
é íå ïîçáàâëåíå ñàìîñòiéíîãî iíòåðåñó. Ïî-
çíà÷èìî ÷åðåç M∗ ìíîæèíó ïîñëiäîâíîñòåé
ψ(k) > 0, ÿêi çàäîâîëüíÿþòü òiëüêè ïåðøi
äâi óìîâè ç âèçíà÷åííÿ ìíîæèíè M, òîáòî:

M∗ =
{
{ψ(k)}∞k=1 : (∀k ∈ N)(ψ(k)−ψ(k+1) > 0),

lim
k→∞

ψ(k) = 0
}
.

Ëåìà 1. Íåõàé ψ ∈ M∗, β ∈ R, M ∈ QCθ2
i ω ∈ A℘(M). Òîäi äëÿ äîâiëüíîãî òðèãîíîìå-
òðè÷íîãî ïîëiíîìà Tn ïîðÿäêó, íå âèùå n,
âèêîíó¹òüñÿ íåðiâíiñòü

∥Dψ
βTn∥M,ω ≤ K

ψ(n)
∥Tn∥M,ω, n = 0, 1, . . . ,

(16)
äå 1/ψ(0) := 0, a K � äîäàòíà ñòàëà, ÿêà
íå çàëåæèòü âiä β i n.

Ñïiââiäíîøåííÿ (16) ¹ àíàëîãîì êëàñè-
÷íî¨ íåðiâíîñòi äëÿ ìàêñèìóìó ìîäóëÿ ïîõi-
äíî¨ òðèãîíîìåòðè÷íîãî ïîëiíîìà, îòðèìà-
íî¨ Ñ.Í. Áåðíøòåéíîì â ðîáîòi [6]. Íàäàëi
öÿ íåðiâíiñòü óòî÷íþâàëàñÿ i óçàãàëüíþâà-
ëàñÿ â ðîáîòàõ áàãàòüîõ àâòîðiâ. Ç îñíîâíè-
ìè ðåçóëüòàòàìè ùîäî íåðiâíîñòi Ñ.Í. Áåðí-
øòåéíà i êîìåíòàðÿìè äî íèõ ìîæíà îçíà-
éîìèòèñÿ, íàïðèêëàä, ó êíèçi Ì.Ï. Êîðíié-
÷óêà , Â.Ô. Áàáåíêî i À.Î. Ëèãóíà [7] (äèâ.,
òàêîæ, ìîíîãðàôi¨ Î.Ï. Òiìàíà [8] , Í.I. Àõi-
¹çåðà [9]) . Âiäçíà÷èìî òàêîæ, ùî çà óìîâè
ψ(n) = n−α, β = α, α > 0, n ∈ N, ëåìà 1 äî-
âåäåíà â ðîáîòi [10]. Ó âèïàäêó ìåòðèêè ïðî-
ñòîðiâ Lp, 1 ≤ p ≤ ∞ i ω(t) ≡ 1, íåðiâíiñòü
(16) îòðèìàíî Î.I. Ñòåïàíöåì i Î.Ê. Êóøïå-
ëåì â ñòàòòi [11] .
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Äîâåäåííÿ. ßêùî

Tn(x) =
n∑
k=0

(ak cos kx+ bk sin kx)

� òðèãîíîìåòðè÷íèé ïîëiíîì ïîðÿäêó, íå
âèùå n, òî âiäïîâiäíî äî ðiâíîñòi (3)

(Dψ
βTn)(x) =

n∑
k=1

1

ψ(k)
ak cos

(
kx+

βπ

2

)
+

+bk sin

(
kx+

βπ

2

)
=

n∑
k=1

cos βπ
2

ψ(k)

(
ak cos kx+

+bk sin kx

)
−

n∑
k=1

sin βπ
2

ψ(k)

(
ak sin kx−bk cos kx

)
=

=
n∑
k=1

cos βπ
2

ψ(k)
Ak(Tn;x)−

n∑
k=1

sin βπ
2

ψ(k)
Ak(T̃n;x) =

= cos
βπ

2
(Dψ

0 Tn)(x)− sin
βπ

2
(Dψ

0 T̃n)(x). (17)

Ïîêëàäåìî

Rψ
m(φ; x) :=

m−1∑
k=0

[
1− ψ(m)

ψ(k)

]
Ak(φ;x), (18)

äå m = 1, 2, . . . , i 1/ψ(0) := 0.
Ç ðiâíîñòi (17) âèïëèâà¹, ùî ôóíêöiÿ

φ1(x) := ψ(n)(Dψ
0 Tn)(x) =

n∑
k=1

ψ(n)

ψ(k)
Ak(Tn;x),

¹ òðèãîíîìåòðè÷íèì ïîëiíîìîì ïîðÿäêó, íå
âèùå n (òîáòî Ak(φ1;x) ≡ 0, k > n). Âðà-
õîâóþ÷è öå, âèêîðèñòîâóþ÷è ïåðåòâîðåííÿ
Àáåëÿ, äëÿ äîâiëüíîãî íàòóðàëüíîãî ÷èñëà
m ≥ n îòðèìó¹ìî

Rψ
m(φ1; x) =

m−1∑
k=0

[
1− ψ(m)

ψ(k)

]
Ak(φ1;x) =

=
n∑
k=0

[
1− ψ(m)

ψ(k)

]
ψ(n)

ψ(k)
Ak(Tn;x) =

= ψ(n)
n−1∑
k=0

[
1

ψ(k)
− 1

ψ(k + 1)

]
×

×
k∑
i=0

[
1− ψ(m)

ψ(i)

]
Ai(Tn;x)+

+
n∑
i=0

[
1− ψ(m)

ψ(i)

]
Ai(Tn;x) =

= ψ(n)
n−1∑
k=0

[
1

ψ(k)
− 1

ψ(k + 1)

]
rψ,mk (Tn; x)+

+rψ,mn (Tn; x), (19)

äå

rψ,mk (Tn; x) :=
k∑
i=0

[
1− ψ(m)

ψ(i)

]
Ai(Tn;x),

k = 0, 1, . . . , n.

Çíîâó ñêîðèñòàâøèñü ïåðåòâîðåííÿì Àáåëÿ,
ìàòèìåìî

rψ,mk (Tn;x) = ψ(m)
k−1∑
i=0

[
1

ψ(i+ 1)
− 1

ψ(i)

]
×

×
i∑

j=0

Aj(Tn; x)+ψ(m)

[
1

ψ(m)
− 1

ψ(k)

] k∑
j=0

Aj(Tn;x) =

= ψ(m)
k−1∑
i=0

[
1

ψ(i+ 1)
− 1

ψ(i)

]
Si(Tn;x)

+ψ(m)

[
1

ψ(m)
− 1

ψ(k)

]
Sk(Tn;x).

Çâiäñè, âðàõîâóþ÷è ìîíîòîííiñòü ïîñëiäîâ-
íîñòi ψ(k) i ñïiââiäíîøåííÿ (11), îòðèìó¹ìî
íåðiâíiñòü

∥rψ,mk (Tn; ·)∥M,ω ≤

≤ Kψ(m)
k−1∑
i=0

[
1

ψ(i+ 1)
− 1

ψ(i)

]
∥Tn(·)∥M,ω+

+Kψ(m)

[
1

ψ(m)
− 1

ψ(k)

]
∥Tn(·)∥M,ω ≤

≤ K∥Tn(·)∥M,ω, (20)

äå K = KM � äîäàòíà âåëè÷èíà, ÿêà çàëå-
æèòü âiä ôóíêöi¨ M.

Çàñòîñîâóþ÷è òåïåð îöiíêó (20) äî ðiâíî-
ñòi (19), äëÿ äîâiëüíîãî íàòóðàëüíîãî ÷èñëà
m ≥ n çíàõîäèìî

∥Rψ
m(φ1; ·)∥M,ω ≤ K∥Tn(·)∥M,ω. (21)
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Àíàëîãi÷íî, äëÿ ôóíêöi¨

φ2(x) := ψ(n)(Dψ
0 T̃n)(x) =

n∑
k=1

ψ(n)

ψ(k)
Ak(T̃n;x),

âðàõîâóþ÷è ñïiââiäíîøåííÿ (12), äëÿ äî-
âiëüíîãî íàòóðàëüíîãî ÷èñëà m ≥ n îòðè-
ìó¹ìî, ùî

∥Rψ
m(φ2; ·)∥M,ω ≤ K∥Tn(·)∥M,ω. (22)

Ïîêëàäåìî

Qψ
m1,m2

(φ; x) :=
ψ(m1)

ψ(m1)− ψ(m2)
Rψ
m2

(φ; x)

− ψ(m2)

ψ(m1)− ψ(m2)
Rψ
m1

(φ;x), (23)

äå m1 < m2 ∈ N, à Rψ
m(φ; x) � âåëè÷èíà, ÿêà

âèçíà÷à¹òüñÿ ó ñïiââiäíîøåííi (18).
Ââàæàþ÷è, ùî ïîñëiäîâíîñòi ψ(k) ç ìíî-

æèíè M ¹ çâóæåííÿìè íà ìíîæèíó íàòó-
ðàëüíèõ ÷èñåë íåïåðåðâíèõ ôóíêöié ψ(t) íå-
ïåðåðâíîãî àðãóìåíòó t ≥ 1, âiäïîâiäíî äî
[4, c. 159] ÷åðåç η(t) = η(ψ; t) ïîçíà÷èìî ôóí-
êöiþ, ÿêà ïîâ'ÿçàíà ç ψ ðiâíiñòþ

ψ(η(t)) =
1

2
ψ(t), t ≥ 1.

Çâiäñè, âíàñëiäîê ñòðîãî¨ ìîíîòîííîñòi òà
ñïàäàííÿ äî íóëÿ ψ, ôóíêöiÿ η(t) äëÿ âñiõ
t ≥ 1 âèçíà÷à¹òüñÿ îäíîçíà÷íî

η(t) = η(ψ; t) = ψ−1

(
1

2
ψ(t)

)
, (24)

äå ψ−1 � ôóíêöiÿ, îáåðíåíà äî ψ.
Íåõàé òåïåð m1 = n i m2 = [η(n)], ãäå [a]

� öiëà ÷àñòèíà ÷èñëà a. Òîäi âèêîíóþòüñÿ
ñïiââiäíîøåííÿ

ψ(m1)

ψ(m1)− ψ(m2)
= O(1),

ψ(m2)

ψ(m1)− ψ(m2)
= O(1). (25)

Íà ïiäñòàâi ñïiââiäíîøåíü (21) � (25), çíà-
õîäèìî, ùî

∥Qψ
n,[η(n)](φi; ·)∥M,ω ≤ K∥Tn(·)∥M,ω, (26)

n = 1, 2, . . . , i = 1, 2.

Îñêiëüêè ñïðàâåäëèâà ðiâíiñòü

Qψ
m1,m2

(φ; x) =
ψ(m1)ψ(m2)

ψ(m1)− ψ(m2)
×

×
m2−1∑
k=0

(
1

ψ(m2)
− 1

ψ(k)

)
Ak(φ; x)−

− ψ(m1)ψ(m2)

ψ(m1)− ψ(m2)

m1−1∑
k=0

(
1

ψ(m1)
− 1

ψ(k)

)
Ak(φ;x),

ÿêà çà äîïîìîãîþ ïåðåòâîðåííÿ Àáåëÿ ïðè-
éìà¹ âèãëÿä

Qψ
m1,m2

(φ; x) =
ψ(m1)ψ(m2)

ψ(m1)− ψ(m2)
×

×
m2−1∑
k=m1

(
1

ψ(k + 1)
− 1

ψ(k)

)
Sk(φ;x),

òî äëÿ äîâiëüíîãî òðèãîíîìåòðè÷íîãî ïîëi-
íîìà Tm, ïîðÿäîê ÿêîãî íåïåðåâèùó¹ m1,
ìàòèìåìî

Qψ
m1,m2

(Tm; x) = Tm(x). (27)

Áåðó÷è òåïåð äî óâàãè òå, ùî

Qψ
m1,m2

(cφ;x) = cQψ
m1,m2

(φ; x), c = const,

âðàõîâóþ÷è ñïiââiäíîøåííÿ (17), (26) i (27),
çíàõîäèìî, ùî

∥(Dψ
βTn)(·)∥M,ω ≤ ∥(Dψ

0 Tn)(·)∥M,ω+

+∥(Dψ
0 T̃n)(·)∥M,ω =

∥∥∥∥ 1

ψ(n)
Qψ
n,[η(n)](φ1; ·)

∥∥∥∥
M,ω

+

+

∥∥∥∥ 1

ψ(n)
Qψ
n,[η(n)](φ2; ·)

∥∥∥∥
M,ω

≤ K

ψ(n)
∥Tn(·)∥M,ω,

(28)
n = 0, 1, . . . , ùî é ïîòðiáíî áóëî äîâåñòè. Òå-
îðåìà äîâåäåíà.

Çàóâàæèìî, ùî íåðiâíiñòü (16) ¹ íåïîêðà-
ùóâàíîþ çà ïîðÿäêîì, îñêiëüêè äëÿ òðèãî-
íîìåòðè÷íîãî ïîëiíîìà t∗n(x) = cosnx áóäå-
ìî ìàòè

(Dψ
0 t

∗
n)(x) =

1

ψ(n)
cosnx

i

∥Dψ
0 t

∗
n)∥M,ω = ∥ 1

ψ(n)
cosnx∥M,ω =

1

ψ(n)
∥t∗n∥M,ω.
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Äîáðå âiäîìî (äèâ., íàïðèêëàä [4, c.
133]), ùî ó âèïàäêó, êîëè ψr(k) = k−r,

r > 0, ìíîæèíè Lψβ çáiãàþòüñÿ ç ìíî-
æèíàìè W r

β ôóíêöié, äèôåðåíöiéîâíèõ â
ðîçóìiííi Âåéëÿ-Íàäÿ. Ïîçíà÷èâøè ÷åðåç
Dr
β(Tn) (r; β)-ïîõiäíó Âåéëÿ-Íàäÿ òðèãîíî-

ìåòðè÷íîãî ïîëiíîìà Tn i âðàõîâóþ÷è î÷å-
âèäíó íàëåæíiñòü ψr(k) ∈ M∗, r > 0, ëåìó 1
ìîæíà çàïèñàòè â íàñòóïíîìó âèãëÿäi.
Ëåììà 1′. Íåõàé M ∈ QCθ2, ω ∈ A℘(M) i

β ∈ R. Òîäi äëÿ äîâiëüíîãî òðèãîíîìåòðè-
÷íîãî ïîëiíîìà Tn ïîðÿäêó, íå âèùå n, âè-
êîíó¹òüñÿ íåðiâíiñòü

∥Dr
β(Tn)∥M,ω ≤ K

nr
∥Tn∥M,ω, n = 0, 1, . . . ,

äå 1/0 := 0, a K � äîäàòíà ñòàëà, ÿêà íå
çàëåæèòü âiä β i n.
3. Îñíîâíi ðåçóëüòàòè. Âèêîðèñòîâóþ-

÷è ëåìó 1 ìîæíà äîâåñòè òàê çâàíi îáåðíåíi
òåîðåìè òåîði¨ íàáëèæåííÿ íà ìíîæèíàõ Lψβ ,
LM,ω. Äëÿ ôîðìóëþâàííÿ ðåçóëüòàòiâ áóäå-
ìî âèêîðèñòîâóâàòè âèçíà÷åííÿ ìíîæèíM0

i F, ÿêi íàëåæàòü Î.I. Ñòåïàíöþ ( [4, c. 160,
c. 165]):

M0 = {ψ ∈ M : 0 <
t

η(ψ; t)− t
≤ K, t ≥ 1},

F = {ψ ∈ M : η′(ψ; t) ≤ K},
äå η(ψ; t) ¹ ôóíêöiÿ, âèçíà÷åíà ó ñïiââiäíî-
øåííi (24).
Òåîðåìà 1. Íåõàé M ∈ QCθ2, ω ∈ A℘(M) i

β ∈ R. Òîäi äëÿ äîâiëüíî¨ ôóíêöi¨ f ∈ LM,ω

ìàòèìåìî:
1. ßêùî ψ ∈ M i ðÿä

∞∑
k=1

Ek(f)M,ω|ψ(k)|−1

çáiãà¹òüñÿ, òî iñíó¹ ïîõiäíà fψβ , òàêà ùî

En(f
ψ
β )M,ω≤ C1

∞∑
k=n

Ek(f)M,ω|ψ(k)|−1. (29)

2. ßêùî ψ ∈ M0 i ðÿä

∞∑
k=1

Ek(f)M,ω|kψ(k)|−1

çáiãà¹òüñÿ, òî iñíó¹ ïîõiäíà fψβ , òàêà ùî

En(f
ψ
β )M,ω ≤ C2

(
En(f)M,ω

ψ(n)
+

+
∞∑

k=n+1

Ek(f)M,ω|kψ(k)|−1

)
. (30)

3. ßêùî ψ ∈ F, η(ψ; t)− t ≥ K > 0 i ðÿä

∞∑
k=1

Ek(f)M,ω|ψ(k)(η(k)− k)|−1

çáiãà¹òüñÿ, òî iñíó¹ ïîõiäíà fψβ , òàêà ùî

En(f
ψ
β )M,ω ≤ C3

(
En(f)M,ω

ψ(n)
+

+
∞∑

k=n+1

Ek(f)M,ω|ψ(k)(η(k)− k)|−1

)
, (31)

äå n ∈ N, Ci, i = 1, 2, 3, âåëè÷èíè, ðiâíîìið-
íî îáìåæåíi âiäíîñíî f, β i n.

ßêùî ψ(n) = n−α, β = α, α > 0, n ∈ N,
òî òîäi òâåðäæåííÿ òåîðåìè 1 ñïiâïàäà¹ ç
òåîðåìîþ 2.13 ç ðîáîòè [10]. Î.I. Æóêiíà [12]
i Î.I. Ñòåïàíåöü [13] îòðèìàëè àíàëîãi÷íèé
ðåçóëüòàò äëÿ ìîíîòîííèõ ïîñëiäîâíîñòåé ψ
âiäíîñíî ìåòðèê ïðîñòîðiâ Lp, 1 < p < ∞.
Ðåçóëüòàò äëÿ ψ(n) = nα, α ∈ R, n ∈ N i
1 < p < ∞ áóëî âñòàíîâëåíî â ðîáîòi [14].
Äëÿ ψ(n) = n−r, β = r, r ∈ N i 1 < p < ∞
òåîðåìà 1 áóëà äîâåäåíà Î.Ï. Òiìàíîì [8].

Äîâåäåííÿ. Äëÿ äîâåäåííÿ òåîðåìè áó-
äåìî âèêîðèñòîâóâàòè ñõåìó, çàïðîïîíîâà-
íó â êíèçi [15, c. 120 � 126]. Ïåðåêîíà¹ìî-
ñÿ ñïî÷àòêó ó ñïðàâåäëèâîñòi òâåðäæåííÿ
ïóíêòó 1 òåîðåìè. Íåõàé {tn(·)}∞n=1 � ïîñëi-
äîâíiñòü òðèãîíîìåòðè÷íèõ ïîëiíîìiâ, ÿêi
çäiéñíþþòü íàéêðàùå íàáëèæåííÿ ôóíêöi¨
f ∈ LM,ω. Òîäi ðÿä

tn(x) +
∞∑

k=n+1

(tk(x)− tk−1(x)) (32)

çáiãà¹òüñÿ äî f(x) çà íîðìîþ ïðîñòîðó LM,ω,
i éîãî ÷àñòèííi ñóìè Tm ïðè m > n ñïiâïà-
äàþòü ç ïîëiíîìàìè tm(x).
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Äîâåäåìî, ùî ðÿä

(Dψ
β tn)(x) +

∞∑
k=n+1

(Dψ
β (tk − tk−1))(x) (33)

çáiãà¹òüñÿ äî ñóìè T (x), ùî ìà¹ ðÿä Ôóð'¹
âèãëÿäó

∞∑
k=1

1

ψ(k)

(
ak(f) cos

(
kx+

βπ

2

)
+

+bk(f) sin

(
kx+

βπ

2

))
. (34)

Òèì ñàìèì, iñíóâàííÿ ïîõiäíî¨ fψβ (·) áó-
äå âñòàíîâëåíî. Îñêiëüêè ðiçíèöÿ uk(x) =
tk(x)− tk−1(x) ¹ ïîëiíîìîì ïîðÿäêó k, òî çà-
ñòîñîâóþ÷è ëåìó 1 îòðèìó¹ìî

∥(Dψ
βuk)(·)∥M,ω ≤ C

|ψ(k)|
∥uk(·)∥M,ω ≤ C

|ψ(k)|
×

×
(
∥tk(·)− f(·)∥M,ω + ∥f(·)− tk−1(·)∥M,ω

)
≤

≤ 2CEk(f)M,ω|ψ(k)|−1, (35)

äå C � äîäàòíà êîíñòàíòà, ÿêà íå çàëåæèòü
âiä f, β i n. Çâiäñè âèïëèâà¹, ùî

∞∑
k=n+1

∥(Dψ
βuk)(·)∥M,ω ≤

≤ C
∞∑

k=n+1

Ek(f)M,ω|ψ(k)|−1, (36)

ïðè÷îìó çà óìîâîþ ïóíêòó 1 òåîðåìè ðÿä ó
ïðàâié ÷àñòèíi íåðiâíîñòi (36) çáiãà¹òüñÿ. Öå
îçíà÷à¹, ùî ðÿä (33) òàêîæ çáiãà¹òüñÿ â ïðî-
ñòîði LM,ω äî äåÿêî¨ ôóíêöi¨ T (x) ∈ LM,ω.

Íåõàé a
(n)
k = ak(tn) i b

(n)
k = bk(tn), k =

0, 1, 2, . . . , � êîåôiöi¹íòè Ôóð'¹ ïîëiíîìiâ
tn(·). Òîäi ó âiäïîâiäíîñòi ç ðiâíîñòÿìè (4) i
(5) êîåôiöi¹íòè α(n)

k i β(n)
k ïîëiíîìiâ (Dψ

β tk)(·)
ìàþòü âèãëÿä

α
(n)
k =

1

ψ(k)

(
a
(n)
k cos

βπ

2
+ b

(n)
k sin

βπ

2

)
(37)

β
(n)
k =

1

ψ(k)

(
b
(n)
k cos

βπ

2
− a

(n)
k sin

βπ

2

)
. (38)

Îñêiëüêè ðiâíiñòü

T (x) = lim
n→∞

(Dψ
β tn)(x)

âèêîíó¹òüñÿ âiäíîñíî ìåòðèêè ïðîñòîðiâ
LM,ω, òî

ak(T ) = lim
n→∞

α
(n)
k , bk(T ) = lim

n→∞
β
(n)
k ,

k = 0, 1, . . . .

Áåðó÷è äî óâàãè òå, ùî

lim
n→∞

a
(n)
k = ak(f), lim

n→∞
b
(n)
k = bk(f),

k = 0, 1, . . . ,

ç ðiâíîñòåé (37) � (38) îòðèìó¹ìî

ak(T ) =
1

ψ(k)

(
ak(f) cos

βπ

2
+ bk(f) sin

βπ

2

)

bk(T ) =
1

ψ(k)

(
bk(f) cos

βπ

2
− ak(f) sin

βπ

2

)
.

Çâiäñè âèïëèâà¹, ùî ðÿä Ôóð'¹ ôóíêöi¨ T (x)
ñïiâïàäà¹ ç ðÿäîì (34). Öå îçíà÷à¹, ùî ôóí-
êöiÿ f(x) ìà¹ (ψ; β)-ïîõiäíó fψβ (x), ÿêà íàëå-
æèòü ïðîñòîðó LM,ω, i ïðè êîæíîìó n ∈ N
âèêîíó¹òüñÿ ðiâíiñòü

fψβ (x) = (Dψ
β tn)(x) +

∞∑
k=n+1

(Dψ
β [tk − tk−1])(x),

(39)
âiäíîñíî ìåòðèêè ïðîñòîðó LM,ω.

Äëÿ çàâåðøåííÿ äîâåäåííÿ ïóíêòó
1 òåîðåìè çàëèøèëîñÿ çàóâàæèòè, ùî
íåðiâíiñòü(29) âèïëèâà¹ çi ñïiââiäíîøåííÿ
(39), ç óðàõóâàííÿì îöiíêè (36).

Äëÿ äîâåäåííÿ ïóíêòiâ 2 i 3 òåîðåìè áó-
äåìî âèêîðèñòîâóâàòè òó æ ñàìó ñõåìó. Íå-
õàé {tn(·)}∞n=1 � ïîñëiäîâíiñòü òðèãîíîìå-
òðè÷íèõ ïîëiíîìiâ, ÿêi çäiéñíþþòü íàéêðà-
ùå íàáëèæåííÿ ôóíêöi¨ f â ïðîñòîði LM,ω.
Ïîêëàäåìî äëÿ êîæíîãî íàòóðàëüíîãî n

n0 = n, n1 = [η(n)]+1, . . . , nk = [η(nk−1)]+1, . . . .

Òîäi ðÿä

tn0(x) +
∞∑
k=1

(tnk(x)− tnk−1
(x))
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áóäå çáiãàòèñÿ äî ôóíêöi¨ f â ïðîñòîði LM,ω.
Ðîçãëÿíåìî ðÿä

(Dψ
β tn0)(x) +

∞∑
k=1

(Dψ
β [tnk − tnk−1

])(x) (40)

i ïåðåêîíà¹ìîñÿ, ùî âií áóäå çáiãàòèñÿ â ïðî-
ñòîði LM,ω äî ñóìè T (x), ðÿä Ôóð'¹ ÿêî¨ ìà¹
âèãëÿä (34). Çàñòîñîâóþ÷è íåðiâíiñòü (16) äî
ðiçíèöi uk(x) = tnk(x)− tnk−1

(x), îäåðæó¹ìî

∥(Dψ
βuk)(·)∥M,ω ≤ CEnk−1+1(f)M,ω|ψ(nk)|−1,

âíàñëiäîê ÷îãî
∞∑
k=1

∥(Dψ
βuk)(·)∥M,ω ≤ C

(
En+1(f)M,ω(ψ(n))

−1+

+
∞∑
k=1

Enk+1(f)M,ω|ψ(nk)|−1

)
. (41)

Âèêîðèñòîâóþ÷è îöiíêó (äèâ. [15, c. 124
� 125])

Enk+1(f)

ψ(nk)
≤

nk−1∑
ν=nk−1

Eν+1(f)

νψ(ν)
, ψ ∈ M0,

çi ñïiââiäíîøåííÿ (41) îòðèìó¹ìî
∞∑
k=1

∥(Dψ
βuk)(·)∥M,ω ≤ C

(
En+1(f)M,ω(ψ(n))

−1+

+
∞∑

k=n+1

Ek(f)M,ω|kψ(k)|−1

)
. (42)

Âiäïîâiäíî äî óìîâ ïóíêòó 2 òåîðåìè, ðÿä
ç ïðàâî¨ ÷àñòèíè íåðiâíîñòi(42) çáiãà¹òüñÿ.
Çâiäñè âèïëèâà¹, ùî i ðÿä (40) áóäå çáiãàòèñÿ
â ïðîñòîði LM,ω äî äåÿêî¨ ôóíêöi¨ f ∈ LM,ω

i äëÿ çàêií÷åííÿ äîâåäåííÿ ïóíêòó 2 òåîðå-
ìè, çàëèøèëîñÿ ïîêàçàòè, ùî S[T ] = S[fψβ ].
Äëÿ öüîãî ïîâòîðèìî ìiðêóâàííÿ, ÿêi áóëè
âèêîðèñòàíi äëÿ îòðèìàííÿ ðiâíîñòi (39), i
îòðèìà¹ìî íåðiâíiñòü (30) øëÿõîì çàñòîñó-
âàííÿ àíàëîãó ðiâíîñòi (39) i ñïiââiäíîøåííÿ
(42).

Äîâåäåííÿ ïóíêòó 3 òåîðåìè ïðîâîäèòüñÿ
àíàëîãi÷íî, ç óðàõóâàííÿì íàñòóïíîãî àíà-
ëîãó íåðiâíîñòi (42), îòðèìàíîãî â ìîíîãðà-
ôi¨ [15, c. 125 � 126]
∞∑
k=1

∥(Dψ
βuk)(·)∥M,ω ≤ C

(
En+1(f)M,ω(ψ(n))

−1+

+
∞∑

k=n+1

Ek(f)M,ω|ψ(k)(η(k)− k)|−1

)
.

Òåîðåìó äîâåäåíî.
Íåõàé f ∈ LM,ω, M ∈ QCθ2, ω ∈ A℘(M) i

fh(x) :=
1

h

x+h
2∫

x−h
2

f(t) dt, 0 < h < 1, x ∈ [0; 2π],

îïåðàòîð Ñò¹êëîâà ôóíêöi¨ f . Â ðîáîòi [1]
áóëî îòðèìàíî íàñòóïíå òâåðäæåííÿ.
Òåîðåìà Â. ßêùî M ∈ QCθ2 i ω ∈ A℘(M),

òî äëÿ äîâiëüíî¨ ôóíêöi¨ f ∈ LM,ω âèêîíó¹-
òüñÿ íåðiâíiñòü

2π∫
0

M(|fh(t)|)ω(t) dt ≤ C

2π∫
0

M(|f(t)|)ω(t) dt,

(43)
äå C � äîäàòíà ñòàëà, ÿêà íå çàëåæèòü
âiä f .

Âðàõîâóþ÷è òåîðåìó B, â ðîáîòi [10] áó-
ëè ââåäåíi äî ðîçãëÿäó ìîäóëi íåïåðåðâíîñòi
äðîáîâîãî ïîðÿäêó

Ωα(f ; δ)M,ω := sup
hi,h<δ

∥∥∥∥ [α]∏
i=1

(f − fhi)σ
β
h(f)

∥∥∥∥
M,ω

,

β = α− [α],

σβh(f) =
∞∑
k=0

(−1)k
(
β

k

)
1

hk

h/2∫
−h/2

. . .

h/2∫
−h/2

f(x+
k∑
j=1

uk)
k∏
j=1

duk,

(
β

k

)
:=

β(β − 1) . . . (β − k + 1)

k!
, k > 1;(

β

1

)
:= β;

(
β

0

)
:= 1, 0 < β < 1,

i äëÿ öèõ âåëè÷èí áóëî äîâåäåíî íàñòóïíå
òâåðäæåííÿ.
Òåîðåìà Ñ. ÍåõàéM ∈ QCθ2 i ω ∈ A℘(M).

Òîäi ÿêùî α > 0 i f ∈ LM,ω, òî äëÿ n =
0, 1, . . . , âèêîíó¹òüñÿ íåðiâíiñòü

Ωα

(
f ;

π

n+ 1

)
M,ω

≤

≤ K

(n+ 1)α

n∑
k=0

(k + 1)α−1Ek(f)M,ω, (44)
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äå K � äîäàòíà âåëè÷èíà, ÿêà íå çàëåæèòü
âiä f i n.

Âèêîðèñòîâóþ÷è òåîðåìè 1 i C, îòðèìó¹-
ìî.
Òåîðåìà 2. Â óìîâàõ òåîðåìè 1 äëÿ äî-

âiëüíîãî α > 0 ìàþòü ìiñöå òàêi òâåðäæå-
ííÿ.
1. ßêùî ψ ∈ M i ðÿä

∞∑
k=1

Ek(f)M,ω|ψ(k)|−1

çáiãà¹òüñÿ, òî iñíó¹ ïîõiäíà fψβ äëÿ ÿêî¨

Ωα

(
fψβ ;

π

n+ 1

)
M,ω

≤

≤ C1

(
1

(n+ 1)α

n∑
k=1

(k + 1)α

ψ(k)
Ek(f)M,ω+

+
∞∑

k=n+1

Ek(f)M,ω

ψ(k)

)
, n ∈ N. (45)

2. ßêùî ψ ∈ M0 i ðÿä

∞∑
k=1

Ek(f)M,ω|kψ(k)|−1

çáiãà¹òüñÿ, òî iñíó¹ ïîõiäíà fψβ äëÿ ÿêî¨

Ωα

(
fψβ ;

π

n+ 1

)
M,ω

≤

≤ C2

(
1

(n+ 1)α

n∑
k=1

(k + 1)α−1

ψ(k)
Ek(f)M,ω+

+
∞∑

k=n+1

Ek(f)M,ω

kψ(k)

)
, n ∈ N. (46)

3. ßêùî ψ ∈ F, η(ψ; t)− t ≥ K > 0 i ðÿä

∞∑
k=1

Ek(f)M,ω|ψ(k)(η(k)− k)|−1

çáiãà¹òüñÿ, òî iñíó¹ ïîõiäíà fψβ äëÿ ÿêî¨

Ωα

(
fψβ ;

π

n+ 1

)
M,ω

≤ C3

(
1

(n+ 1)α
×

×
n∑
k=1

(k + 1)α

ψ(k)(η(k)− k)
Ek(f)M,ω+

+
∞∑

k=n+1

Ek(f)M,ω

ψ(k)(η(k)− k)

)
, n ∈ N, (47)

äå Ci, i = 1, 2, 3, � âåëè÷èíè, ÿêi íå çàëå-
æàòü âiä f, β i n.

Äîâåäåííÿ. Çàñòîñîâóþ÷è òåîðåìó C äî
ôóíêöi¨ fψβ , iñíóâàííÿ ÿêî¨ ãàðàíòîâàíî òå-
îðåìîþ 1, i îöiíþþ÷è âåëè÷èíè íàéêðàùèõ
íàáëèæåíü (ψ; β)-ïîõiäíî¨ Ek(f

ψ
β )M,ω çà äî-

ïîìîãîþ ñïiââiäíîøåííÿ(29), îòðèìó¹ìî

Ωα

(
fψβ ;

π

n+ 1

)
M,ω

≤

≤ C

(n+ 1)α

n∑
k=0

(k+1)α−1

∞∑
j=k

Ej(f)M,ω|ψ(j)|−1.

Áåðó÷è äî óâàãè òîòîæíiñòü

n∑
k=0

ak

∞∑
j=k

bk =
n∑
k=0

bk

k∑
j=0

aj +
∞∑

k=n+1

bk

n∑
j=0

aj,

i íåðiâíiñòü

1

(k + 1)α

k∑
j=0

(j+1)α−1 =
1

k + 1

k∑
j=0

(
j + 1

k + 1

)α−1

≤

≤ 1, k = 0, 1, . . . , n,

îòðèìó¹ìî îöiíêó (45). Ïóíêòè 2 i 3 òåîðåìè
äîâîäÿòüñÿ àíàëîãi÷íî.

Âðàõîâóþ÷è íàëåæíiñòü ψr(k) ∈ M0, ç òå-
îðåì 1 i 2 îòðèìó¹ìî íàñëiäêè.
Íàñëiäîê 1. Íåõàé M ∈ QCθ2, ω ∈ A℘(M)

i β ∈ R. Òîäi äëÿ äîâiëüíî¨ ôóíêöi¨ f ∈ LM,ω

i r > 0 çà óìîâè, ùî ðÿä

∞∑
k=1

Ek(f)M,ωk
r−1

çáiãà¹òüñÿ, iñíó¹ òàêà ïîõiäíà f rβ , ùî

En(f
ψ
β )M,ω ≤ C

(
En(f)M,ωn

r+

+
∞∑

k=n+1

Ek(f)M,ωk
r−1

)
, n ∈ N.
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Íàñëiäîê 2. Â óìîâàõ íàñëiäêó 1 äëÿ äî-
âiëüíîãî α > 0 iñíó¹ ïîõiäíà f rβ äëÿ ÿêî¨

Ωα

(
fψβ ;

π

n+ 1

)
M,ω

≤

≤ C

(
1

(n+ 1)α

n∑
k=1

(k + 1)r+α−1Ek(f)M,ω+

+
∞∑

k=n+1

Ek(f)M,ωk
r−1

)
, n ∈ N.

Çàçíà÷èìî, ùî ó âèïàäêó β = r òâåðäæå-
ííÿ íàñëiäêiâ 1 i 2 ñïiâïàäàþòü, âiäïîâiäíî, ç
òâåðäæåííÿìè òåîðåì 2.13 i 2.14 ðîáîòè [10].

ÑÏÈÑÎÊ ËIÒÅÐÀÒÓÐÈ

1. Genebashvili I., Gogatishvili A., Kokilashvili
V.Krbec M. Weight Theory for Integral Transforms on
Spaces of Homogeneous Type. � Longman, Harlow,
UK: vol. 92 of Pitman Monographs and Surveys in Pure
and Applied Mathematics. � 1998.
2. Êðàñíîñåëüñêèé Ì.À., Ðóòèöêèé ß.Á. Âûïó-

êëûå ôóíêöèè è ïðîñòðàíñòâà Îðëè÷à. � Ì.: Ãîñ.
èçä. ôèç.-ìàò. ëèò., 1958. � 271 ñ.
3. Gogatishvili A., Kokilashvili V. Criteria of wei-

ghted inequalities in Orlicz classes for maximal functi-
ons de�ned on homogeneous type spaces // Georgian
Mathematical Journal. � 1994.� 1, � 6. � P. 641�
673.
4. Ñòåïàíåö À.È. Ìåòîäû òåîðèè ïðèáëèæåíèé.

� Êèåâ: Èí-ò ìàòåìàòèêè ÍÀÍ Óêðàèíû, 2002. �
×. I. � 427 ñ.
5. Khabazi M. The mean convergence of tri-

gonometric Fourier series in weighted Orlicz classes //
Proceedings of A. Razmadze Mathematical Institute.
� 2002. � 129. � P. 65 -� 75.
6. Áåðíøòåéí Ñ.Í. Î íàèëó÷øåì ïðèáëèæåíèè

íåïðåðûâíûõ ôóíêöèé ïîñðåäñòâîì ìíîãî÷ëåíîâ
äàííîé ñòåïåíè (1912). � Ñîáðàíèå ñî÷èíåíèé, Èçä.
ÀÍ ÑÑÑÐ. � ò. I. (1952) � C. 11 � 104.
7. Êîðíåé÷óê Í.Ï., Áàáåíêî Â.Ô., Ëèãóí À.À.

Ýêñòðåìàëüíûå ñâîéñòâà ïîëèíîìîâ è ñïëàéíîâ. �
Êèåâ: Íàóêîâà äóìêà, 1992. � 304 ñ.
8. Òèìàí À.Ô. Òåîðèÿ ïðèáëèæåíèÿ ôóíêöèé

äåéñòâèòåëüíîãî ïåðåìåííîãî. � Ì.: Ôèçìàòãèç,
1960. � 624 ñ.
9. Àõèåçåð Í.È. Ëåêöèè ïî òåîðèè àïïðîêñèìà-

öèè. � Ì.: Íàóêà 1965. � 407 ñ.
10. Akg�un R. Approximating polynomials for

functions of Weighted Smirnov-Orlicz spaces // Jorn.
of funct. spacas and applic. � 2012. � P. 1 � 41.

11. Ñòåïàíåö À.È., Êóøïåëü À.Ê. Ñêîðîñòü ñõî-
äèìîñòè ðÿäîâ Ôóðüå è íàèëó÷øèå ïðèáëèæåíèÿ â
ïðîñòðàíñòâå Lp // Óêð. ìàò. æóðí. � 1987. � 39,
� 4. � Ñ. 483 � 492.
12. Æóêèíà Å.È. Òåîðåìû âëîæåíèÿ // Ïðè-

áëèæåíèå ïåðèîäè÷åñêèõ ôóíêöèé â ìåòðèêå ïðî-
ñòðàíñâà Lp. � Êèåâ, 1987. � Ñ. 3 � 32. � (Ïðåïðèíò
/ ÀÍ ÓÑÑÐ, Èí-ò ìàòåìàòèêè; 87.47)
13. Ñòåïàíåö À.È. Îáðàòíûå òåîðåìû ïðèáëèæå-

íèÿ ïåðèîäè÷åñêèõ ôóíêöèé // Óêð. ìàò. æóðí. �
1995. � 47, � 9. � Ñ. 1266 � 1273.
14. Êîíþøêîâ À.À. Íàèëó÷øèå ïðèáëèæåíèÿ

òðèãîíîìåòðè÷åñêèìè ïîëèíîìàìè è êîýôôèöèåí-
òû Ôóðüå // Ìàò. ñáîðíèê. � 1958. � 44 (86), � 1.
� Ñ. 53 � 84.
15. Ñòåïàíåö À.È. Ìåòîäû òåîðèè ïðèáëèæåíèé:

Â 2 ò. � Ê.: Èí-ò ìàòåìàòèêè ÍÀÍ Óêðàèíû, 2002.
� ×. 2. � 468 c.

Áóêîâèíñüêèé ìàòåìàòè÷íèé æóðíàë. 2013. � Ò. 1, � 3-4. 157



ÓÄÊ 517.9

c⃝2013 ð. Ñ.Ì.×óéêî, Î.Â.×óéêî

Ñëîâ'ÿíñüêèé äåðæàâíèé ïåäàãîãi÷íèé óíiâåðñèòåò, Ñëîâ'ÿíñüê

ÐÅÃÓËßÐÈÇÀÖIß ÏÅÐIÎÄÈ×ÍÎ� ÊÐÀÉÎÂÎ� ÇÀÄÀ×I
ÇÀ ÄÎÏÎÌÎÃÎÞ IÌÏÓËÜÑÍÎÃÎ ÂÏËÈÂÓ

Çíàéäåíî óìîâè ðåãóëÿðèçàöi¨ ëiíiéíî¨ ïåðiîäè÷íî¨ êðàéîâî¨ çàäà÷i äëÿ ñèñòåìè çâè÷àéíèõ
äèôåðåíöiàëüíèõ ðiâíÿíü çà äîïîìîãîþ iìïóëüñíîãî âïëèâó. Ïîáóäîâàíî óçàãàëüíåíèé îïå-
ðàòîð Ãðiíà òà çíàéäåíî âèãëÿä iìïóëüñíîãî çáóðåííÿ ðåãóëÿðèçîâàíî¨ ëiíiéíî¨ ïåðiîäè÷íî¨
êðàéîâî¨ çàäà÷i.

Using an impulse in�uence, we �nd conditions for the regularization of a linear periodic boundary
value problem for a system of ordinary di�erential equation. We construct generalized Green's
operator and �nd a form for impulse perturbation of a linear periodic boundary value problem.

1. Ïîñòàíîâêà çàäà÷i. Ðîçãëÿíåìî
çàäà÷ó ïðî çíàõîäæåííÿ T -ïåðiîäè÷íèõ
ðîçâ'ÿçêiâ

z(t) ∈ C1[0, T ]

ñèñòåìè çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâ-
íÿíü

dz(t)/dt = A(t)z(t) + f(t), (1)

ÿêà íåêîðåêòíî ïîñòàâëåíà [2,3]. Öå îçíà÷à¹,
ùî ∫ T

0

H∗(s)f(s)ds ̸= 0

äëÿ äîâiëüíî¨ íåïåðåðâíî¨ ôóíêöi¨ f(t); òóò
A(t) � íåïåðåðâíà íà âiäðiçêó [0, T ] ìàòðè-
öÿ, H∗(t)) � ôóíäàìåíòàëüíà ìàòðèöÿ ñè-
ñòåìè, ñïðÿæåíî¨ äî îäíîðiäíî¨ ÷àñòèíè ñè-
ñòåìè (1).

Íàìè äîñëiäæåíî óìîâè ðåãóëÿðèçàöi¨ [1,
2, 4] êðàéîâî¨ çàäà÷i äëÿ ñèñòåìè (1) ç ïåði-
îäè÷íîþ ãðàíè÷íîþ óìîâîþ

ℓz(·) := z(0)− z(T ) = 0 (2)

òà iìïóëüñíèì âïëèâîì [1,3, 5�7]

∆z(τ) = Sz(τ − 0) + µ, (3)

∆z(τ) := z(τ + 0)− z(τ − 0).

Íà âiäìiíó âiä òîãî, ÿê öå çðîáëåíî â ìî-
íîãðàôi¨ [1] òà ñòàòòi [3], ïîñòàâèìî çàäà÷ó
íå ïðî óìîâè ðîçâ'ÿçíîñòi ëiíiéíî¨ ïåðiîäè-
÷íî¨ êðàéîâî¨ çàäà÷i äëÿ ñèñòåìè (1) ç ôiêñî-
âàíèì iìïóëüñíèì âïëèâîì (3), à äîñëiäè-
ìî çàäà÷ó ïðî çíàõîäæåííÿ T -ïåðiîäè÷íèõ

ðîçâ'ÿçêiâ

z(t) ∈ C1

{
[0, T ] \ {τ}

I

}
à òàêîæ ìàòðèöi S ∈ Rn×n, ÿêà á äëÿ ôiêñî-
âàíîãî âåêòîðà µ := 0 ãàðàíòóâàëà ðîçâ'ÿ-
çíiñòü öi¹¨ çàäà÷i äëÿ äîâiëüíî¨ íåïåðåðâ-
íî¨ ôóíêöi¨ f(t). Ïîñòàâëåíà çàäà÷à ïðîäîâ-
æó¹ äîñëiäæåííÿ óìîâ ðåãóëÿðèçàöi¨ ëiíié-
íî¨ êðàéîâî¨ çàäà÷i äëÿ ñèñòåìè çâè÷àéíèõ
äèôåðåíöiàëüíèõ ðiâíÿíü çà äîïîìîãîþ iì-
ïóëüñíîãî âïëèâó, íàâåäåíèõ ó ìîíîãðàôi¨
[1, c. 248] òà ñòàòòi [3] íà âèïàäîê µ := 0
òà íåôiêñîâàíî¨ ìàòðèöi S.

Ïîçíà÷èìî ÷åðåç X0(t) íîðìàëüíó
(X0(τ) = In) ôóíäàìåíòàëüíó ìàòðè-
öþ [8, 9] îäíîðiäíî¨ ÷àñòèíè ñèñòåìè (1).
Çàãàëüíèé ðîçâ'ÿçîê

z(t) ∈ C1

{
[0, T ] \ {τ}

I

}
, 0 < τ < T

äèôåðåíöiàëüíî¨ ñèñòåìè ç iìïóëüñíèì
âïëèâîì (1), (3) çîáðàçèìî ó âèãëÿäi

z(t, c) = X(t)c+K
[
f(s)

]
(t), c ∈ Rn,

äå

K
[
f(s)

]
(t) :=

−X0(t)
∫ τ
t
X−1

0 (s)f(s)ds, t ∈ [0, τ [,

X0(t)
∫ t
τ
X−1

0 (s)f(s)ds, t ∈ [τ, T ]
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óçàãàëüíåíèé îïåðàòîð Ãðiíà çàäà÷i Êîøi
z(τ) = 0 äëÿ äèôåðåíöiàëüíî¨ ñèñòåìè (1) òà
X(t)− íîðìàëüíà (X(τ−0) = In) ôóíäàìåí-
òàëüíà ìàòðèöÿ îäíîðiäíî¨ ÷àñòèíè ñèñòåìè
(1) ç iìïóëüñíèì âïëèâîì (3)

X(t) =
X0(t), t ∈ [0, τ [,

X0(t)(In + S), t ∈ [τ, T ].

Ïîçíà÷èìî ìàòðèöi Q := ℓX0(·), Q := ℓX(·)
é îðòîïðîåêòîð [1] PQ∗ : Rn → N(Q∗).
Äèôåðåíöiàëüíà ñèñòåìà (1) ç ïåðiîäè÷íîþ
êðàéîâîþ óìîâîþ (2) òà iìïóëüñíèì âïëè-
âîì (3) ðîçâ'ÿçíà äëÿ äîâiëüíî¨ íåïåðåðâíî¨
ôóíêöi¨ f(t), ÿêùî PQ∗ = 0. Òàêèì ÷èíîì,
îòðèìó¹ìî ðiâíÿííÿ äëÿ çíàõîäæåííÿ ìà-
òðèöi S ∈ Rn×n :[

Q−X(T )S

]
·
[
Q−X(T )S

]+
= In. (4)

Ïðèïóñòèìî, ùî ðiâíÿííÿ (4) ìà¹ äiéñíèé
ðîçâ'ÿçîê S, ÿêîìó âiäïîâiäà¹ íîðìàëüíà
ôóíäàìåíòàëüíà ìàòðèöÿ îäíîðiäíî¨ ÷àñòè-
íè ñèñòåìè (1) ç iìïóëüñíèì âïëèâîì (3):

X(t) =
X0(t), t ∈ [0, τ [,

X0(t)(In + S), t ∈ [τ, T ].

Ìàòðèöi X(t) âiäïîâiäà¹ íå ìåíø íiæ îäèí
ðîçâ'ÿçîê çàäà÷i (1), (2), (3)

z(t, c) = K
[
f(s)

]
(t)−X(t)Q+ℓK

[
f(s)

]
(·).

Òàêèì ÷èíîì, äîâåäåíî íàñòóïíå òâåðäæåí-
íÿ.

Òåîðåìà. ßêùî çàäà÷à ïðî çíàõîäæåí-
íÿ T -ïåðiîäè÷íèõ ðîçâ'ÿçêiâ z(t) ∈ C1[0, T ]
ñèñòåìè (1) íåêîðåêòíî ïîñòàâëåíà i ðiâ-
íÿííÿ (4) ìà¹ äiéñíèé êîðiíü S ∈ Rn×n, òî
äëÿ äëÿ äîâiëüíî¨ íåïåðåðâíî¨ ôóíêöi¨ f(t) ó
ïðîñòîði

z(t) ∈ C1

{
[0, T ] \ {τ}

I

}
iñíó¹ íå ìåíø íiæ îäèí ðîçâ'ÿçîê

z(t) = G
[
f(s)

]
(t)

êðàéîâî¨ çàäà÷i ç ïåðiîäè÷íîþ êðàéîâîþ óìî-
âîþ òà iìïóëüñíèì âïëèâîì (1), (2), (3), äå
S = S, µ := 0,

G
[
f(s)

]
(t) :=

= K
[
f(s)

]
(t)−X(t)Q+ℓK

[
f(s)

]
(·)

� óçàãàëüíåíèé îïåðàòîð Ãðiíà çàäà÷i ïðî
ðåãóëÿðèçàöiþ T -ïåðiîäè÷íèõ ðîçâ'ÿçêiâ ñè-
ñòåìè (1) çà äîïîìîãîþ iìïóëüñíîãî âïëèâó
(3).

Ó çàëåæíîñòi âiä ìàòðèöi S iìïóëüñíèé
âïëèâ (3) çà óìîâè

det

(
In + S

)
̸= 0

� íåâèðîäæåíèé [1,5], àáî æ âèðîäæåíèé [8,
9]:

det

(
In + S

)
= 0.

Ïðèêëàä Óìîâè äîâåäåíî¨ òåîðåìè âè-
êîíóþòüñÿ ó âèïàäêó 2π-ïåðiîäè÷íî¨ çàäà-
÷i äëÿ ñèñòåìè (1), ÿêà äëÿ äîâiëüíî¨ íå-
ïåðåðâíî¨ ôóíêöi¨ f(t) íå ìà¹ ðîçâ'ÿçêiâ ó
êëàñi z(t) ∈ C1[0; 2π]; â òîé æå ÷àñ ó êëàñi
ôóíêöié

z(t) ∈ C1

{
[0, 2π] \ {τ}

I

}
, τ := π

êðàéîâà çàäà÷à äëÿ ñèñòåìè ç ïåðiîäè÷íîþ
êðàéîâîþ óìîâîþ òà iìïóëüñíèì âïëèâîì

dz/dt = Az + f(t), t ̸= τ, ℓz(·) = 0,

∆z(τ) = Sz(τ − 0) (5)

ðîçâ'ÿçíà äëÿ äîâiëüíî¨ íåïåðåðâíî¨ ôóíêöi¨
f(t). Òóò

A(t) =

 1 0 0
0 0 1
0 −1 0

 .
Ñïðàâäi, ó âèïàäêó êðàéîâî¨ çàäà÷i

äëÿ äèôåðåíöiàëüíî¨ ñèñòåìè (5) ç 2π-
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ïåðiîäè÷íîþ óìîâîþ òà iìïóëüñíèì âïëè-
âîì ðiâíÿííÿ (4) ìà¹ äiéñíèé ðîçâ'ÿçîê

S =

 0 0 1
0 1 0
1 0 0

 ,
ÿêîìó âiäïîâiäà¹ íîðìàëüíà (X(π− 0) = I3)
ôóíäàìåíòàëüíà ìàòðèöÿ îäíîðiäíî¨ ÷àñòè-
íè ñèñòåìè (5) ç âèðîäæåíèì (det(I3 + S) =
0) iìïóëüñíèì âïëèâîì:

X(t) =

et−π 0 0
0 − cos t− sin t
0 sin t− cos t

 , t ∈ [0, τ [,

 et−π 0 et−π

− sin t−2 cos t− sin t
− cos t 2 sin t− cos t

 ,t ∈ [τ, T ].

Äëÿ äîâiëüíî¨ íåïåðåðâíî¨ ôóíêöi¨ f(t) òà
çíàéäåíî¨ ìàòðèöi X(t) iñíó¹ ¹äèíèé ðîçâ'ÿ-
çîê êðàéîâî¨ çàäà÷i äëÿ äèôåðåíöiàëüíî¨ ñè-
ñòåìè (5) ç 2π-ïåðiîäè÷íîþ óìîâîþ òà iì-
ïóëüñíèì âïëèâîì. Çîêðåìà, äëÿ ôóíêöi¨

f(t) =

 0
0

sin t


2π-ïåðiîäè÷íà çàäà÷à äëÿ äèôåðåíöiàëüíî¨
ñèñòåìè (5) íåðîçâ'ÿçíà, â òîé æå ÷àñ ðå-
ãóëÿðèçîâàíà êðàéîâà çàäà÷à äëÿ äèôåðåí-
öiàëüíî¨ ñèñòåìè (5) ç 2π-ïåðiîäè÷íîþ óìî-
âîþ òà âèðîäæåíèì iìïóëüñíèì âïëèâîì
ìà¹ ¹äèíèé ðîçâ'ÿçîê

G
[
f(s)

]
(t) =

1

2

 0
3π cos t− t cos t+ sin t

−3π sin t+ t sin t

 ,
t ∈ [0, τ [,

G
[
f(s)

]
(t) =

1

2

 0
5π cos t− t cos t+ sin t

−5π sin t+ t sin t

 ,
t ∈ [τ, T ].

Ðiâíÿííÿ (4) ìà¹ òàêîæ äiéñíèé ðîçâ'ÿçîê

S1 =

 0 1 0
0 0 1
1 0 0



, ÿêîìó âiäïîâiäà¹ íîðìàëüíà (X1(π − 0) =
I3) ôóíäàìåíòàëüíà ìàòðèöÿ îäíîðiäíî¨ ÷à-
ñòèíè ñèñòåìè (5) ç íåâèðîäæåíèì (det(I3 +
S1) ̸= 0) iìïóëüñíèì âïëèâîì:

X1(t) =

 et−π 0 0
0 − cos t − sin t
0 sin t − cos t

 , t ∈ [0, π[;

äëÿ t ∈ [π, 2π] :

X1(t) =

 et−π et−π 0
− sin t − cos t − sin t− cos t
− cos t sin t sin t− cos t

 .
Äëÿ òi¹¨ æ ôóíêöi¨ f(t) ðåãóëÿðèçîâàíà êðà-
éîâà çàäà÷à äëÿ ñèñòåìè äèôåðåíöiàëüíèõ
ðiâíÿíü (5) ç 2π-ïåðiîäè÷íîþ óìîâîþ òà âè-
ðîäæåíèì iìïóëüñíèì âïëèâîì ìà¹ ¹äèíèé
ðîçâ'ÿçîê; äëÿ t ∈ [0, π[:

G
[
f(s)

]
(t) =

1

2

 0
(2π + 1) sin t+ (π − t) cos t

2π cos t− (π − t) sin t

 ;

äëÿ t ∈ [π, 2π] :

G
[
f(s)

]
(t) =

=
1

2

 0
3π cos t− t cos t+ (2π + 1) sin t

2π cos t+ (t− 3π) sin t

 .
Çãiäíî òðàäèöiéíî¨ êëàñèôiêàöi¨ êðàéîâèõ
çàäà÷ [1] ðåãóëÿðèçîâàíà êðàéîâà çàäà÷à
äëÿ äèôåðåíöiàëüíî¨ ñèñòåìè (5) ç 2π-
ïåðiîäè÷íîþ óìîâîþ òà iìïóëüñíèì âïëè-
âîì ¹ íåêðèòè÷íîþ. Äiéñíî, äëÿ ìàòðèöi
S = S ìà¹ ìiñöå ðiâíiñòü PQ∗ = 0, äå

Q =

 e−π − eπ 0 1
0 1 0

−eπ 0 0

 .
Òàê ñàìî, äëÿ ìàòðèöi S = S1 ìà¹ ìiñöå ðiâ-
íiñòü PQ∗

1
= 0, äå

Q1 =

 e−π − eπ 1 0
0 0 1

−eπ 0 0

 ,
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îòæå, ðåãóëÿðèçîâàíà êðàéîâà çàäà÷à
äëÿ äèôåðåíöiàëüíî¨ ñèñòåìè (5) ç 2π-
ïåðiîäè÷íîþ óìîâîþ òà iìïóëüñíèì âïëè-
âîì ¹ íåêðèòè÷íîþ.

Íà çàâåðøåííÿ çàçíà÷èìî, ùî ïîáóäîâà-
íà íàìè ìàòðèöÿ S, à îòæå i óìîâà ðåãóëÿ-
ðèçàöi¨ ëiíiéíî¨ ïåðiîäè÷íî¨ êðàéîâî¨ çàäà÷i
çà äîïîìîãîþ iìïóëüñíîãî âïëèâó PQ∗ = 0,
íå çàëåæàòü âiä âèáîðó äîâiëüíî¨ íåïåðåðâ-
íî¨ ôóíêöi¨ f(t) íà âiäìiíó âiä ñõåìè, çàïðî-
ïîíîâàíî¨ â ìîíîãðàôi¨ [1].
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CENTERS IN CUBIC DIFFERENTIAL SYSTEMS
WITH HOMOGENEOUS INVARIANT STRAIGHT LINES

We solve the problem of the center with at least three invariant straight lines for a cubic
di�erential system with a singular point O(0, 0) of a center or focus type having homogeneous
invariant straight lines.

1. Introduction
Consider the cubic di�erential system

ẋ = y + ax2 + cxy + fy2 + kx3+
+mx2y + pxy2 + ry3 ≡ P (x, y),

ẏ = −(x+ gx2 + dxy + by2 + sx3+
+ qx2y + nxy2 + ly3) ≡ Q(x, y),

(1)

where P (x, y) and Q(x, y) are real and copri-
me polynomials in the variables x and y. The
origin O(0, 0) is a singular point of a center or
a focus type for (1). It arises the problem of di-
stinguishing between a center and a focus, i.e.
of �nding the coe�cient conditions under whi-
ch O(0, 0) is a center. In this paper we study
the problem of the center assuming that (1)
has invariant straight lines.

The derivation of necessary conditions for
a singular point O(0, 0) to be a center for
(1) often involves extensive use of computer
algebra and we obtain them by calculating the
Lyapunov quantities, which are polynomials in
the coe�cients of (1). The necessary conditi-
ons are shown to be su�cient by a variety of
methods. A number of techniques, of progressi-
vely wider application, have been developed.

A theorem of Poincar�e in [9] says that a
singular point O(0, 0) is a center for (1) if and
only if the system has a nonconstant analytic
�rst integral F (x, y) = C in a neighborhood
of O(0, 0). It is known [1] that the origin is a
center for system (1) if and only if the system
has an analytic integrating factor of the form

µ(x, y) = 1 +
∑∞

k=1 µk(x, y)
in a neighborhood of O(0, 0), where µk are
homogeneous polynomials of degree k.

There exists a formal power series F (x, y) =∑
Fj(x, y) such that the rate of change of

F (x, y) along trajectories of (1) is a linear
combination of polynomials {(x2 + y2)j}∞j=2 :

dF/dt =
∑∞

j=2 Lj−1(x
2 + y2)j.

Quantities Lj, j = 1,∞ are polynomials with
respect to the coe�cients of system (1) called
to be the Lyapunov quantities [8]. The origin
O(0, 0) is a center for (1) if and only if

Lj = 0, j = 1,∞.
An algebraic curve f(x, y) = 0 is said to

be an invariant algebraic curve of system (1) if
there exists a polynomial K(x, y) such that

P · ∂f/∂x+Q · ∂f/∂y = K · f.
The polynomial K is called the cofactor of
the invariant algebraic curve f = 0. If the
cubic system (1) has su�ciently many invari-
ant algebraic curves fj(x, y) = 0, j = 1, q,
then in most cases the �rst integral (integrati-
ng factor) can be constructed in the Darboux
form

fα1
1 fα2

2 · · · fαqq (2)

with αj ∈ C not all zero. In this case we say
that system (1) is Darboux integrable.

System (1) has the Darboux �rst integral
(Darboux integrating factor) of form (2) if and
only if there exist constants αj ∈ C, not all
identically zero such that

α1K1(x, y) + · · ·+ αqKq(x, y) ≡ 0( q∑
j=1

αjKj(x, y) +
∂P

∂x
+
∂Q

∂y
≡ 0
)
,

where Kj is the cofactor of Φj for j = 1, q.
The problem of the center was solved for

quadratic systems and for cubic symmetric
systems. If cubic system (1) contains both
quadratic and cubic nonlinearities, then the

162 Áóêîâèíñüêèé ìàòåìàòè÷íèé æóðíàë. 2013. � Ò. 1, � 3-4.



problem of �nding a �nite number of necessary
and su�cient conditions for the center is still
open. It was possible to �nd a �nite number
of conditions for the center only in some parti-
cular cases (see, for example, [2-7, 10-14]).

The problem of the center was solved for
some cubic systems with at least three invari-
ant straight lines ([2, 3, 7, 14]) and for some
classes of cubic systems (1) with two invariant
straight lines and one invariant conic ([4, 5]).

The goal of this paper is to obtain the center
conditions for cubic di�erential system (1) with
homogeneous invariant straight lines.

The paper is organized as follows. In Secti-
on 2 we �nd conditions for cubic system (1) to
have two homogeneous invariant straight lines.
In Sections 3 and 4 we solve the problem of
the center for (1) with four invariant straight
lines and with three invariant straight lines of
which two are homogeneous. In Section 5 for
cubic system (1) with two homogeneous invari-
ant straight lines we �nd su�cient conditions
for O(0, 0) to be a center.

2. Two homogeneous invariant
straight lines
In this section we �nd conditions under

which cubic system (1) has two homogeneous
invariant straight lines.
De�nition 1. A straight line

1 + Ax+By = 0, A,B ∈ C (3)

is said to be invariant for (1), if there exists
a polynomial with complex coe�cients K(x, y)
such that the following identity holds

AP (x, y) + BQ(x, y) ≡
(1 + Ax+By)K(x, y).

(4)

If cubic system (1) has complex invariant strai-
ght lines then obviously they occur in complex
conjugated pairs 1+Ax+By = 0 and 1+Ax+
By = 0. As homogeneous invariant straight li-
nes Ax+By = 0 the cubic system (1) can have
only the lines [3]

x− iy = 0, x+ iy = 0, i2 = −1. (5)

Identifying the coe�cients of the monomials
xνyj in (4), we reduce this identity to a system

of nine equations for the unknowns A, B, cνj,
ν + j = 1, 2. We �nd that K(x, y) = −Bx +
Ay + (aA − gB + AB)x2 + (cA − dB + B2 −
A2)xy + (fA− bB −AB)y2 and A, B are the
solutions of the system

F1≡(A+ b)B2 − (l + fA)B + rA = 0,
F2≡(B + a)A2 − (k + gB)A+ sB = 0,
F3≡B3 − 2A2B + fA2 − dB2+

+(c− b)AB − pA+ nB = 0,
F4≡A3 − 2AB2 − cA2 + gB2+

+(d− a)AB +mA− qB = 0.

(6)

Theorem 1. Cubic system (1) has two
homogeneous invariant straight lines x±iy = 0
if and only if the following set of conditions
holds

g = b+ c, f = a+ d,
q = p+ l − k, s = m+ n− r.

(7)

Proof. Let cubic system (1) have
homogeneous invariant straight lines. Then by
De�nition 1 the straight lines l1,2 ≡ x∓ iy = 0
are invariant straight lines for (1) if and only
if

P (x, y)∓ iQ(x, y) ≡ (x∓ iy)K(x, y), (8)

where K(x, y) = c00 + c10x + c01y + c20x
2 +

c11xy + c02y
2.

Identifying in (8) the coe�cients of the
monomials in x and y, we �nd that

c10 = a± ig, c20 = k ± is,
c02 = p− k − q ± i(m+ n− s),
c00 = ±i, c01 = c− g ± i(a+ d),
c11 = m− s± i(k + q)

and

f − a− d± i(b+ c− g) = 0,
r + s−m− n± i(l − k + p− q) = 0.

Direct calculations show that f − a − d =
0, b + c − g = 0, r + s − m − n = 0, l −
k + p − q = 0 and cubic system (1) has two
homogeneous invariant straight lines of form
(5) if and only if set of conditions (7) holds.
The cofactors of the invariant straight lines are
K2(x, y) = K1(x, y), K1(x, y) = i + (a + i(b +
c))x+(−b+ i(a+ d))y+(k+ is)x2 +(m− s+
i(k + q))xy + (p− k − q + i(m+ n− s))y2.

Áóêîâèíñüêèé ìàòåìàòè÷íèé æóðíàë. 2013. � Ò. 1, � 3-4. 163



3. Four invariant straight lines
and centers
In this section we �nd conditions for cubic

system (1) to have four distinct invariant strai-
ght lines, two of which are homogeneous, i.e. of
the form l1,2 ≡ x ∓ iy = 0, i2 = −1. Then we
obtain necessary and su�cient conditions for
O(0, 0) to be a center.

For this purpose, we assume that set of
conditions (7) holds. In what follows we wi-
ll consider the problem of �nding conditions
for the existence of two more invariant strai-
ght lines of form (3) and divide the study
into two subcases: invariant straight lines (3)
are parallel and invariant straight lines (3) are
nonparallel.
3.1. Let cubic system (1) have two parallel

invariant straight lines l3 and l4 of form (3)
(real or complex conjugated l4 = l3), then by
a rotation of axes we can make them to be
parallel to the axis of ordinates Oy. Note that
by a rotation of axes the linear part of (1) and
the invariant straight lines x∓iy = 0 stay their
forms respectively.

For f = a + d, g = b + c, l = k − p +
q, r = m + n − s and B = 0, A ̸= 0, system
(6) becomes

m+ n− s = 0, aA− k = 0,
(a+ d)A− p = 0, A2 − cA+m = 0.

(9)

Then (9) has two distinct solutions if and only
if s = m + n, a = k = d = p = 0,
m(c2 − 4m) ̸= 0. In this case we obtain the
following set of conditions for the existence of
four distinct invariant straight lines:

(e1) a = d = f = k = p = r = 0, g = b + c,
l = q, s = m+ n,

m(c2 − 4m) ̸= 0. The invariant straight lines
are x± iy = 0, 2 + (c±

√
c2 − 4m)x = 0.

3.2. Let now cubic system (1) have two
nonparallel invariant straight lines l3 and l4
of form (3) (real or complex conjugated)
intersecting at a point (x0, y0). The intersecti-
on point (x0, y0) is a singular point for (1) wi-
th real coordinates. By rotating the system of
coordinates and rescaling the axes of coordi-
nates, we obtain that x0 = 0, y0 = 1. As a

point (0, 1) is a singular point for (1), then
P (0, 1) = Q(0, 1) = 0. These equalities yield

s = a+ d+m+ n+ 1, q = −b− k + p.
In this case the equation of each invariant

straight line can be written into the form 1 +
Ax − y = 0. For f = a + d, g = b + c, l =
k − p+ q, r = m+ n− s and B = −1, system
(6) becomes

F2 ≡ (a− 1)A2 + (b+ c− k)A−
− a− d−m− n− 1 = 0,

F3 ≡ (a+ d+ 2)A2 + (b− c− p)A−
− d− n− 1 = 0,

F4 ≡ A3 − cA2 + (a− d+m− 2)A+
+ c− k + p = 0.

(10)

Reduce the equation F3 = 0 of (10) by n from
F2 = 0 and by p from F4 = 0, then F3 ≡ f1f2 =
0, where f1 = A2 − cA+ a+m, f2 = A2 + 1.

Suppose f1 = 0. We reduce the equations
F2(A) = 0, F4(A) = 0 by A2 from f1 = 0, then
system (10) becomes

F2 ≡ (ac+ b− k)A− a2−
− am− d− n− 1 = 0,

F4 ≡ (d+ 2)A+ k − c− p = 0,
f1 ≡ A2 − cA+ a+m = 0.

(11)

System (11) has two distinct solutions if F2 ≡
0, F4 ≡ 0 and c2 − 4(a + m) ̸= 0. Under
the above assumptions we get the following set
of conditions for the existence of four distinct
invariant straight lines

(e2) d = −2, f = a − 2, g = b + c, k =
ac + b, l = −b, q = −(b + c), n = 1 −
a2 − am, p = ac + b − c, r = 1 − a, s =
(a+m)(1− a),

c2 − 4(a+m) ̸= 0. The invariant straight lines
are x ∓ iy = 0, 1 + A1x − y = 0, 1 + A2x −
y = 0, where A1, A2 are distinct roots of the
equation A2 − cA+ a+m = 0.

Assume f1 ̸= 0 and let f2 = 0. In this case
f2 = 0 yields A = ±i. Substituting this into
(11) we obtain

(b+ c− k)i− (d+ 2a+m+ n) = 0,
(a− d+m− 3)i+ (2c− k + p) = 0.

(12)

The equations of (12) imply k = b + c, m =
3 − a + d, n = −a − 2d − 3, p = b − c. From
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this we get the following set of conditions for
the existence of four distinct invariant straight
lines

(e3) f = a + d, k = g = b + c, l = −b, m =
3−a+d, s = 1−a, n = −a−2d−3, p =
b− c, q = −b− 2c, r = −a− d− 1,

((a−1)2+ b2)((a−2)2+ b2) ̸= 0. The invariant
straight lines are x ± iy = 0, 1 ± ix − y =
0, 1 + (−b± i(1− a))x+ (1− a± bi)y = 0.

Lemma 1. The following six sets of condi-
tions are su�cient conditions for the origin to
be a center for system (1):

(i) a = d = f = k = l = p = q = r = 0, g =
b+ c, l = q, s = m+ n;

(ii) d = −2, f = a − 2, g = b + c, k =
ac+ b, l = −b, q = −(b+ c), n = 1−a2−
am, p = ac + b − c, s = (a +m)(1 − a),
r = 1− a;

(iii) b = c = g = k = l = p = q = 0, f = a +
d, s = 1−a, m = d−a+3, n = −a−2d−3,
r = −a− d− 1;

(iv) a = 1, b = l = s = 0, f = d+ 1, k = g =
c, p = −c, m = d + 2, r = −d − 2, n =
2(−d− 2), q = −2c;

(v) d = −2, f = a − 2, k = g = b, l =
−b, m = 1 − a, c = 0, n = 1 − a, p =
b, q = −b, r = s = 1− a;

(vi) c = −2b, d = −2a, f = −a, g = k = l =
−b, m = −3(a − 1), n = 3(a − 1), p =
q = 3b, r = a− 1, s = −(a− 1).

Proof. If one of conditions (i)�(v) holds the
cubic system (1) has four invariant straight li-
nes two of which are homogeneous invariant
straight lines. In cases (i), (ii), (iv) and (v) we
�nd the �rst integral of the Darboux form

lα1
1 l

α2
2 l

α3
3 l

α4
4 = C,

which consists of invariant straight lines:
In case (i): l1,2 = x ± iy, l3,4 =

2 + (c ±
√
c2 − 4m )x and α1 = α2 =

m
√
c2 − 4m, α3 = n

√
c2 − 4m + 2bm −

cn, α4 = n
√
c2 − 4m− 2bm+ cn.

In case (ii): l1,2 = x ± iy, l3,4 = 2 +

(c ±
√
c2 − 4a− 4m )x − 2y and α1 = α2 =

−
√
c2 − 4a− 4m, α3 = a

√
c2 − 4a− 4m−ac−

2b, α4 = a
√
c2 − 4a− 4m+ ac+ 2b.

In case (iv): l1,2 = x± iy, l3,4 = 1 ± ix− y
and α1 = α2 = −1, α3 = α4 = 1.

In case (v): l1,2 = x ± iy, l3,4 = 1 ± ix − y
and α1 = α2 = 1, α3 = −a− ib, α4 = −a+ ib.

In case (iii) we �nd an integrating factor of
the Darboux form

µ = lα1
1 l

α2
2 l

α3
3 l

α4
4 ,

where l1,2 = x ± iy, l3,4 = 1 ± ix − y and
α1 = α2 = (d − 2a + 6)/(2a − 2), α3 = α4 =
(4a+ d)/(2− 2a).

If condition (vi) holds then cubic system (1)
has six invariant straight lines two of which are
homogeneous invariant straight lines. We �nd
the �rst Darboux integral of the form

lα1
1 l

α2
2 l

α3
3 l

α4
4 l

α5
5 l

α6
6 = C,

where l1,2 = x ± iy, l3,4 = 1 ± ix − y, l5 =
1+ (i− ia− b)x+(1− a+ ib)y, l6 = 1+ (−i+
ia−b)x+(1−a−ib)y and α1 = α2 = (a−2)2−
b2, α3,4 = 1−2∓ib, α5,6 = 3a−a2−2−b2∓ib.
Theorem 2. Suppose cubic system (1) has

at least four invariant straight lines two of whi-
ch are homogeneous. Then the origin O(0, 0) is
a center for (1) if and only if L1 = L2 = 0.
Proof.We compute the �rst two Lyapunov

quantities L1 and L2 for (1) by algorithm
proposed in [13] assuming that one set of condi-
tions (e1)�(e3) holds. In the expressions of Lj,
we will neglect the denominators and non-zero
factors.

In case (e1) the vanishing of L1 gives q = 0,
then use Lemma 1, (i).

In case (e2) we �nd L1 = 0, then use Lemma
1, (ii).

In case (e3) the �rst Lyapunov quantity is
L1 = c(a − 1) − b(d + 2). Assume b = 0. If
c = 0, then L1 = 0 and use Lemma 1, (iii). If
c ̸= 0, a = 1, then L1 = 0 and use Lemma 1,
(iv).

Assume b ̸= 0, then L1 = 0 yields d = (ac−
2b − c)/b. The second Lyapunov quantity is
L2 = c(2b + c). If c = 0, then L2 = 0 and
use Lemma 1, (v). If c ̸= 0 and c = −2b, then
L2 = 0 and use Lemma 1, (vi).
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4. Three invariant straight lines
and centers
In this section we �nd conditions for the exi-

stence of three invariant straight lines two of
which are homogeneous and solve the problem
of the center.
Theorem 3. Cubic system (1) has three

invariant straight lines of the form

l1,2 ≡ x± iy = 0, l3 ≡ 1− x = 0 (13)

if and only if the following set of conditions is
satis�ed

f = a+ d, g = b+ c, k = −a,
m = −c− 1, l = d+ q, r = 0,
p = −a− d, n = c+ s+ 1.

(14)

Proof. Assume condition (7) holds and let
cubic system (1) have one nonhomogeneous
invariant line of the form 1 + Ax + By = 0.
This line is real, otherwise, we must have also
the invariant straight line 1+Āx+B̄y = 0. The
problem of the center for cubic system (1) wi-
th four invariant straight lines two of which are
homogeneous was considered in Section 3. Via
a rotation of axes about the origin and under
the transformation x → γx, y → γy, γ ∈
R \ 0, the invariant line 1 + Ax + By = 0
becomes 1 − x = 0. For 1 − x = 0 identi-
ty (4) gives k = −a, m = −c − 1, p =
−f, n = s − m and we obtain set of condi-
tions (14). The cofactor of l3 ≡ 1 − x = 0 is
K3(x, y) = −y − ax2 − (c+ 1)xy − (a+ d)y2.

Lemma 2. The following three sets of
conditions are su�cient conditions for the ori-
gin to be a center for system (1):

(i) d = l = m = q = r = 0, c = −1, f =
a, k = p = −a, g = b− 1, n = s;

(ii) c = −2, d = r = 0, q = f = l = a, g =
b− 2, m = 1, n = s− 1, k = p = −a;

(iii) b = m = 1/2, c = (−3)/2, f = a+d, g =
−1, k = −a, r = 0, l = (a + d)/2, p =
−(a+ d), q = (a− d)/2, s = (2n+ 1)/2.

Proof. If either condition (i) or (ii) holds,
then cubic system (1) has three invariant strai-
ght lines of form (13). We �nd a Darboux

integrating factor of the form

µ = lα1
1 l

α2
2 l

α3
3

with α1 = α2 = α3 = −1 in case (i) and α1 =
α2 = −1, α3 = −2 in case (ii).

If (iii) holds then cubic system (1) wi-
th invariant straight lines (13) is rationally
reversible. Indeed, in this case there exists a
transformation [6] X = 2x/(2 − x), Y =
2y/(2−x) that brings system (1) to the system

Ẋ = (4−X2)(Y + aX2 + (a+ d)Y 2),

Ẏ = −X(4 + 4dY + (4n+ 1)X2+
+(4n+ 2)Y 2 + aX2Y + (a+ d)Y 3)

for which X = 0 is an axes of symmetry. The
obtained system has a center at X = Y = 0
and hence the origin is a center for (1).
Lemma 3. The following two sets of condi-

tions are su�cient conditions for the origin to
be a center for system (1):

(i) a = d = f = k = l = p = q = r = 0, g =
b+ c, m = −c− 1, n = c+ s+ 1;

(ii) f = a+ d, g = b+ c, k = −a, m = −c−
1, l = bd−a(c+1), n = [(c+1)(bd−a(c+
2))]/d, q = d(b−1)−a(c+1), p = −a−d,
s = [(c+1)(d(b− 1)−a(c+2))]/d, r = 0.

Proof. In these two cases the system (1) has
four invariant straight lines and the Darboux
�rst integral

(x2 + y2)lα3
3 l

α4
4 = C.

In case (i): l3 = 1 − x, l4 = 1 + (c + 1)x
and α3 = −2(b + c + s + 1)/(c + 2), α4 =
2(b + bc − c − s − 1)/((c + 1)(c + 2)), where
(c+ 1)(c+ 2) ̸= 0.

In (ii): l3 = 1 − x, l4 = 1 + (c + 1)x + dy
and α3 = 2(a + ac − bd)/d, α4 = 2a/d, where
d ̸= 0.
Theorem 4. Suppose cubic system (1)

has three invariant straight lines of form (13).
Then the origin O(0, 0) is a center for (1) if
and only if Lj = 0, j = 1, 7.
Proof. We compute the �rst seven

Lyapunov quantities for (1) by algorithm
proposed in [13] assuming that set of condi-
tions (13) holds. In the expressions of Lj, j =
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1, 7, we will neglect the denominators and non-
zero factors.

The vanishing of the �rst Lyapunov quanti-
ty gives q = bd − ac − a − d. The second
Lyapunov quantity looks like L2 = f1f2, where
f1 = a(c+ 1)(c+ 2)− d(c+ 1)(b− 1) + ds,
f2 = 4b+ 2c+ 1.
If f1 = 0 and d = 0, we �nd a(c+1)(c+2) =

0. If a = 0, then use Lemma 3, (i); if a ̸= 0, c =
−1, then use Lemma 2, (i); if a ̸= 0, c = −2,
then use Lemma 2, (ii).

If f1 = 0 and d ̸= 0, we have s = [(c +
1)(d(b−1)−a(c+2))]/d. In this case the origin
is a center by Lemma 3, (ii).

Assume f1 ̸= 0 and let f2 = 0, then
b = −(1+2c)/4. The third Lyapunov quantity
looks like L3 = g1g2, where g1 = 2c+ 3 and
g2 = 48a2 + 40ad+ 2c+ 8d2 + 8s+ 3.
If g1 = 0, then use Lemma 2, (iii) and if

g1 ̸= 0, g2 = 0, then s = −(48a2 + 40ad+ 2c+
8d2 + 3)/8. In this case L4 = h1h2, where
h1 = 4(2a+ d)2 + 1,
h2 = 80a2 + 88ad− 2c2 − 6c+ 22d2 − 5.
It is evident that h1 = 0 has no real soluti-

ons. In the next three Lyapunov quantities the
factor h1 will be omitted. Next we reduce the
Lyapunov quantities L5, L6 by h2, and L7 by
h2 and L5. We have

L5 = 1280a4 + 1536a3d + 384a2d2 − 416a2 −
128ad3 − 480ad− 48d4 − 136d2 + 1,

L6 = L5(1488a
2+1480ad−66c+368d2−79),

L7 = 20971520a8−45132ad+31457280a7d+
15728640a6d2 − 12684d2 − 11390976a6 +
2621440a5d3 +69264ad3 − 15857664a5d−
6986752a4d2 + 1641728a4 − 952832a3d3 +
2085312a3d+ 773312a2d2 − 42320a2 + 93.

The system h2 = L5 = L6 = L7 = 0 has
no real solutions. Note that h2 = L5 = 0 (i.e.
h2 = L5 = L6 = 0) has real solutions.

Indeed, if we assume a = 0, then it is evi-
dent that the system h2 = 22d2−2c2−6c−5 =
0, L5 = 1−136d2−48d4 = 0 has real solutions.
Hence, the vanishing of the Lyapunov quanti-
ties Lj, j = 1, 6 does not imply the origin to
be a center for (1). Theorem is proved.

We summarize necessary and su�cient
conditions for the origin to be a center in the
following theorem.
Theorem 5. The origin is a center for (1),

with at least three invariant straight lines two
of which are homogeneous, if and only if one
of the conditions of Lemmas 1�3 holds.

5. Two homogeneous invariant
straight lines and centers

In this section assuming that cubic system
(1) has two homogeneous invariant straight li-
nes we �nd su�cient conditions for the origin
to be a center for (1).
Lemma 4. The following three sets of

conditions are su�cient conditions for the ori-
gin to be a center for system (1):

(i) c = −2b, d = −2a, f = −a, n = 2r −m,
g = −b, p = −l, q = −k, s = r;

(ii) a = d = f = 0, g = b + c, k =
l, m = (2br + cn − cr)/(2b), p = q =
[l(b+ c)]/b, s = (2bn+ cn− cr)/(2b);

(iii) c = (bd)/a, f = a + d, g = [b(a +
d)]/a, p = q = [l(a + d)]/a, k = l,
m = (2ar + dn − dr)/(2a), s = (2an +
dn− dr)/(2a).

Proof. Assume condition (7) is satis�ed,
then cubic system (1) has two homogeneous
invariant straight lines of the form x± iy = 0.
We �nd the integrating factor of the form

µ = (x+ iy)α1(x− iy)α2 .
In case (i): α2 = α1 = −2; in case (ii): α2 =

α1 = (c − 2b)/(2b); in case (iii): α2 = α1 =
(d− 2a)/(2a).
Lemma 5. The following four sets of

conditions are su�cient conditions for the ori-
gin to be a center for system (1):

(i) b = c = g = k = l = p = q = 0, f = a+d,
r = m+ n− s;

(ii) b = [a(1− u2)]/(2u), c = [d(1−u2)]/(2u),
g = [(a + d)(1 − u2)]/(2u), n = [(q −
3k)(u4−6u2+1)+4m(u3−u)]/[4u(u2−1)],
l = k, f = a+ d, r = [(q − k)(u4 − 6u2 +
1)+ 4m(u3 − u)]/[4u(u2 − 1)], p = q, s =
[k(6u2−u4−1)+2mu(u2−1)]/[2u(u2−1)];

Áóêîâèíñüêèé ìàòåìàòè÷íèé æóðíàë. 2013. � Ò. 1, � 3-4. 167



(iii) c = −3b, f = a + d, g = −2b, k = −2ab,
l = b(a + d), m = 2b2, p = −2b(a + d),
q = b(a− d), r = 0, s = 2b2 + n;

(iv) c = [(3a + d)(1 − u2) − 6bu]/(2u), g =
[(3a+ d)(1− u2)− 4bu]/(2u), l = [a(3a+
d)(u2 − 1) + 2(3ab+ bd+ k)u]/(2u), m =
[r(u2+1)4+2(au2−a+2bu)((5a+2d)(u6−
1)+(11a−2d)(u2−u4)+ b(10u5−12u3+
10u))]/(u2+1)4, s = [n(u2+1)4+2(au2−
a+2bu)((5a+2d)(u6−1)+(11a−2d)(u2−
u4) + b(10u5 − 12u3 + 10u))]/(u2 + 1)4,
f = a+ d, q = [2pu+ (3a+ d)(au2 − a+
2bu)]/(2u), r = [2(5ab+bd+k)(u11−u)+
2(4b2−9a2−3ad)(u10+u2)+a(3a+d)(u12+
1)+2(3k−5bd−33ab)(u9−u3)+ (61a2−
ad−64b2)(u8+u4)+4(45ab−3bd+k)(u7−
u5) + 4(28b2 − 23a2 + 3ad)u6]/[4u2(u2 +
1)4], n = [2(k − 10ab − 2bd)(u9 + u) +
8(10ab + k)(u7 + u3) + 2(14a2 + ad −
12b2)(u8 − u2) + 4(10b2 + ad − 8a2)(u6 −
u4)+4(3k−14ab+2bd)u5+2a(2a+d)(1−
u10)]/[(u2+1)4(u2−1)], p = [(12ab+2bd+
k)(u9+u)+(12b2−5ad−19a2)(u8−u2)+
4(k−16ab−2bd)(u7+u3)+2(21a2−3ad−
26b2)(u6−u4)+a(3a+d)(u10−1)+2(52ab−
10bd+ 3k)u5]/[u(u2 + 1)4].

Proof. If one of conditions (i)�(iv) holds,
the cubic system is rationally reversible. We
�nd a transformation of the form [6]

x =
a1X + b1Y

a3X + b3Y − 1
, y =

a2X + b2Y

a3X + b3Y − 1

with a1b2 − b1a2 ̸= 0 and aj, bj ∈ R, j = 1, 2, 3
which brings system (1) to one equivalent with
a polynomial system

Ẋ = Y +M(X2, Y ),

Ẏ = −X(1 +N(X2, Y )).

The obtained system has an axis of symmetry
X = 0 and therefore O(0, 0) is a center for (1).

In case (i): x = X/(Y + 1), y = Y/(Y + 1);
in case (ii): x = (2uX−u2Y +Y )/[(u2+1)(Y −
1)], y = (2uY +u2X−X)/[(u2+1)(Y −1)]; in
case (iii): x = X/(1+ bX), y = Y/(1+ bX); in
case (iv): x = (2uX − u2Y + Y )/[(au2 +2bu−
a)X − u2 − 1], y = (2uY + u2X −X)/[(au2 +
2bu− a)X − u2 − 1].
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