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ÖÈÕ ÐIÂÍßÍÜ

Îòðèìàíî óìîâè iñíóâàííÿ ìàéæå ïåðiîäè÷íèõ ðîçâ'ÿçêiâ ëiíiéíèõ i íåëiíiéíèõ ìàéæå
ïåðiîäè÷íèõ ðiçíèöåâèõ ðiâíÿíü, ùî íå âèêîðèñòîâóþòü H-êëàñè öèõ ðiâíÿíü.

We obtain conditions for the existence of almost periodic solutions of linear and nonlinear
almost periodic di�erence equations which does not use H-classes of these equations.

1. Îñíîâíi ïîçíà÷åííÿ òà çàäà÷à. Íå-
õàé Z+ � ìíîæèíà öiëèõ íåâiä'¹ìíèõ ÷èñåë,
R � ìíîæèíà äiéñíèõ ÷èñåë i E � äîâiëüíèé
áàíàõîâèé ïðîñòið ç íîðìîþ ∥ · ∥E. Ïîçíà÷è-
ìî ÷åðåç C0 áàíàõîâèé ïðîñòið îáìåæåíèõ i
íåïåðåðâíèõ íà R ôóíêöié x = x(t) çi çíà÷å-
ííÿìè â E ç íîðìîþ

∥x∥C0 = sup
t∈R

∥x(t)∥E.

Âèçíà÷èìî îïåðàòîð çñóâó Sh : C0 → C0,
h ∈ R, ðiâíîñòÿìè

(Shx)(t) = x(t+ h), t ∈ R. (1)

Åëåìåíò y ∈ C0 íàçèâà¹òüñÿ ìàéæå ïåði-
îäè÷íèì (äèâ., íàïðèêëàä, [1,2]), ÿêùî çàìè-
êàííÿ ìíîæèíè {Shy : h ∈ R} ó ïðîñòîði C0

¹ êîìïàêòíîþ ïiäìíîæèíîþ öüîãî ïðîñòîðó.
Ïîçíà÷èìî ÷åðåç B0 áàíàõîâèé ïðîñòið

ìàéæå ïåðiîäè÷íèõ åëåìåíòiâ ïðîñòîðó C0

ç íîðìîþ
∥x∥B0 = ∥x∥C0 .

Íåõàé Ω � îáëàñòü ïðîñòîðó E, òîáòî âiä-
êðèòà çâ'ÿçíà ìíîæèíà ïðîñòîðó E, i K �
ìíîæèíà âñiõ íåïîðîæíiõ çâ'ÿçíèõ êîìïàêò-
íèõ ïiäìíîæèí K ⊂ Ω.

Ðîçãëÿíåìî íåïåðåðâíå âiäîáðàæåííÿ F :
R × Ωm+1 → E, äå m ∈ Z+, ùî çàäîâîëüíÿ¹
óìîâè:

1) âåêòîðíà ôóíêöiÿ F (t, x0, x1, . . . , xm)
ðiâíîìiðíî íåïåðåðâíà ïî x0, x1, . . . , xm íà
êîæíié ìíîæèíi R×Km+1, äå K ∈ K;

2) âåêòîðíà ôóíêöiÿ F (t, x0, x1, . . . , xm)
ìàéæå ïåðiîäè÷íà ïî t ðiâíîìiðíî ïî

(x0, x1, . . . , xm) íà êîæíié ìíîæèíi Km+1, äå
K ∈ K.

Íåâàæêî ïîêàçàòè, ùî àíàëîãi÷íî, ÿê i â
[2, ñ. 428�429], äëÿ êîæíî¨ ìíîæèíè K ∈ K

sup
t∈R

xi∈K, i=0,m

∥F (t, x0, x1, . . . , xm)∥E < +∞

i äëÿ êîæíî¨ ïîñëiäîâíîñòi (hk)k>1, hk ∈ R,
iñíó¹ ïiäïîñëiäîâíiñòü (hkl)l>1, äëÿ ÿêî¨ ïî-
ñëiäîâíiñòü (F (t+ hkl , x0, x1, . . . , xm))l>1 ðiâ-
íîìiðíî çáiãà¹òüñÿ íà R×Km+1.

Áóäåìî ââàæàòè, ùî ïîñëiäîâíiñòü
(F (t+ hkl , x0, x1, . . . , xm))l>1 ðiâíîìiðíî
çáiãà¹òüñÿ íà êîæíié ìíîæèíi R × Km+1,
K ∈ K, i âiäîáðàæåííÿ G : R× Ωm+1 → E,
ùî âèçíà÷à¹òüñÿ ñïiââiäíîøåííÿì

G(t, x0, x1, . . . , xm) =

= lim
l→∞

F (t+ hkl , x0, x1, . . . , xm), (2)

çàäîâîëüíÿ¹ óìîâè 1 i 2. Öÿ âèìîãà âèêîíó-
¹òüñÿ, ÿêùî, íàïðèêëàä, ïðîñòið E ¹ ñêií-
÷åííîâèìiðíèì, ùî ïåðåâiðÿ¹òüñÿ àíàëîãi÷-
íèì ÷èíîì ÿê i â [2] ó âèïàäêó m = 0. Çàóâà-
æèìî, ùî â ñòàòòi öÿ âèìîãà áóäå âèêîíóâà-
òè äîïîìiæíó ðîëü ïðè âèêëàäåííi ìàòåði-
àëó i íå áóäå âèêîðèñòîâóâàòèñÿ ïðè îòðè-
ìàííi îñíîâíîãî ðåçóëüòàòó.

Ðîçãëÿíåìî ðiçíèöåâå ðiâíÿííÿ

F (t, x(t), x(t−∆1), . . . , x(t−∆m)) = 0, (3)

äå âiäõèëåííÿ àðãóìåíòiâ ∆1, . . . ,∆m ¹ äî-
âiëüíèìè äiéñíèìè ÷èñëàìè (îäíi âiäõèëåí-
íÿ ìîæóòü áóòè äîäàòíèìè, iíøi � âiä'¹ìíè-
ìè).
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H-êëàñîì ðiâíÿííÿ (3) íàçèâà¹òüñÿ ìíî-
æèíà âñiõ ðiçíèöåâèõ ðiâíÿíü

G(t, y(t), y(t−∆1), . . . , y(t−∆m)) = 0,

ëiâà ÷àñòèíà ÿêèõ âèçíà÷à¹òüñÿ çà äîïîìî-
ãîþ (2).

Ìåòîþ ñòàòòi ¹ âñòàíîâëåííÿ óìîâ ìàéæå
ïåðiîäè÷íîñòi îáìåæåíèõ ðîçâ'ÿçêiâ ðiâíÿí-
íÿ (3) áåç âèêîðèñòàííÿ åëåìåíòiâ H-êëàñó
öüîãî ðiâíÿííÿ.

Çàçíà÷èìî, ùî íå êîæíèé îáìåæåíèé
ðîçâ'ÿçîê ðiâíÿííÿ (3) ¹ ìàéæå ïåðiîäè÷-
íèì. Öå ïiäòâåðäæó¹òüñÿ íàñòóïíèì ïðèê-
ëàäîì.
Ïðèêëàä. Íåõàé E = R. Âèçíà÷èìî âi-

äîáðàæåííÿ H : R3 → R ðiâíiñòþ

H(t, x0, x1) =

= sin t

{
0, ÿêùî |x0|+ |x1|61,
|x0|+ |x1| − 1, ÿêùî |x0|+ |x1|>1,

ùî, ÿê i âiäîáðàæåííÿ F , çàäîâîëüíÿ¹ óìîâè
1 i 2. Î÷åâèäíî, ùî êîæíà íåïåðåðâíà ôóí-
êöiÿ x = x(t), äëÿ ÿêî¨ |x(t)| 6 1/2 äëÿ âñiõ
t ∈ R, ¹ ðîçâ'ÿçêîì ðiçíèöåâîãî ðiâíÿííÿ

H(t, x(t), x(t− 1)) = 0.

Çàóâàæèìî, ùî ó âèïàäêó m = 0 ðiâíÿí-
íÿ (3) ìà¹ âèãëÿä

F (t, x(t)) = 0. (4)

Öå ðiâíÿííÿ äîñëiäæóâàëîñÿ â [3].
Ïðè äîñëiäæåííi ðiâíÿííÿ (3) áóäåìî âè-

êîðèñòîâóâàòè îäèí ôóíêöiîíàë, âèçíà÷å-
íèé íà ìíîæèíi îáìåæåíèõ ðîçâ'ÿçêiâ öüîãî
ðiâíÿííÿ, çàìèêàííÿ ìíîæèí çíà÷åíü ÿêèõ
¹ åëåìåíòàìè ç K.

2. Ôóíêöiîíàë ∆. Ïîçíà÷èìî ÷åðåç
N (F,K) ìíîæèíó âñiõ îáìåæåíèõ ðîçâ'ÿç-
êiâ x = x(t) ðiâíÿííÿ (3), äëÿ êîæíîãî ç
ÿêèõ çàìèêàííÿ R(x) ìíîæèíè

R(x) = {x(t) : t ∈ R}

ó ïðîñòîði E ¹ ïiäìíîæèíîþ ìíîæèíè K ∈
K i

R(x) ̸= K. (5)

Çàôiêñó¹ìî äîâiëüíi ìíîæèíó K ∈ K i
ðîçâ'ÿçîê x∗ ∈ N (F,K) ðiâíÿííÿ (3). Ââà-
æà¹ìî, ùî

N (F,K) ̸= ∅.
Ïîêëàäåìî

r(x∗, K, F ) =

= sup
{
∥x− y∥E : x ∈ R(x∗), y ∈ K

}
.

Íà ïiäñòàâi (5)

r(x∗, K, F ) > 0.

Äëÿ ε ∈ [0, r(x∗, K, F )] ðîçãëÿíåìî ìíîæè-
íó Ω(x∗, K, F, ε) âñiõ åëåìåíòiâ y ∈ C0, äëÿ
êîæíîãî ç ÿêèõ

x∗(t) + y(t) ∈ K

äëÿ âñiõ t ∈ R i

inf
t∈R

∣∣∥y(t)∥E − ε
∣∣ = 0.

Àíàëîãi÷íèì ÷èíîì ìîæíà âèçíà÷èòè
ìíîæèíó Ω(z,K, F, ε) äëÿ áóäü-ÿêî¨ iíøî¨
ôóíêöi¨ z ∈ C0, äëÿ ÿêî¨ R(z) ⊂ K.

Ðîçãëÿíåìî ôóíêöiîíàë

∆(x∗, K, F, ε) =

= inf
y∈Ω(x∗,K,F,ε)

sup
t∈R

∥F (t, x∗(t) + y(t),

x∗(t−∆1) + y(t−∆1), . . . ,

x∗(t−∆m) + y(t−∆m))∥E. (6)

Çàñòîñóâàííÿ ôóíêöiîíàëà ∆ äî äîñëiä-
æåííÿ ìàéæå ïåðiîäè÷íèõ íåëiíiéíîãî ðiâ-
íÿííÿ (3) òà àíàëîãi÷íîãî ëiíiéíîãî ðiâíÿ-
ííÿ íàâåäåìî â íàñòóïíèõ ïóíêòàõ.

3. Îñíîâíèé ðåçóëüòàò. Íàâåäåìî óìî-
âè iñíóâàííÿ ìàéæå ïåðiîäè÷íèõ ðîçâ'ÿç-
êiâ ðiâíÿííÿ (3), â ÿêèõ íà âiäìiíó âiä âi-
äîìèõ òåîðåìè Ôàâàðà ïðî ìàéæå ïåðiî-
äè÷íi ðîçâ'ÿçêè ëiíiéíèõ äèôåðåíöiàëüíèõ
ðiâíÿíü [4] òà òåîðåìè Àìåðiî ïðî ìàéæå
ïåðiîäè÷íi ðîçâ'ÿçêè íåëiíiéíèõ äèôåðåí-
öiàëüíèõ ðiâíÿíü [2,5] íå âèêîðèñòîâó¹òüñÿ
H-êëàñ ðiâíÿííÿ (3).

Òåîðåìà 1. Íåõàé K ∈ K. ßêùî äëÿ
ðîçâ'ÿçêó z ∈ N (F,K) ðiâíÿííÿ (3) i äåÿêî-
ãî ÷èñëà δ > 0 âèêîíó¹òüñÿ ñïiââiäíîøåííÿ

∆(z,K, F, ε) > 0 (7)
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äëÿ âñiõ ε ∈ (0, δ), òî öåé ðîçâ'ÿçîê ¹ ìàé-
æå ïåðiîäè÷íèì.

Äîâåäåííÿ. Ïðèïóñòèìî, ùî ðîçâ'ÿçîê
z ∈ N (F,K) ðiâíÿííÿ (3) íå ¹ åëåìåíòîì
ïðîñòîðóB0. Òîäi çà êîìïàêòíiñòþ ìíîæèíè
K iñíó¹ çáiæíà â òî÷öi t = 0 ïîñëiäîâíiñòü
(z (t+ hp))p>1, ïðè÷îìó äîâiëüíà ¨¨ ïiäïîñëi-
äîâíiñòü (z (t+ kp))p>1 íå çáiãà¹òüñÿ ðiâíî-
ìiðíî íà R. Îòæå,

lim
p,q→∞

∥z(hp)− z(hq)∥E = 0 (8)

òà iñíóþòü ïîñëiäîâíîñòi (pr)r>1, (qr)r>1 i ÷è-
ñëî γ ∈ (0, δ), äëÿ ÿêèõ

sup
t∈R

∥z(t+ kpr)− z(t+ kqr)∥E > γ, r > 1. (9)

Íå îáìåæóþ÷è çàãàëüíîñòi, ìîæíà ââàæàòè,
ùî (F (t+ kp, x0, x1, . . . , xm))p>1 � ðiâíîìiðíî
çáiæíà íà R×Km+1 ïîñëiäîâíiñòü. Òîäi

lim
p,q→∞

sup
t∈R

xi∈K, i={0,m}

∥F (t+ kp, x0, x1, . . . , xm)−

−F (t+ kq, x0, x1, . . . , xm)∥E = 0. (10)

Çàôiêñó¹ìî äîâiëüíå ÷èñëî ε0 ∈ (0, γ]. Íà
ïiäñòàâi (8) i (9) äëÿ ôóíêöié

yr(t) = z(t+ kpr)− z(t+ kqr), r > 1,

âèêîíó¹òüñÿ ñïiââiäíîøåííÿ

yr ∈ Ω(Skqr z,K, F, ε0), r > 1, (11)

äå Sh � îïåðàòîð çñóâó, ùî âèçíà÷à¹òüñÿ
ñïiââiäíîøåííÿì (1).

Ïîêàæåìî, ùî

∆(z,K, F, ε0) = 0. (12)

Çàâäÿêè (6), (11) òà òîãî, ùî

F (t+ kpr , z(t+ kpr), z(t+ kpr −∆1), . . . ,

z(t+ kpr −∆m)) ≡ 0, r > 1,

âèêîíóþòüñÿ ñïiââiäíîøåííÿ

∆(z,K, F, ε0) =

= inf
y∈Ω(z,K,F,ε0)

sup
t∈R

∥F (t, z(t) + y(t), z(t−∆1)+

+y(t−∆1), . . . , z(t−∆m) + y(t−∆m))∥E =

= inf
y∈Ω(Skqr z,K,F,ε0)

sup
t∈R

∥F (t+ kqr , z(t+ kqr)+

+y(t), z(t+ kqr −∆1) + y(t−∆1), . . . ,

z(t+ kqr −∆m) + y(t−∆m))∥E 6

6 sup
t∈R

∥F (t+ kqr , z(t+ kqr) + yr(t),

z(t+ kqr −∆1) + yr(t−∆1), . . . ,

z(t+ kqr −∆m) + yr(t−∆m))∥E =

=sup
t∈R

∥F (t+kqr , z(t+kpr), z(t+kpr −∆1), . . . ,

z(t+ kpr −∆m))∥E 6

6sup
t∈R

∥F (t+kpr , z(t+kpr), z(t+kpr −∆1), . . . ,

z(t+ kpr −∆m))∥E+

+sup
t∈R

∥F (t+ kpr , z(t+ kpr −∆1), . . . ,

z(t+ kpr −∆m))−

−F (t+ kqr , z(t+ kpr −∆1), . . . ,

z(t+ kpr −∆m))∥E =

= sup
t∈R

∥F (t+ kpr , z(t+ kpr −∆1), . . . ,

z(t+ kpr −∆m))−

−F (t+ kqr , z(t+ kpr −∆1), . . . ,

z(t+ kpr −∆m))∥E,

ç ÿêèõ íà ïiäñòàâi (10) âèïëèâà¹ ñïiââiäíî-
øåííÿ (12), ùî ñóïåðå÷èòü (7).

Òàêèì ÷èíîì, ïðèïóùåííÿ, ùî ðîçâ'ÿçîê
z ∈ N (F,K) ðiâíÿííÿ (3) íå ¹ ìàéæå ïåðiî-
äè÷íèì, õèáíå.

Òåîðåìó 1 äîâåäåíî.

4. Âèïàäîê ëiíiéíîãî ðiâíÿííÿ (3).
Çàñòîñó¹ìî òåîðåìó 1 äî äîñëiäæåííÿ ëiíié-
íèõ ìàéæå ïåðiîäè÷íèõ ðiçíèöåâèõ ðiâíÿíü.

Ïîçíà÷èìî ÷åðåç L(E,E) � áàíàõîâèé
ïðîñòið âñiõ ëiíiéíèõ íåïåðåðâíèõ îïåðàòî-
ðiâ A : E → E ç íîðìîþ

∥A∥L(E,E) = sup
∥x∥E=1

∥Ax∥E.
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Ðîçãëÿíåìî íåïåðåðâíå âiäîáðàæåííÿ
F1 : R × Em+1 → E, ùî âèçíà÷à¹òüñÿ
ðiâíiñòþ

F1(t, x0, x1, . . . , xm) =
m∑
k=0

Ak(t)xk + h(t),

äå Ak(t), k = 0,m, � íåïåðåðâíi i ìàéæå ïåði-
îäè÷íi íà R ôóíêöi¨ çi çíà÷åííÿìè â L(E,E)
i h ∈ B0. Òàêîæ ðîçãëÿíåìî âiäïîâiäíå ëiíié-
íå ðiçíèöåâå ðiâíÿííÿ

m∑
k=0

Ak(t)x(t−∆k) + h(t) = 0, (13)

äå ∆1, . . . ,∆m � äîâiëüíi äiéñíi ÷èñëà, ñåðåä
ÿêèõ ìîæóòü áóòè ÿê äîäàòíi, òàê i âiä'¹ìíi
÷èñëà, i ∆0 = 0. Î÷åâèäíî, ùî ðiâíÿííÿ (13)
¹ îêðåìèì âèïàäêîì ðiâíÿííÿ (3).

Çàçíà÷èìî, ùî â ðiâíÿííi (13) îïåðàòî-
ðè Ak(t), k = 0,m, t ∈ R, ìîæóòü íå ìàòè
îáåðíåíèõ íåïåðåðâíèõ îïåðàòîðiâ. ßêùî öi
îïåðàòîðè ìàþòü îáåðíåíi íåïåðåðâíi îïåðà-
òîðè, òî îïåðàòîðíi ôóíêöi¨ A−1

k (t), k = 0,m,
ìîæóòü íå áóòè ìàéæå ïåðiîäè÷íèìè.

Íà ïiäñòàâi òåîðåìè 1 ñïðàâäæó¹òüñÿ íà-
ñòóïíå òâåðäæåííÿ.

Òåîðåìà 2. Íåõàé K ∈ K. ßêùî ëiíié-
íå ðiâíÿííÿ (13) ìà¹ îáìåæåíèé ðîçâ'ÿçîê
z ∈ N (F1, K) i äëÿ äåÿêîãî ÷èñëà δ > 0 âè-
êîíó¹òüñÿ ñïiââiäíîøåííÿ

∆(z,K, F1, ε) > 0

äëÿ âñiõ ε ∈ (0, δ), òî öåé ðîçâ'ÿçîê ¹ ìàéæå
ïåðiîäè÷íèì.

Çàóâàæèìî, ùî ó âèïàäêó dimE <∞
áiëüø çàãàëüíi ðiâíÿííÿ, íiæ (13), ç äîâiëü-
íèì h ∈ C0 äîñëiäæóâàëèñÿ àâòîðîì ó [6].

5. Çàñòîñóâàííÿ òåîðåì 1 i 2. Âèêîðè-
ñòà¹ìî òåîðåìè 1 i 2 äî äîñëiäæåííÿ ìàé-
æå ïåðiîäè÷íèõ íåëiíiéíèõ äèôåðåíöiàëü-
íèõ ðiâíÿíü òà ëiíiéíèõ îïåðàòîðíèõ ðiçíè-
öåâèõ ðiâíÿíü.

5.1. Äèôåðåíöiàëüíi ðiâíÿííÿ. Ðîç-
ãëÿíåìî äèôåðåíöiàëüíå ðiâíÿííÿ

dx

dt
= h(t, x), (14)

â ÿêîìó âiäîáðàæåííÿ h : R × E → E ¹ íå-
ïåðåðâíèì.

Ââàæàòèìåìî, ùî äëÿ êîæíèõ ÷èñëà t0 ∈
R i âåêòîðà x0 ∈ E ðiâíÿííÿ (14) ìà¹ ¹äèíèé
ðîçâ'ÿçîê x = x(t), ùî çàäîâîëüíÿ¹ ïî÷àòêî-
âó óìîâó

x(t0) = x0. (15)

Óìîâè âèêîíàííÿ öi¹¨ âèìîãè ìîæíà çíàéòè
â [7, 8].

Ðîçâ'ÿçîê çàäà÷i (14), (15) ïîçíà÷èìî ÷å-
ðåç x = x(t, t0, x0).

Âèçíà÷èìî âiäîáðàæåííÿ U :R×E →E çà
äîïîìîãîþ ñïiââiäíîøåííÿ

U(t, y) = x(t+ 1, t, y), (t, y) ∈ R× E. (16)

Î÷åâèäíî, ùî êîæíèé âèçíà÷åíèé íà R
ðîçâ'ÿçîê y = y(t) äèôåðåíöiàëüíîãî ðiâíÿ-
ííÿ (14) çàäîâîëüíÿ¹ ñïiââiäíîøåííÿ

y(t+ 1) = x(t+ 1, t, y(t)), t ∈ R,

òîáòî íà ïiäñòàâi (16) ¹ ðîçâ'ÿçêîì ðiçíèöå-
âîãî ðiâíÿííÿ

x(t+ 1) = U(t, x(t)), t ∈ R, (17)

ùî ¹ îêðåìèì âèïàäêîì ðiâíÿííÿ (3). Òîìó
ðiâíÿííÿ (17) ìîæíà âèêîðèñòàòè äëÿ äî-
ñëiäæåííÿ îáìåæåíèõ ðîçâ'ÿçêiâ äèôåðåíöi-
àëüíîãî ðiâíÿííÿ (14).

Ðiçíèöåâîìó ðiâíÿííþ (17) ñïiâñòàâèìî
âiäîáðàæåííÿ F2 : R × E2 → E, ùî âèçíà-
÷à¹òüñÿ ðiâíiñòþ

F2(t, x0, x1) = x1 − U(t, x0),

i ¹ àíàëîãi÷íèì âiäîáðàæåííþ F . Î÷åâèäíî,
ùî ðiçíèöåâå ðiâíÿííÿ (17) ìîæíà ïîäàòè ó
âèãëÿäi

F2(t, x(t), x(t+ 1)) = 0.

Çàâäÿêè íàâåäåíèì ìiðêóâàííÿì òà òåî-
ðåìi 1 ñïðàâäæó¹òüñÿ íàñòóïíå òâåðäæåííÿ.

Òåîðåìà 3. Íåõàé:
1) äèôåðåíöiàëüíå ðiâíÿííÿ (14) ìà¹

îáìåæåíèé ðîçâ'ÿçîê z ∈ C0 çi çíà÷åííÿìè
â êîìïàêòíié ìíîæèíi K ∈ K;
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2) âiäîáðàæåííÿ F2 : R × E → E çà-
äîâîëüíÿ¹ óìîâè 1 i 2 (ÿê i âiäîáðàæåííÿ
F ó ðiçíèöåâîìó ðiâíÿííi (3));

3) äëÿ äåÿêèõ ÷èñëà δ > 0 i ìíîæèíè
K ∈ K âèêîíó¹òüñÿ ñïiââiäíîøåííÿ

∆(z,K, F2, ε) > 0

äëÿ âñiõ ε ∈ (0, δ).
Òîäi îáìåæåíèé ðîçâ'ÿçîê z ðiâíÿííÿ

(14) ¹ ìàéæå ïåðiîäè÷íèì.

Çàóâàæèìî, ùî öå òâåðäæåííÿ îòðèìàíî
âïåðøå â [9] ç âèêîðèñòàííÿì îêðåìîãî âè-
ïàäêó òåîðåìè 1.

5.2. Ëiíiéíi îïåðàòîðíi ðiçíèöåâi

ðiâíÿííÿ. Íåõàé E1 i E2 - äîâiëüíi áàíàõîâi
ïðîñòîðè i L(E1, E2) � áàíàõîâèé ïðîñòið ëi-
íiéíèõ íåïåðåðâíèõ îïåðàòîðiâ A : E1 → E2
ç íîðìîþ

∥A∥L(E1,E2) = sup
∥x∥E1=1

∥Ax∥E2 .

Áóäåìî ââàæàòè, ùî Ω = L(E1, E2) i K
¹ ìíîæèíîþ âñiõ íåïîðîæíiõ çâ'ÿçíèõ êîì-
ïàêòíèõ ïiäìíîæèí K ⊂ L(E1, E2).

Ðîçãëÿíåìî íåïåðåðâíå âiäîáðàæåííÿ

F3 : R×Xm+1 → X ,

äå X = L(E1, E2), ùî âèçíà÷à¹òüñÿ ðiâíiñòþ

F3(t,X0, X1, . . . , Xm) =

=
m∑
k=0

Ak(t)XkBk(t)−H(t),

äå Ak(t), k = 0,m, � íåïåðåðâíi i ìàéæå
ïåðiîäè÷íi íà R ôóíêöi¨ çi çíà÷åííÿìè â
L(E2, E2), Bk(t), k = 0,m, � íåïåðåðâíi i
ìàéæå ïåðiîäè÷íi íà R ôóíêöi¨ çi çíà÷åí-
íÿìè â L(E1, E1) i H(t) � íåïåðåðâíà i ìàéæå
ïåðiîäè÷íà íà R ôóíêöiÿ çi çíà÷åííÿìè â
L(E1, E2).

Òàêîæ ðîçãëÿíåìî âiäïîâiäíå ëiíiéíå îïå-
ðàòîðíå ðiçíèöåâå ðiâíÿííÿ

m∑
k=0

Ak(t)X(t−∆k)Bk(t) = H(t), (18)

äå ∆1, . . . ,∆m � äîâiëüíi äiéñíi ÷èñëà i ∆0 =
0.

Î÷åâèäíî, ùî ðiâíÿííÿ (18) ¹ îêðåìèì
âèïàäêîì ðiâíÿíü (3) i (13) ó âèïàäêó
E = L(E1, E2).

Ó ðiâíÿííi (18) îïåðàòîðè Ak(t) i Bk(t),
k = 0,m, t ∈ R, ìîæóòü íå ìàòè îáåðíåíèõ
íåïåðåðâíèõ îïåðàòîðiâ.

Íà ïiäñòàâi òåîðåì 1 i 2 ñïðàâäæó¹òüñÿ
íàñòóïíå òâåðäæåííÿ.

Òåîðåìà 4. Íåõàé K ∈ K. ßêùî ðiçíè-
öåâå ðiâíÿííÿ (18) ìà¹ íåïåðåðâíèé i îáìå-
æåíèé íà R ðîçâ'ÿçîê Z = Z(t) çi çíà÷åí-
íÿìè â K i äëÿ äåÿêîãî ÷èñëà δ > 0 âèêîíó-
¹òüñÿ ñïiââiäíîøåííÿ

∆(Z,K, F3, ε) > 0

äëÿ âñiõ ε ∈ (0, δ), òî öåé ðîçâ'ÿçîê ¹ ìàé-
æå ïåðiîäè÷íèì.

5.3. Çàñòîñóâàííÿ òåîðåìè 1 ó âè-

ïàäêó m = 0. Ðîçãëÿíåìî äèôåðåíöiàëüíå
ðiâíÿííÿ

F

(
t,
dx(t)

dt
− g(t, x(t))

)
= 0, (19)

äå F � âiäîáðàæåííÿ, ùî é ó ðiâíÿííi (3)
(ïðè m = 0), à íåïåðåðâíå âiäîáðàæåííÿ g :
R× Ω → E ¹ òàêèì, ùî:

à) âåêòîðíà ôóíêöiÿ g(t, x) ðiâíîìiðíî íå-
ïåðåðâíà ïî x íà êîæíié ìíîæèíi R×K, äå
K ∈ K;

á) âåêòîðíà ôóíêöiÿ g(t, x) ìàéæå ïåðiî-
äè÷íà ïî t ðiâíîìiðíî ïî x íà êîæíié ìíî-
æèíi K ∈ K.

Âèêëàäåìî iäåþ îäíîãî ìåòîäó ç'ÿñóâàí-
íÿ ìàéæå ïåðiîäè÷íîñòi îáìåæåíèõ ðîçâ'ÿç-
êiâ äèôåðåíöiàëüíîãî ðiâíÿííÿ (19) ç âèêî-
ðèñòàííÿì òåîðåìè 1.

ßêùî v = v(t) ¹ ðîçâ'ÿçêîì öüîãî ðiâíÿ-
ííÿ i R(v) ⊂ K1, äå K1 ∈ K, òî íà ïiäñòàâi
óìîâ à) i á) ôóíêöiÿ h = h(t), ùî âèçíà÷à¹-
òüñÿ ðiâíiñòþ

h(t) =
dv(t)

dt
− g(t, v(t)),

¹ îáìåæåíîþ i R(h) ⊂ K2 äëÿ äåÿêî¨ ìíî-
æèíè K2 ∈ K. Îòæå, h = h(t) ¹ ðîçâ'ÿçêîì
ðiâíÿííÿ (4). Ó öüîìó âèïàäêó äî (4) ìîæíà
çàñòîñóâàòè òåîðåìó 1 ïðè m = 0, K = K2 i
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z = h. Ââàæàòèìåìî, ùî óìîâè öi¹¨ òåîðåìè
âèêîíóþòüñÿ. Òîäi ôóíêöiÿ h = h(t) ¹ ìàéæå
ïåðiîäè÷íîþ i äî ìàéæå ïåðiîäè÷íîãî äèôå-
ðåíöiàëüíîãî ðiâíÿííÿ

dx(t)

dt
− g(t, x(t)) = h(t),

ùî ìà¹ îáìåæåíèé ðîçâ'ÿçîê x = v, ìîæ-
íà çàñòîñóâàòè ðåçóëüòàòè äîñëiäæåíü ñòà-
òòi [10] (ó âèïàäêó f(t, x) = g(t, x) + h(t)) i
ïîêàçàòè ìàéæå ïåðiîäè÷íiñòü v (ïðè äîäàò-
êîâèõ âèìîãàõ äî f).

Íà çàâåðøåííÿ, çàçíà÷èìî, ùî íàâåäå-
íi óìîâè iñíóâàííÿ ìàéæå ïåðiîäè÷íèõ ðîç-
â'ÿçêiâ ðiçíèöåâèõ ðiâíÿíü òà ¨õ çàñòîñóâàí-
íÿ â ï. 5.2 i 5.3 ¹ íîâèìè, îñêiëüêè íå âèêî-
ðèñòîâóþòü H-êëàñè öèõ ðiâíÿíü.

Òàêîæ çàçíà÷èìî, ùî äîñëiäæåííÿì ìàé-
æå ïåðiîäè÷íèõ ðiâíÿíü ïðèñâÿ÷åíî áàãàòî
ïóáëiêàöié. Âiäìiòèìî äåÿêi ç íèõ. Äëÿ ëi-
íiéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü ïåðøi òåî-
ðåìè ïðî ìàéæå ïåðiîäè÷íi ðîçâ'ÿçêè áóëè
äîâåäåíi Ôàâàðîì ó ðîáîòi [4], à äëÿ íåëi-
íiéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü � Àìåðiî â
ðîáîòi [5]. Ðåçóëüòàòè Ôàâàðà áóëè çíà÷íî
ïîêðàùåíi Å. Ìóõàìàäi¹âèì [11, 12]. Óçà-
ãàëüíåííÿì òåîðåìÌóõàìàäi¹âà ïðèñâÿ÷åíî
ðîáîòè [13�15]. Âàæëèâi ðåçóëüòàòè â öüîìó
íàïðÿìêó òàêîæ íàëåæàòü Á. Ì. Ëåâiòàíó
[1], Àìåðiî [16], Â. Â. Æèêîâó [17�19], Øó-
áèíó Ì. À. [20] òà Ôèíêó [21].

Ôóíêöiîíàë, àíàëîãi÷íèé ôóíêöiîíàëó
∆, âèêîðèñòîâóâàâñÿ àâòîðîì äëÿ äîñëiäæå-
ííÿ ìàéæå ïåðiîäè÷íèõ ëiíiéíèõ i íåëiíié-
íèõ ðiçíèöåâèõ ðiâíÿíü iç íåïåðåðâíèì àð-
ãóìåíòîì [9], äèôåðåíöiàëüíèõ ðiâíÿíü [10],
à òàêîæ ðiâíÿííÿ (4) [3].

Óìîâè iñíóâàííÿ îáìåæåíèõ ðîçâ'ÿçêiâ
íåëiíiéíèõ ðiçíèöåâèõ ðiâíÿíü (âèìîãà iñ-
íóâàííÿ òàêèõ ðîçâ'ÿçêiâ ó òåîðåìi 1 ¹ ñó-
òò¹âîþ) ìîæíà îòðèìàòè, âèêîðèñòîâóþ÷è
ñòàòòi [22�26].
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