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ACUMIITOTNYHA JEKOMIIO3NIIA CUHI'YJIAPHO 3bYPEHUNX
CUCTEM

Hapemena cxema po3InenyieHHs JiHITHUX CUHTYASPHO 30yPEHUX CUCTEM 3 JIBOMa MAJUMU Tapa-
Merpamu. ocmimxena 3a1ada npo ToOYI0BY ACHMIITOTHYHAX PO3KIAIIB POIIEILITIOIYOrO Mepe-

TBODEHHA.

We provide a splitting scheme for linear singularly perturbed systems with two small parameters.
We also find asymptotic expansions of the splitting operator.

Bcryn

JlexomIio3uIList JIIHIHHUX CHHTYJIAPHO 30y pe-
HUX cucteM JudepeHIiajbHuX PIBHAHL pPO3-
IggaJiach DaraTbMa aBTOpaMu. 3PYUHHUM alla-
paToMm, AKuil /103BOJIsIE ePEKTUBHO PO3B’g3y-
BATU BayKJIUBY /15 3aCTOCYBaHb 3aJa4dy IO-
HIZKEHHS PO3MIPHOCTI, € MEeTO/I iHTerpajabHUuX
muoroBuaiB [1-3|. dust siniitaux cuHry/isipao
30ypeHnx CHUCTEM METOJ| iHTerpajbHUX MHOI'O
BU/IIB JIO3BOJISIE 3AIHCHUTH PO3IIEIJICHHS BAXi-
JIHOI CHCTEeMW Ha He3aJIeKHI TMBUIKY 1 TTOBLIb-
Hy migcucremn [4-5|.

Amnasoriuni 3ama4i 11 THIAHIX CHHTYISD-
HO 30ypeHux CHCTeM 3 JeKiTbKOMa MAJTUMU Ia-
pamerpamMu JOCJLRKYBaIKCh B poborax |6-8|.

Y janiit podoTi Jjist JIHIHHUX CUHTYJISIPHO
30ypeHnx CUCTeM 3 JBOMa MaJIMMHU ITapaMeTpa-
MU JOCTIKYETHCST TOOYI0Ba aCUMITOTHIHUX
PO3KJIaJiB iHTerpaJbHUX MHOTOBHU/IIB, 3a JOIIO-
MOTOI0 IKHX 3IiHCHIOETHCS PO3IIEIIeHHS BAXi-
JTHOI CHCTEMH.

1. Cxema po3miernJieHHS

Posrisinemo Jtinifiny cuHTY/IsipHO 30ypeny
CHUCTEMY

o = AooTo + Aoz + Apee,
121 = Ao + Az + Ajgao,
g16989 = Ao + Ao11 + Agaza,

(1)

e r; € an" Aij = A”(t), ’L,j = O,_Q — Ny XNy
MaTPUIL, €1, &9 — MaJIl JIOJIATHI IIapaMeTPH.
Hexait mns cucremu (1) cropaBiKyOThes
YMOBH:
) marpuni A;;(t), 4,7 = 0,2 piBHOMipHO
obmezkeni g t € R pomarHoio cranon M;
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IT) Baacui 3nauenus marpuni Ago(t) 3a10-
BOJIbHAIOTH HEPIBHICTH

R,e)vL'(AQQ) < —25, ﬁ > 0.

Posmennenns cucremu (1) 3aificHioeTbCs Y
aBa eranu [6, 7). Ha meprmomy Kporii 3a Joro-
MOTOI0 3aMiHHM 3MIHHUX

To = Yo + 1e2Hpw,
1 =y + e Hyw,
i) :w+Po$0+P1.CE1

(2)

cucrema (1) 3BOAUTHCS 0 BUTIISILY

Yo = Booyo + Boiys,
€11 = Bioyo + By,
€162W = Byw,

ae Bij = Ay + ApPj, 4,5 = 0,1, By = Agp —
e162P0Age — €2 P1 Apa.

[Ipy mpomy wmarpuuni yakuil Py, P —
oOMezKeHi pO3B’I3KI CUCTEMH PiBHSIHD

(3)

e162Py = Ao + APy — e162 5 Ago—
—e182P Ao Py — e2P1 A1y — e2PiAL R,

e169P) = Aoy + Ao Py — c1620 Py Agi —
—e169PyAge Py — e2PL Ay — €9 PL A Py,

(4)

a wMarpuuHi dynkmii Hy, H; — obmexkeni

PO3B’SI3KU CUCTEMH

e162Hy = 169 A00Ho + €2 A01 H1+
_ +Ap R — HoRs,

e16oHy = 169 A10Hy + g2 A Hi+
+AR1 — Hi Ry,

e R1 = (E+€1€2P0H0+€2P1H1), R2 = <A22_
—e182FP0Age — 52P1A12)-

(5)
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Ha apyromy Kporti po3Iienienas MpumycKa-
€MO, IO CIIPAB/IXKYEThCS YMOBA

IIT) Baacui 3navenus marpuni Bii(t, €1, €2)
3aJI0BOJIBHIIOTH HEPIBHICTH

Re\;(By1) < =27, ~>0.

Toul 3a 101MOMOrow0 3aMinu
(6)

cucTeMa i3 MepImx JBOX PiBHSHL cucremu (3)
3BOJUTHCS JI0 He3aJekHuX mijgcucrem [4,7]

u = (BOO + B()lP)u,
81'1'} = (BH — €1PB01)U.

Yo=u+e Hv, 1y =v+ Py

(7)

Marpuuni dyunkuii P, H € piBHOMIpHO
00OMEeZKEeHUMU PO3B’SI3KaMU CUCTEMUI

e1P = &1(Boo + Bo1H)P + Bo1—
) —P(Bn - 5HB()1),
€1H = Bl() + BHH — 81H<B00+
+Bo H).

(8)

Mae micie HacTymHa Teopema.

Teopema 1 |7|. Hexatli sukonyromves ymo-
eu I)-III). Todi dan docmammuvo MaAuL €1, Eg
ICHYE HEBUPOIHCEHA 3AMIHA SMIHNHUT 3G 00N0-
M02010 AK0T cucmema (1) 3600umves do mpvox
He3AALHCHUT Nnidcucmem

U= (B(]o + BmP)u,
511.) = (BH — €1PB01)U,
818221') = ngw.

(9)

SayBaxkenus 1. Ymosa III) € ckrammoo
JIJISI TMepeBIpKH, OCKIIbKH MaTpuii Py ta P
BJIAETHCS 3HANTH B SIBHOMY BUIVISI/II TLTBKH Y
HaUMPOCTIMUX BUMAIKAX. JIerKo mepekoHaTu-
cst, mo ymosa III) Gyae cupaBazxyBarucs npu
MaJIHX €1, KO Ag = £, A9, i Bracui 3naue-
HHs MaTpuill Aqq 3a10BOJIbLHAIOTH HEPIBHICTD

Re\;j (A1) < =27, ~>0.

2. AcuMnToTHYHI PO3KJIAAU PO3IIE-
MJIIOI0YOT0 TIE€PETBOPEHHS

Buaiitu TouHUit BUT/IsI KOoediieHTiB Po3-
IIEILTIOI0YOTr0 nepetBopennst (2), (6) BraeTbest
TITBKU Yy HAMTIPOCTIIINX BUATIAIKAX, TOMY IIPe/I-
CTaBJIAE iHTEpeC BHUIUCATHU BiIIOBIIHI pO3IIe-
IJTeHI CHCTEeMHU TTPU HAOJIMKEHOMY 3HAXO/2KeH-
Hi ACHUMIOTOTHYHUAX PO3KIAIIB MUX KoedilieH-
TiB.
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IV) Hexait marpuui A;(t), i,j = 0,2,
A5y (t) piBroMipHO OOMeskeni g t € R pa-
30M i3 cBoiMu moxigauMu 10 (1 + 1) mopsaxy
BKJTIOYHO.

Posrngremo pudepenniaibauit Bupas

d
T(U) = AQQ(EO + Alel + AQQU — 5152£u. (10)
[Tokazkemo, 110 icnye dyHKIisg
u(t,zo(t),z1(t),e2), Ky MOXKHA mpejCTa-

BUTH Yy BUTJISI/IL

u = F()(t, 82)1'0 + ?1(75, 82)1’1 =
= (P{(t) + & PY(t) + ... + 5 PR (t))wo+
+(PX(t) + e PL(t) + ... + B PP(t))xy,
(11)

ne Bi(t), Pi(t), i = 0,n — piBHOMIpHO 0OMezKe-
Hi pa3oMm i3 coimu (n—i+1) noxigHumu, Taka,
o Ha OOMeKeHnX po3s’si3kax cucremn (1)

T(u) = o(e5™).

[TigcraBumo cmiBBiguomenust (11) y pis-
wicts (10) i ninbepemo bynxuii P(t), Pi(t),
i = 0,n rax, mo6 y pisnocri (10) nepersopu-
JINCS B HYJIb BCl 4WIeHU, 1O MICTATH €9 B CTe-
neni, menmiit, Hizk n + 1. OOrpyHTYBaHHS MO-
JKJIMBOCTI TAKOTO BUOOPY HEBAYKKO MPOBECTHU
3a ingykmieo. Ilpu npomy 1a KoeditieHTiB
y npeacrasienti (11) ogep:kyemo anrebpaiuni
CITIBB1THOIIIEHH S

PY(t) = —Ay (t) Agol(t),
P(t) = — Ay (t)Ax (1),

P(t) = Az (t) (e1 I () + e1 Py (t) Aoo(t)+

+e; ijl Pi(t) Aga (1) PE=71(t) + PEH(E) Ao (1) +

+E POAOR ).
PL(®) = Az (1) (1 PE7 () + 21 B () Aot 1)+

k=1 ,
+er Y By(t)Aoa(t) Py 1 (1) + Py () An () +
i=0
k-1 A
+ 3 Pf(t)Alg(t)Plk_’_l(t)) , k=1,2,...n
i=0
(12)
O6mexkenicts Pg, P Ta iX 4aCTHHHHEX IO-
xigaux 710 (n — i + 1) mopsaKy BUILIUBAE i3
ymosu 1V). dxmo dyuknii Pi, P suGpani 3a
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dbopmymamu (12), o qudepentianbe CHiBBiI-
womennst (10) naby/e BurisLy
T(u) = 53“(770(757 €1,€2)x0 + Mt €1,€2)71),
Jie Mg, 71 — piBHOMIpHO OOMezkeHi yHKIILIT.
dxmo y Buxigniii cucremi (1) 3pobutn 3a-
MiHYy
= Poxo + Pzy + 512,

TO JJIs1 3MIHHUX Z(, L1, Z OJEPKUMO CUCTEMY

To = (Aoo(t) + Aog(t)Po)Io + (A()l (t)—f-
+A02 (t)ﬁl) xrq + €g+1A02 (t)Z,
€1i‘1 = (él(}(t) + Alz(t)Po)fL’o + (All(t)—i-
+A12(t)P1) xr1 + 6721+1A12(t)2,
e1622 = 1o(t, €1, €2)x0 + Mt €1, £2) 1+
—|—A22(t)2.
(13)
Cucrema (13) — me cucrema tumy (1), mis
KOl icHy€ iHTerpagbHuii MHOroBUs [7|

z = Fy(t,e)wo + Py (t, &)z, (14)

ne Py, P — piBHOMIpHO 0oOMezkeHl (hyHKIIII.

Zkmo cucrema (13) Mae inTerpaabauii MHO-
rou/ (14), To cucrema (1) mae iHTerpaibHuIii
MHOTOBH/T

Tg = (P + €n+1p*)x0 i (Pl T €n+1p*) —

= RPyxg + Py,
IJid  FgKOrO CHPaBeJJIMBUNA  aCUMITOTUYHUI
PO3KJ1a,

To = (P(?—f—€2P01 + ... +€SP6L+€S+1PJ)J]O+

+(PY 4 e3P} + ... + ey P + 3T Py, (15)

Baiitcanmo B cucremi (1) 3aminy 3MiHHAX
9 = Pyro + Prxy + w,
OJIEPKIMO CHCTEMY

T = (Ago + Aoz Fo)xo+
+(Aop1 + AgaPr)z1 + Agow,
511'31 = (AIO + A12P0)1’0+
+(A11 + A12P1>ZE2 + A12’LU,
E162W = (A22 — 162 Py Apa—
—€2P1A12) w

(16)
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Posrisgaemo Tenep audepenmianbai Bupas3n

TO(UO, ul) = 8152(A00 + AOQPO)U0+
+e2(Aor + A2 Pr)us 51€2$U0 + Appw,
T (uo, ur) = 5152(A10 + A12P0)U0+
te2(An + A Pr)uy — €189 dtul + Apw.

(17)
[Tokazkemo, 10 iCHYIOTD dyHKIIl
uo(t, g9, w), wui(t,e9,w), gKi MOKHA TpeJ-

CTABUTHU Y BULJISII

—_— n . .
up = How = > eb Hlw
W (18)
uy = Hyw =Y el Hjw,
i=0
ne Hi Hi{ i = 0,n — piBHOMIpHO OOMezkeHi
pazom i3 cBoimu (n — i + 1) noxigaumu, Taki
10

n+1

T()(U07U1) (62 ), Tl(UO,Ul) = 0(63+1).

[izcrasunvo crissianomenns (18) y pisno-
cri (17) i migbepemo bynxmii Hi, Hi, i = 0,n
Tak, o6 B piBHOCTAX (17) MEpeTBOPUINCH B
HYJTb BCl 9JI€HH, IO MICTATH €9 B CTENEHI MeH-
wiit, mixk n+1. [na xkoedinientis HY, H} onep-
JKyeMO aarebpaidHi CIiBBiIHOIIEHHS

HY = Agi Ay,
HY = ApAs,
.[‘.[(])C = (61A00H§_1 —+ AOle_l‘i‘

k=1 ) k=1 .
+€1A02 z PéHgiliZ + A02 Z Plleilil—F

+e1 Z Hsz = 1A02+ Z Hzpk 1= 11412—

_ngk 1)A2217
Hl = (ElAl()H -1 + AHH{C_1+

k-1 , k=1 .
+€1A12 Z Plfv’]k_l_Z + A12 Z Plle_l_l‘f‘

+er Z H{Py ™' Agy + Z HiP™' 7 Ay —
=0
—ngk DAL, k=1, 2
(19)

O6mexkenicts H}, Hi Ta iX 9acTUHHEX IO-
XigHuxX BUIUIUBAE i3 ymoBu IV). ¥V 1boMmy Bu-
najaky gudepennianbui Bupasu (17) mabysa-
I0Th BUIVISI/LY

To(ug, ur) = i ug(t, e1, £2)w
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n+1

T (ug, u1) = 57 pi(t, €1, €2)w,

Jie [io, (1 — PIBHOMIpHO 0OMezKeHi (OYyHKITI.
Zko remep y cucremi (16) 3poburu 3aminy

__ n+l TT
o = &9 Yo + €1€2H0w,

. _
ry = by + e Hyw,

TO JJIs1 3MIHHUX ¥g, Y1, W OAEPKUMO CHCTEMY

Yo = (Ao + Ao Po)yo+
+(An + Ao P)yr + pow,
e191 = (Ao + A1 Fy)yo+
+(An + APy + w,
e169wW = (Agg — €169 Py Aga—
—€2P1A12)U)7

(20)

tuny (1), jas Kol iCHYIOTh iHTerpaIbHi MHO-
rouiu [7]

Yo = 6152H8’w, Yy = €2wa. (21)

dxmo cucrema (20) mae iHTerpajsbHi MHOTO-
Buau (21), Toai cucrema (16) Mae inTerpaabhi
MHOTOBUJII

T7 1
zo = e169(Ho + e Hy)w = e1e9 How,

T7 1
T = 62(H1 + €g+ Hf)w = 52H1w,

JIJIsl IKUX CTPaBeJIJINBI aCUMIITOTHYHI PO3KJa-
bitzs

n
o .
Ty = €169 < E ey Hy + bt HS‘) w,

1=0

n
T = &9 ( E ey H; —1—53“]:@) w.

=0

Baiiicaupimu B cuctemi (6) 3aMiHy 3MIHHHX
To = Yo + e162How, 1 =y +exHiw,

oziepzKuMo cucreMy (3) i 3aBepiiyemMo nepiiuii
erarr posuierienas cucremu (1).

Teopema 2. Hexati cnpasdocyromobes ymo-
eu I), II), IV). Todi dasn docmammnvo maruz
BHAYEHD €9 TICHYE 3aMina 3MminHUT (2), 3a do-
nomoz010 axoi cucmema (1) 360dumoca do eu-
easndy (3), i woediuienmu acumnmomuuHuL
Po3kaadie nepemeopenta (2) mostcha 00n03Ha-
YHO B3HATUMU 13 AN2e0PAINHULT CNIBEIOHOULEHD

(12), (19).
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[IpencraBnenns dyuxiiit P, H i3 piBHOCTei
(6) y BUIVISA/]l ACHMITOTHYHUX PO3KJIAIIB

P(t,&fl) = Po(t> + €1P1(t) + ey

Hit,e1) = Ho(t) + et () + oo 2D

BCTAHOBJIEHO Yy mparngx [2, 4, 9].

[Ipu mpomy koedirienTn po3kaamis (22)
OJHO3HAYHO 3HAXOMATLCSA 13  aarebpaldHmx
CIIBBIIHOIIEHD

Py(t) = =By Bio, Ho(t) = BBy,
Pi(t) = By (Py1 + Pyoa Boo+

k—1
+ > PBy1Pi—1-4),
i=0

k—1
Hy(t) = (BooHp—1 + Z Bo1 PiHy 1+

=0
k—1

+ 3 M;Py_y_; + Bo1 — My_1)By".
i=0
(23)
O6MeKy4HCch y criBBigHOIIEHHAX (2) Ta
(6) TiabKHM HYJIbOBUMH KOedili€eHTaMUi achM-

OTOTUYIHUX HAOJUKEHb OJEP:XKYEMO TaKe HYy-
JIbOBE HaOJIMZKEeHHs PO3IIEIICHO] CUCTeMU
= (Ago — Ao2Azs Az + Ag1—
—Agp Ay Ao )u,
e101 = (A1 — A Ay Agy) — g1
X (Aot — Agp Az, Aot) (A — A1p Ay Asy) 71 x
X (Ag1 — AgaAsy Ast))v,
1891 = (Agy + €189455 Agp Ao+
+€2A521A21A12)w.
(24)
3. PosienyienHs M09YaTKOBUX YMOB
Buxossuu i3 cuissignontens (2), (6), micra-
€MO PIBHSHHS, 1110 3B’ 43yI0Th IOYAaTKOBI YMOBHI
JIJIsl BUXIIHOT CHCTEMU 3 HOYATKOBUMHU YMOBA-
MU JIJIA PO3IIEIICHOT CUCTeMU

Too = Up + €1HU0 + 5152H0w0,

X109 = PUO + (E + €1PH)1)0 + 82H1100, (25)
Tog = (P0+P1P)U0+(P1+€1(P0+P1P)H)Uo+
+(E + €1€2P0H0 + €2P1H1)w0.

Posp’sa3ytoun cucremy (25), micraemo
Uy = (E + €1HP — 6162(—(E + ElHP)H0+
+HH1)P0)$00 + <—€1H—
—6152(—<E + €1HP)H0 + HH1>P1)$10+
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+e189(—(E +e1HP)Hy + HHy)xo, 8. Ocunoea O.B., Yepesko I.M. Posmenmenns pi-
3HOTEMITOBUX CHHTYJIAPHO 30ypeHnX JiHIAHUX CUCTeM
Yo = <_P - (5152PH0 - €2H1)P0):L'00—|— // Haykosuii Bichuk Yepuiseupkoro nau. yu-ry. Cepis:
MaTeMaTuka : 30. HayK. mpaib. — 2, Ne 1. — UepHibiii:
+(E+€1€2PHQ 82H1)$10+(€1€2PH0 €2H1)$20,qHy’ 2012. - C. 78-83.
wo = — Pyoo — Py10 + Xap. 9. Boponaesa H.B., Coboares B.A. Teomerpuue-
CKas JEKOMIO3WINA CHHTYISPHO BO3MYIIEHHBIX CH-
K10 BpaxoByBaTH TLIbKH HYJIbOBI WieHHW crem. — M.: ®@usmarmiur, 2009. — 256 c.
aCUMOTOTHYIHUX po3kaaaiB (12), (19), (23), To
OJIEPKIMO TaKi TOYATKOBI YMOBH TSI CHCTEMH
(24)

ug = (E + £1By1 B Big + Ri Ay Agg) oo+

+(—€1301Bf11 + RlA§21A21)$10 + Rixg,

Vg = (BﬂlBlo - RlA521A20)9€00 + (E+ Ro)x10+
+Rox90,
Wy = A2_21A20)5E00 + A2_21A21$10 + X290,

e

R1 = 8162((81B0131_12Blo — E)A02A2_21+

+301Bﬂ1A12A§21)7
RQ = _816231_113101402142_21 — €2A12A2_21).
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