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ÎÁÅÐÍÅÍI ÒÅÎÐÅÌÈ ÒÅÎÐI� ÍÀÁËÈÆÅÍÍß Ó ÂÀÃÎÂÈÕ
ÏÐÎÑÒÎÐÀÕ ÎÐËÈ×À

Îòðèìàíî àíàëîã âiäîìî¨ íåðiâíîñòi Áåðíøòåéíà äëÿ (ψ;β)-ïîõiäíî¨ âiäíîñíî ìåòðèêè âàãîâèõ
ïðîñòîðiâ Îðëè÷à. Âèêîðèñòîâóþ÷è îòðèìàíó íåðiâíiñòü, äîâåäåíî îáåðíåíi òåîðåìè òåîði¨
íàáëèæåííÿ â öèõ ïðîñòîðàõ.

We obtain an analog of known Bernstein's inequality for (ψ;β)-derivative in the metric of weighted
Orlicz spaces. With its help we prove inverse theorems of the approximation theory in these spaces.

1. Îçíà÷åííÿ i ïîñòàíîâêà çàäà÷i.
Íàâåäåìî ñïî÷àòêó äåÿêi âiäîìîñòi ç òåîði¨
îïóêëèõ ôóíêöié i âàãîâèõ ïðîñòîðiâ Îðëè-
÷à (äèâ. [1, 2]).
Îçíà÷åííÿ 1. Íåïåðåðâíà îïóêëà ôóí-

êöiÿ Φ : R 7→ [0;∞) íàçèâà¹òüñÿ ôóíêöi¹þ
Þíãà, ÿêùî Φ ¹ ïàðíîþ i çàäîâîëüíÿ¹ óìîâè

lim
x→0

Φ(x)

x
= 0, lim

x→∞

Φ(x)

x
= ∞.

Îçíà÷åííÿ 2. Êàæóòü, ùî ôóíêöiÿ
Þíãà Φ çàäîâîëüíÿ¹ óìîâó ∆2 (Φ ∈ ∆2),
ÿêùî iñíó¹ ñòàëà c > 0 òàêà, ùî

Φ(2x) ≤ c Φ(x), ∀x ∈ R.

Îçíà÷åííÿ 3. Íåâiä'¹ìíà ôóíêöiÿ M =
M(t), t ≥ 0 íàçèâà¹òüñÿ êâàçiîïóêëîþ ôóí-
êöi¹þ Þíãà, ÿêùî iñíó¹ îïóêëà ôóíêöiÿ
Þíãà Φ i òàêà ñòàëà c > 1, ùî âèêîíó¹-
òüñÿ íåðiâíiñòü

Φ(x) ≤M(x) ≤ Φ(cx), ∀x ≥ 0.

Ïîçíà÷èìî ÷åðåç QC ìíîæèíó âñiõ êâàçi-
îïóêëèõ ôóíêöié Þíãà.
Îçíà÷åííÿ 4. Íåõàé M ∈ QC. Òîäi ÷å-

ðåç L̃M,ω ïîçíà÷àþòü êëàñ 2π-ïåðiîäè÷íèõ
âèìiðíèõ çà Ëåáåãîì ôóíêöié f , ÿêi çàäî-
âîëüíÿþòü óìîâó

2π∫
0

M(|f(x)|)ω(x)dx <∞,

äå ω(x) � 2π-ïåðiîäè÷íà âèìiðíà i ìàéæå
ñêðiçü äîäàòíà ôóíêöiÿ (âàãà), à ÷åðåç LM,ω

ïîçíà÷àþòü ëiíiéíó îáîëîíêó êëàñó L̃M,ω.
Ìíîæèíà LM,ω ñòà¹ íîðìîâàíèì ïðîñòî-

ðîì, ÿêùî

∥f∥M,ω := sup

{ 2π∫
0

|f(t)g(t)|ω(t) dt :

:

2π∫
0

M̃(|g(t)|)ω(t) dt ≤ 1

}
,

äå M̃(y) := supx≥0(xy − M(x)), y ≥ 0, �
äîïîâíþâàëüíà äî M(x) ôóíêöiÿ.

Êàæóòü, ùî âàãîâà ôóíêöiÿ ω = ω(t) íà-
ëåæèòü äî êëàñó Ìàêåíõàóïà Ap, 1 < p <∞,
ÿêùî ω ¹ 2π-ïåðiîäè÷íîþ i(

1

b− a

b∫
a

ω(t) dt

)(
1

b− a

b∫
a

1

ω1/(p−1)(t)
dt

)p−1

≤

≤ c,

äå [a, b] äîâiëüíèé âiäðiçîê ç [0, 2π].
Äëÿ êâàçiîïóêëî¨ ôóíêöi¨ M âèçíà÷èìî

âåëè÷èíó

1

℘(M)
:= inf{℘ : ℘ > 0, M℘ ∈ QC},

℘′(M) :=
℘(M)

℘(M)− 1
,

ÿêà âïåðøå áóëà ââåäåíà â ðîáîòi [3]. ßêùî
ω ∈ A℘(M), òî LM,ω ⊂ L, äå L � ïðîñòið 2π-
ïåðiîäè÷íèõ ñóìîâíèõ íà ïðîìiæêó [0, 2π]
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ôóíêöié i LM,ω ñòà¹ áàíàõîâèì ïðîñòîðîì ç
íîðìîþ Îðëè÷à. Áàíàõiâ ïðîñòið LM,ω íàçè-
âà¹òüñÿ âàãîâèì ïðîñòîðîì Îðëè÷à.

×åðåç QCθ2 ïîçíà÷àþòü êëàñ ôóíêöié
M = M(t), ÿêi çàäîâîëüíÿþòü óìîâó ∆2 i
òàêèõ, ùî M θ ¹ êâàçiîïóêëîþ äëÿ äîâiëüíî-
ãî θ ∈ (0; 1).

Íàì òàêîæ çíàäîáèòüñÿ âèçíà÷åííÿ
(ψ; β)-ïîõiäíî¨ i ìíîæèí Lψβ , ÿêå íàëåæèòü
Î.I. Ñòåïàíöþ [4, c. 142 � 143].
Îçíà÷åííÿ 5. Íåõàé f ∈ L i

S[f ] =
a0(f)

2
+

+
∞∑
k=1

(ak(f) cos kx+ bk(f) sin kx) ≡

≡
∞∑
k=0

Ak(f, x) (1)

� ¨¨ ðÿä Ôóð'¹. Íåõàé, äàëi, ψ(k) � äîâiëü-
íà äiéñíîçíà÷íà ôóíêöiÿ íàòóðàëüíîãî àð-
ãóìåíòó i β ∈ R. Ïðèïóñòèìî, ùî ðÿä

∞∑
k=1

1

ψ(k)

(
ak(f) cos

(
kx+

βπ

2

)
+

+bk(f) sin

(
kx+

βπ

2

))
(2)

¹ ðÿäîì Ôóð'¹ äåÿêî¨ ôóíêöi¨ ç L. Öþ ôóí-
êöiþ ïîçíà÷àþòü ÷åðåç fψβ (·) (àáî (Dψ

β f)(·))
i íàçèâàþòü (ψ; β)-ïîõiäíîþ ôóíêöi¨ f(·),
à ìíîæèíó ôóíêöié f(·), ó ÿêèõ iñíóþòü
(ψ; β)-ïîõiäíi, ïîçíà÷àþòü ÷åðåç Lψβ .

×åðåç LψβLM,ω áóäåìî ïîçíà÷àòè ìíîæèíè
(ψ; β)-äèôåðåíöiéîâíèõ ôóíêöié f ∈ L, äëÿ
ÿêèõ fψβ ∈ LM,ω.

Íåõàé M � ìíîæèíà ïîñëiäîâíîñòåé äié-
ñíèõ ÷èñåë ψ(k) > 0, ÿêi çàäîâîëüíÿþòü
óìîâè:
1. ψ(k)− ψ(k + 1) ≥ 0, k ∈ N;
2. lim

k→∞
ψ(k) = 0;

3. ψ(k+2)−2ψ(k+1)+ψ(k) > 0, k ∈ N;
à M′ � ïiäìíîæèíà ôóíêöié ψ ∈ M, äëÿ

ÿêèõ
∞∑
k=1

ψ(k)
k

<∞.

Òîäi, ÿêùî ψ ∈ M′ i β ∈ R, òî, ÿê ïî-
êàçàíî â ìîíîãðàôi¨ [4, c. 143 � 144], çàâ-
æäè çíàéäåòüñÿ ôóíêöiÿ fψβ ∈ L0, L0 :=

{φ ∈ L : φ ⊥ 1}, ðÿä Ôóð'¹ ÿêî¨ ñïiâïà-
äà¹ ç (2). Âiäçíà÷èìî ïðè öüîìó, ùî ÿêùî
fψβ ∈ LM,ω ∩ L0, M ∈ QCθ2 i ω ∈ A℘(M), òî íà
ïiäñòàâi ñïiââiäíîøåííÿ (14) â ñåíñi çáiæíî-
ñòi çà ìåòðèêîþ ïðîñòîðiâ LM,ω âèêîíó¹òüñÿ
ðiâíiñòü

fψβ (x) =
∞∑
k=1

1

ψ(k)

(
ak(f) cos

(
kx+

βπ

2

)
+

+bk(f) sin

(
kx+

βπ

2

))
. (3)

Ç ðîçêëàäó (3) âèïëèâàþòü ôîðìóëè
çâ'ÿçêó ìiæ êîåôiöi¹íòàìè Ôóð'¹ ôóíêöié
fψβ i f :

ak(f) = ψ(k)

(
ak(f

ψ
β ) cos

βπ

2
−bk(fψβ ) sin

βπ

2

)
,

(4)

bk(f) = ψ(k)

(
ak(f

ψ
β ) sin

βπ

2
+bk(f

ψ
β ) cos

βπ

2

)
,

(5)
i

ak(f
ψ
β ) =

1

ψ(k)

(
ak(f) cos

βπ

2
+ bk(f) sin

βπ

2

)
,

(6)

bk(f
ψ
β ) =

1

ψ(k)

(
bk(f) cos

βπ

2
− ak(f) sin

βπ

2

)
.

(7)
Ó öié ðîáîòi îòðèìàíî àíàëîã âiäîìî¨

íåðiâíîñòi Áåðíøòåéíà äëÿ (ψ; β)-ïîõiäíî¨
âiäíîñíî ìåòðèêè ïðîñòîðiâ LM,ω. Âèêîðè-
ñòîâóþ÷è öþ íåðiâíiñòü, äîâåäåíî îáåðíå-
íi òåîðåìè òåîði¨ íàáëèæåííÿ íà ìíîæèíàõ
LψβLM,ω.
2. Äîïîìiæíi òâåðäæåííÿ. Ïîçíà÷è-

ìî, ÿê çâè÷àéíî,

Sn(f ; x) =
a0(f)

2
+

+
n∑
k=1

(ak(f) cos kx+bk(f) sin kx), n = 0, 1, . . . ,

(8)
� ÷àñòèííi ñóìè ðÿäó Ôóð'¹ ïîðÿäêó n ôóí-
êöi¨ f .

Ñôîðìóëþ¹ìî òâåðäæåííÿ ç êíèãè [1, c.
278], ÿêå íîñèòü äîïîìiæíèé õàðàêòåð i âè-
êîðèñòîâóâàòèìåòüñÿ ïðè äîâåäåííi îñíîâ-
íèõ ðåçóëüòàòiâ öi¹¨ ðîáîòè.
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Òåîðåìà À. ßêùî M ∈ QCθ2 i ω ∈ A℘(M),
òî äëÿ äîâiëüíî¨ ôóíêöi¨ f ∈ LM,ω i äîâiëü-
íîãî íàòóðàëüíîãî n âèêîíóþòüñÿ íåðiâíî-
ñòi

2π∫
0

M(|Sn(f ; t)|)ω(t) dt ≤

≤ C

2π∫
0

M(|f(t)|)ω(t) dt, (9)

i
2π∫
0

M(|f̃(t)|)ω(t) dt ≤ C

2π∫
0

M(|f(t)|)ω(t) dt,

(10)
äå f̃ � ôóíêöiÿ, òðèãîíîìåòðè÷íî ñïðÿæå-
íà ç f i C � äîäàòíà ñòàëà, ÿêà íå çàëå-
æèòü âiä f i n.

Ç òåîðåìè A, çîêðåìà, âèïëèâà¹, ùî îïå-
ðàòîðè Ôóð'¹ i òðèãîíîìåòðè÷íîãî ñïðÿæåí-
íÿ ¹ ðiâíîìiðíî îáìåæåíèìè âiäíîñíî n ∈ N
â ïðîñòîði LM,ω, M ∈ QCθ2, ω ∈ A℘(M), òîá-
òî äëÿ äîâiëüíî¨ ôóíêöi¨ f ∈ LM,ω, M ∈
QCθ2, ω ∈ A℘(M),

∥Sn(f)∥M,ω ≤ C∥f∥M,ω, (11)

∥f̃∥M,ω ≤ C∥f∥M,ω. (12)

Ïîçíà÷èìî ÷åðåç

En(φ)M,ω := inf
tn−1∈Tn−1

∥φ−tn−1∥M,ω, φ ∈ LM,ω,

� íàéêðàùå íàáëèæåííÿ ôóíêöi¨ φ çà äîïî-
ìîãîþ ïiäïðîñòîðó Tn−1 òðèãîíîìåòðè÷íèõ
ïîëiíîìiâ ïîðÿäêó, íå âèùå n−1. Ó ðîáîòi [5,
ëåìà 3] ïîêàçàíî, ùî äëÿ äîâiëüíî¨ ôóíêöi¨
f ∈ LM,ω i äîâiëüíîãî ε > 0 çíàéäåòüñÿ òðè-
ãîíîìåòðè÷íèé ïîëiíîì T (x), äëÿ ÿêîãî

2π∫
0

M(|f(x)− T (x)|)ω(x) dx < ε.

Öå îçíà÷à¹, ùî

∥f − T∥M,ω < ε,

çâiäêè îòðèìó¹ìî

En(f)M,ω → 0, n→ ∞. (13)

Iç ñïiââiäíîøåíü (11), (12) i (13) âèïëè-
âà¹, ùî çà óìîâ òåîðåìè A

∥f − Sn−1(f)∥M,ω → 0, n→ ∞, (14)

i

∥f − Sn−1(f)∥M,ω = O(1)En(f)M,ω = (15)

= O(1)En(f̃)M,ω,

äå O(1) � âåëè÷èíè, ðiâíîìiðíî îáìåæåíi
âiäíîñíî n.

Äàëi çíàäîáèòèñÿ íàñòóïíå òâåðäæåííÿ,
ÿêå òàêîæ íîñèòü äîïîìiæíèé õàðàêòåð, àëå
é íå ïîçáàâëåíå ñàìîñòiéíîãî iíòåðåñó. Ïî-
çíà÷èìî ÷åðåç M∗ ìíîæèíó ïîñëiäîâíîñòåé
ψ(k) > 0, ÿêi çàäîâîëüíÿþòü òiëüêè ïåðøi
äâi óìîâè ç âèçíà÷åííÿ ìíîæèíè M, òîáòî:

M∗ =
{
{ψ(k)}∞k=1 : (∀k ∈ N)(ψ(k)−ψ(k+1) > 0),

lim
k→∞

ψ(k) = 0
}
.

Ëåìà 1. Íåõàé ψ ∈ M∗, β ∈ R, M ∈ QCθ2
i ω ∈ A℘(M). Òîäi äëÿ äîâiëüíîãî òðèãîíîìå-
òðè÷íîãî ïîëiíîìà Tn ïîðÿäêó, íå âèùå n,
âèêîíó¹òüñÿ íåðiâíiñòü

∥Dψ
βTn∥M,ω ≤ K

ψ(n)
∥Tn∥M,ω, n = 0, 1, . . . ,

(16)
äå 1/ψ(0) := 0, a K � äîäàòíà ñòàëà, ÿêà
íå çàëåæèòü âiä β i n.

Ñïiââiäíîøåííÿ (16) ¹ àíàëîãîì êëàñè-
÷íî¨ íåðiâíîñòi äëÿ ìàêñèìóìó ìîäóëÿ ïîõi-
äíî¨ òðèãîíîìåòðè÷íîãî ïîëiíîìà, îòðèìà-
íî¨ Ñ.Í. Áåðíøòåéíîì â ðîáîòi [6]. Íàäàëi
öÿ íåðiâíiñòü óòî÷íþâàëàñÿ i óçàãàëüíþâà-
ëàñÿ â ðîáîòàõ áàãàòüîõ àâòîðiâ. Ç îñíîâíè-
ìè ðåçóëüòàòàìè ùîäî íåðiâíîñòi Ñ.Í. Áåðí-
øòåéíà i êîìåíòàðÿìè äî íèõ ìîæíà îçíà-
éîìèòèñÿ, íàïðèêëàä, ó êíèçi Ì.Ï. Êîðíié-
÷óêà , Â.Ô. Áàáåíêî i À.Î. Ëèãóíà [7] (äèâ.,
òàêîæ, ìîíîãðàôi¨ Î.Ï. Òiìàíà [8] , Í.I. Àõi-
¹çåðà [9]) . Âiäçíà÷èìî òàêîæ, ùî çà óìîâè
ψ(n) = n−α, β = α, α > 0, n ∈ N, ëåìà 1 äî-
âåäåíà â ðîáîòi [10]. Ó âèïàäêó ìåòðèêè ïðî-
ñòîðiâ Lp, 1 ≤ p ≤ ∞ i ω(t) ≡ 1, íåðiâíiñòü
(16) îòðèìàíî Î.I. Ñòåïàíöåì i Î.Ê. Êóøïå-
ëåì â ñòàòòi [11] .
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Äîâåäåííÿ. ßêùî

Tn(x) =
n∑
k=0

(ak cos kx+ bk sin kx)

� òðèãîíîìåòðè÷íèé ïîëiíîì ïîðÿäêó, íå
âèùå n, òî âiäïîâiäíî äî ðiâíîñòi (3)

(Dψ
βTn)(x) =

n∑
k=1

1

ψ(k)
ak cos

(
kx+

βπ

2

)
+

+bk sin

(
kx+

βπ

2

)
=

n∑
k=1

cos βπ
2

ψ(k)

(
ak cos kx+

+bk sin kx

)
−

n∑
k=1

sin βπ
2

ψ(k)

(
ak sin kx−bk cos kx

)
=

=
n∑
k=1

cos βπ
2

ψ(k)
Ak(Tn;x)−

n∑
k=1

sin βπ
2

ψ(k)
Ak(T̃n;x) =

= cos
βπ

2
(Dψ

0 Tn)(x)− sin
βπ

2
(Dψ

0 T̃n)(x). (17)

Ïîêëàäåìî

Rψ
m(φ; x) :=

m−1∑
k=0

[
1− ψ(m)

ψ(k)

]
Ak(φ;x), (18)

äå m = 1, 2, . . . , i 1/ψ(0) := 0.
Ç ðiâíîñòi (17) âèïëèâà¹, ùî ôóíêöiÿ

φ1(x) := ψ(n)(Dψ
0 Tn)(x) =

n∑
k=1

ψ(n)

ψ(k)
Ak(Tn;x),

¹ òðèãîíîìåòðè÷íèì ïîëiíîìîì ïîðÿäêó, íå
âèùå n (òîáòî Ak(φ1;x) ≡ 0, k > n). Âðà-
õîâóþ÷è öå, âèêîðèñòîâóþ÷è ïåðåòâîðåííÿ
Àáåëÿ, äëÿ äîâiëüíîãî íàòóðàëüíîãî ÷èñëà
m ≥ n îòðèìó¹ìî

Rψ
m(φ1; x) =

m−1∑
k=0

[
1− ψ(m)

ψ(k)

]
Ak(φ1;x) =

=
n∑
k=0

[
1− ψ(m)

ψ(k)

]
ψ(n)

ψ(k)
Ak(Tn;x) =

= ψ(n)
n−1∑
k=0

[
1

ψ(k)
− 1

ψ(k + 1)

]
×

×
k∑
i=0

[
1− ψ(m)

ψ(i)

]
Ai(Tn;x)+

+
n∑
i=0

[
1− ψ(m)

ψ(i)

]
Ai(Tn;x) =

= ψ(n)
n−1∑
k=0

[
1

ψ(k)
− 1

ψ(k + 1)

]
rψ,mk (Tn; x)+

+rψ,mn (Tn; x), (19)

äå

rψ,mk (Tn; x) :=
k∑
i=0

[
1− ψ(m)

ψ(i)

]
Ai(Tn;x),

k = 0, 1, . . . , n.

Çíîâó ñêîðèñòàâøèñü ïåðåòâîðåííÿì Àáåëÿ,
ìàòèìåìî

rψ,mk (Tn;x) = ψ(m)
k−1∑
i=0

[
1

ψ(i+ 1)
− 1

ψ(i)

]
×

×
i∑

j=0

Aj(Tn; x)+ψ(m)

[
1

ψ(m)
− 1

ψ(k)

] k∑
j=0

Aj(Tn;x) =

= ψ(m)
k−1∑
i=0

[
1

ψ(i+ 1)
− 1

ψ(i)

]
Si(Tn;x)

+ψ(m)

[
1

ψ(m)
− 1

ψ(k)

]
Sk(Tn;x).

Çâiäñè, âðàõîâóþ÷è ìîíîòîííiñòü ïîñëiäîâ-
íîñòi ψ(k) i ñïiââiäíîøåííÿ (11), îòðèìó¹ìî
íåðiâíiñòü

∥rψ,mk (Tn; ·)∥M,ω ≤

≤ Kψ(m)
k−1∑
i=0

[
1

ψ(i+ 1)
− 1

ψ(i)

]
∥Tn(·)∥M,ω+

+Kψ(m)

[
1

ψ(m)
− 1

ψ(k)

]
∥Tn(·)∥M,ω ≤

≤ K∥Tn(·)∥M,ω, (20)

äå K = KM � äîäàòíà âåëè÷èíà, ÿêà çàëå-
æèòü âiä ôóíêöi¨ M.

Çàñòîñîâóþ÷è òåïåð îöiíêó (20) äî ðiâíî-
ñòi (19), äëÿ äîâiëüíîãî íàòóðàëüíîãî ÷èñëà
m ≥ n çíàõîäèìî

∥Rψ
m(φ1; ·)∥M,ω ≤ K∥Tn(·)∥M,ω. (21)
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Àíàëîãi÷íî, äëÿ ôóíêöi¨

φ2(x) := ψ(n)(Dψ
0 T̃n)(x) =

n∑
k=1

ψ(n)

ψ(k)
Ak(T̃n;x),

âðàõîâóþ÷è ñïiââiäíîøåííÿ (12), äëÿ äî-
âiëüíîãî íàòóðàëüíîãî ÷èñëà m ≥ n îòðè-
ìó¹ìî, ùî

∥Rψ
m(φ2; ·)∥M,ω ≤ K∥Tn(·)∥M,ω. (22)

Ïîêëàäåìî

Qψ
m1,m2

(φ; x) :=
ψ(m1)

ψ(m1)− ψ(m2)
Rψ
m2

(φ; x)

− ψ(m2)

ψ(m1)− ψ(m2)
Rψ
m1

(φ;x), (23)

äå m1 < m2 ∈ N, à Rψ
m(φ; x) � âåëè÷èíà, ÿêà

âèçíà÷à¹òüñÿ ó ñïiââiäíîøåííi (18).
Ââàæàþ÷è, ùî ïîñëiäîâíîñòi ψ(k) ç ìíî-

æèíè M ¹ çâóæåííÿìè íà ìíîæèíó íàòó-
ðàëüíèõ ÷èñåë íåïåðåðâíèõ ôóíêöié ψ(t) íå-
ïåðåðâíîãî àðãóìåíòó t ≥ 1, âiäïîâiäíî äî
[4, c. 159] ÷åðåç η(t) = η(ψ; t) ïîçíà÷èìî ôóí-
êöiþ, ÿêà ïîâ'ÿçàíà ç ψ ðiâíiñòþ

ψ(η(t)) =
1

2
ψ(t), t ≥ 1.

Çâiäñè, âíàñëiäîê ñòðîãî¨ ìîíîòîííîñòi òà
ñïàäàííÿ äî íóëÿ ψ, ôóíêöiÿ η(t) äëÿ âñiõ
t ≥ 1 âèçíà÷à¹òüñÿ îäíîçíà÷íî

η(t) = η(ψ; t) = ψ−1

(
1

2
ψ(t)

)
, (24)

äå ψ−1 � ôóíêöiÿ, îáåðíåíà äî ψ.
Íåõàé òåïåð m1 = n i m2 = [η(n)], ãäå [a]

� öiëà ÷àñòèíà ÷èñëà a. Òîäi âèêîíóþòüñÿ
ñïiââiäíîøåííÿ

ψ(m1)

ψ(m1)− ψ(m2)
= O(1),

ψ(m2)

ψ(m1)− ψ(m2)
= O(1). (25)

Íà ïiäñòàâi ñïiââiäíîøåíü (21) � (25), çíà-
õîäèìî, ùî

∥Qψ
n,[η(n)](φi; ·)∥M,ω ≤ K∥Tn(·)∥M,ω, (26)

n = 1, 2, . . . , i = 1, 2.

Îñêiëüêè ñïðàâåäëèâà ðiâíiñòü

Qψ
m1,m2

(φ; x) =
ψ(m1)ψ(m2)

ψ(m1)− ψ(m2)
×

×
m2−1∑
k=0

(
1

ψ(m2)
− 1

ψ(k)

)
Ak(φ; x)−

− ψ(m1)ψ(m2)

ψ(m1)− ψ(m2)

m1−1∑
k=0

(
1

ψ(m1)
− 1

ψ(k)

)
Ak(φ;x),

ÿêà çà äîïîìîãîþ ïåðåòâîðåííÿ Àáåëÿ ïðè-
éìà¹ âèãëÿä

Qψ
m1,m2

(φ; x) =
ψ(m1)ψ(m2)

ψ(m1)− ψ(m2)
×

×
m2−1∑
k=m1

(
1

ψ(k + 1)
− 1

ψ(k)

)
Sk(φ;x),

òî äëÿ äîâiëüíîãî òðèãîíîìåòðè÷íîãî ïîëi-
íîìà Tm, ïîðÿäîê ÿêîãî íåïåðåâèùó¹ m1,
ìàòèìåìî

Qψ
m1,m2

(Tm; x) = Tm(x). (27)

Áåðó÷è òåïåð äî óâàãè òå, ùî

Qψ
m1,m2

(cφ;x) = cQψ
m1,m2

(φ; x), c = const,

âðàõîâóþ÷è ñïiââiäíîøåííÿ (17), (26) i (27),
çíàõîäèìî, ùî

∥(Dψ
βTn)(·)∥M,ω ≤ ∥(Dψ

0 Tn)(·)∥M,ω+

+∥(Dψ
0 T̃n)(·)∥M,ω =

∥∥∥∥ 1

ψ(n)
Qψ
n,[η(n)](φ1; ·)

∥∥∥∥
M,ω

+

+

∥∥∥∥ 1

ψ(n)
Qψ
n,[η(n)](φ2; ·)

∥∥∥∥
M,ω

≤ K

ψ(n)
∥Tn(·)∥M,ω,

(28)
n = 0, 1, . . . , ùî é ïîòðiáíî áóëî äîâåñòè. Òå-
îðåìà äîâåäåíà.

Çàóâàæèìî, ùî íåðiâíiñòü (16) ¹ íåïîêðà-
ùóâàíîþ çà ïîðÿäêîì, îñêiëüêè äëÿ òðèãî-
íîìåòðè÷íîãî ïîëiíîìà t∗n(x) = cosnx áóäå-
ìî ìàòè

(Dψ
0 t

∗
n)(x) =

1

ψ(n)
cosnx

i

∥Dψ
0 t

∗
n)∥M,ω = ∥ 1

ψ(n)
cosnx∥M,ω =

1

ψ(n)
∥t∗n∥M,ω.
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Äîáðå âiäîìî (äèâ., íàïðèêëàä [4, c.
133]), ùî ó âèïàäêó, êîëè ψr(k) = k−r,

r > 0, ìíîæèíè Lψβ çáiãàþòüñÿ ç ìíî-
æèíàìè W r

β ôóíêöié, äèôåðåíöiéîâíèõ â
ðîçóìiííi Âåéëÿ-Íàäÿ. Ïîçíà÷èâøè ÷åðåç
Dr
β(Tn) (r; β)-ïîõiäíó Âåéëÿ-Íàäÿ òðèãîíî-

ìåòðè÷íîãî ïîëiíîìà Tn i âðàõîâóþ÷è î÷å-
âèäíó íàëåæíiñòü ψr(k) ∈ M∗, r > 0, ëåìó 1
ìîæíà çàïèñàòè â íàñòóïíîìó âèãëÿäi.
Ëåììà 1′. Íåõàé M ∈ QCθ2, ω ∈ A℘(M) i

β ∈ R. Òîäi äëÿ äîâiëüíîãî òðèãîíîìåòðè-
÷íîãî ïîëiíîìà Tn ïîðÿäêó, íå âèùå n, âè-
êîíó¹òüñÿ íåðiâíiñòü

∥Dr
β(Tn)∥M,ω ≤ K

nr
∥Tn∥M,ω, n = 0, 1, . . . ,

äå 1/0 := 0, a K � äîäàòíà ñòàëà, ÿêà íå
çàëåæèòü âiä β i n.
3. Îñíîâíi ðåçóëüòàòè. Âèêîðèñòîâóþ-

÷è ëåìó 1 ìîæíà äîâåñòè òàê çâàíi îáåðíåíi
òåîðåìè òåîði¨ íàáëèæåííÿ íà ìíîæèíàõ Lψβ ,
LM,ω. Äëÿ ôîðìóëþâàííÿ ðåçóëüòàòiâ áóäå-
ìî âèêîðèñòîâóâàòè âèçíà÷åííÿ ìíîæèíM0

i F, ÿêi íàëåæàòü Î.I. Ñòåïàíöþ ( [4, c. 160,
c. 165]):

M0 = {ψ ∈ M : 0 <
t

η(ψ; t)− t
≤ K, t ≥ 1},

F = {ψ ∈ M : η′(ψ; t) ≤ K},
äå η(ψ; t) ¹ ôóíêöiÿ, âèçíà÷åíà ó ñïiââiäíî-
øåííi (24).
Òåîðåìà 1. Íåõàé M ∈ QCθ2, ω ∈ A℘(M) i

β ∈ R. Òîäi äëÿ äîâiëüíî¨ ôóíêöi¨ f ∈ LM,ω

ìàòèìåìî:
1. ßêùî ψ ∈ M i ðÿä

∞∑
k=1

Ek(f)M,ω|ψ(k)|−1

çáiãà¹òüñÿ, òî iñíó¹ ïîõiäíà fψβ , òàêà ùî

En(f
ψ
β )M,ω≤ C1

∞∑
k=n

Ek(f)M,ω|ψ(k)|−1. (29)

2. ßêùî ψ ∈ M0 i ðÿä

∞∑
k=1

Ek(f)M,ω|kψ(k)|−1

çáiãà¹òüñÿ, òî iñíó¹ ïîõiäíà fψβ , òàêà ùî

En(f
ψ
β )M,ω ≤ C2

(
En(f)M,ω

ψ(n)
+

+
∞∑

k=n+1

Ek(f)M,ω|kψ(k)|−1

)
. (30)

3. ßêùî ψ ∈ F, η(ψ; t)− t ≥ K > 0 i ðÿä

∞∑
k=1

Ek(f)M,ω|ψ(k)(η(k)− k)|−1

çáiãà¹òüñÿ, òî iñíó¹ ïîõiäíà fψβ , òàêà ùî

En(f
ψ
β )M,ω ≤ C3

(
En(f)M,ω

ψ(n)
+

+
∞∑

k=n+1

Ek(f)M,ω|ψ(k)(η(k)− k)|−1

)
, (31)

äå n ∈ N, Ci, i = 1, 2, 3, âåëè÷èíè, ðiâíîìið-
íî îáìåæåíi âiäíîñíî f, β i n.

ßêùî ψ(n) = n−α, β = α, α > 0, n ∈ N,
òî òîäi òâåðäæåííÿ òåîðåìè 1 ñïiâïàäà¹ ç
òåîðåìîþ 2.13 ç ðîáîòè [10]. Î.I. Æóêiíà [12]
i Î.I. Ñòåïàíåöü [13] îòðèìàëè àíàëîãi÷íèé
ðåçóëüòàò äëÿ ìîíîòîííèõ ïîñëiäîâíîñòåé ψ
âiäíîñíî ìåòðèê ïðîñòîðiâ Lp, 1 < p < ∞.
Ðåçóëüòàò äëÿ ψ(n) = nα, α ∈ R, n ∈ N i
1 < p < ∞ áóëî âñòàíîâëåíî â ðîáîòi [14].
Äëÿ ψ(n) = n−r, β = r, r ∈ N i 1 < p < ∞
òåîðåìà 1 áóëà äîâåäåíà Î.Ï. Òiìàíîì [8].

Äîâåäåííÿ. Äëÿ äîâåäåííÿ òåîðåìè áó-
äåìî âèêîðèñòîâóâàòè ñõåìó, çàïðîïîíîâà-
íó â êíèçi [15, c. 120 � 126]. Ïåðåêîíà¹ìî-
ñÿ ñïî÷àòêó ó ñïðàâåäëèâîñòi òâåðäæåííÿ
ïóíêòó 1 òåîðåìè. Íåõàé {tn(·)}∞n=1 � ïîñëi-
äîâíiñòü òðèãîíîìåòðè÷íèõ ïîëiíîìiâ, ÿêi
çäiéñíþþòü íàéêðàùå íàáëèæåííÿ ôóíêöi¨
f ∈ LM,ω. Òîäi ðÿä

tn(x) +
∞∑

k=n+1

(tk(x)− tk−1(x)) (32)

çáiãà¹òüñÿ äî f(x) çà íîðìîþ ïðîñòîðó LM,ω,
i éîãî ÷àñòèííi ñóìè Tm ïðè m > n ñïiâïà-
äàþòü ç ïîëiíîìàìè tm(x).
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Äîâåäåìî, ùî ðÿä

(Dψ
β tn)(x) +

∞∑
k=n+1

(Dψ
β (tk − tk−1))(x) (33)

çáiãà¹òüñÿ äî ñóìè T (x), ùî ìà¹ ðÿä Ôóð'¹
âèãëÿäó

∞∑
k=1

1

ψ(k)

(
ak(f) cos

(
kx+

βπ

2

)
+

+bk(f) sin

(
kx+

βπ

2

))
. (34)

Òèì ñàìèì, iñíóâàííÿ ïîõiäíî¨ fψβ (·) áó-
äå âñòàíîâëåíî. Îñêiëüêè ðiçíèöÿ uk(x) =
tk(x)− tk−1(x) ¹ ïîëiíîìîì ïîðÿäêó k, òî çà-
ñòîñîâóþ÷è ëåìó 1 îòðèìó¹ìî

∥(Dψ
βuk)(·)∥M,ω ≤ C

|ψ(k)|
∥uk(·)∥M,ω ≤ C

|ψ(k)|
×

×
(
∥tk(·)− f(·)∥M,ω + ∥f(·)− tk−1(·)∥M,ω

)
≤

≤ 2CEk(f)M,ω|ψ(k)|−1, (35)

äå C � äîäàòíà êîíñòàíòà, ÿêà íå çàëåæèòü
âiä f, β i n. Çâiäñè âèïëèâà¹, ùî

∞∑
k=n+1

∥(Dψ
βuk)(·)∥M,ω ≤

≤ C
∞∑

k=n+1

Ek(f)M,ω|ψ(k)|−1, (36)

ïðè÷îìó çà óìîâîþ ïóíêòó 1 òåîðåìè ðÿä ó
ïðàâié ÷àñòèíi íåðiâíîñòi (36) çáiãà¹òüñÿ. Öå
îçíà÷à¹, ùî ðÿä (33) òàêîæ çáiãà¹òüñÿ â ïðî-
ñòîði LM,ω äî äåÿêî¨ ôóíêöi¨ T (x) ∈ LM,ω.

Íåõàé a
(n)
k = ak(tn) i b

(n)
k = bk(tn), k =

0, 1, 2, . . . , � êîåôiöi¹íòè Ôóð'¹ ïîëiíîìiâ
tn(·). Òîäi ó âiäïîâiäíîñòi ç ðiâíîñòÿìè (4) i
(5) êîåôiöi¹íòè α(n)

k i β(n)
k ïîëiíîìiâ (Dψ

β tk)(·)
ìàþòü âèãëÿä

α
(n)
k =

1

ψ(k)

(
a
(n)
k cos

βπ

2
+ b

(n)
k sin

βπ

2

)
(37)

β
(n)
k =

1

ψ(k)

(
b
(n)
k cos

βπ

2
− a

(n)
k sin

βπ

2

)
. (38)

Îñêiëüêè ðiâíiñòü

T (x) = lim
n→∞

(Dψ
β tn)(x)

âèêîíó¹òüñÿ âiäíîñíî ìåòðèêè ïðîñòîðiâ
LM,ω, òî

ak(T ) = lim
n→∞

α
(n)
k , bk(T ) = lim

n→∞
β
(n)
k ,

k = 0, 1, . . . .

Áåðó÷è äî óâàãè òå, ùî

lim
n→∞

a
(n)
k = ak(f), lim

n→∞
b
(n)
k = bk(f),

k = 0, 1, . . . ,

ç ðiâíîñòåé (37) � (38) îòðèìó¹ìî

ak(T ) =
1

ψ(k)

(
ak(f) cos

βπ

2
+ bk(f) sin

βπ

2

)

bk(T ) =
1

ψ(k)

(
bk(f) cos

βπ

2
− ak(f) sin

βπ

2

)
.

Çâiäñè âèïëèâà¹, ùî ðÿä Ôóð'¹ ôóíêöi¨ T (x)
ñïiâïàäà¹ ç ðÿäîì (34). Öå îçíà÷à¹, ùî ôóí-
êöiÿ f(x) ìà¹ (ψ; β)-ïîõiäíó fψβ (x), ÿêà íàëå-
æèòü ïðîñòîðó LM,ω, i ïðè êîæíîìó n ∈ N
âèêîíó¹òüñÿ ðiâíiñòü

fψβ (x) = (Dψ
β tn)(x) +

∞∑
k=n+1

(Dψ
β [tk − tk−1])(x),

(39)
âiäíîñíî ìåòðèêè ïðîñòîðó LM,ω.

Äëÿ çàâåðøåííÿ äîâåäåííÿ ïóíêòó
1 òåîðåìè çàëèøèëîñÿ çàóâàæèòè, ùî
íåðiâíiñòü(29) âèïëèâà¹ çi ñïiââiäíîøåííÿ
(39), ç óðàõóâàííÿì îöiíêè (36).

Äëÿ äîâåäåííÿ ïóíêòiâ 2 i 3 òåîðåìè áó-
äåìî âèêîðèñòîâóâàòè òó æ ñàìó ñõåìó. Íå-
õàé {tn(·)}∞n=1 � ïîñëiäîâíiñòü òðèãîíîìå-
òðè÷íèõ ïîëiíîìiâ, ÿêi çäiéñíþþòü íàéêðà-
ùå íàáëèæåííÿ ôóíêöi¨ f â ïðîñòîði LM,ω.
Ïîêëàäåìî äëÿ êîæíîãî íàòóðàëüíîãî n

n0 = n, n1 = [η(n)]+1, . . . , nk = [η(nk−1)]+1, . . . .

Òîäi ðÿä

tn0(x) +
∞∑
k=1

(tnk(x)− tnk−1
(x))
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áóäå çáiãàòèñÿ äî ôóíêöi¨ f â ïðîñòîði LM,ω.
Ðîçãëÿíåìî ðÿä

(Dψ
β tn0)(x) +

∞∑
k=1

(Dψ
β [tnk − tnk−1

])(x) (40)

i ïåðåêîíà¹ìîñÿ, ùî âií áóäå çáiãàòèñÿ â ïðî-
ñòîði LM,ω äî ñóìè T (x), ðÿä Ôóð'¹ ÿêî¨ ìà¹
âèãëÿä (34). Çàñòîñîâóþ÷è íåðiâíiñòü (16) äî
ðiçíèöi uk(x) = tnk(x)− tnk−1

(x), îäåðæó¹ìî

∥(Dψ
βuk)(·)∥M,ω ≤ CEnk−1+1(f)M,ω|ψ(nk)|−1,

âíàñëiäîê ÷îãî
∞∑
k=1

∥(Dψ
βuk)(·)∥M,ω ≤ C

(
En+1(f)M,ω(ψ(n))

−1+

+
∞∑
k=1

Enk+1(f)M,ω|ψ(nk)|−1

)
. (41)

Âèêîðèñòîâóþ÷è îöiíêó (äèâ. [15, c. 124
� 125])

Enk+1(f)

ψ(nk)
≤

nk−1∑
ν=nk−1

Eν+1(f)

νψ(ν)
, ψ ∈ M0,

çi ñïiââiäíîøåííÿ (41) îòðèìó¹ìî
∞∑
k=1

∥(Dψ
βuk)(·)∥M,ω ≤ C

(
En+1(f)M,ω(ψ(n))

−1+

+
∞∑

k=n+1

Ek(f)M,ω|kψ(k)|−1

)
. (42)

Âiäïîâiäíî äî óìîâ ïóíêòó 2 òåîðåìè, ðÿä
ç ïðàâî¨ ÷àñòèíè íåðiâíîñòi(42) çáiãà¹òüñÿ.
Çâiäñè âèïëèâà¹, ùî i ðÿä (40) áóäå çáiãàòèñÿ
â ïðîñòîði LM,ω äî äåÿêî¨ ôóíêöi¨ f ∈ LM,ω

i äëÿ çàêií÷åííÿ äîâåäåííÿ ïóíêòó 2 òåîðå-
ìè, çàëèøèëîñÿ ïîêàçàòè, ùî S[T ] = S[fψβ ].
Äëÿ öüîãî ïîâòîðèìî ìiðêóâàííÿ, ÿêi áóëè
âèêîðèñòàíi äëÿ îòðèìàííÿ ðiâíîñòi (39), i
îòðèìà¹ìî íåðiâíiñòü (30) øëÿõîì çàñòîñó-
âàííÿ àíàëîãó ðiâíîñòi (39) i ñïiââiäíîøåííÿ
(42).

Äîâåäåííÿ ïóíêòó 3 òåîðåìè ïðîâîäèòüñÿ
àíàëîãi÷íî, ç óðàõóâàííÿì íàñòóïíîãî àíà-
ëîãó íåðiâíîñòi (42), îòðèìàíîãî â ìîíîãðà-
ôi¨ [15, c. 125 � 126]
∞∑
k=1

∥(Dψ
βuk)(·)∥M,ω ≤ C

(
En+1(f)M,ω(ψ(n))

−1+

+
∞∑

k=n+1

Ek(f)M,ω|ψ(k)(η(k)− k)|−1

)
.

Òåîðåìó äîâåäåíî.
Íåõàé f ∈ LM,ω, M ∈ QCθ2, ω ∈ A℘(M) i

fh(x) :=
1

h

x+h
2∫

x−h
2

f(t) dt, 0 < h < 1, x ∈ [0; 2π],

îïåðàòîð Ñò¹êëîâà ôóíêöi¨ f . Â ðîáîòi [1]
áóëî îòðèìàíî íàñòóïíå òâåðäæåííÿ.
Òåîðåìà Â. ßêùî M ∈ QCθ2 i ω ∈ A℘(M),

òî äëÿ äîâiëüíî¨ ôóíêöi¨ f ∈ LM,ω âèêîíó¹-
òüñÿ íåðiâíiñòü

2π∫
0

M(|fh(t)|)ω(t) dt ≤ C

2π∫
0

M(|f(t)|)ω(t) dt,

(43)
äå C � äîäàòíà ñòàëà, ÿêà íå çàëåæèòü
âiä f .

Âðàõîâóþ÷è òåîðåìó B, â ðîáîòi [10] áó-
ëè ââåäåíi äî ðîçãëÿäó ìîäóëi íåïåðåðâíîñòi
äðîáîâîãî ïîðÿäêó

Ωα(f ; δ)M,ω := sup
hi,h<δ

∥∥∥∥ [α]∏
i=1

(f − fhi)σ
β
h(f)

∥∥∥∥
M,ω

,

β = α− [α],

σβh(f) =
∞∑
k=0

(−1)k
(
β

k

)
1

hk

h/2∫
−h/2

. . .

h/2∫
−h/2

f(x+
k∑
j=1

uk)
k∏
j=1

duk,

(
β

k

)
:=

β(β − 1) . . . (β − k + 1)

k!
, k > 1;(

β

1

)
:= β;

(
β

0

)
:= 1, 0 < β < 1,

i äëÿ öèõ âåëè÷èí áóëî äîâåäåíî íàñòóïíå
òâåðäæåííÿ.
Òåîðåìà Ñ. ÍåõàéM ∈ QCθ2 i ω ∈ A℘(M).

Òîäi ÿêùî α > 0 i f ∈ LM,ω, òî äëÿ n =
0, 1, . . . , âèêîíó¹òüñÿ íåðiâíiñòü

Ωα

(
f ;

π

n+ 1

)
M,ω

≤

≤ K

(n+ 1)α

n∑
k=0

(k + 1)α−1Ek(f)M,ω, (44)
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äå K � äîäàòíà âåëè÷èíà, ÿêà íå çàëåæèòü
âiä f i n.

Âèêîðèñòîâóþ÷è òåîðåìè 1 i C, îòðèìó¹-
ìî.
Òåîðåìà 2. Â óìîâàõ òåîðåìè 1 äëÿ äî-

âiëüíîãî α > 0 ìàþòü ìiñöå òàêi òâåðäæå-
ííÿ.
1. ßêùî ψ ∈ M i ðÿä

∞∑
k=1

Ek(f)M,ω|ψ(k)|−1

çáiãà¹òüñÿ, òî iñíó¹ ïîõiäíà fψβ äëÿ ÿêî¨

Ωα

(
fψβ ;

π

n+ 1

)
M,ω

≤

≤ C1

(
1

(n+ 1)α

n∑
k=1

(k + 1)α

ψ(k)
Ek(f)M,ω+

+
∞∑

k=n+1

Ek(f)M,ω

ψ(k)

)
, n ∈ N. (45)

2. ßêùî ψ ∈ M0 i ðÿä

∞∑
k=1

Ek(f)M,ω|kψ(k)|−1

çáiãà¹òüñÿ, òî iñíó¹ ïîõiäíà fψβ äëÿ ÿêî¨

Ωα

(
fψβ ;

π

n+ 1

)
M,ω

≤

≤ C2

(
1

(n+ 1)α

n∑
k=1

(k + 1)α−1

ψ(k)
Ek(f)M,ω+

+
∞∑

k=n+1

Ek(f)M,ω

kψ(k)

)
, n ∈ N. (46)

3. ßêùî ψ ∈ F, η(ψ; t)− t ≥ K > 0 i ðÿä

∞∑
k=1

Ek(f)M,ω|ψ(k)(η(k)− k)|−1

çáiãà¹òüñÿ, òî iñíó¹ ïîõiäíà fψβ äëÿ ÿêî¨

Ωα

(
fψβ ;

π

n+ 1

)
M,ω

≤ C3

(
1

(n+ 1)α
×

×
n∑
k=1

(k + 1)α

ψ(k)(η(k)− k)
Ek(f)M,ω+

+
∞∑

k=n+1

Ek(f)M,ω

ψ(k)(η(k)− k)

)
, n ∈ N, (47)

äå Ci, i = 1, 2, 3, � âåëè÷èíè, ÿêi íå çàëå-
æàòü âiä f, β i n.

Äîâåäåííÿ. Çàñòîñîâóþ÷è òåîðåìó C äî
ôóíêöi¨ fψβ , iñíóâàííÿ ÿêî¨ ãàðàíòîâàíî òå-
îðåìîþ 1, i îöiíþþ÷è âåëè÷èíè íàéêðàùèõ
íàáëèæåíü (ψ; β)-ïîõiäíî¨ Ek(f

ψ
β )M,ω çà äî-

ïîìîãîþ ñïiââiäíîøåííÿ(29), îòðèìó¹ìî

Ωα

(
fψβ ;

π

n+ 1

)
M,ω

≤

≤ C

(n+ 1)α

n∑
k=0

(k+1)α−1

∞∑
j=k

Ej(f)M,ω|ψ(j)|−1.

Áåðó÷è äî óâàãè òîòîæíiñòü

n∑
k=0

ak

∞∑
j=k

bk =
n∑
k=0

bk

k∑
j=0

aj +
∞∑

k=n+1

bk

n∑
j=0

aj,

i íåðiâíiñòü

1

(k + 1)α

k∑
j=0

(j+1)α−1 =
1

k + 1

k∑
j=0

(
j + 1

k + 1

)α−1

≤

≤ 1, k = 0, 1, . . . , n,

îòðèìó¹ìî îöiíêó (45). Ïóíêòè 2 i 3 òåîðåìè
äîâîäÿòüñÿ àíàëîãi÷íî.

Âðàõîâóþ÷è íàëåæíiñòü ψr(k) ∈ M0, ç òå-
îðåì 1 i 2 îòðèìó¹ìî íàñëiäêè.
Íàñëiäîê 1. Íåõàé M ∈ QCθ2, ω ∈ A℘(M)

i β ∈ R. Òîäi äëÿ äîâiëüíî¨ ôóíêöi¨ f ∈ LM,ω

i r > 0 çà óìîâè, ùî ðÿä

∞∑
k=1

Ek(f)M,ωk
r−1

çáiãà¹òüñÿ, iñíó¹ òàêà ïîõiäíà f rβ , ùî

En(f
ψ
β )M,ω ≤ C

(
En(f)M,ωn

r+

+
∞∑

k=n+1

Ek(f)M,ωk
r−1

)
, n ∈ N.
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Íàñëiäîê 2. Â óìîâàõ íàñëiäêó 1 äëÿ äî-
âiëüíîãî α > 0 iñíó¹ ïîõiäíà f rβ äëÿ ÿêî¨

Ωα

(
fψβ ;

π

n+ 1

)
M,ω

≤

≤ C

(
1

(n+ 1)α

n∑
k=1

(k + 1)r+α−1Ek(f)M,ω+

+
∞∑

k=n+1

Ek(f)M,ωk
r−1

)
, n ∈ N.

Çàçíà÷èìî, ùî ó âèïàäêó β = r òâåðäæå-
ííÿ íàñëiäêiâ 1 i 2 ñïiâïàäàþòü, âiäïîâiäíî, ç
òâåðäæåííÿìè òåîðåì 2.13 i 2.14 ðîáîòè [10].
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