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×åðíiâåöüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Þðiÿ Ôåäüêîâè÷à

ÊÐÀÉÎÂÀ ÇÀÄÀ×À Ç ÍÅÐIÂÍÎÑÒßÌÈ ÄËß ÅËIÏÒÈ×ÍÈÕ ÐIÂÍßÍÜ
Ç ÂÈÐÎÄÆÅÍÍßÌ

Çà äîïîìîãîþ ïðèíöèïà ìàêñèìóìà i àïðiîðíèõ îöiíîê âèâ÷à¹òüñÿ êðàéîâà çàäà÷à ç
íåðiâíîñòÿìè äëÿ åëiïòè÷íîãî ðiâíÿííÿ äðóãîãî ïîðÿäêó çi ñòåïåíåâèìè îñîáëèâîñòÿìè ó
êîåôiöi¹íòàõ äîâiëüíîãî ïîðÿäêó. Â ãåëüäåðîâèõ ïðîñòîðàõ çi ñòåïåíåâîþ âàãîþ äîâåäåíî
iñíóâàííÿ i ¹äèíiñòü ðîçâ'ÿçêó ïîñòàâëåíî¨ çàäà÷i.

Using the maximum principle and a priori estimates we study a boundary value problem
with inequalities for a second order elliptic equation with power singularities in the coe�cients
of an arbitrary order. We establish the existence and the uniqueness of the solution of the stated
problem in H�older spaces with a power weight.

Ìàòåìàòè÷íå ìîäåëþâàííÿ áàãàòüîõ çà-
äà÷ ìåõàíiêè, ôiçèêè i òåîði¨ êåðóâàíü ïðè-
âîäèòü äî âèâ÷åííÿ ñèñòåì íåðiâíîñòåé iç
÷àñòèííèìè ïîõiäíèìè [1, 2]. Ðiâíÿííÿ ç âè-
ðîäæåííÿìè çà ïðîñòîðîâèìè çìiííèìè îïè-
ñóþòü ðiçíi ïðîöåñè. Ó ðiâíÿííi Øðåäiíãå-
ðà, ÿêå îïèñó¹ ñòàí êâàíòî-ìåõàíi÷íî¨ ñè-
ñòåìè, êîåôiöi¹íòè âèçíà÷àþòü ïîòåíöiàëü-
íó åíåðãiþ i ìàþòü ñòåïåíåâi îñîáëèâîñòi
ïðè ìîëîäøèõ ïîõiäíèõ [3]. Ðiâíÿííÿìè iç
ñèíãóëÿðíèì îïåðàòîðîì Áåññåëÿ ó òiëàõ iç
ñèìåòði¹þ ìîäåëþþòüñÿ äèôóçiéíi ïðîöåñè,
ðàäiàëüíi êîëèâàííÿ, òåïëî-ìàñîîáìií ïðè
âèðîùóâàííi ìîíîêðèñòàëiâ [4]. Âèâ÷åííþ
ðîçâ'ÿçêiâ íåëîêàëüíî¨ êðàéîâî¨ çàäà÷i äëÿ
ñèñòåì äâîõ åëiïòè÷íèõ ðiâíÿíü ç îñîáëè-
âîñòÿìè ïðèñâÿ÷åíî ïðàöþ [5]. Äîñëiäæåí-
íÿ ïèòàíü iñíóâàííÿ i ÿêiñíèõ âëàñòèâîñòåé
ðîçâ'ÿçêiâ åëiïòè÷íèõ ðiâíÿíü ç âèðîäæåí-
íÿìè i îñîáëèâîñòÿìè ïðèâåäåíi ó ïðàöÿõ
[6�10].

Ó öié ñòàòòi âèâ÷à¹òüñÿ êðàéîâà çàäà÷à ç
íåðiâíîñòÿìè äëÿ åëiïòè÷íîãî ðiâíÿííÿ äðó-
ãîãî ïîðÿäêó çi ñòåïåíåâèìè îñîáëèâîñòÿ-
ìè ó êîåôiöi¹íòàõ íà êîîðäèíàòíèõ ïëîùè-
íàõ äîâiëüíîãî ïîðÿäêó. Äîâåäåíî ¹äèíiñòü,
iñíóâàííÿ ðîçâ'ÿçêó ïîñòàâëåíî¨ çàäà÷i òà
âñòàíîâëåíi îöiíêè ðîçâ'ÿçêó i éîãî ïîõiäíèõ
ó ãåëüäåðîâèõ ïðîñòîðàõ çi ñòåïåíåâîþ âà-
ãîþ.
Ïîñòàíîâêà çàäà÷i òà îñíîâíi îáìå-

æåííÿ. Íåõàé (x1, . . . , xn) � êîîðäèíàòè òî-

÷êè P (x) ∈ Rn, Ωj = {x, x ∈ Rn, xj = 0},
D � îáìåæåíà îáëàñòü ïðîñòîðó Rn ç ìåæåþ
∂D òàêà, ùî ∂D ∩ Ωj ̸= ∅, j ∈ {1, 2, . . . , n}.
Ðîçãëÿíåìî â îáëàñòi D çàäà÷ó çíàõîäæåííÿ
ôóíêöi¨ u(x), ÿêà çàäîâîëüíÿ¹ ðiâíÿííÿ

(Lu)(x) =
[ n∑
ij=1

Aij(x)∂xi∂xj +
n∑
i=1

Ai(x)∂xi+

+A0(x)
]
u(x) = f(x) (1)

i êðàéîâi óìîâè

lim
x→z∈∂D

(Bu− g)(x) = lim
x→z∈∂D

[ n∑
i=1

bi(x)∂xiu+

+b0(x)u− g(x)
]
≥ 0,

lim
x→z∈∂D

u(x) ≥ 0, lim
x→z∈∂D

[(Bu− g)u](x) = 0.

(2)
Ïîðÿäîê îñîáëèâîñòåé êîåôiöi¹íòiâ äè-

ôåðåíöiàëüíèõ âèðàçiâ L i B áóäóòü õàðàêòå-
ðèçóâàòè ôóíêöi¨ s(ai, xi): s(ai, xi) = |xi|ai
ïðè |xi| ≤ 1; s(ai, xi) = 1 ïðè |xi| ≥ 1;
S(a, P ) = min{s(a, x1), . . . , s(a, xn)}, a, a1,
. . . , an � äîâiëüíi ôiêñîâàíi äiéñíi ÷èñëà.

Íåõàé D = D ∪ ∂D, P1(x
(1)
1 , . . . , x

(1)
n ),

P
(2)
i (x

(1)
1 , . . . , x

(1)
i−1, x

(2)
i , x

(1)
i+1, . . . , x

(1)
n ) � äî-

âiëüíi òî÷êè ç D, l � äîäàòíå ôiêñîâàíå
äiéñíå ÷èñëî. Âèçíà÷èìî ôóíêöiîíàëüíi
ïðîñòîðè, â ÿêèõ áóäå âèâ÷àòèñÿ çàäà÷à (1),
(2).
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C l(γ; β; a;D) � ìíîæèíà ôóíêöié u, ÿêi
ìàþòü íåïåðåðâíi ÷àñòèííi ïîõiäíi â D âè-
ãëÿäó ∂kxu(P ), |k| ≤ [l], äëÿ ÿêèõ ñêií÷åííà
íîðìà

∥u; γ; β; 0;D∥0 = sup
D

|u| ≡ ∥u;D∥0,

∥u; γ; β; a;D∥l =
[l]∑

|k|=0

∥u; γ; β; a;D∥|k|+

+⟨u; γ; β; a;D⟩l ≡

≡
[l]∑

|k|=0

sup
P∈D

S(|k|γ + a;P )
n∏

m=1

s(−kmβm, xm)×

×|∂kxu(P )|+
∑
|k|=[l]

n∑
i=1

sup
(P1,P

(2)
i )⊂D

S(lγ + a, P̃ )×

×s(−{l}βi, x̃i)
n∏

m=1

s(−kmβm, x̃m)×

×|x(1)i − x
(2)
i |−{l}|∂kxu(P1)− ∂kxu(P

(2)
i )|,

γ, βi � ôiêñîâàíi äiéñíi ÷èñëà, γ ≥ 0,
βi ∈ (−∞,∞), |k| = k1 + · · · + kn,
s(a, x̃i) = min{s(a, x(1)i ), s(a, x

(2)
i )}, S(a, P̃ ) =

min{S(a, P1), S(a, P
(2)
i )}.

Ùîäî çàäà÷i (1), (2) ââàæà¹ìî âèêîíàíè-
ìè óìîâè:

à) äëÿ äîâiëüíîãî âåêòîðà ξ = (ξ1, . . . , ξn)
âèêîíó¹òüñÿ íåðiâíiñòü

π1|ξ|2 ≤
n∑

ij=1

s(βi, xi)s(βj, xj)Aij(x)ξiξj ≤ π2|ξ|2,

π1, π2 � äîäàòíi ôiêñîâàíi ñòàëi i
s(βi, xi)s(βj, xj)Aij ∈ Cα(γ; β; 0;D),
s(µi, xi)Ai ∈ Cα(γ; β; 0;D), S(µ0, P )A0(P ) ∈
Cα(γ; β; 0;D), A0(x) < 0 äëÿ x ∈ D,
f ∈ Cα(γ; β;µ0;D), µ0 ≥ 0, µi ≥ 0, ìåæà
∂D ∈ C2+α, α ∈ (0, 1);

á) âåêòîðè
−→
b (s) = {b(s)1 , . . . , b

(s)
n },

b
(s)
j = s(βj, xj)bj(x) i −→e = {e1, . . . , en},

ej =
[ n∑
i=1

b2i (x)
]−1/2

bj óòâîðþþòü ç

íàïðÿìêîì çîâíiøíüî¨ íîðìàëi −→n äî
∂D â òî÷öi P (x) ∈ ∂D êóò ìåí-

øèé
π

2
, s(βj, xj)bj ∈ C1+α(γ; β; 0;D),

S(δ, P )b0(P ) ∈ C1+α(γ; β; δ;D), b0(x) > 0,
δ ≥ 0, g ∈ C1+α(γ; β; δ;D), γ =

max
{
max
i

(1 + βi),max
i

(µi − βi),
µ0

2
, δ
}
.

Òåîðåìà 1. Íåõàé äëÿ çàäà÷i (1), (2)
âèêîíàíi óìîâè à), á). Òîäi iñíó¹ ¹äè-
íèé ðîçâ'ÿçîê çàäà÷i (1), (2) iç ïðîñòîðó
C2+α(γ, β; 0;D) i ñïðàâäæó¹òüñÿ îöiíêà

∥u; γ; β; 0;D∥2+α ≤ c
(
∥f ; γ; β;µ0;D∥α+

+∥g; γ; β; δ;D∥1+α
)
. (3)

Äîâåäåííÿ öüîãî òâåðäæåííÿ íàâåäåìî
ïiçíiøå.

Äëÿ äîñëiäæåííÿ çàäà÷i (1), (2) âñòàíîâè-
ìî ñïî÷àòêó êîðåêòíó ðîçâ'ÿçíiñòü ïîñëiäîâ-
íîñòi äîïîìiæíèõ êðàéîâèõ çàäà÷ ç ãëàäêè-
ìè êîåôiöi¹íòàìè, ãðàíè÷íèìè çíà÷åííÿìè
ïîñëiäîâíîñòi ðîçâ'ÿçêiâ ÿêèõ áóäå ðîçâ'ÿçîê
çàäà÷i (1), (2).
Îöiíêà ðîçâ'ÿçêiâ êðàéîâèõ çàäà÷ ç

ãëàäêèìè êîåôiöi¹íòàìè. Íåõàé Dm =

D ∩ {x ∈ D
∣∣∣ s(1, xi) ≥ m−1}, m > 1, � ïî-

ñëiäîâíiñòü îáëàñòåé, ÿêà ïðè m→ ∞ çáiãà-
¹òüñÿ äî D. Ðîçãëÿíåìî â îáëàñòi D çàäà÷ó
çíàõîäæåííÿ ðîçâ'ÿçêó ðiâíÿííÿ

(L1um)(x) ≡
[ n∑
ij=1

aij(x)∂xi∂xj+

+
n∑
i=1

ai(x)∂xi + a0(x)
]
um(x) = fm(x), (4)

ÿêèé çàäîâîëüíÿ¹ íà ìåæi ∂D êðàéîâi óìîâè

(B1um − gm)(x)|∂D ≡
[ n∑
i=1

hi(x)∂xium+

+h0(x)um − gm(x)
]∣∣∣∣∣
∂D

≥ 0,

um

∣∣∣
∂D

≥ 0, [um(B1um − gm)]
∣∣∣
∂D

= 0. (5)

Òóò êîåôiöi¹íòè aij, ai, a0, hi, h0 i ôóíêöi¨
fm, gm ïðè x ∈ Dm ñïiâïàäàþòü ç Aij, Ai, A0,
bi, b0 i f , g âiäïîâiäíî, à ïðè x ∈ D \ Dm ¹
íåïåðåðâíèì ïðîäîâæåííÿì çi çáåðåæåííÿì
íîðì i ãëàäêîñòi [11, ñòîð. 82].
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Ñôîðìóëþ¹ìî ïðèíöèï ìàêñèìóìó äëÿ
ðîçâ'ÿçêiâ çàäà÷i (4), (5). Ïðàâèëüíîþ ¹ òàêà
òåîðåìà.
Òåîðåìà 2. ßêùî um � êëàñè÷íèé

ðîçâ'ÿçîê çàäà÷i (4), (5) â îáëàñòi D i âèêî-
íàíi óìîâè à), á), òî äëÿ um(x) ïðàâèëüíà
íåðiâíiñòü

|um| ≤ max{∥fma−1
0 ;D∥0, ∥h−1

0 gm;D∥0}. (6)

Äîâåäåííÿ. Íåõàé max
D

um(x) = um(P0).

ßêùî P0 ∈ D, òî â òî÷öi P0 âèêîíóþòüñÿ
ñïiââiäíîøåííÿ

∂xium(P0) = 0,
n∑

ij=1

aij(P0)∂xi∂xjum(P0) ≤ 0

(7)
i çàäîâîëüíÿ¹òüñÿ ðiâíÿííÿ (4). Ç óðàõóâàí-
íÿì (7) i ðiâíÿííÿ (4) â òî÷öi P0 ïðàâèëüíà
íåðiâíiñòü

um(P0) ≤ ∥fma−1
m ;D∥0. (8)

Íåõàé minum(x) = um(P1). ßêùî P1 ∈ D,
òî â òî÷öi P1 âèêîíóþòüñÿ ñïiââiäíîøåííÿ

∂xium(P1) = 0,
n∑

ij=1

aij(P1)∂xi∂xjum(P1) ≥ 0

(9)
i çàäîâîëüíÿ¹òüñÿ ðiâíÿííÿ (4). Ç óðàõóâàí-
íÿì (9) i ðiâíÿííÿ (4) â òî÷öi P1 ìà¹ìî

um(P1) ≥ inf
D
(fma

−1
0 ). (10)

ßêùî P0 ∈ ∂D, òî âèêîíóþòüñÿ óìîâè
(5). Ìîæëèâi äâà âèïàäêè: um(P0) = 0 àáî
(B1um − gm)(P0) = 0. Â äðóãîìó âèïàäêó

ìà¹ìî
dum(P0)

d−→e
≥ 0 (âåêòîð −→e çàäîâîëüíÿ¹

óìîâó á)), òîìó ç ðiâíîñòi B1um(P0) = gm(P0)
ìà¹ìî

um(P0) ≤ h−1
0 (P0)gm(P0). (11)

ßêùî P1 ∈ ∂D, òî
dum(P1)

d−→e
≤ 0. Âðàõîâóþ÷è

êðàéîâó óìîâó (B1um(P1)− gm(P1))um(P1) =
0, ìà¹ìî

um(P1) ≥ h−1
0 (P1)gm(P1). (12)

Âðàõîâóþ÷è íåðiâíîñòi (8), (10), (11),
(12), äëÿ êëàñè÷íîãî ðîçâ'ÿçêó çàäà÷i (4),
(5) îäåðæó¹ìî íåðiâíiñòü (6).

Çíàéäåìî îöiíêè ïîõiäíèõ ðîçâ'ÿç-
êiâ um(x). Ââåäåìî â ïðîñòîði C l(D)
íîðìó ∥um; γ; β; a;D∥l, åêâiâàëåíòíó
ïðè êîæíîìó ôiêñîâàíîìó m ãåëüäå-
ðåâié íîðìi, ÿêà âèçíà÷à¹òüñÿ òàê ñà-
ìî, ÿê i ∥u; γ; β; a;D∥l, òiëüêè çàìiñòü
ôóíêöié s(ai, xi) áåðåìî âiäïîâiäíî:
d(ai, xi) = max(s(ai, xi),m

−ai), ÿêùî ai ≥ 0 i
d(ai, xi) = min(s(ai, xi),m

−ai), ÿêùî ai < 0;
ρ(a;P ) = max{S(a, P ),max

i
m−ai}, ÿêùî

ai ≥ 0 i ρ(a;P ) = min{S(a, P ),min
i
m−ai},

ÿêùî ai < 0.
Òåîðåìà 3. Íåõàé âèêîíàíi óìîâè òå-

îðåìè 1. Òîäi äëÿ ðîçâ'ÿçêó çàäà÷i (4), (5)
ñïðàâäæó¹òüñÿ îöiíêà

∥um; γ; β; 0;D∥2+α ≤ c(∥f ; γ; β;µ0;D∥α+

+∥g; γ; β; δ;D∥1+α). (13)

Äîâåäåííÿ. Âèêîðèñòîâóþ÷è îçíà÷åííÿ
íîðìè òà iíòåðïîëÿöiéíi íåðiâíîñòi iç [12],
ìà¹ìî

∥um; γ; β; 0;D∥2+α ≤
≤ (1 + εα)⟨um; γ; β; 0;D⟩2+α + c(ε)∥um;D∥0,
äå ε � äîâiëüíå äiéñíå ÷èñëî iç (0; 1). Òîìó
äîñèòü îöiíèòè ïiâíîðìó ⟨um; γ; β; 0;D⟩2+α.
Iç âèçíà÷åííÿ ïiâíîðìè âèïëèâà¹ iñíóâàííÿ
â D òî÷îê P1 òà P (2)

i , äëÿ ÿêèõ ïðàâèëüíà
íåðiâíiñòü

1

2
∥um; γ; β; 0;D∥2+α ≤ E(um), (14)

E(um) ≡
∑
|k|=2

n∑
i=1

ρ((2 + α)γ; P̃ )d(−αβi; x̃i)×

×
n∏

m=1

d(−kmβm; x̃m)|x(1)i − x
(2)
i |−α×

×|∂kxum(P1)− ∂kxum(P
(2)
i )|.

Íåõàé |x(1)i − x
(2)
i | ≤ 4−1n−1τd(γ − βi, x̃) ≡

T , τ ∈ (0, 1). Ââàæàòèìåìî, ùî d(γ, x̃) ≡
d(γ, x(1)). Ðîçãëÿíåìî âèïàäîê |x(1)j − yj| ≤
4T , y ∈ ∂D, j ∈ {1, 2, . . . , n}. Ââàæàòèìåìî
äëÿ ïðîñòîòè, ùî j = n.
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Ïîçíà÷èìî ÷åðåç KR(P ) êóëþ ðàäióñà
R ≥ 4nT , ÿêà ìiñòèòü òî÷êè P1 i P

(2)
i ç öåí-

òðîì â òî÷öi P ∈ ∂D. Âðàõîâóþ÷è îáìå-
æåííÿ íà ãëàäêiñòü ìåæi ∂D, ìîæíà ðîç-
ïðÿìèòè ∂D ∩KR(P ) çà äîïîìîãîþ âçà¹ìíî
îäíîçíà÷íîãî ïåðåòâîðåííÿ x = ψ(t) ([11],
ñòîð. 126). Â ðåçóëüòàòi òàêîãî ïåðåòâîðåí-
íÿ îáëàñòü D ∩KR(P ) ïåðåõîäèòü â îáëàñòü
Q, äëÿ òî÷îê ÿêî¨ tn ≥ 0.

Ââàæàòèìåìî, ùî um(x), P1, P
(2)
i , E,

ρ(a;P1), d(γ, x
(1)
i ), T ïðè öüîìó ïåðåòâîðåí-

íi ïåðåõîäÿòü âiäïîâiäíî â vm(t), H1, H
(2)
i ,

E1, ρ1(a,H1), d1(γ, t
(1)
i ), T1. Ïîçíà÷èìî êîå-

ôiöi¹íòè âèðàçiâ L1 i B1 â îáëàñòi Q ÷åðåç
rij(t), ri(t), r0(t), li(t), l0(t). Òîäi vm(t) áóäå
ðîçâ'ÿçêîì òàêî¨ çàäà÷i[

n∑
ij=1

rij(H1)∂ti∂tj − λ

]
vm(t) =

n∑
ij=1

[rij(H1)−

−rij(t)]∂ti∂tjvm −
n∑
i=1

ri(t)∂tivm−

−(r0(t) + λ)vm + fm(ψ(t)) ≡ Fm(t), (15)

B1vm|tn=0 ≡
n∑
i=1

li(H1)∂tivm|tn=0 ≥

≥
[ n∑
i=1

(li(H1)− li(t))∂tivm−

−l0(t)vm + gm(ψ(t))
]∣∣∣∣∣
tn=0

≡ G1(t)|tn=0, (16)

vm|tn=0 ≥ 0, [vm(B1vm −G1)]
∣∣∣
tn=0

= 0,

λ � äîâiëüíå ÷èñëî, ÿêå çàäîâîëüíÿ¹ íåðiâ-
íiñòü sup

D

A0(x) + λ ≤ 0.

Â çàäà÷i (15), (16) çðîáèìî çàìiíó vm(t) =
ωm(z), zi = d1(βi, t

(1))ti, i ∈ {1, . . . , n}.
Îáëàñòü âèçíà÷åííÿ ωm(z) ïîçíà÷èìî ÷åðåç
Q1. Òîäi ωm(z) áóäå ðîçâ'ÿçêîì çàäà÷i

(L2ωm)(z) ≡

[
n∑

ij=1

d1(βi, t
(1)
i )d1(βj, t

(1)
j )×

×rij(H1)∂zi∂zj − λ

]
ωm = Fm(z̃),

(B2ωm)(z)|zn=0 ≡
n∑
j=1

d1(βj, t
(1)
j )lj(H1)×

×∂zjωm|zn=0 ≥ G1(z̃)|zn=0,

ωm|zn=0 ≥ 0, [ωm(B2ωm −G1)]
∣∣∣
zn=0

= 0,

äå z̃ = (d−1
1 (β1, t

(1)
1 )z1, . . . , d

−1
1 (βn, t

(n)
1 )zn).

Ïîçíà÷èìî ÷åðåç Πq = {z, z ∈ Q1

∣∣∣ |zi −
z
(1)
i | ≤ n−1qd1(γ, t

(1)
i ), z(1)i = d1(βi, t

(1)
i )t

(1)
i ,

zn ≥ 0, q ∈ (0, 1)} i âiçüìåìî òðè÷i äèôå-
ðåíöiéîâíó ôóíêöiþ η(z), ÿêà çàäîâîëüíÿ¹
óìîâè

η(z) =


1, z ∈ Π1/2, 0 ≤ η(z) ≤ 1;
0, z ̸∈ Π3/4, |∂zi∂zj∂zkη(z)| ≤

≤ cd−1
1 (γ, t

(1)
i )d−1

1 (γ, t
(1)
j )×

×d−1
1 (γ, t

(1)
k ).

Òîäi ôóíêöiÿ Wm(z) = ωm(z)η(z) áóäå
ðîçâ'ÿçêîì êðàéîâî¨ çàäà÷i

(L2Wm)(z) =
n∑

ij=1

rij(H1)d1(β
(1)
i , t

(1)
i )d1(β

(1)
j , t

(1)
j )×

×[∂ziωm∂zjη + ∂ziη∂zjωm]+

+ωm

[ n∑
ij=1

rij(H1)d1(βi, t
(1)
i )d1(βj, t

(1)
j )∂zi∂zjη

]
+

+η(z)Fm(z̃) ≡ Φm(z) + ηFm(z̃), (17)

(B2Wm)(z)|zn=0 ≥
[ n∑
i=1

d1(βi, t
(1)
i )li(H1)ωm∂ziη+

+ηG1

]∣∣∣∣∣
zn=0

≡ [G2 + ηG1]
∣∣∣
zn=0

, (18)

Wm|zn=0 ≥ 0,
[
Wm(B2Wm−G2−ηG1)

]∣∣∣∣∣
zn=0

= 0.

Ìîæëèâi äâà âèïàäêè: iñíóþòü òàêi òî-
÷êè ìåæi Q1 ∩ {zn = 0}, â ÿêèõ âèêîíó¹òüñÿ
óìîâà

[B2Wm −G2 − ηG1]|zn=0 = 0, (19)

àáî òàêèõ òî÷îê íå iñíó¹, òîáòî [B2Wm−G2−
ηG1]|zn=0 > 0. Òîäi ç êðàéîâî¨ óìîâè (18) ìà-
¹ìî

Wm|zn=0 = 0. (20)

128 Áóêîâèíñüêèé ìàòåìàòè÷íèé æóðíàë. 2013. � Ò. 1, � 3-4.



Ó ïåðøîìó âèïàäêó äîñëiäæó¹ìî çàäà÷ó
(17), (19). Íà ïiäñòàâi òåîðåìè 2.17 ([8], ñòîð.
231) äëÿ ðîçâ'ÿçêó çàäà÷i (17), (19) i äîâiëü-
íèõ òî÷îê M1, M2 ∈ Π1/2 ïðàâèëüíà íåðiâ-
íiñòü

|ξ(1) − ξ(2)|−α|∂2ξωm(M1)− ∂2ξωm(M2)| ≤

≤ c(∥Φm + ηFm∥Cα(Π3/4))+ (21)

+∥G2 + ηG)1∥C1+α(Π3/4).

Âðàõîâóþ÷è âëàñòèâîñòi ôóíêöi¨ η(z),
çíàõîäèìî

∥Φm + ηFm∥Cα(Π3/4) ≤ cρ1(−(2 + α)γ;H1)×

×(∥Fm; γ; 0; 2γ; Π3/4∥α+

+∥ωm; γ; 0; 0; Π3/4∥2 + ∥ωm; Π3/4∥0), (22)

∥G2 + ηG1∥C1+α(Π3/4) ≤ cρ1(−(2 + α)γ;H1)×

×(∥G1; γ; 0; γ; Π3/4∥1+α+

+∥ωm; γ; 0; 0; Π3/4∥2 + ∥ωm; Π3/4∥0). (23)

Ïiäñòàâëÿþ÷è (22), (23) ó (21) i ïîâåðòà-
þ÷èñü äî çìiííèõ t, îäåðæèìî íåðiâíiñòü

E(vm) ≤ c(∥Fm; γ; β; 2γ;Q∥α+

+∥G1; γ; β; γ;Q∥1+α+

+∥vm; γ; β; 0;Q∥2 + ∥vm;Q∥0).

Âðàõîâóþ÷è iíòåðïîëÿöiéíi íåðiâíîñòi,
îöiíêè ïiâíîðì êîæíîãî äîäàíêà âèðàçiâ Fm
i G1 i ïîâåðòàþ÷èñü äî çìiííèõ x, îäåðæèìî

E(um) ≤ [εα(n+2)+τ 2n2]∥um; γ; β; 0;D∥2+α+

+c∥um;D∥0 + c1(∥fm; γ; β; 2γ;D∥α+ (24)

+∥gm; γ; β; γ;D∥1+α).

ßêùî âèêîíó¹òüñÿ óìîâà (20), òî äîñëi-
äæó¹ìî çàäà÷ó (17), (20). Ïîâòîðþþ÷è ìið-
êóâàííÿ, íàâåäåíi ïðè çíàõîäæåííi îöiíêè
ðîçâ'ÿçêó çàäà÷i (17), (19) i âèêîðèñòîâó-
þ÷è ïðè öüîìó òåîðåìó 2.17 iç ([8], ñòîð.
231),îäåðæèìî íåðiâíiñòü

E(um) ≤ [εα(n+2)+τ 2n2]∥um; γ; β; 0;D∥2+α+

+c∥um;D∥0 + c1∥fm; γ; β; 2γ;D∥α. (25)

Íåõàé |x(1)j − yj| ≥ 4T . Òîäi çàïèøåìî çà-
äà÷ó (5), (6) ó âèãëÿäi

(L3um)(x) ≡

[
n∑

ij=1

aij(P1)∂xi∂xj − λ

]
um =

=
n∑
i=1

[aij(P1)− aij(x)]∂xi∂xjum−

−
n∑

ij=1

ai(x)∂xium − (am(x) + λ)um + fm(x) ≡

(26)
≡ Φ(x, um) + fm(x),

(B3um)(x)|∂D ≡
n∑
i=1

hi(P1)∂xium|∂D ≥

≥
[ n∑
i=1

(hi(P1)− hi(x))∂xium + gm(x)−

−h0(x)um
]∣∣∣∣∣
∂D

≡ [G3(x, um) + gm]
∣∣∣
∂D
, (27)

um|∂D ≥ 0, [um(B3um −G3 − gm)]
∣∣∣
∂D

= 0.

Â çàäà÷i (26), (27) çðîáèìî çàìiíó
um(x) = v

(1)
m (z), zi = d(βi, x

(1)
i )xi, îäåðæèìî

(L4v
(1)
m )(z) ≡

[ n∑
ij=1

d(βi, x
(1)
i )d(βj, x

(1)
j )×

×aij(P1)∂zi∂zj − λ
]
v(1)m = Φ(z̃, v(1)m ) + fm(z̃),

(B4v
(1)
m )(z)

∣∣∣
∂D

≡

≡
n∑
i=1

d(βi, x
(1))hi(P1)∂xiv

(1)
m

∣∣∣
∂D

≥

≥ [G3(z̃, v
(1)
m ) + gm(z̃)]

∣∣∣
∂D
,

v(1)m |∂D, [v(1)m (B4v
(1)
m −G3 − gm)]

∣∣∣
∂D

= 0,

äå z̃ = (d(−β1, x(1)1 )z1, . . . , d(−βn, x(1)n )zn).
Ïîçíà÷èìî ÷åðåç z

(1)
i = d(βi;x

(1)
1 )x

(1)
i ,

Π
(1)
q =

{
z, |zi − z

(1)
i | ≤ qn−1d(γ; x

(1)
i ), i ∈
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{1, 2, . . . , n}
}

i âiçüìåìî òðè÷i äèôåðåíöi-

éîâíó ôóíêöiþ η1(z), ÿêà çàäîâîëüíÿ¹ óìî-
âè:

η1(z) =


1, z ∈ Π

(1)
1/2, 0 ≤ η1(z) ≤ 1;

0, z ̸∈ Π
(1)
3/4, |∂zi∂zj∂zkη(1)(z)| ≤

≤ cd(−βi, x(1)i )d(−βj, x(1)j )×
×d(−βk, x(1)k ).

Òîäi ôóíêöiÿ Vm(z) = v
(1)
m (z)η1(z) çàäî-

âîëüíÿ¹ êðàéîâó çàäà÷ó

(L4Vm)(z) =
n∑

ij=1

d(βi, x
(1)
i )d(βj, x

(1)
j )aij(P1)×

×[∂ziv
(1)
m ∂zjη1 + ∂zjv

(1)
m ∂ziη1]+

+v(1)m

[ n∑
ij=1

d(βi, x
(1)
i )d(βj, x

(1)
j )aij(P1)∂zi∂zjη1

]
+

+ηΦ(x̃, v(1)m ) + ηfm(z̃), (28)

Vm|∂D = 0. (29)

Ïîâòîðþþ÷è ìiðêóâàííÿ, íàâåäåíi ïðè
çíàõîäæåííi îöiíêè ðîçâ'ÿçêó çàäà÷i (17),
(19) i âèêîðèñòîâóþ÷è ïðè öüîìó òåîðåìó
2.17 iç ([8], ñòîð. 231), îäåðæèìî íåðiâíiñòü
(25).

ßêùî |x(1)i −x(2)i | ≥ T , òî âèêîðèñòîâóþ÷è
iíòåðïîëÿöiéíi íåðiâíîñòi, ìà¹ìî

E(um) ≤ εα∥um; γ; β; 0;D∥2+α+c(ε)∥um;D∥0.
(30)

Ñêîðèñòàâøèñü íåðiâíîñòÿìè (6), (14), (24),
(25), (30) i âèáðàâøè ε i τ äîñèòü ìàëèìè,
îäåðæèìî îöiíêó (13).
Äîâåäåííÿ òåîðåìè 1. Ïðàâà ÷àñòèíà

íåðiâíîñòi (13) íå çàëåæèòü âiä m, òîäi
ïîñëiäîâíîñòi {W (0)

m } ≡ {um}, {W (1)
m } ≡

{ρ(γ, P )d(−βi, xi)∂xium(P )}, {W (2)
m } ≡

{ρ(2γ;P )d(−βi, xi)d(−βj, xj)∂xi∂xjum(P )}
ðiâíîìiðíî îáìåæåíi i ðiâíîñòàéíî íåïå-
ðåðâíi â îáëàñòi D. Çà òåîðåìîþ Àð÷åëà
iñíóþòü ïiäïîñëiäîâíîñòi {W (ν)

mk }, ðiâíîìiðíî
çáiæíi â D äî W (ν), ν ∈ {0, 1, 2}.

Ïåðåõîäÿ÷è äî ãðàíèöi ïðè mk → ∞ â
çàäà÷i (4), (5), îäåðæèìî, ùî u(x) = W (0)

� ¹äèíèé ðîçâ'ÿçîê çàäà÷i (1), (2), u ∈
C2+α(γ; β; 0;D).
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