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IÇ ÇÀÏIÇÍÅÍÍßÌ ÀÐÃÓÌÅÍÒÓ

Ó ðîáîòi ðîçðîáëåíî àëãîðèòì ïîáóäîâè ïåðiîäè÷íèõ ðîçâ'ÿçêiâ âèðîäæåíèõ ñèíãóëÿðíî
çáóðåíèõ ñèñòåì äèôåðåíöiàëüíèõ ðiâíÿíü iç çàïiçíåííÿì àðãóìåíòó.

We provide an algorithm for construction of periodic solution of degenerate singularly perturbed
systems of di�erential equations with delay.

Ðiçíîìàíiòíi àñïåêòè òåîði¨ ñèñòåì äèôå-
ðåíöiàëüíèõ ðiâíÿíü

dx

dt
= f(x(t, ε), x(t− ε, ε), t, ε), t ∈ [ε;T ],

äå x(t, ε) òà f(x(t, ε), x(t − ε, ε), t, ε) � n-
âèìiðíi âåêòîð-ôóíêöi¨, ç ìàëèì çàïiçíåí-
íÿì àðãóìåíòó (0 < ε ≤ ε0 << 1) ðîçãëÿ-
äàëèñÿ â ðîáîòàõ À.Ä. Ìèøêicà [1], À.Á. Âà-
ñèëü¹âî¨ òà Î.Ì. Ðîäiîíîâà [2], Þ. Î. Ðÿ-
áîâà [3] òîùî. Â. I. Ðîæêîâ òà Ã. Ä. Êóðäå-
âàíiäçå äîâåëè iñíóâàííÿ òà ¹äèíiñòü ïåði-
îäè÷íîãî ðîçâ'ÿçêó ñèñòåìè äèôåðåíöiàëü-
íèõ ðiâíÿíü ç ìàëèì çàïiçíåííÿì àðãóìåíòó
òà ïîáóäóâàëè éîãî àñèìïòîòè÷íå ðîçâèíå-
ííÿ çà ñòåïåíÿìè ìàëîãî ïàðàìåòðó [4]. Çà-
çíà÷èìî, ùî ñèñòåìè (1) çà àñèìïòîòè÷íèìè
âëàñòèâîñòÿìè áëèçüêi äî ñèñòåì ñèíãóëÿð-
íî çáóðåíèõ äèôåðåíöiàëüíèõ ðiâíÿíü.

Ïåðiîäè÷íi ðîçâ'ÿçêè ñèíãóëÿðíî çáóðå-
íèõ ñèñòåì äèôåðåíöiàëüíèõ ðiâíÿíü ç âèðî-
äæåíîþ ìàòðèöåþ ïðè ïîõiäíèõ äîñëiäæó-
âàëèñü â ðîáîòàõ À. Ì. Ñàìîéëåíêà, Ì.I.
Øêiëÿ, Â.Ï. ßêîâöÿ òà ¨õ ó÷íiâ [5, 6].

Ó äàíié ðîáîòi ðîçðîáëåíî àëãîðèòì ïî-
áóäîâè ïåðiîäè÷íîãî ðîçâ'ÿçêó âèðîäæåíî¨
(detB(t) ≡ 0, t ∈ [0;T ]) ñèíãóëÿðíî çáóðå-
íî¨ ñèñòåìè äèôåðåíöiàëüíèõ ðiâíÿíü

εB(t)
dx

dt
= f(x(t, ε), x(t−ε, ε), t, ε), t ∈ [ε;T ],

(1)
ç ìàëèì çàïiçíåííÿì àðãóìåíòó (0 < ε ≤
ε0 << 1).

1. Íåêðèòè÷íèé âèïàäîê. Íàäàëi ïðèïó-
ñêà¹ìî âèêîíàííÿ òàêèõ óìîâ:
1. Åëåìåíòè ìàòðèöi B(t) òà âåêòîð-ôóíêöi¨
f(x, [x], t, ε), [x(t, ε)] = x(t − ε, ε), T -ïåðiî-
äè÷íi çà çìiííîþ t âiäïîâiäíî íà âiäðiçêó
[0;T ] òà íà ìíîæèíi V , äå

V = {(x, [x], t, ε) : ||x|| ≤ a, ||[x]|| ≤ a,

0 ≤ t ≤ T, 0 ≤ ε ≤ ε0}.
2. Ðiâíÿííÿ f(x, x, t, 0) = 0 âiäíîñíî x ìà¹
T -ïåðiîäè÷íèé ðîçâ'ÿçîê x = x0(t) òàêèé,
ùî:
à) x0(t) ∈ C[0;T ];
á) òî÷êè (x0(t), t) ∈ U , U = {(x, t) : ||x|| <
a, 0 ≤ t ≤ T};
â) êîðiíü x = x0(t) ¹ içîëüîâàíèì íà âiäðiçêó
[0;T ].
3. Íà âiäðiçêó [0;T ] â'ÿçêà
fx(x0(t), x0(t), 0, 0) − λB(t) ðåãóëÿðíà,
ìà¹ n− 1 ñêií÷åííèé åëåìåíòàðíèé äiëüíèê
i îäèí íåñêií÷åííèé åëåìåíòàðíèé äiëüíèê
(fx � êâàäðàòíà ìàòðèöÿ n-ãî ïîðÿäêó,

ùî ñêëàäà¹òüñÿ ç âåêòîð-ñòîâïöiâ
∂fj
∂xi

,

i, j = 1, n).
4. Reλi(t) ̸= 0, t ∈ [0;T ], i = 1, n− 1,
ïðè÷îìó λi(t) ̸= λj(t), t ∈ [0;T ], i ̸= j,
i, j = 1, n− 1, äå λi(t) � êîðåíi õàðàêòåðè-
ñòè÷íîãî ðiâíÿííÿ

det(fx(x0(t), x0(t), t, 0)− λB(t)) = 0. (2)

Ïiä ÷àñ ïîáóäîâè ôîðìàëüíîãî ðîçâ'ÿç-
êó ñèñòåìè (1), ââàæà¹ìî, ùî B(t) ∈
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C∞[−T ;T ], f(x, t, ε) ∈ C∞(V1),

V1 = {(x, [x], t, ε) : ||x|| ≤ a, ||[x]|| ≤ a,

−T ≤ t ≤ T, 0 ≤ ε ≤ ε0}.
Ôîðìàëüíèé ðîçâ'ÿçîê ñèñòåìè (1) øóêà-

¹ìî ó âèãëÿäi

x(t, ε) =
∞∑
s=0

εsxs(t). (3)

Äëÿ öüîãî ôóíêöiþ f(x(t, ε), [x(t, ε)], t, ε)
çàïèñó¹ìî òàê

f(x(t, ε), [x(t, ε)], t, ε) = f(x0(t), x0(t), t, 0)+

+ε(fx(t)+f[x](t))x1(t)+f1(t))+ ...+ε
s(fx(t)+

+f[x](t))xs(t) + fs(t)) + ... ≡
∞∑
s=0

εsf s(t),

äå åëåìåíòè ìàòðèöü fx(t), f[x](t) îá÷èñëþþ-
òüñÿ â òî÷öi (x0(t), x0(t), t, 0), à âåêòîðè fs(t)
ïåâíèì ÷èíîì âèðàæàþòüñÿ ÷åðåç xk(t), k <
s.

Ïiäñòàâèìî (3) äî ñèñòåìè (1) i çðiâíÿ¹ìî
êîåôiöi¹íòè ïðè îäíàêîâèõ ñòåïåíÿõ ε. Òàê,
ïðè ε0 ìà¹ìî

f(x0(t), x0(t), t, 0) = 0. (4)

5. Íåõàé det(fx(t) + f[x](t)) ̸= 0, t ∈ [0;T ].
Òîäi çãiäíî ç ïðèïóùåííÿìè 1, 2 ðiâíÿííÿ

(4) ìà¹ T -ïåðiîäè÷íèé ðîçâ'ÿçîê x0 = x0(t)
òàêèé, ùî x0(t) ∈ C∞[−T ;T ].

Çðiâíþþ÷è êîåôiöi¹íòè ïðè εs, s ∈ N , äi-
ñòà¹ìî

B(t)
dxs−1

dt
= (fx(t) + f[x](t))xs + fs(t). (5)

Òîäi

xs(t) = (fx(t) + f[x](t))
−1×

×
(
B(t)

dxs−1(t)

dt
− fs(t)

)
, s ∈ N.

Ïðè öüîìó, âåêòîð-ôóíêöi¨ xs(t), s ∈ N , ¹
T -ïåðiîäè÷íèìè.

Ç'ÿñó¹ìî àñèìïòîòè÷íi âëàñòèâîñòi ïî-
áóäîâàíîãî ôîðìàëüíîãî ðîçâ'ÿçêó ñèñòåìè
(1). Çðîáèâøè çàìiíó ó ñèñòåìi (1)

x(t, ε) = xm(t, ε) + y(t, ε), (6)

äå

xm(t, ε) =
m∑
s=0

εsxs(t),

à y(t, ε) � íîâà íåâiäîìà âåêòîð-ôóíêöiÿ, äi-
ñòà¹ìî

εB(t)
dy

dt
= fx(t, ε)y+f[x](t, ε)[y]+h(y, [y], t, ε),

(7)
fx(t, ε) = fx(x0(t), x0(t), t, ε),

f[x](t, ε) = f[x](x0(t), x0(t), t, ε),

h(y, [y], t, ε) = f(xm + y, [xm + y], t, ε) −
εB(t)

dxm
dt

− fx(t, ε)y − f[x](t, ε)[y].

Äîâåäåìî iñíóâàííÿ òàêîãî T -
ïåðiîäè÷íîãî ðîçâ'ÿçêó y = y(t, ε) ñèñòåìè
(7), ùî y(0, ε) = O(εm+1).

Çãiäíî [7, 8] iñíóþòü íåîñîáëèâi T -
ïåðiîäè÷íi äîñòàòíüî ãëàäêi ìàòðèöi P (t, ε),
Q(t, ε), äëÿ ÿêèõ íà âiäðiçêó [0;T ] ìàþòü ìi-
ñöå ðiâíîñòi

P (t, ε)fx(t, ε)Q(t, ε) = f̃x(t, ε) ≡

≡ diag{e(t, ε),Wn−1(t, ε)},

P (t, ε)B(t)Q(t, ε) = B̃(t, ε) ≡
≡ diag{b(t, ε), En−1(t, ε)},

äå

e(t, 0) = 1, En−1(t, 0) = En−1, b(t, 0) = 0,

Wn−1(t, 0) = Wn−1(t) ≡ {λ1(t), ..., λn−1(t)}.
Çðîáèìî â ñèñòåìi (7) çàìiíó y(t, ε) =
Q(t, ε)z(t, ε) i äîìíîæèìî ¨¨ îáèäâi ÷àñòèíè
çëiâà íà P (t, ε). Ìà¹ìî

εb(t, ε)
dz1
dt

= e(t, ε)z1 + εD1(t, ε)z1+

+εD2(t, ε)z2 + F1(t, ε)[z1] + F2(t, ε)[z2]+

+w1(z, [z], t, ε), (8)

ε
dz2
dt

=Wn−1(t)z2 + εD3(t, ε)z1+

+(E−1
n−1(t, ε)Wn−1(t, ε)−Wn−1(t)+

+εD4(t, ε))z2 + F3(t, ε)[z1] + F4(t, ε)[z2]+

+w2(z, [z], t, ε), (9)
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äå

D(t, ε) = −diag{1, E−1
n−1(t, ε)}B̃(t, ε)×

×Q−1(t, ε)Q′(t, ε) ≡
(
D1(t, ε) D2(t, ε)
D3(t, ε) D4(t, ε)

)
,

F (t, ε) = diag{1, E−1
n−1(t, ε)}P (t, ε)×

×f[x](t, ε)[Q(t, ε)] ≡
(
F1(t, ε) F2(t, ε)
F3(t, ε) F4(t, ε)

)
,

w(z, [z], t, ε) = diag{1, E−1
n−1(t, ε)}×

×P (t, ε)h(Q(t, ε)z, [Q(t, ε)z], t, ε),
D4(t, ε) òà F4(t, ε) � êâàäðàòíi ìàòðèöi (n −
1)-ãî ïîðÿäêó; z1 òà w1 � ïåðøi êîìïîíåí-
òè âåêòîðiâ z òà w âiäïîâiäíî, à z2 òà w2 �
âåêòîðè, ùî ìiñòÿòü ðåøòó êîìïîíåíò z òà
w.

Çàçíà÷èìî, ùî

||w(v1, [v1], t, ε)− w(v2, [v2], t, ε)|| ≤

≤ εk0(||v1 − v2||+ ||[v1]− [v2]||)
äëÿ âñiõ v1, v2 ∈ D1, äå

D1 = {u(t, ε) ∈ C[ε;T ] : ||u(t, ε)|| ≤ k1ε},

òà ||w(0, 0, t, ε)|| ≤ k2ε
m+1, t ∈ [ε;T ].

6. Íåõàé b(t, ε) = εkb1(t, ε), k > 0, ïðè÷îìó
Re b1(t, 0) ̸= 0, t ∈ [0;T ].

Òîäi iç ñèñòåìè (8), (9) äiñòà¹ìî

z1(t, ε) =
1

ε

t+T∫
t

1

b(s, ε)
(Ψ1(s, ε)(Ψ

−1
1 (T + ε, ε)−

−1)Ψ−1
1 (t, ε))−1u(z, [z], s, ε)ds, (10)

z2(t, ε) =
1

ε

t+T∫
t

Ψn−1(s, ε)(Ψ
−1
n−1(T + ε, ε)−

−En−1)Ψ
−1
n−1(t, ε))

−1v(z, [z], s, ε)ds, (11)

äå Ψ1(t, ε) � ðîçâ'ÿçîê çàäà÷i Êîøi

εb(t, ε)
dz1
dt

= e(t, ε)z1, Ψ1(ε, ε) = 1,

à Ψn−1(t, ε) � ôóíäàìåíòàëüíà ìàòðèöÿ
îäíîðiäíî¨ ñèñòåìè

ε
dz2
dt

=Wn−1(t)z2, Ψn−1(ε, ε) = En−1,

u(z, [z], s, ε) = εD1(s, ε)z1 + εD2(s, ε)z2+

+F1(s, ε)[z1] + F2(s, ε)[z2] + w1(z, [z], s, ε),

v(z, [z], s, ε) = εD3(s, ε)z1 + (E−1
n−1(s, ε)×

×Wn−1(s, ε)−Wn−1(s) + εD4(s, ε))z2+

+F3(s, ε)[z1] + F4(s, ε)[z2] + w2(z, [z], s, ε).

Íåõàé Wn−1(t) = diag{W+(t),W−(t)}, äå
W+(t) òà W−(t) � ìàòðèöi, âëàñíèìè çíà-
÷åííÿìè ÿêèõ ¹ âëàñíi çíà÷åííÿ ìàòðèöi
Wn−1(t) âiäïîâiäíî ç äîäàòíèìè òà âiä'¹ì-
íèìè äiéñíèìè ÷àñòèíàìè. Äëÿ âèçíà÷åíî-

ñòi ïðèïóñòèìî, ùî Re
e(t, ε)

b(t, ε)
> 0, t ∈ [ε;T ],

ε ∈ (0; ε1].
Òîäi

z1(t, ε) =
1

ε

exp

−1

ε

ε+T∫
ε

e(t, ε)

b(t, ε)
dt

− 1

−1

×

×
T∫

0

1

b(t+ s, ε)
exp

1

ε

t∫
t+s

e(t, ε)

b(t, ε)
dt

×

×u(z(t+ s, ε), [z(t+ s, ε)], t+ s, ε)ds, (12)

z2+(t, ε) =
1

ε

exp
−1

ε

ε+T∫
ε

W+(t)dt

− E+

−1

×

×
T∫

0

exp

1

ε

t∫
t+s

W+(t)dt

×

×v+(z(t+ s, ε), [z(t+ s, ε)], t+ s, ε)ds, (13)

z2−(t, ε) =
1

ε

E− − exp

1

ε

ε+T∫
ε

W−(t)dt

−1

×

×
T∫

0

exp

1

ε

t∫
t+s−T

W−(t)dt

×

×v−(z(t+ s, ε), [z(t+ s, ε)], t+ s, ε)ds, (14)

äå
v(z, [z], t, ε) =

= colon(v+(z, [z], t, ε), v−(z, [z], t, ε)),

z2(t, ε) = colon(z2+(t, ε), z2−(t, ε)),
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ïðè÷îìó ðîçìiðíîñòi âåêòîðiâ v+(z, [z], t, ε),
z2+(t, ε) òà v−(z, [z], t, ε), z2−(t, ε) âiäïîâiä-
íî äîðiâíþþòü ïîðÿäêó ìàòðèöü W+(t) òà
W−(t); E+ òà E− � îäèíè÷íi ìàòðèöi âiäïî-
âiäíîãî ïîðÿäêó.

Ïîçíà÷èìî ÷åðåç λi+(t) òà λj−(t) äîâiëüíi
ôiêñîâàíi âëàñíi çíà÷åííÿ ìàòðèöüW+(t) òà
W−(t) âiäïîâiäíî. Òîäi iñíóþòü òàêi ñòàëi c+,
c−, ùî 0 < c+ ≤ Reλi+(t), Reλj−(t) ≤ c− <
0, t ∈ [0;T ], äëÿ âñiõ i, j.
7. Íåõàé

c max
0≤t≤T

{
|b1(t, 0)|
Re b1(t, 0)

,
1

c+
,

1

|c−|

}
<

1

2
,

äå ||F (t, ε)|| ≤ c, t ∈ [ε;T ].
Òîäi îïåðàòîð, ùî âèçíà÷åíèé çà äîïîìî-

ãîþ (12) � (14), âiäîáðàæà¹ ìíîæèíó

Pm+1 = {z(t, ε) ∈ C[ε;T ] :

z(t+ T, ε) = z(t, ε), ||z(t, ε)|| ≤ k3ε
m+1},

â ñåáå i ¹ îïåðàòîðîì ñòèñêó. À òîìó ñèñòå-
ìà (12) � (14) íà ìíîæèíi Pm+1 ìà¹ ¹äèíèé
ðîçâ'ÿçîê [9]. Òàêèì ÷èíîì, ñïðàâåäëèâà òà-
êà òåîðåìà.
Òåîðåìà 1. Íåõàé B(t) ∈ Cm+1[−T ;T ],

f(x, [x], t, ε) ∈ Cm+1(V1) i âèêîíóþòüñÿ óìî-
âè 1 � 7. Òîäi iñíó¹ òàêå ε1, ε1 ≤ ε0, ùî
ñèñòåìà (1) íà âiäðiçêó [ε;T ] äëÿ âñiõ 0 <
ε ≤ ε1 ìà¹ ¹äèíèé T -ïåðiîäè÷íèé ðîçâ'ÿçîê
x = x(t, ε), äëÿ ÿêîãî

||x(t, ε)− xm(t, ε)|| = O(εm+1). (15)

2. Êðèòè÷íèé âèïàäîê. Ïðèïóñòèìî, ùî
âèêîíóþòüñÿ òàêi óìîâè:
8. Ðiâíÿííÿ f(x, x, t, 0) = 0 âiäíîñíî x ìà¹
T -ïåðiîäè÷íèé ðîçâ'ÿçîê x = x0(t, α), äå
α = (α1, ..., αk) � k-âèìiðíèé âåêòîð, êîìïî-
íåíòàìè ÿêîãî ¹ äîâiëüíi ïàðàìåòðè, ïðè÷î-
ìó:
à) x0(t, α) ∈ Cm+2(D(t, α)), D(t, α) =
[−T ;T ] × D(α), D(α) � îáëàñòü çìiíè ïàðà-
ìåòðiâ α1, ..., αk;
á) ðàíã ìàòðèöi x0α(t, α) äîðiâíþ¹ k äëÿ âñiõ
(t, α) ∈ D(t, α).
9. λi(t) ≡ 0, t ∈ [0;T ], i = 1, k; Reλi(t) ̸= 0,
t ∈ [0;T ], i = k + 1, n− 1, ïðè÷îìó λi(t) ̸=
λj(t), t ∈ [0;T ], i ̸= j, i, j = k + 1, n− 1, äå
λi(t), i = 1, n− 1, � êîðåíi ðiâíÿííÿ (2).

Ðîçâ'ÿçîê ñèñòåìè (1) øóêà¹ìî ó âèãëÿäi
(3). Òîäi x0(t, α) çíàõîäèìî ç ðiâíÿííÿ (4).
Äèôåðåíöiþþ÷è îòðèìàíó òîòîæíiñòü (4) çà
çìiííîþ α, äiñòà¹ìî

(fx(t) + f[x](t))x0α(t, α) ≡ 0, (t, α) ∈ D(t, α),

òîáòî ñòîâïöi ìàòðèöi x0α(t, α) ¹ âëàñíèìè
âåêòîðàìè ìàòðèöi fx(t) + f[x](t), ùî âiäïî-
âiäàþòü íóëüîâîìó âëàñíîìó çíà÷åííþ.

Âåêòîð-ôóíêöiþ x1(t) âèçíà÷à¹ìî ç (5)
ïðè s = 1

(fx(t) + f[x](t))x1 = B(t)
dx0
dt

− f1(t). (16)

10. Íåõàé íà âiäðiçêó [0;T ] â'ÿçêà fx(t) +
f[x](t) − λB(t) ðåãóëÿðíà i ìà¹ ïðîñòi ñêií-
÷åííi åëåìåíòàðíi äiëüíèêè.

Êðèòåði¹ì ðîçâ'ÿçíîñòi ñèñòåìè (16)
âiäíîñíî x1(t) ¹ îðòîãîíàëüíiñòü âåêòîð-

ôóíêöi¨ B(t)
dx0
dt

− f1(t) äî âëàñíèõ âåêòîðiâ

di(t), i = 1, k, ìàòðèöi (fx(t) + f[x](t))
∗, ÿêi

âiäïîâiäàþòü íóëüîâîìó âëàñíîìó çíà÷åí-
íþ. Òîáòî

(D(t), B(t)
dx0(t, α)

dt
−

−fε(x0(t, α), x0(t, α), t, 0)) = 0

àáî

(D(t), B(t)x0α(t, α))
dα

dt
= D(t)×

×(fε(x0(t, α), x0(t, α), t, 0)−B(t)x0t(t, α)),
(17)

äå D(t) � (k × n)-ìàòðèöÿ, ðÿäêàìè ÿêî¨ ¹
âåêòîðè di(t), i = 1, k.

Çàçíà÷èìî, ùî

det(D(t), B(t)x0α(t, α)) ̸= 0

äëÿ âñiõ t ∈ [0;T ] [8, 10]. Òàêèì ÷èíîì, ðiâ-
íÿííÿ (17) ìîæíà çàïèñàòè ó âèãëÿäi

dα

dt
= (D(t), B(t)x0α(t, α))

−1D(t)×

×(fε(x0(t, α), x0(t, α), t, 0)−B(t)x0t(t, α)).
(18)

11. Íåõàé ðiâíÿííÿ (18) ìà¹ òàêèé T -
ïåðiîäè÷íèé ðîçâ'ÿçîê α = α(t), t ∈ [0;T ],
ùî (x0(t, α(t)), t) ∈ U .
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Òîäi çàãàëüíèé ðîçâ'ÿçîê ñèñòåìè (16) ìà-
òèìå âèãëÿä

x1(t) = x0α(t, α)β(t) + x̃1(t),

äå β(t) � äîâiëüíà k-âèìiðíà âåêòîð-
ôóíêöiÿ, à x̃1(t) � äåÿêèé ÷àñòèííèé ðîçâ'ÿ-
çîê ñèñòåìè (16).

Çðiâíþþ÷è êîåôiöi¹íòè ïðè ε2 àíàëîãi-
÷íî äiñòà¹ìî

dβ

dt
= (D(t), B(t)x0α(t, α))

−1D(t)r(β, t),

(19)
äå êîìïîíåíòè r(β, t) ¹ ìíîãî÷ëåíàìè äðó-
ãîãî ñòåïåíÿ âiäíîñíî β.
12. Íåõàé ðiâíÿííÿ (19) ìà¹ T -ïåðiîäè÷íèé
ðîçâ'ÿçîê β = β(t), t ∈ [0;T ].

Íà k-òîìó êðîöi âèðàç äëÿ xk(t) ìiñòèòè-
ìå äîâiëüíó ôóíêöiþ ηk(t). Ïðè÷îìó, ïî÷è-
íàþ÷è ç k = 3, äëÿ âèçíà÷åííÿ ôóíêöi¨ ηk(t)
îòðèìó¹ìî ëiíiéíi äèôåðåíöiàëüíi ðiâíÿííÿ
[10].
13. Ïðèïóñòèìî, ùî ôóíêöi¨ ηk(t), t ∈ [0;T ],
k = 3,m , ¹ T -ïåðiîäè÷íèìè ðîçâ'ÿçêàìè âiä-
ïîâiäíèõ ñèñòåì äèôåðåíöiàëüíèõ ðiâíÿíü.

Ç'ÿñó¹ìî àñèìïòîòè÷íi âëàñòèâîñòi ïî-
áóäîâàíîãî ôîðìàëüíîãî ðîçâ'ÿçêó ñèñòåìè
(1). Çðîáèâøè ó ñèñòåìi (1) çàìiíó

x(t, ε) = xm+1(t, ε) + y(t, ε), (20)

ïðèõîäèìî äî ñèñòåìè (7), â ÿêié

fx(t, ε) =

= fx (x0(t) + εx1(t), x0(t) + εx1(t), t, ε) ,

f[x](t, ε) =

= f[x] (x0(t) + εx1(t), x0(t) + εx1(t), t, ε) .

Òîäi

||w(v1, [v1], t, ε)− w(v2, [v2], t, ε)|| ≤

≤ ε2k0(||v1 − v2||+ ||[v1]− [v2]||)
äëÿ âñiõ v1, v2 ∈ D2, äå

D2 = {u(t, ε) ∈ C[ε;T ] : ||u(t, ε)|| ≤ k1ε
2}.

Ó äàíîìó âèïàäêó iñíóþòü òàêi íåîñî-
áëèâi T -ïåðiîäè÷íi äîñòàòíüî ãëàäêi ìàòðèöi
P (t, ε), Q(t, ε), ùî

P (t, ε)fx(t, ε)Q(t, ε) = f̃x(t, ε) ≡

≡ diag{e(t, ε),Wn−1(t, ε)},
Wn−1(t, ε) = diag{Wk(t, ε),Wn−k−1(t, ε)},

P (t, ε)B(t, ε)Q(t, ε) = B̃(t, ε) ≡
≡ diag{b(t, ε), En−1(t, ε)},

En−1(t, ε) = diag{Ek(t, ε), En−k−1(t, ε)},
äëÿ âñiõ [0;T ], äå

e(t, 0) = 1, Ek(t, 0) = Ek,

En−k−1(t, 0) = En−k−1,

b(t, 0) = 0, Wk(t, 0) = 0,

Wn−k−1(t, 0) = Wn−k−1(t) ≡
≡ diag{λk+1(t), ..., λn−1(t)}.

ßê i ðàíiøå, áóäó¹ìî ñèñòåìó, ùî àíàëî-
ãi÷íà (8), (9),

εb(t, ε)
dz1
dt

= e(t, ε)z1 + εD1(t, ε)z1+

+εD2(t, ε)z2 + εD3(t, ε)z3 + F1(t, ε)[z1]+

+F2(t, ε)[z2]+F3(t, ε)[z3]+w1(z, [z], t, ε), (21)

ε
dz2
dt

= (E−1
k (t, ε)Wk(t, ε) + εD5(t, ε))z2+

+εD4(t, ε)z1 + εD6(t, ε)z3 + F4(t, ε)[z1]+

+F5(t, ε)[z1]+F6(t, ε)[z1]+w2(z, [z], t, ε), (22)

ε
dz3
dt

=Wn−k−1(t)z3 + εD7(t, ε)z1+

+εD8(t, ε)z2 + (E−1
n−k−1(t, ε)Wn−k−1(t, ε)−

−Wn−k−1(t) + εD9(t, ε))z3 + F7(t, ε)[z1]+

+F8(t, ε)[z2]+F9(t, ε)[z3]+w3(z, [z], t, ε), (23)

äå Di(t, ε), Fi(t, ε), i = 1, 9, � ïðÿìîêóòíi ìà-
òðèöi âiäïîâiäíèõ ðîçìiðiâ; z1 òà w1 � ïåð-
øi êîìïîíåíòè âåêòîðiâ z òà w, z2 òà w2

� k-âèìiðíi âåêòîðè, ùî ìiñòÿòü k êîìïî-
íåíò z òà w, ïî÷èíàþ÷è ç äðóãî¨, z3 òà w3

� (n−k−1)-âèìiðíi âåêòîðè, ùî ìiñòÿòü ðå-
øòó êîìïîíåíò z òà w.

Ïðèïóñòèìî, ùî ìà¹ ìiñöå óìîâà 6. Òîäi
iç ñèñòåìè (21) � (23) äiñòà¹ìî

z1(t, ε) =
1

ε

t+T∫
t

1

b(s, ε)
(Ψ1(s, ε)×
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×(Ψ−1
1 (T + ε, ε)− 1)Ψ−1

1 (t, ε))−1(εD1(s, ε)z1+

+εD2(s, ε)z2 + εD3(s, ε)z3 + F1(s, ε)[z1]+

+F2(s, ε)[z2] + F3(s, ε)[z3] + w1(z, [z], s, ε))ds,
(24)

z2(t, ε) =
1

ε

t+T∫
t

(Ψk(s, ε)(Ψ
−1
k (T + ε, ε)−

−Ek)Ψ−1
k (t, ε))−1(εD4(s, ε)z1 + εD6(s, ε)z3+

+F4(s, ε)[z1] + F5(s, ε)[z2] + F6(s, ε)[z3]+

+w2(z, [z], s, ε))ds, (25)

z3(t, ε) =
1

ε

t+T∫
t

(Ψn−k−1(s, ε)×

×(Ψ−1
n−k−1(T +ε, ε)−En−k−1)Ψ

−1
n−k−1(t, ε))

−1×

×(εD7(s, ε)z1 + εD8(s, ε)z2 + (E−1
n−k−1(s, ε)×

×Wn−k−1(s, ε)−Wn−k−1(s) + εD9(s, ε))z3+

+F7(s, ε)[z1] + F8(s, ε)[z2] + F9(s, ε)[z3]+

+w3(z, [z], s, ε))ds, (26)

äå ôóíêöiÿ Ψ1(t, ε) âèçíà÷åíà ðàíiøå,
Ψk(t, ε) òà Ψn−k−1(t, ε) � ôóíäàìåíòàëüíi ìà-
òðèöi âiäïîâiäíî ñèñòåì

ε
dz2
dt

= (E−1
k (t, ε)Wk(t, ε) + εD5(t, ε))z2,

Ψk(ε, ε) = Ek,

òà

ε
dz3
dt

= Wn−k−1(t)z3, Ψn−k−1(ε, ε) = En−k−1.

Ïðèïóñòèìî âèêîíàííÿ òàêèõ óìîâ:
14. ||(Ψk(s, ε)(Ψ

−1
k (T + ε, ε)− Ek)×

×Ψ−1
k (t, ε))−1|| ≤ d, t ≤ s ≤ t+ T , t ∈ [ε;T ].

15. ||Fi(t, ε)|| ≤ c

(
exp

(
−αt
ε

)
+ ε

)
,

α > 0, i = 4, 6, t ∈ [ε;T ].

16. c max
0≤t≤T

{
|b1(t, 0)|
Re b1(t, 0)

,
1

c+
,

1

|c−|

}
<

1

3
,

cd

(
5T +

3

α

)
< 1, äå ñòàëi c+, c− âèçíà÷àþ-

òüñÿ äëÿ ìàòðèöi Ψn−k−1(t, ε); ||D(t, ε)|| ≤ c,
||F (t, ε)|| ≤ c, t ∈ [ε;T ].

Òîäi îïåðàòîð, âèçíà÷åíèé çà äîïîìîãîþ
(24) � (26), âiäîáðàæà¹ ìíîæèíó Pm+1 â ñåáå

i ¹ îïåðàòîðîì ñòèñêó. À òîìó ñèñòåìà (24) �
(26) íà ìíîæèíi Pm+1 ìà¹ ¹äèíèé ðîçâ'ÿçîê
[9]. Òàêèì ÷èíîì ñïðàâåäëèâà òàêà òåîðåìà.
Òåîðåìà 2. Íåõàé B(t) ∈ Cm+2[−T ;T ],

f(x, [x], t, ε) ∈ Cm+2(V1) i âèêîíóþòüñÿ óìî-
âè 1, 3, 6, 8 � 16. Òîäi iñíó¹ òàêå ε1, ε1 ≤ ε0,
ùî ñèñòåìà (1) íà âiäðiçêó [ε;T ] äëÿ âñiõ
0 < ε ≤ ε1 ìà¹ ¹äèíèé T -ïåðiîäè÷íèé ðîçâ'ÿ-
çîê x = x(t, ε), äëÿ ÿêîãî ñïðàâäæó¹òüñÿ
îöiíêà (15).
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