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ÃÀÐÀÍÒÎÂÀÍÅ ÎÖIÍÞÂÀÍÍß ËIÍIÉÍÈÕ ÍÅÏÅÐÅÐÂÍÈÕ
ÔÓÍÊÖIÎÍÀËIÂ ÂIÄ ÐÎÇÂ'ßÇÊIÂ ÁIÃÀÐÌÎÍI×ÍÎÃÎ ÐIÂÍßÍÍß ÏÐÈ

IÍÒÅÃÐÀËÜÍÈÕ ÎÏÅÐÀÒÎÐÀÕ ÑÏÎÑÒÅÐÅÆÅÍÜ

Äîñëiäæåíà ïðîáëåìà ãàðàíòîâàíîãî îöiíþâàííÿ çíà÷åíü ëiíiéíèõ íåïåðåðâíèõ ôóíêöiî-
íàëiâ âiä ðîçâ'ÿçêiâ êðàéâî¨ çàäà÷i Íåéìàíà äëÿ áiãàðìîíi÷íîãî ðiâíÿííÿ ïðè iíòåãðàëüíèõ
îïåðàòîðàõ ñïîñòåðåæåíü òà êâàäðàòè÷íèõ îáìåæåííÿõ íà äåòåðìiíîâàíi äàíi.

The problem of guaranteed estimation of values of continuous linear functionals of solutions
of the Neumann boundary value problem for the biharmonic equation with integral operators
observations and quadratic constraints on deterministic data is investigated.

Âñòóï. Ìiíiìàêñíèé ìåòîä îöiíþâàííÿ,
ÿêèé áóâ çàïî÷àòêîâàíèé â ìîíîãðàôi¨ [1],
âèÿâèâñÿ äîñèòü êîðèñíèì äëÿ ñèñòåì ç çî-
ñåðåäæåíèìè òà ðîçïîäiëåíèìè ïàðàìåòðà-
ìè â óìîâàõ íåâèçíà÷åíîñòi. Â ïîäàëüøîìó
çàäà÷àì ìiíiìàêñíîãî îöiíþâàííÿ ñòàíiâ ñè-
ñòåì, ÿêi îïèñóþòüñÿ çâè÷àéíèìè äèôåðåí-
öiéíèìè ðiâíÿííÿìè i ðiâíÿííÿìè â ÷àñòèí-
íèõ ïîõiäíèõ áóëî ïðèñâÿ÷åíî çíà÷íó êiëü-
êiñòü ðîáiò, çîêðåìà [2], [3]. Îêðåìî ìîæíà
âiäçíà÷èòè âèïàäîê, êîëè ðîçâ'ÿçêè êðàéî-
âèõ çàäà÷ íå âèçíà÷åíi îäíîçíà÷íî i iñíóþòü
ëèøå òîäi, êîëè äàíi öèõ çàäà÷ çàäîâîëüíÿ-
þòü äåÿêèì óìîâàì ñóìiñíîñòi. Â öüîìó íà-
ïðÿìêó äîñëiäæåíü âiäîìi ðîáîòè [4], [5]. Äî
îïèñàíîãî êîëà ïðîáëåì âiäíîñÿòüñÿ i ðîáî-
òè [6], [7].

Â ðîáîòi [6] çà ñïîñòåðåæåííÿìè åëåìåíòà
âèãëÿäó

y = Cφ+ η, (1)

ó ÿêèõ φ(x) � ðîçâ'ÿçîê âàðiàöiéíî¨ çàäà÷i

φ(x) ∈ H2(D), (2)

∫
D

[(
∂2v

∂x21
+ σ

∂2v

∂x22

)
∂2φ

∂x21
+

+ 2(1− σ)
∂2v

∂x1∂x2

∂2φ

∂x1∂x2
+

+

(
∂2v

∂x22
+ σ

∂2v

∂x21

)
∂2φ

∂x22

]
dx =

=

∫
D

v(x)f(x) dx+

∫
Γ

vh1 dΓ +

∫
Γ

∂v

∂ν
h2 dΓ

∀v ∈ H2(D), (3)

C ∈ L(L2(D), H0) � ëiíiéíèé íåïåðåðâíèé
îïåðàòîð, 0 ≤ σ < 1, çà óìîâè, ùî F :=
(f, h1h2) ∈ G0 i η ∈ G1, áóëà äîñëiäæåíà ïðî-
áëåìà çíàõîäæåííÿ ìiíiìàêñíî¨ îöiíêè çíà-
÷åííÿ ôóíêöiîíàëó

l(φ) =

∫
D

l0(x)φ(x) dx, (4)

òîáòî òàêî¨ îöiíêè âèãëÿäó̂̂
l(φ) = (y, û)H0 + ĉ,

äëÿ ÿêî¨ åëåìåíò û i ÷èñëî ĉ âèçíà÷àþòüñÿ
iç óìîâè

inf
u∈H0, c∈R

σ(u, c) = σ(û, ĉ),

äe

σ(u, c) := sup
F̃∈G0,η̃∈G1

E|l(φ̃)− l̂(φ̃)|2,

φ̃ � áóäü-ÿêèé ðîçâ'ÿçîê êðàéîâî¨ çàäà÷i (2)�
(3) ïðè 1 f(x) = f̃(x), h1 = h̃1, h2 = h̃2,

l̂(φ̃) = (ỹ, u)H0 + c, ỹ = Cφ̃+ η̃.

Òóò H0 - ñåïàðàáåëüíèé ãiëüáåðòîâèé ïðî-
ñòið2 íàä R iç ñêàëÿðíèì äîáóòêîì (·, ·)H0 òà

1Ïðè öüîìó âåëè÷èíà ϱ := σ(û, ĉ)1/2 âèçíà÷à¹ ïîõèáêó ìi-
íiìàêñíîãî îöiíþâàííÿ âèðàçó (4).

2ßêùî H0 � ñêií÷åííîâèìiðíèé ïðîñòið, òî òîäi ïðèïóñêà-
¹òüñÿ, ùî dimH0 > 3.
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íîðìîþ ∥ · ∥H0 ; D - îáìåæåíà îáëàñòü â R2

ç ëiïøèöåâîþ ãðàíèöåþ Γ; H2(D) � ïðîñòið
Ñîáîë¹âà äðóãîãî ïîðÿäêó â îáëàñòi D:

H2(D) = {v ∈ L2(D) : Dαv ∈ L2(D)

∀α, |α| ≤ 2}

ç âiäïîâiäíîþ íîðìîþ, äe Dα = ∂α1+α2

∂x
α1
1 x

α2
2
,

α = {α1, α2}, |α| = α1 + α2, à ÷åðåç Dαv ïî-
çíà÷åíi óçàãàëüíåíi ÷àñòèííi ïîõiäíi ïîðÿä-
êó α ôóíêöi¨ v; ÷åðåç G0 ïîçíà÷åíî ìíîæèíó
ôóíêöié F̃ := (f̃ , h̃1, h̃2) ∈ L2(D) × L2(Γ) ×
L2(Γ), ùî çàäîâîëüíÿòü óìîâè∫

D

Q(f̃ − f0)(x)(f̃(x)− f0(x)) dx+

+

∫
Γ

Q1(h̃1 − h
(0)
1 )(h̃1 − h

(0)
1 ) dΓ+

+

∫
Γ

Q2(h̃2 − h
(0)
2 )(h̃2 − h

(0)
2 ) dΓ ≤ 1,

i ∫
D

f̃(x) dx+

∫
Γ

h̃1 dΓ = 0, (5)∫
D

x1f̃(x) dx+

∫
Γ

x1h̃1 dΓ +

∫
Γ

∂x1
∂ν

h̃2 dΓ = 0,

(6)∫
D

x2f̃(x) dx+

∫
Γ

x2h̃1 dΓ +

∫
Γ

∂x2
∂ν

h̃2 dΓ = 0,

(7)
÷åðåç G1 ïîçíà÷åíî ìíîæèíó âèïàäêîâèõ
åëåìåíòiâ η̃ = η̃(ω), âèçíà÷åíèõ íà äåÿêîìó
éìîâiðíîñíîìó ïðîñòîði (Ω,B, P ) iç çíà÷åí-
íÿìè âH0 òàêèõ, ùî E∥η̃(ω)∥2H0

<∞ i íóëüî-
âèìè ñåðåäíiìè, ùî çàäîâîëüíÿþòü íåðiâíî-
ñòi

E(Q0η̃, η̃)H0 ≤ 1, (8)

äå E � ñèìâîë ìàòåìàòè÷íîãî ñïîäiâàííÿ,
Q, Q1, Q2 i Q0 � îáìåæåíi ñàìîñïðÿæåíi
äîäàòíî-âèçíà÷åíi îïåðàòîðè â L2(D), L2(Γ)
i H0 âiäïîâiäíî, äëÿ ÿêèõ iñíóþòü îáìåæå-
íi îáåðíåíi îïåðàòîðè Q−1, Q−1

1 , Q−1
2 i Q−1

0 ;

F0 := (f0, h
(0)
1 , h

(0)
2 ) ∈ L2(D)×L2(Γ)×L2(Γ) �

çàäàíà ôóíêöiÿ, ùî çàäîâîëüíÿ¹ óìîâè (5)�
(7); u ∈ H0, c ∈ R, l0 ∈ L2(D) � çàäàíà ôóí-
êöiÿ. Êðiì òîãî ïðèïóñêà¹òüñÿ, ùî çâóæåí-
íÿ ëiíiéíîãî îïåðàòîðà C íà ïiäïðîñòið ïî-
ëiíîìiâ ïåðøîãî ñòåïåíÿ âèãëÿäó p(x1, x2) =

a + bx1 + cx2 ¹ ií'¹êòèâíèì. Â [6] äîâåäåíà
òàêà òåîðåìà.
Òåîðåìà 1. Iñíó¹ ¹äèíà ìiíiìàêñíà

îöiíêà âèðàçó l(φ), ÿêà ìîæå áóòè ïðåä-
ñòàâëåíà ó âèãëÿäi

̂̂
l(φ) = (y, û)H0 + ĉ = l(φ̂), (9)

äe

û = Q0Cp, ĉ =

∫
D

ẑ(x)f (0)(x) dx+

+

∫
Γ

ẑh
(0)
1 dΓ +

∫
Γ

∂ẑ

∂ν
h
(0)
2 dΓ, (10)

à ôóíêöi¨ p(x), ẑ(x) i φ̂(x) âèçíà÷àþòüñÿ iç
îäíîçíà÷íî ðîçâ'ÿçíèõ ñèñòåì âàðiàöiéíèõ
ðiâíÿíü (11)�(20) i (21)�(30):

ẑ ∈ H2(D), (11)

∫
D

[(∂2v1
∂x21

+ σ
∂2v1
∂x22

)
∂2ẑ

∂x21
+

+ 2(1− σ)
∂2v1
∂x1∂x2

∂2ẑ

∂x1∂x2
+

+

(
∂2v1
∂x22

+ σ
∂2v1
∂x21

)
∂2ẑ

∂x22

]
dx =

=

∫
D

(
l0(x)− C∗ΛH0Q0Cp(x)

)
v1(x) dx

∀v1 ∈ H2(D), (12)∫
D

Q−1ẑ(x) dx+

∫
Γ

Q−1
1 ẑ dΓ = 0, (13)

∫
D

x1Q
−1ẑ(x) dx+

∫
Γ

x1Q
−1
1 ẑ dΓ+

+

∫
Γ

∂x1
∂ν

Q−1
2

∂ẑ

∂ν
dΓ = 0, (14)

∫
D

x2Q
−1ẑ(x) dx+

∫
Γ

x2Q
−1
1 ẑ dΓ+

+

∫
Γ

∂x2
∂ν

Q−1
2

∂ẑ

∂ν
dΓ = 0, (15)

p ∈ H2(D), (16)
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∫
D

[(
∂2v2
∂x21

+ σ
∂2v2
∂x22

)
∂2p

∂x21
+

+ 2(1− σ)
∂2v2
∂x1∂x2

∂2p

∂x1∂x2
+

+

(
∂2v2
∂x22

+ σ
∂2v2
∂x21

)
∂2p

∂x22

]
dx =

=

∫
D

v2(x)Q
−1ẑ(x) dx+

∫
Γ

v2Q
−1
1 ẑ dΓ+

+

∫
Γ

∂v2
∂ν

Q−1
2

∂ẑ

∂ν
dΓ ∀v2 ∈ H2(D). (17)∫

D

(l0(x)− C∗ΛH0Q0Cp(x)) dx = 0, (18)∫
D

(l0(x)− C∗ΛH0Q0Cp(x))x1 dx = 0, (19)∫
D

(l0(x)− C∗ΛH0Q0Cp(x))x2 dx = 0. (20)

i
p̂ ∈ H2(D), (21)

∫
D

[(∂2v1
∂x21

+ σ
∂2v1
∂x22

)
∂2p̂

∂x21
+

+ 2(1− σ)
∂2v1
∂x1∂x2

∂2p̂

∂x1∂x2
+

+

(
∂2v1
∂x22

+ σ
∂2v1
∂x21

)
∂2p̂

∂x22

]
dx =

=

∫
D

(
C∗ΛH0Q0(y − Cφ̂)(x)

)
v1(x) dx

∀v1 ∈ H2(D), (22)∫
D

Q−1p̂(x) dx+

∫
Γ

Q−1
1 p̂ dΓ = 0, (23)

∫
D

x1Q
−1p̂(x) dx+

∫
Γ

x1Q
−1
1 p̂ dΓ+

+

∫
Γ

∂x1
∂ν

Q−1
2

∂p̂

∂ν
dΓ = 0, (24)

∫
D

x2Q
−1p̂(x) dx+

∫
Γ

x2Q
−1
1 p̂ dΓ+

+

∫
Γ

∂x2
∂ν

Q−1
2

∂p̂

∂ν
dΓ = 0, (25)

φ̂ ∈ H2(D), (26)

∫
D

[(∂2v2
∂x21

+ σ
∂2v2
∂x22

)
∂2φ̂

∂x21
+

+ 2(1− σ)
∂2v2
∂x1∂x2

∂2φ̂

∂x1∂x2
+

+

(
∂2v2
∂x22

+ σ
∂2v2
∂x21

)
∂2φ̂

∂x22

]
dx =

=

∫
D

v2(x)(Q
−1p̂(x) + f0(x)) dx+

+

∫
Γ

v2(Q
−1
1 p̂+ h

(0)
1 ) dΓ+

+

∫
Γ

∂v2
∂ν

(
Q−1

2

∂p̂

∂ν
+ h

(0)
2

)
dΓ

∀v2 ∈ H2(D), (27)∫
D

C∗ΛH0Q0(y − Cφ̂)(x) dx = 0, (28)∫
D

x1C
∗ΛH0Q0(y − Cφ̂)(x) dx = 0, (29)∫

D

x2C
∗ΛH0Q0(y − Cφ̂)(x) dx = 0, (30)

âiäïîâiäíî, â ÿêié ðiâíîñòi (21) � (30) âè-
êîíóþòüñÿ ç éìîâiðíiñòþ 1. Òóò ΛH0 ∈
L(H0, H

′
0) � îïåðàòîð, ÿêèé äi¹ ç H0 íà éî-

ãî ñïðÿæåíèé ïðîñòið H ′
0 òà âèçíà÷à¹òüñÿ

ðiâíiñòþ 3 (v, u)H0 = < v,ΛH0u >H0×H′
0

∀u, v ∈ H0, äå < x, f >H0×H′
0
, := f(x) äëÿ

x ∈ H0, f ∈ H ′
0, C

∗ : H ′
0 → L2(D) � oïå-

ðàòîð, òðàíñïîíîâàíèé äî C, ùî âèçíà÷à-
¹òüñÿ ñïiââiäíîøåííÿì < Cv,w >H0×H′

0
=∫

D
v(x)C∗w(x) dx äëÿ âñiõ v ∈ L2(D), w ∈

H ′
0.
Ïîõèáêà îöiíþâàííÿ ϱ âèçíà÷à¹òüñÿ

ôîðìóëîþ ϱ = l(p)1/2.

Îñíîâíèé ðåçóëüòàò. Çàñòîñó¹ìî íàâå-
äåíó âèùå òåîðåìó äëÿ äîñëiäæåííÿ ïðåä-
ñòàâëåííÿ ìiíiìàêñíèõ îöiíîê ôóíêöiîíàëó
(4) âiä íåâiäîìîãî ðîçâ'ÿçêó âàðiàöiéíî¨ çà-
äà÷i (2), (3) ó âèïàäêó, êîëè â ñïîñòåðåæåí-
íÿõ (1) îïåðàòîð C ¹ iíòåãðàëüíèì.

Ç öi¹þ ìåòîþ ïîêëàäåìî H0 = L2(D1) ×
. . . L2(Di) × . . . L2(DN), äå Di, i = 1, . . . , N,

3Öåé îïåðàòîð iñíó¹ â ñèëó òåîðåìè Ðicñà.
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- äåÿêi ïiäîáëàñòi îáëàñòi D ç ëiïøèöåâèìè
ãðàíèöÿìè. Òîäi ΛH0 = IH0 , äå IH0 � îäèíè-
÷íèé îïåðàòîð â H0.

Íåõàé â ñïîñòåðåæåííÿõ (1) îïåðàòîð C :
L2(D) → L2(D1)× . . . L2(Di)× . . . L2(DN) çà-
äà¹òüñÿ ðiâíiñòþ

Cφ(x) = (C1φ(x), . . . , Ciφ(x) . . . , CNφ(x)) ,

Ci : L
2(D) → L2(Di) � iíòåãðàëüíèé îïåðà-

òîð, çàäàíèé âèðàçîì

Ciφ(x) :=

∫
Di

Ki(x, ξ)φ(ξ) dξ, i = 1 . . . , N,

äå Ki ∈ L2(Di)×L2(Di), òàê ùî ñïîñòåðåæå-
ííÿ y â (1) ìàþòü âèãëÿä

y =
(
y1, . . . , yi, . . . , yN

)
,

η =
(
η1, . . . , ηi, . . . , ηN

)
, (31)

äå

yi(x) =

∫
Di

Ki(x, ξ)φ(ξ) dξ + ηi(x),

x ∈ Di, i = 1, N, (32)

à îïåðàòîðQ0 â óìîâi (8), ùî âõîäèòü â îçíà-
÷åííÿ ìíîæèíè G1, äi¹ çà ôîðìóëîþ

Q0η̃ = (Q
(0)
1 η̃1, . . . , Q

(0)
i η̃i, . . . , Q

(0)
N η̃N),

â ÿêié Q(0)
i (x) � íåïåðåðâíi äîäàòíi ôóíêöi¨

â îáëàñòi D̄i, η̃i ∈ L2(Ω, L2(Di)), i = 1, . . . , N.
Â öüîìó âèïàäêó óìîâà (8) íàáóäå âèãëÿ-

äó
N∑
i=1

∫
Di

Q
(0)
i (x)R̃i(x, x) dx ≤ 1,

äå ÷åðåç R̃i(x, y) = Eη̃i(x)η̃i(y) ïîçíà÷åíà êî-
ðåëÿöiéíà ôóíêöiÿ ïðîöåñó η̃i(x), i = 1, N,
(x, y) ∈ Di ×Di.

Äiéñíî,

E(Q0η̃, η̃)H0 =

=
N∑
i=1

E(Q(0)
i (x)ηi(x), ηi(x))L2(Di) =

=
N∑
i=1

∫
Di

Q
(0)
i (x)E(ηi(x)ηi(x)) dx =

=
N∑
i=1

∫
Di

Q
(0)
i (x)R̃

(0)
i (x, x) dx.

i, îòæå, ìíîæèíà G1 áóäå îïèñóâàòèñü íà-
ñòóïíîþ ôîðìóëîþ:

G1 =
{
η̃ = (η̃1, . . . , η̃i, . . . , η̃N) :

E∥η̃i∥2L2(Di)
<∞,

Eη̃i = 0, i = 1, N,
N∑
i=1

∫
Di

Q
(0)
i (x)R̃i(x, x) dx ≤ 1.

}
(33)

Ëåãêî áà÷èòè, ùî îïåðàòîð C∗ : L2(D1)×
. . . L2(Di)× . . . L2(DN) → L2(D), ñïðÿæåíèé
äî C, áóäå çàäàâàòèñÿ ôîðìóëîþ C∗ψ(x) =∑N

l=1 χDl(x)
∫
Dl
Kl(ξ, x)ψl(ξ) dξ, äå ψ(ξ) =

(ψ1(ξ), . . . , ψl(ξ), . . . , ψN(ξ)), ψl ∈ L2(Dl),
χDl(x) � õàðàêòåðèñòè÷íà ôóíêöiÿ ìíîæè-
íè Dl, l = 1, . . . , N.

Âðàõîâóþ÷è, ùî

û = Q0Cp = (û1, . . . , ûi, . . . , ûN),

ûl ∈ L2(Di), i = 1, N,

äå

ûi(ξ) = Q
(0)
i (ξ)

∫
Di

Ki(ξ, ξ1)p(ξ1) dξ1,

i = 1, N, (34)

ìà¹ìî

C∗JH0Q0Cp(x) =

=
N∑
i=1

χDi(x)

∫
Di

K̃i(·, ξ1)p(ξ) dξ1, (35)

äå

K̃i(x, ξ1) =

∫
Di

Ki(ξ, x)Q
(0)
i (ξ)Ki(ξ, ξ1)dξ.

Êëàñ ëiíiéíèõ çà ñïîñòåðåæåííÿìè (32)
îöiíîê l̂(φ) áóäå ìàòè âèãëÿä

l̂(φ) =
N∑
i=1

∫
Di

ui(x)yi(x) dx+ c. (36)

Òàêèì ÷èíîì, ç ïðîâåäåíîãî âèùå àíàëiçó
òà ç òåîðåìè 1 äëÿ iíòåãðàëüíèõ îïåðàòîðiâ
ñïîñòåðåæåííÿ (32) ó ïðèïóùåííÿõ, ùî

η ∈ G1,
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äå η i G1 âèçíà÷àþòüñÿ ôîðìóëàìè (31),
(33), òà

F := (f, h1h2) ∈ G0,

ìíîæèíà G0 âèçíà÷åíà âèùå, îäåðæó¹ìî íà-
ñòóïíèé ðåçóëüòàò.

Òåîðåìà 2. Ìiíiìàêñía îöiíêà
̂̂
l(φ) çíà-

÷åííÿ l(φ) âèçíà¹òüñÿ ôîðìóëîþ

̂̂
l(φ) =

N∑
i=1

∫
Di

ûi(x)yi(x) dx+ ĉ = l(φ̂),

äå

ĉ =

∫
D

ẑ(x)f (0)(x) dx+

∫
Γ

ẑh
(0)
1 dΓ+

+

∫
Γ

∂ẑ

∂ν
h
(0)
2 dΓ,

ûi(x) = Q
(0)
i (x)

∫
Di

Ki(x, η)p(η) dη,

i = 1, N,

a ôóíêöi¨ ẑ, p, φ̂ ∈ H2(D) çíàõîäÿòüñÿ ç
ðîçâ'ÿçêó ñèñòåì âàðiàöiéíèõ ðiâíÿíü:∫

D

[(∂2v1
∂x21

+ σ
∂2v1
∂x22

)
∂2ẑ

∂x21
+

+ 2(1− σ)
∂2v1
∂x1∂x2

∂2ẑ

∂x1∂x2
+

+

(
∂2v1
∂x22

+ σ
∂2v1
∂x21

)
∂2ẑ

∂x22

]
dx =

=

∫
D

(
l0(x)−

−
N∑
i=1

χDi(x)

∫
Di

K̃i(x, ξ1)p(ξ1) dξ1

)
v1(x) dx

∀v1 ∈ H2(D),∫
D

Q−1ẑ(x) dx+

∫
Γ

Q−1
1 ẑ dΓ = 0,

∫
D

x1Q
−1ẑ(x) dx+

∫
Γ

x1Q
−1
1 ẑ dΓ+

+

∫
Γ

∂x1
∂ν

Q−1
2

∂ẑ

∂ν
dΓ = 0,

∫
D

x2Q
−1ẑ(x) dx+

∫
Γ

x2Q
−1
1 ẑ dΓ+

+

∫
Γ

∂x2
∂ν

Q−1
2

∂ẑ

∂ν
dΓ = 0,

∫
D

[(
∂2v2
∂x21

+ σ
∂2v2
∂x22

)
∂2p

∂x21
+

+ 2(1− σ)
∂2v2
∂x1∂x2

∂2p

∂x1∂x2
+

+

(
∂2v2
∂x22

+ σ
∂2v2
∂x21

)
∂2p

∂x22

]
dx =

=

∫
D

v2(x)Q
−1ẑ(x) dx+

∫
Γ

v2Q
−1
1 ẑ dΓ+

+

∫
Γ

∂v2
∂ν

Q−1
2

∂ẑ

∂ν
dΓ ∀v2 ∈ H2(D).

∫
D

(
l0(x)−

−
N∑
i=1

χDi(x)

∫
Di

K̃i(x, ξ1)p(ξ1) dξ1

)
dx = 0,

∫
D

(
l0(x)−

−
N∑
i=1

χDi(x)

∫
Di

K̃i(x, ξ1)p(ξ1) dξ1

)
x1 dx = 0,

∫
D

(
l0(x)−

−
N∑
i=1

χDi(x)

∫
Di

K̃i(x, ξ1)p(ξ1) dξ1

)
x2 dx = 0.

i ∫
D

[(∂2v1
∂x21

+ σ
∂2v1
∂x22

)
∂2p̂

∂x21
+

+ 2(1− σ)
∂2v1
∂x1∂x2

∂2p̂

∂x1∂x2
+

+

(
∂2v1
∂x22

+ σ
∂2v1
∂x21

)
∂2p̂

∂x22

]
dx =
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=

∫
D

(
θ(x)−

−
N∑
i=1

χDi(x)

∫
Di

K̃i(x, ξ1)φ̂(ξ) dξ1

)
v1(x) dx

∀v1 ∈ H2(D),∫
D

Q−1ẑ(x) dx+

∫
Γ

Q−1
1 ẑ dΓ = 0,

∫
D

x1Q
−1p̂(x) dx+

∫
Γ

x1Q
−1
1 p̂ dΓ+

+

∫
Γ

∂x1
∂ν

Q−1
2

∂p̂

∂ν
dΓ = 0,

∫
D

x2Q
−1p̂(x) dx+

∫
Γ

x2Q
−1
1 p̂ dΓ+

+

∫
Γ

∂x2
∂ν

Q−1
2

∂p̂

∂ν
dΓ = 0,

∫
D

[(∂2v2
∂x21

+ σ
∂2v2
∂x22

)
∂2φ̂

∂x21
+

+ 2(1− σ)
∂2v2
∂x1∂x2

∂2φ̂

∂x1∂x2
+

+

(
∂2v2
∂x22

+ σ
∂2v2
∂x21

)
∂2φ̂

∂x22

]
dx =

=

∫
D

v2(x)(Q
−1p̂(x) + f0(x)) dx+

+

∫
Γ

v2(Q
−1
1 p̂+ h

(0)
1 ) dΓ+

+

∫
Γ

∂v2
∂ν

(
Q−1

2

∂p̂

∂ν
+h

(0)
2

)
dΓ, ∀v2 ∈ H2(D),

∫
D

(
θ(x)−

−
N∑
i=1

χDi(x)

∫
Di

K̃i(x, ξ1)φ̂(ξ1) dξ1

)
dx = 0,

∫
D

(
θ(x)−

−
N∑
i=1

χDi(x)

∫
Di

K̃i(x, ξ1)φ̂(ξ1) dξ1

)
x1 dx = 0,

∫
D

(
θ(x)−

−
N∑
i=1

χDi(x)

∫
Di

K̃i(x, ξ1)φ̂(ξ1) dξ1

)
x2 dx = 0.

âiäïîâiäíî. Òóò p̂ ∈ H2(D) i

θ(x) =
N∑
i=1

χDi(x)

∫
Di

Ki(ξ, x)Q
(0)
i (ξ)yi(ξ) dξ.

Ïîõèáêà ìiíiìàêcíîãî îöiíþâàííÿ ϱ âè-
çíà÷à¹òüñÿ ôîðìóëîþ

ϱ = l(p)1/2.
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