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×åðíiâåöüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Þðiÿ Ôåäüêîâè÷à

ÏÐÎ ÂËÀÑÒÈÂÎÑÒI ÔÓÍÄÀÌÅÍÒÀËÜÍÎ� ÌÀÒÐÈÖI ÐÎÇÂ'ßÇÊIÂ
ÇÀÄÀ×I ÊÎØI ÄËß ÏÀÐÀÁÎËI×ÍÎ� ÑÈÑÒÅÌÈ

IÍÒÅÃÐÎ-ÄÈÔÅÐÅÍÖIÀËÜÍÈÕ ÐIÂÍßÍÜ

Âñòàíîâëåíî äåÿêi âëàñòèâîñòi ôóíäàìåíòàëüíî¨ ìàòðèöi ðîçâ'ÿçêiâ çàäà÷i Êîøi äëÿ ïà-
ðàáîëi÷íî¨ ñèñòåìè iíòåãðî-äèôåðåíöiàëüíèõ ðiâíÿíü.

We establish some properties of the fundamental matrix of solutions of the Cauchy problem for
the parabolic system of integro-di�erential equations.

Ó òåîði¨ çàäà÷i Êîøi (ÇÊ) äëÿ ðiçíèõ
êëàñiâ ïàðàáîëi÷íèõ ñèñòåì êëþ÷îâó ðîëü
âiäiãðà¹ ôóíäàìåíòàëüíà ìàòðèöÿ ðîçâ'ÿç-
êiâ (ÔÌÐ), çà äîïîìîãîþ ÿêî¨ âèçíà÷à¹òüñÿ
ðîçâ'ÿçîê çàäà÷i [1-3]. Âàæëèâèì òàêîæ ¹
âñòàíîâëåííÿ âëàñòèâîñòåé ÔÌÐ, ÿêi äî-
çâîëÿþòü äîñëiäèòè êîðåêòíiñòü ïîñòàâëåíî¨
çàäà÷i, à òàêîæ ñòàíîâëÿòü ñàìîñòiéíèé ií-
òåðåñ.

Ó äàíié ñòàòòi ðîçãëÿäà¹òüñÿ ïàðàáîëi÷íà
ñèñòåìà iíòåãðî-äèôåðåíöiàëüíèõ ðiâíÿíü ç
îïåðàòîðîì òèïó Ôðåäãîëüìà. ÇÊ äëÿ öi-
¹¨ ñèñòåìè äîñëiäæåíà â [4]. Êðàéîâà çàäà-
÷à äëÿ ïàðàáîëi÷íî¨ ñèñòåìè ç iíòåãðàëü-
íèì îïåðàòîðîì òèïó Âîëüòåððè-Ôðåäãîëü-
ìà ðîçãëÿäàëàñü â [5]. Òóò âñòàíîâëþþòüñÿ
äåÿêi âëàñòèâîñòi ÔÌÐ, çîêðåìà íîðìàëü-
íiñòü, ¹äèíiñòü, çâ'ÿçîê ìiæ êîåôiöi¹íòàìè
ñèñòåìè òà ÔÌÐ. Ïðè öüîìó, ó ïîðiâíÿííi
ç âëàñòèâîñòÿìè ÔÌÐ äëÿ ïàðàáîëi÷íî¨ ñè-
ñòåìè äèôåðåíöiàëüíèõ ðiâíÿíü [6], òóò ïî-
òðiáíî íàêëàäàòè äîäàòêîâi óìîâè íà ÿäðî
iíòåãðàëüíîãî îïåðàòîðà.

Ðîçãëÿíåìî â Π = [0, T ]× Rn ñèñòåìó

L(t, x,D,K)u(t, x) ≡ ∂u

∂t
−
∑
|k|≤2b

Ak(t, x)D
k
xu−

−
∫
Rn

K(t, x, ξ)u(t, ξ)dξ = 0, (1)

Ó ðîçãîðíåíîìó çàïèñi ñèñòåìà ìà¹ âèãëÿä

∂ui
∂t

=
∑
|k|≤2b

Ai1(k1,...,kn)(t, x)
∂|k|u1

∂xk11 · · · ∂xknn
+ · · ·+

+
∑
|k|≤2b

AiN(k1,...,kn)(t, x)
∂|k|uN

∂xk11 · · · ∂xknn
+

+
N∑
j=1

∫
Rn

Kij(t, x, ξ)uj(t, ξ)dξ,

i = 1, ..., N, |k| = k1 + ...+ kn.

Íåõàé âèêîíóþòüñÿ íàñòóïíi óìîâè.
(I) Ñèñòåìà (1) ðiâíîìiðíî ïàðàáîëi÷íà â

øàði Π [1].
(II) Êîåôiöi¹íòè ñèñòåìè Ak(t, x) âèçíà-

÷åíi â øàði Π, îáìåæåíi, íåïåðåðâíi ïî t,
ïðè÷îìó ðiâíîìiðíî ùîäî x ïðè |k| = 2b, i
Ak ∈ C

(α)
x (Π).

(III) Iñíóþòü ïîõiäíi Dk
xAk(t, x), |k| ≤ 2b,

ÿêi ¹ îáìåæåíèìè, íåïåðåðâíèìè ïî t i ãåëü-
äåðîâèìè ïî x ðiâíîìiðíî ùîäî t ç ïîêàçíè-
êîì α â Π.

(IV) Åëåìåíòè ÿäðà K = (Kij)
N
ij=1 çàäî-

âîëüíÿþòü íåðiâíîñòi [4]

|Dm
x Kij(t, x, ξ)| ≤ Cmt

−n+|m|+2b−α
2b e−cρ(t,x,ξ),

(2)
t > 0, x, ξ ∈ Rn, |m| = 0, 1,

ρ(t, τ, x, ξ) =
n∑
i=1

(
|xi − ξi|
(t− τ)1/2b

)q
, q =

2b

2b− 1
,

ρ(t, x, ξ) ≡ ρ(t, 0, x, ξ).

(V) Äëÿ ÔÌÐ Z âiäïîâiäíî¨ ïàðàáîëi÷íî¨
ñèñòåìè òà iíòåãðàëüíîãî ÿäðà K âèêîíó¹-
òüñÿ ðiâíiñòü∫

Rn

K(t, x, z)Z(t, τ, z, ξ)dz =
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=

∫
Rn

Z(t, τ, x, z)K(τ, z, ξ)dz.

Îñòàííÿ óìîâà çàáåçïå÷ó¹ íîðìàëüíiñòü
òà ¹äèíiñòü ÔÌÐ ÇÊ äëÿ ñèñòåìè (1).

Çà óìîâ (I), (II), (IV) iñíó¹ ÔÌÐ Γ ñèñòå-
ìè (1), ÿêà äîñëiäæåíà â [4] i çîáðàæó¹òüñÿ
íàñòóïíèì ÷èíîì

Γ(t, τ, x, ξ) = Z(t, τ, x, ξ)+

+

t∫
τ

dβ

∫
Rn

Z(t, β, x, z)R(β, τ, z, ξ)dz ≡ Z +W,

äå

R(t, τ, x, ξ) =
∞∑
ν=1

Hν(t, τ, x, ξ),

Hν(t, τ, x, ξ) =

t∫
τ

dβ

∫
Rn

H1(t, β, x, z)×

×Hν−1(β, τ, z, ξ)dz, ν = 2, 3, ...,

H1(t, τ, x, ξ) = H=

∫
Rn

K(t, x, z)Z(t, τ, z, ξ)dz.

Äëÿ ïîõiäíèõ ïðàâèëüíi îöiíêè [4]:

|Dk
xZ(t, τ, x, ξ)| ≤ Ck(t− τ)−

n+|k|
2b e−cρ(t,τ,x,ξ),

|Dk
xW (t, τ, x, ξ)| ≤ Ck(t− τ)−

n+|k|−α
2b ×

×
∞∑
m=1

C
′

m

m∏
p=1

2b
2b+(p−2)α

e−(cνo−ε)ρ((νo+m)t,τ,x,ξ),

|k| ≤ 2b, t > τ, x, ξ ∈ Rn, (3)

äå êîíñòàíòè C
′
m, cνo , νo âèçíà÷åíi â [4].

ßêùî âèêîíó¹òüñÿ óìîâà (III), òî äëÿ ñè-
ñòåìè (1) iñíó¹ ñïðÿæåíà çà Ëàãðàíæåì ñè-
ñòåìà

L∗v(τ, ξ) ≡ −∂v
∂τ

−
∑
|k|≤2b

(−1)|k|Dk
ξ

(
Ā

′

k(τ, ξ)v
)
−

−
∫
Rn

K∗(τ, ξ, x)v(τ, x)dx = 0, (4)

K∗(τ, ξ, x) = K̄
′
(τ, x, ξ),

â ÿêié ðèñêà îçíà÷à¹ êîìïëåêñíå ñïðÿæåííÿ,
à øòðèõ � òðàíñïîíóâàííÿ ìàòðèöi. Àíàëî-
ãi÷íî ÿê i â [4] ïîáóäó¹ìî äëÿ öi¹¨ ñèñòåìè
ÔÌÐ ÇÊ

Γ∗(τ, t, ξ, x) = Z∗(τ, t, ξ, x)+

+

τ∫
t

dβ

∫
Rn

Z∗(τ, β, ξ, z)R∗(β, t, z, x)dz ≡ Z∗+W ∗,

äå

R∗(τ, t, ξ, x) =
∞∑
ν=1

H∗
ν (τ, t, ξ, x),

H∗
ν (τ, t, ξ, x) =

τ∫
t

dβ

∫
Rn

H∗
1 (τ, β, ξ, z)×

×H∗
ν−1(β, t, z, x)dz, ν = 2, 3, ...,

H∗
1 = H∗ =

∫
Rn

K∗(τ, ξ, z)Z∗(τ, t, z, x)dz.

Âðàõîâóþ÷è çîáðàæåííÿ (1) i (4) äëÿ îïå-
ðàòîðiâ L i L∗, ðîçãëÿíåìî òàêèé âèðàç äëÿ
u, v ∈ C

(1,2b)
t,x (Π):

v̄
′
Lu−(L∗v)

′
u =

∂

∂t
(v̄

′ ·u)+
n∑
i=1

∂

∂xi
Bi(v̄

′
, u)−

−v̄′
∫
Rn

K(t, x, ξ)u(t, ξ)dξ+

∫
Rn

v̄
′
(t, ξ)K(t, ξ, x)dξ·u,

äå Bi(v̄
′
, u) � áiëiíiéíi ôîðìè, ÿêi ìiñòÿòü ïî-

õiäíi Dk
x(v̄

′ · Ak), Dk
xu ç |k| ≤ 2b− 1.

Ïðîiíòåãðó¹ìî äàíó ðiâíiñòü ïî îáëàñòi
|x| < R, R > 0, t1 ≤ t ≤ t2:

t2∫
t1

dt

∫
|x|<R

(
v̄

′
Lu− (L∗v)

′
u
)
(t, x)dx =

=

∫
|x|<R

(
v̄

′
u
)
(t, x)

∣∣t2
t1
dx+

+

t2∫
t1

dt

∫
|x|=R

n∑
i=1

Bi(v̄
′
, u)(t, x) cos(ν, xi)dSx−

−
t2∫
t1

dt

∫
|x|<R

v̄
′
(t, x)

∫
Rn

K(t, x, ξ)u(t, ξ)dξdx+
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+

t2∫
t1

dt

∫
|x|<R

∫
Rn

v̄
′
(t, ξ)K(t, ξ, x)dξ · u(t, x)dx,

äå ν � çîâíiøíÿ íîðìàëü äî ïîâåðõíi |x| = R.
Ñïðÿìó¹ìî R → ∞. ßêùî áiëiíiéíi ôîð-

ìè Bi(v̄
′
, u) äîñèòü øâèäêî ïðÿìóþòü äî íó-

ëÿ ïðè |x| → ∞, òî ç ïîïåðåäíüî¨ ðiâíîñòi
îäåðæèìî

t2∫
t1

dt

∫
Rn

(
v̄

′
Lu− (L∗v)

′
u
)
(t, x)dx =

=

∫
Rn

(
v̄

′
u
)
(t, x)

∣∣t2
t1
dx−

−
t2∫
t1

dt

∫
Rn

v̄
′
(t, x)

∫
Rn

K(t, x, ξ)u(t, ξ)dξdx+

+

t2∫
t1

dt

∫
Rn

∫
Rn

v̄
′
(t, ξ)K(t, ξ, x)dξ · u(t, x)dx.

Î÷åâèäíî, ùî îñòàííi äâà iíòåãðàëè ðiâíi,
ÿêùî â îäíîìó ç íèõ çìiíèòè ïîðÿäîê ií-
òåãðóâàííÿ. Òîìó îñòàòî÷íî îäåðæèìî òàêó
ôîðìóëó

t2∫
t1

dt

∫
Rn

(
v̄

′
Lu− (L∗v)

′
u
)
(t, x)dx =

=

∫
Rn

(
v̄

′
u
)
(t, x)

∣∣∣t2
t1
dx. (5)

Íàñëiäîê. ßêùî u i v � ðîçâ'ÿçêè îäíî-
ðiäíèõ ñèñòåì Lu = 0 i L∗v = 0 âiäïîâiäíî,
òî iíòåãðàë ∫

Rn

(
v̄

′
u
)
(t, x)dx

íå çàëåæèòü âiä t.
Âñòàíîâèìî äàëi âëàñòèâîñòi ÔÌÐ ÇÊ

Γ(t, τ, x, ξ).
10. ßêùî âèêîíó¹òüñÿ óìîâà (V), òî ÔÌÐ

ÇÊ Γ ¹ íîðìàëüíîþ, òîáòî ìàòðèöÿ

Γ∗(τ, t, ξ, x) = Γ̄
′
(t, τ, x, ξ) (6)

ïî àðãóìåíòàõ (τ, ξ) ¹ ÔÌÐ ÇÊ äëÿ ñïðÿæå-
íî¨ äî (1) ñèñòåìè (4).

Äîâåäåííÿ. Âðàõîâóþ÷è êîíñòðóêöi¨
ÔÌÐ, äîñòàòíüî ïîêàçàòè, ùî

W ∗(τ, t, ξ, x) = W̄
′
(t, τ, x, ξ).

Ðîçãëÿíåìî ñïî÷àòêó

H∗(τ, t, ξ, x) =

∫
Rn

K∗(τ, ξ, z)Z∗(τ, t, z, x)dz =

=

∫
Rn

K̄
′
(τ, z, ξ)Z̄

′
(t, τ, x, z)dz =

=

∫
Rn

(Z(t, τ, x, z)K(τ, z, ξ))
′
dz =

=

(∫
Rn

K(t, x, z)Z(t, τ, z, ξ)dz

)′

= H̄
′
(t, τ, x, ξ).

Òóò ìè ñêîðèñòàëèñü âëàñòèâiñòþ ñïðÿæå-
íèõ ìàòðèöü òà óìîâîþ (V). Âèêîðèñòîâóþ-
÷è ìåòîä iíäóêöi¨, äëÿ ïîâòîðíèõ ÿäåð âñòà-
íîâëþ¹ìî ðiâíîñòi

H∗
ν (τ, t, ξ, x) =

=

t∫
τ

dβ

∫
Rn

H̄
′

1(β, τ, z, ξ)H̄
′

ν−1(t, β, x, z)dz =

=

( t∫
τ

dβ

∫
Rn

Hν−1(t, β, x, z)H1(β, τ, z, ξ)dz

)′

=

= H̄
′

ν(t, τ, x, ξ), ν = 2, 3, ...

Îòæå,

R∗(τ, t, ξ, x) =
∞∑
ν=1

H∗
ν =

∞∑
ν=1

H̄
′

ν = R̄
′
(t, τ, x, ξ).

Òîäi
W ∗(τ, t, ξ, x) =

=

t∫
τ

dβ

∫
Rn

Z̄
′
(β, τ, z, ξ)R̄

′
(t, β, x, z)dz =

=

t∫
τ

dβ

∫
Rn

(R(t, β, x, z)Z(β, τ, z, ξ))
′
dz ≡
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≡ (R ∗ ∗Z)′ .
Ó ñêîðî÷åíèõ ïîçíà÷åííÿõ çà äîïîìîãîþ
îïåðàòîðà ñèìâîëi÷íî¨ çãîðòêè ðîçãëÿíåìî
äåòàëüíiøå âèðàç

R ∗ ∗Z =
∞∑
ν=1

Hν ∗ ∗Z =

= H1 ∗ ∗Z +
∞∑
ν=2

(
H1 ∗ ∗Hν−1

)
∗ ∗Z.

Ç óìîâè (V) âèïëèâà¹, ùî

H1 ∗ ∗Z =

t∫
τ

dβ

∫
Rn

∫
Rn

Z(t, β, x, z)×

×K(β, z, y)Z(β, τ, y, ξ)dzdy = Z ∗ ∗H1. (7)

Ñêîðèñòà¹ìîñü äàëi àñîöiàòèâíiñòþ îïå-
ðàòîðà ñèìâîëi÷íî¨ çãîðòêè i ðiâíiñòþ (7)

∞∑
ν=2

(
H1 ∗∗Hν−1

)
∗∗Z=

∞∑
ν=2

(
Hν−1 ∗∗H1

)
∗∗Z=

=
∞∑
ν=2

Hν−1 ∗ ∗
(
H1 ∗ ∗Z

)
=

=
∞∑
ν=2

Hν−1∗∗
(
Z∗∗H1

)
=

∞∑
ν=2

(
Hν−1∗∗Z

)
∗∗H1=

= Z ∗ ∗
( ∞∑
ν=2

Hν−1 ∗ ∗H1

)
.

Òóò îñòàííié ïåðåõiä ïðàâèëüíèé, îñêiëüêè

Hν−1 ∗ ∗Z =

=
(
···
(
(H1 ∗ ∗H1) ∗ ∗H1

)
∗ ∗ · · ·∗ ∗H1︸ ︷︷ ︸

ν−1

)
∗ ∗Z=

=Z ∗ ∗
(
H1 ∗ ∗

(
H1 ∗ ∗ · · · ∗ ∗(H1 ∗ ∗H1)···

)︸ ︷︷ ︸
ν−1

)
=

= Z ∗ ∗Hν−1.

Îòæå,

R ∗ ∗Z = Z ∗ ∗H1+Z ∗ ∗
( ∞∑
ν=2

Hν−1 ∗ ∗H1

)
=

= Z ∗ ∗
∞∑
ν=1

Hν = Z ∗ ∗R,

òîìó

W ∗(τ, t, ξ, x) = (R ∗ ∗Z)′ =

= (Z ∗ ∗R)′ = W̄
′
(t, τ, x, ξ).

À öå îçíà÷à¹, ùî òâåðäæåííÿ ïðî íîðìàëü-
íiñòü ÔÌÐ ÇÊ Γ âiðíå.

20. Iñíó¹ òiëüêè îäíà íîðìàëüíà ÔÌÐ ÇÊ
Γ, ùî çàäîâîëüíÿ¹ íåðiâíîñòi (3).

Äîâåäåííÿ. Íåõàé Γ1 i Γ2 � äâi íîðìàëüíi
ÔÌÐ ÇÊ. Òîäi ïîêëàâøè â (5) v(β, y) =
Γ∗
1(β, t, y, x), u(β, y) = Γ2(β, τ, y, ξ), ñêîðè-

ñòàâøèñü ðiâíiñòþ (6) i íàñëiäêîì ç ôîðìóëè
Ãðiíà, îäåðæèìî, ùî iíòåãðàë∫
Rn

Γ1(t, β, x, y)Γ2(β, τ, y, ξ)dy = Φ(t, τ, x, ξ)

íå çàëåæèòü âiä β. Çãiäíî ç îçíà÷åííÿì
ÔÌÐ ÇÊ Γ1, Γ2 ìà¹ìî

lim
β→t

∫
Rn

Γ1(t, β, x, y)Γ2(β, τ, y, ξ)dy =

= Γ2(t, τ, x, ξ) = Φ,

lim
β→τ

∫
Rn

Γ1(t, β, x, y)Γ2(β, τ, y, ξ)dy =

= Γ1(t, τ, x, ξ) = Φ,

òîáòî Γ1 = Γ2.
30. ÔÌÐ ÇÊ Γ çàäîâîëüíÿ¹ ôóíêöiî-

íàëüíå ðiâíÿííÿ

Γ(t, τ, x, ξ) =

∫
Rn

Γ(t, β, x, y)Γ(β, τ, y, ξ)dy,

(8)
τ < β < t, x, ξ ∈ Rn.

Äîâåäåííÿ. Ðîçãëÿíåìî ðîçâ'ÿçîê ÇÊ
u1 = Γ(t, τ, x, ξ) ç ïî÷àòêîâîþ óìîâîþ
u1|t=β = Γ(β, τ, x, ξ). Ç iíøîãî áîêó, ðîçâ'ÿ-
çîê u2 =

∫
Rn

Γ(t, β, x, y)Γ(β, τ, y, ξ)dy òåæ

çàäîâîëüíÿ¹ ïî÷àòêîâó óìîâó u2|t=β =
Γ(β, τ, x, ξ). Çà òåîðåìîþ ¹äèíîñòi â êëàñi
îáìåæåíèõ ôóíêöié u1 = u2, òîáòî âèêî-
íó¹òüñÿ ðiâíiñòü (8).

40. Ïðàâèëüíi íàñòóïíi ðiâíîñòi

lim
τ→t

1

t− τ

(∫
Rn

Γ(t, τ, x, ξ)dξ − E

)
=
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= A(0,...,0)(t, x) +

∫
Rn

K(t, x, ξ)dξ, (9)

lim
τ→t

1

t− τ

∫
Rn

Γ(t, τ, x, y)
n∏
i=1

(yi − xi)
ridy =

= r1! · ... · rn!A(r1,...,rn)(t, x), (10)

äå E � îäèíè÷íà ìàòðèöÿ ïîðÿäêó N ,
0 < |r| ≤ 2b.

ßêùî ÿäðî K çàäîâîëüíÿ¹ íåðiâíîñòi (2),
òî ðiâíiñòü (10) ïðàâèëüíà òiëüêè ïðè
|r| = 2b . Ó âèïàäêó |r| < 2b, (10) âèêî-
íó¹òüñÿ çà óìîâè, ùî

|Dm
x K(t, x, ξ)| ≤ Cmt

−n+|m|−α
2b e−cρ(t,x,ξ), (11)

t > 0, x, ξ ∈ Rn, |m| = 0, 1.

Äîâåäåííÿ. Âñòàíîâèìî ðiâíiñòü (9). Íå-
õàé 0 < ε < t − τ . Ñêîðèñòà¹ìîñü ôîðìó-
ëîþ Ãðiíà (5), â ÿêié ïîêëàäåìî u(β, ξ) =
E, v(β, ξ) = Γ∗(β, t, ξ, x), t1 = τ, t2 =
t − ε. Îñêiëüêè L∗Γ∗(β, ξ) = 0, LE(β, ξ) =

−A0(β, ξ)−
∫
Rn
K(β, ξ, y)dy, à (Γ∗(β, t, ξ, x))

′
=

Γ(t, β, x, ξ) íà îñíîâi (6), òî áóäåìî ìàòè

−
t−ε∫
τ

dβ

∫
Rn

Γ(t, β, x, ξ)A0(β, ξ)dξ−

−
t−ε∫
τ

dβ

∫
Rn

Γ(t, β, x, ξ)

∫
Rn

K(β, ξ, y)dydξ =

=

∫
Rn

Γ(t, t− ε, x, ξ)dξ −
∫
Rn

Γ(t, τ, x, ξ)dξ.

Ñïðÿìó¹ìî ε→ 0, îäåðæèìî

t∫
τ

dβ

∫
Rn

Γ(t, β, x, ξ)A0(β, ξ)dξ+

+

t∫
τ

dβ

∫
Rn

Γ(t, β, x, ξ)

∫
Rn

K(β, ξ, y)dydξ =

=

∫
Rn

Γ(t, τ, x, ξ)dξ − E.

Íà ïiäñòàâi òåîðåìè ïðî ñåðåäí¹ çíà÷åííÿ
ìà¹ìî

(t− τ)

∫
Rn

Γ(t, θ, x, ξ)A0(θ, ξ)dξ+

+(t− τ)

∫
Rn

Γ(t, θ, x, ξ)

∫
Rn

K(θ, ξ, y)dydξ =

=

∫
Rn

Γ(t, τ, x, ξ)dξ − E, τ < θ < t,

çâiäêè ïîäiëèâøè îáèäâi ÷àñòèíè ðiâíîñòi íà
t − τ i ïåðåéøîâøè äî ãðàíèöi, îäåðæèìî
ðiâíiñòü (9).

Äëÿ äîâåäåííÿ ñïiââiäíîøåííÿ (10) ïî-
êëàäåìî ó ôîðìóëi Ãðiíà (5) t1 = τ, t2 = t−ε,
u(β, y) =

n∏
i=1

(yi − xi)
ri , v(β, y) = Γ∗(β, t, y, x).

Îäåðæèìî

t−ε∫
τ

dβ

∫
Rn

Γ(t,β, x,y)L(β, y,D,K)
n∏
i=1

(yi− xi)
ridy=

=

∫
Rn

Γ(t, t− ε, x, y)
n∏
i=1

(yi − xi)
ridy−

−
∫
Rn

Γ(t, τ, x, y)
n∏
i=1

(yi − xi)
ridy.

Çâiäñè çãiäíî ç âëàñòèâiñòþ δ-ïîäiáíîñòi
ÔÌÐ ÇÊ, ñïðÿìóâàâøè ε→ 0, ìà¹ìî

t∫
τ

dβ

∫
Rn

Γ(t, β, x, y)L(β, y,D,K)
n∏
i=1

(yi−xi)ridy=

= −
∫
Rn

Γ(t, τ, x, y)
n∏
i=1

(yi − xi)
ridy. (12)

Ðîçãëÿíåìî òåïåð

L(β, y,D,K)
n∏
i=1

(yi − xi)
ri =

= −
∑
|k|≤2b

Ak(β, y)D
k
y

n∏
i=1

(yi − xi)
ri−
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−
∫
Rn

K(β, y, ξ)
n∏
i=1

(ξi − xi)
ridξ. (13)

Î÷åâèäíî, ùî

Dk
y

n∏
i=1

(yi − xi)
ri =

=



r1! · ... · rn!, ÿêùî ∀i ∈ {1, ..., n} : ki = ri;
0, ÿêùî ∃i ∈ {1, ..., n} : ki > ri;
n∏
i=1

ri(ri − 1)... (ri − ki + 1)(yi − xi)
ri−ki ,

ÿêùî ∃j ∈{1, ..., n} : kj < rj,
∀l ∈ {1, ..., n} : kl ≤ rl.

Òîìó ∑
|k|≤2b

Ak(β, y)D
k
y

n∏
i=1

(yi − xi)
ri =

= r1! · ... · rn!Ar(β, y) + Jr(β, y, x), (14)

äå
Jr(β, y, x) ≡

∑
k∈Znr

Ak(β, y)×

×
n∏
i=1

ri(ri − 1)...(ri − ki + 1)(yi − xi)
ri−ki ,

Znr ≡
{
k = (k1, ..., kn) ∈ Zn+

∣∣ |k| ≤ 2b,

∃j∈{1,..., n} : kj < rj, ∀l∈{1,..., n} : kl ≤ rl} .
Ç óðàõóâàííÿì (13) òà (14) ðiâíiñòü (12) çà-
ïèøåòüñÿ ó âèãëÿäi∫

Rn

Γ(t, τ, x, y)
n∏
i=1

(yi − xi)
ridy =

= r1! · ... · rn!
t∫

τ

dβ

∫
Rn

Γ(t, β, x, y)Ar(β, y)dy+

+

t∫
τ

dβ

∫
Rn

Γ(t, β, x, y)Jr(β, y, x)dy+

+

t∫
τ

dβ

∫
Rn

Γ(t, β, x, y)

∫
Rn

K(β, y, ξ)×

×
n∏
i=1

(ξi − xi)
ridξdy ≡ I1 + I2 + I3. (15)

Îöiíèìî I2, âèêîðèñòîâóþ÷è îöiíêè (3)
äëÿ ÔÌÐ Γ, îáìåæåíiñòü êîåôiöi¹íòiâ çãi-
äíî ç óìîâîþ (II) i òå, ùî iíòåãðàë òèïó∫
Rn

|z|me−c|z|qdz ¹ çáiæíèì:

|I2(t, τ, x)| ≤ C

t∫
τ

dβ

∫
Rn

e−cρ(t,β,x,y)

(t− β)
n
2b

×

×
∑
k∈Znr

|y−x||r−k|dy ≤ C
∑
k∈Znr

t∫
τ

(t−β)
|r−k|
2b dβ×

×
∫
Rn

e−cρ(t,β,x,y)

(t− β)
n
2b

(
|y − x|

(t− β)1/2b

)|r−k|

dy ≤

≤ C
∑
k∈Znr

(t− τ)
|r−k|
2b

+1, t > τ, x ∈ Rn.

(16)
Äëÿ îöiíêè I3 îöiíèìî ñïî÷àòêó âíóòðiøíié
iíòåãðàë, âðàõîâóþ÷è íåðiâíîñòi (2):∣∣∣∣∫

Rn

K(β, y, ξ)
n∏
i=1

(ξi − xi)
ridξ

∣∣∣∣ ≤
≤ C

∫
Rn

e−cρ(β,y,ξ)

β
n+2b−α

2b

|ξ − x||r|dξ ≤

≤ C

∫
Rn

e−cρ(β,y,ξ)

β
n+2b−α

2b

(|ξ − y|+ |y − x|)|r| dξ =

=

∫
K

· · ·+
∫

Rn/K

· · · ≡M1 +M2.

Òóò ìè ñêîðèñòàëèñÿ íåðiâíiñòþ òðèêóòíèêà
i ðîçáèëè iíòåãðàë íà äâà iíòåãðàëè, äå

K = {ξ ∈ Rn : |ξ − y| ≤ |y − x|}.

Òîäi

M1 ≤ C1|y − x||r|β− 2b−α
2b

∫
Rn

e−cρ(β,y,ξ)

β
n
2b

dξ ≤

≤ C1β
− 2b−α

2b |y − x||r|,

M2≤C2

∫
Rn

e−cρ(β,y,ξ)

β
n
2b

(
|ξ − y|
β

1
2b

)|r|

dξβ
|r|−2b+α

2b ≤
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≤ C2β
|r|−2b+α

2b .

Îñòàòî÷íî îäåðæèìî∣∣∣∣∫
Rn

K(β, y, ξ)
n∏
i=1

(ξi − xi)
ridξ

∣∣∣∣ ≤
≤ C1β

− 2b−α
2b |y − x||r| + C2β

|r|−2b+α
2b ,

x, y ∈ Rn, τ < β < t.

Ç óðàõóâàííÿì äàíî¨ íåðiâíîñòi iíòåãðàë I3
îöiíèòüñÿ

|I3(t, τ, x)| ≤

≤ C1

t∫
τ

dβ

∫
Rn

e−cρ(t,β,x,y)

(t− β)
n
2b

β− 2b−α
2b |y − x||r|dy+

+C2

t∫
τ

dβ

∫
Rn

e−cρ(t,β,x,y)

(t− β)
n
2b

β
|r|−2b+α

2b dy ≤

≤ C1

t∫
τ

dβ

β
2b−α
2b

(t− β)
|r|
2b×

×
∫
Rn

e−cρ(t,β,x,y)

(t− β)
n
2b

(
|y − x|

(t− β)1/2b

)|r|

dy+

+C2

t∫
τ

β
|r|−2b+α

2b dβ

∫
Rn

e−cρ(t,β,x,y)

(t− β)
n
2b

dy ≤

≤ C1(t−τ)
|r|
2b

(
t
α
2b − τ

α
2b

)
+C2

(
t
|r|+α
2b − τ

|r|+α
2b

)
,

(17)
t > τ, x ∈ Rn.

Ó ðåçóëüòàòi ðiâíiñòü (15), âðàõîâóþ÷è (16)
i (17), ìîæíà çàïèñàòè ó âèãëÿäi∫

Rn

Γ(t, τ, x, y)
n∏
i=1

(yi − xi)
ridy =

= r1! · ... · rn!
t∫

τ

dβ

∫
Rn

Γ(t, β, x, y)Ar(β, y)dy+

+O

(∑
k∈Znr

(t−τ)
|r−k|
2b

+1

)
+O

(
(t−τ)

|r|
2b (t

α
2b−τ

α
2b )

)
+

+O

(
t
|r|+α
2b − τ

|r|+α
2b

)
, |r| = 2b.

Ó âèïàäêó, êîëè |r| < 2b, ðiâíiñòü (15) íà
îñíîâi íåðiâíîñòi (11) íàáåðå âèãëÿäó∫

Rn

Γ(t, τ, x, y)
n∏
i=1

(yi − xi)
ridy =

= r1! · ... · rn!
t∫

τ

dβ

∫
Rn

Γ(t, β, x, y)Ar(β, y)dy+

+O

(∑
k∈Znr

(t− τ)
|r−k|
2b

+1

)
+

+O

(
(t− τ)

|r|
2b

(
t
α
2b

+1 − τ
α
2b

+1
))

+

+O

(
t
|r|+α
2b

+1 − τ
|r|+α
2b

+1

)
.

Ïîäiëèâøè îáèäâi ÷àñòèíè öèõ ðiâíîñòåé íà
t − τ i ïåðåéøîâøè äî ãðàíèöi ïðè τ → t,
îäåðæèìî (10).
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