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ÍÅËÎÊÀËÜÍÀ ÎÁÅÐÍÅÍÀ ÇÀÄÀ×À ÄËß ÐIÂÍßÍÍß ÄÈÔÓÇI�
Â ÎÁËÀÑÒI Ç ÂIËÜÍÎÞ ÌÅÆÅÞ

Âñòàíîâëåíî óìîâè îäíîçíà÷íî¨ ðîçâ'ÿçíîñòi îáåðíåíî¨ çàäà÷i äëÿ íåëîêàëüíîãî ðiâíÿííÿ
äèôóçi¨ â îáëàñòi ç âiëüíîþ ìåæåþ.

We establish unique solvability conditions for the inverse problem to the nonlocal di�usion
equation in a free boundary domain.

Çàâäÿêè ìîæëèâîñòÿì âèçíà÷åííÿ ïàðà-
ìåòðiâ ðiçíîìàíiòíèõ çà ñâî¹þ ïðèðîäîþ
ïðîöåñiâ øëÿõîì ìàòåìàòè÷íèõ ðîçðàõóí-
êiâ áåç ïðîâåäåííÿ ôiçè÷íèõ åêñïåðèìåíòiâ,
îáåðíåíi çàäà÷i íàáóëè øèðîêîãî ïðàêòè÷-
íîãî çàñòîñóâàííÿ ó áàãàòüîõ ãàëóçÿõ íàó-
êè i òåõíiêè. Âàãîìå ìiñöå ñåðåä öèõ çàäà÷
çàéìàþòü êîåôiöi¹íòíi îáåðíåíi çàäà÷i, â
ÿêèõ äî íåâiäîìèõ íàëåæèòü îäèí àáî äå-
êiëüêà êîåôiöi¹íòiâ ðiâíÿííÿ. Çàäà÷i òàêî-
ãî òèïó â îáëàñòÿõ ç âiäîìèìè ìåæàìè
äîñòàòíüî ïîâíî âèâ÷åíi. Çîêðåìà, â ðîáîòàõ
[1]�[5] âèâ÷àëèñü îáåðíåíi çàäà÷i âèçíà÷åí-
íÿ çàëåæíîãî âiä ÷àñó ñòàðøîãî êîåôiöi¹í-
òà â îäíîâèìiðíèõ ïàðàáîëi÷íèõ ðiâíÿííÿõ.
Ó [6] âñòàíîâëåíî óìîâè îäíîçíà÷íî¨ ðîçâ'ÿ-
çíîñòi îáåðíåíî¨ çàäà÷i âèçíà÷åííÿ êîåôi-
öi¹íòà a(s) ïàðàáîëi÷íîãî ðiâíÿííÿ

ut = a

( h∫
0

u(x, t)dx

)
uxx + f(x, t),

(x, t) ∈ (0, h)× (0, T ).

Òàêà çàäà÷à ¹ ìàòåìàòè÷íîþ ìîäåëëþ
ìiãðàöi¨ ïîïóëÿöi¨ ó âèïàäêó, êîëè øâèä-
êiñòü ìiãðàöi¨ ¹ íåâiäîìîþ. Çàäà÷i, â ÿêèõ
êîåôiöi¹íò a(s) âiäîìèé, ðîçãëÿäàëèñü â ðî-
áîòàõ [7, 8].

Áàãàòî ïðàêòè÷íî âàæëèâèõ çàäà÷ ìîäå-
ëþ¹òüñÿ çàäà÷àìè ç âiëüíèìè ìåæàìè. Òàêi
çàäà÷i ìîæíà çâåñòè äî êîåôiöi¹íòíèõ îáåð-
íåíèõ çàäà÷ â îáëàñòÿõ ç ôiêñîâàíèìè ìå-
æàìè, â ÿêèõ íåâiäîìèì ïàðàìåòðîì ¹ ìåæà

îáëàñòi àáî ¨¨ ÷àñòèíà. Òîìó ðîçãëÿä çàäà÷
ç âiëüíèìè ìåæàìè ðàçîì ç îáåðíåíèìè çà-
äà÷àìè ¹ ïðèðîäíèì. Ó ðîáîòàõ [9]�[11] äî-
ñëiäæåíî îáåðíåíi çàäà÷i âèçíà÷åííÿ çàëåæ-
íîãî âiä ÷àñó ñòàðøîãî êîåôiöi¹íòà â îäíî-
âèìiðíèõ ïàðàáîëi÷íèõ ðiâíÿííÿõ â îáëàñòi,
÷àñòèíà àáî âñÿ ìåæà ÿêî¨ ¹ íåâiäîìîþ.

Ó äàíié ðîáîòi ðîçãëÿäà¹òüñÿ îáåðíåíà
çàäà÷à äëÿ íåëîêàëüíîãî ðiâíÿííÿ äèôóçi¨ ç
íåâiäîìèì ñòàðøèì êîåôiöi¹íòîì â îáëàñòi
ç âiëüíîþ ìåæåþ.
1. Ôîðìóëþâàííÿ çàäà÷i. Â îáëà-

ñòi ΩT = {(x, t) : 0 < x < h(t),
0 < t < T}, äå h = h(t) � íåâiäîìà ôóíêöiÿ,
ðîçãëÿäà¹ìî îáåðíåíó çàäà÷ó âèçíà÷åí-
íÿ êîåôiöi¹íòà a(s) > 0 ïàðàáîëi÷íîãî ðiâ-
íÿííÿ

ut = a

( h(t)∫
0

u(x, t)dx

)
uxx + f(x, t),

(x, t) ∈ ΩT , (1)

ç ïî÷àòêîâîþ óìîâîþ

u(x, 0) = φ(x), x ∈ [0, h(0)], (2)

êðàéîâèìè óìîâàìè

u(0, t) = µ1(t), u(h(t), t) = µ2(t),

t ∈ [0, T ], (3)

òà óìîâàìè ïåðåâèçíà÷åííÿ

a

( h(t)∫
0

u(x, t)dx

)
ux(0, t) = µ3(t),
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h′(t) = −ux(h(t), t) + µ4(t), t ∈ [0, T ], (4)

h(0) = h0, (5)

äå h0 > 0 � çàäàíå ÷èñëî.
Óâiâøè íîâó çìiííó y =

x

h(t)
, çàäà÷ó

(1)�(5) çâîäèìî äî îáåðíåíî¨ çàäà÷i ç íåâiäî-
ìèìè (h(t), a(s), v(y, t)) â îáëàñòi ç âiäîìîþ
ìåæåþ QT = {(y, t) : 0 < y < 1, 0 < t < T} :

vt =
1

h2(t)
a

(
h(t)

1∫
0

v(y, t)dy

)
vyy+

+
yh′(t)

h(t)
vy + f(yh(t), t), (y, t) ∈ QT , (6)

v(y, 0) = φ(yh0), y ∈ [0, 1], (7)

v(0, t) = µ1(t), v(1, t) = µ2(t), t ∈ [0, T ], (8)

a

(
h(t)

1∫
0

v(y, t)dy

)
vy(0, t) = h(t)µ3(t),

t ∈ [0, T ], (9)

h′(t) = −vy(1, t)
h(t)

+ µ4(t), t ∈ [0, T ], (10)

h(0) = h0, (11)

äå v(y, t) = u(yh(t), t).
2. Iñíóâàííÿ ðîçâ'ÿçêó çàäà÷i

(6)�(11).
Òåîðåìà 1. Ïðèïóñòèìî, ùî âèêîíóþ-

òüñÿ óìîâè:

1) f ∈ C1,0([0,∞) × [0, T ]), φ ∈ C1[0, h0],
µi ∈ C1[0, T ], i = 1, 2, µj ∈ C[0, T ],
j = 3, 4;

2) f(x, t) ≥ 0, (x, t) ∈ ([0,∞) × [0, T ]),
φ′(x) > 0, x ∈ [0, h0], µ2(t) < 0,
µ3(t) > 0, µ2(t)µ4(t) − µ3(t) > 0,
t ∈ [0, T ];

3) φ(0) = µ1(0), φ(h0) = µ2(0).

Òîäi ìîæíà âêàçàòè òàêå ÷èñëî T0,
0 < T0 ≤ T , ùî iñíó¹ ðîçâ'ÿçîê
(h, a, v) ∈ C1[0, T0] × C[0, S] × C2,1(QT0) ∩
∩C1,0(QT0) çàäà÷i (6)�(11), òàêèé ùî
h(t) > 0, t ∈ [0, T0], a(s) > 0, s ∈ [0, S],

äå ÷èñëà T0, S âèçíà÷àþòüñÿ âèõiäíèìè
äàíèìè çàäà÷i.
Äîâåäåííÿ. Iñíóâàííÿ ðîçâ'ÿçêó çàäà÷i

(6)�(11) äîâîäèòüñÿ øëÿõîì çâåäåííÿ çàäà-
÷i äî ñèñòåìè ðiâíÿíü âiäíîñíî íåâiäîìèõ òà
çàñòîñóâàííÿ äî íå¨ òåîðåìè Øàóäåðà ïðî
íåðóõîìó òî÷êó öiëêîì íåïåðåðâíîãî îïå-
ðàòîðà. Ïðèïóñòèìî òèì÷àñîâî, ùî ôóíêöi¨
h(t) > 0, a(s) > 0 âiäîìi. Ïîçíà÷èìî

b(t) = a

(
h(t)

1∫
0

v(y, t)dy

)
, w(y, t) = vy(y, t).

Ïðÿìà çàäà÷à (6)�(8) åêâiâàëåíòíà ñèñòåìi
ðiâíÿíü

v(y, t) = v0(y, t) +

t∫
0

1∫
0

G1(y, t, η, τ)×

×ηh
′(τ)

h(τ)
w(η, τ)dηdτ, (y, t) ∈ QT ,

w(y, t) = v0y(y, t) +

t∫
0

1∫
0

G1y(y, t, η, τ)×

×ηh
′(τ)

h(τ)
w(η, τ)dηdτ, (y, t) ∈ QT , (12)

äå v0(y, t), v0y(y, t) âèçíà÷àþòüñÿ ôîðìóëà-
ìè

v0(y, t) =

1∫
0

G1(y, t, η, 0)φ(ηh0)dη+

+

t∫
0

G1η(y, t, 0, τ)
b(τ)

h2(τ)
µ1(τ)dτ−

−
t∫

0

G1η(y, t, 1, τ)
b(τ)

h2(τ)
µ2(τ)dτ+

+

t∫
0

1∫
0

G1(y, t, η, τ)f(ηh(τ), τ)dηdτ,

v0y(y, t) = h0

1∫
0

G2(y, t, η, 0)φ
′(ηh0)dη−
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−
t∫

0

G2(y, t, 0, τ)µ
′
1(τ)dτ+

+

t∫
0

G2(y, t, 1, τ)µ
′
2(τ)dτ+

+

t∫
0

1∫
0

G1y(y, t, η, τ)f(ηh(τ), τ)dηdτ. (13)

×åðåç Gk(y, t, η, τ), k = 1, 2, ïîçíà÷åíî ôóí-
êöi¨ Ãðiíà ïåðøî¨ (k = 1) òà äðóãî¨ (k = 2)
êðàéîâèõ çàäà÷ äëÿ ðiâíÿííÿ

vt =
b(t)

h2(t)
vyy, (y, t) ∈ QT .

Âîíè âèçíà÷àþòüñÿ ôîðìóëàìè

Gk(y, t, η, τ) =
1

2
√
π(θ(t)− θ(τ))

×

×
∞∑

n=−∞

(
exp

(
− (y − η + 2n)2

4(θ(t)− θ(τ))

)
+

+(−1)k exp

(
− (y + η + 2n)2

4(θ(t)− θ(τ))

))
,

k = 1, 2, θ(t) =

t∫
0

b(τ)

h2(τ)
dτ.

Ç óìîâè (10) îòðèìó¹ìî

h′(t) = −w(1, t)
h(t)

+ µ4(t), t ∈ [0, T ]. (14)

Âèêîðèñòàâøè (14), ïîäàìî (12) ó âèãëÿäi

w(y, t) = v0y(y, t) +

t∫
0

1∫
0

G1y(y, t, η, τ)×

×
(
ηµ4(τ)

h(τ)
− ηw(1, τ)

h2(τ)

)
w(η, τ)dηdτ,

(y, t) ∈ QT . (15)

Ç óìîâè (9), âðàõóâàâøè ââåäåíi ïîçíà÷åí-
íÿ, îòðèìó¹ìî

b(t)w(0, t) = h(t)µ3(t), t ∈ [0, T ]. (16)

Ïðîiíòåãðóâàâøè (14) çà çìiííîþ t, îäåðæó-
¹ìî

h(t) = h0 +

t∫
0

µ4(τ)dτ −
t∫

0

w(1, τ)

h(τ)
dτ,

t ∈ [0, T ]. (17)

Îòæå, çàäà÷ó (6)�(11) çâåäåíî äî ñèñ-
òåìè ðiâíÿíü (15)�(17) âiäíîñíî íåâiäîìèõ
(w(y, t), b(t), h(t)). Äëÿ äîâåäåííÿ iñíóâàííÿ
ðîçâ'ÿçêó ñèñòåìè ðiâíÿíü (15)�(17) çàñòîñó-
¹ìî òåîðåìó Øàóäåðà ïðî íåðóõîìó òî÷êó
öiëêîì íåïåðåðâíîãî îïåðàòîðà. Äëÿ öüîãî
âñòàíîâèìî àïðiîðíi îöiíêè ðîçâ'ÿçêiâ ñèñ-
òåìè ðiâíÿíü. Îñêiëüêè

1∫
0

G2(y, t, η, 0)dη = 1,

òî çãiäíî ç óìîâàìè òåîðåìè ïåðøèé äîäà-
íîê (13) äîäàòíèé, âñi iíøi äîäàíêè (13),
(12) ïðÿìóþòü äî 0 ïðè t → 0. Îòæå,
ìîæíà âêàçàòè òàêå ÷èñëî t1, 0 < t1 ≤ T,
ùî

w(y, t) ≥ h0
2

min
y∈[0,1]

φ′(yh0) :=M0 > 0,

(y, t) ∈ Qt1 . (18)

×èñëî t1 âèçíà÷à¹òüñÿ íåðiâíiñòþ∣∣∣∣−
t∫

0

G2(y, t, 0, τ)µ
′
1(τ)dτ+

+

t∫
0

G2(y, t, 1, τ)µ
′
2(τ)dτ+

+

t∫
0

1∫
0

G1y(y, t, η, τ)

(
f(ηh(τ), τ)+

+

(
ηµ4(τ)

h(τ)
− ηw(1, τ)

h2(τ)

)
w(η, τ)

)
dηdτ

∣∣∣∣ ≤
≤M0 (y, t) ∈ Qt1 .

Òîäi äëÿ ðîçâ'ÿçêiâ ðiâíÿíü (17), (16) âèêî-
íóþòüñÿ îöiíêè

h(t) ≤ H1 <∞, t ∈ [0, T ], (19)
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b(t) ≤ H1

M0

max
[0,T ]

µ3(t) := B1 <∞,

t ∈ [0, t1]. (20)

Îñêiëüêè âñi äîäàíêè (17), êðiì ïåðøîãî,
ïðÿìóþòü äî íóëÿ ïðè t → 0, òî iñíó¹ òà-
êå ÷èñëî t2, 0 < t2 ≤ T, ÿêå âèçíà÷à¹òüñÿ
íåðiâíiñòþ∣∣∣∣

t∫
0

µ4(τ)dτ −
t∫

0

w(1, τ)

h(τ)
dτ

∣∣∣∣ ≤ h0
2
, t ∈ [0, t2],

ùî

h(t) ≥ h0
2

≡ H0 > 0, t ∈ [0, t2]. (21)

Ïîçíà÷èìî W (t) = max
y∈[0,1]

w(y, t). Âðàõó-

âàâøè (21), ç (16) îòðèìó¹ìî

b(t) ≥ H0

W (t)
min
[0,T ]

µ3(t), t ∈ [0, t2]. (22)

Âèêîðèñòàâøè (19) òà îöiíêè ôóíêöi¨ Ãðiíà

|G2(y, t, η, τ)| ≤ C1

(
1 +

1√
θ(t)− θ(τ)

)
,

1∫
0

|G1y(y, t, η, τ)|dη ≤ C2√
θ(t)− θ(τ)

,

ç (15) îòðèìó¹ìî íåðiâíiñòü

W (t) ≤ C3 + C4

t∫
0

dτ√
θ(t)− θ(τ)

+

+C5

t∫
0

(1 +W (τ))W (τ)dτ

h2(τ)
√
θ(t)− θ(τ)

, t ∈ [0, t3],

äå t3 = min{t1, t2}.
Âðàõóâàâøè (18), (22) i ïîçíà÷èâøè

W1(t) = W (t) + 1, ïîïåðåäíþ íåðiâíiñòü çâå-
äåìî äî âèãëÿäó

W1(t) ≤ C6 + C7

t∫
0

b(τ)W 4
1 (τ)dτ

h2(τ)
√
θ(t)− θ(τ)

,

t ∈ [0, t3]. (23)

Ïiäíåñåìî îáèäâi ÷àñòèíè íåðiâíîñòi äî ÷å-
òâåðòîãî ñòåïåíÿ i çàñòîñó¹ìî íåðiâíiñòü
Ãåëüäåðà

W 4
1 (t) ≤ C8 + C9

t∫
0

b(τ)W 16
1 (τ)dτ

h2(τ)
√
θ(t)− θ(τ)

.

Çàìiíèâøè t íà σ, äîìíîæèìî ïîïåðåäíþ

íåðiâíiñòü íà
b(σ)

h2(σ)
√
θ(t)− θ(σ)

òà ïðîiíòå-

ãðó¹ìî âiä 0 äî t:

t∫
0

b(σ)W 4
1 (σ)dσ

h2(σ)
√
θ(t)− θ(σ)

≤ C10 + C9×

×
t∫

0

b(σ)dσ

h2(σ)
√
θ(t)− θ(σ)

σ∫
0

b(τ)W 16
1 (τ)dτ

h2(τ)
√
θ(σ)− θ(τ)

.

Çìiíèâøè ïîðÿäîê iíòåãðóâàííÿ ó äðóãîìó
äîäàíêó ïðàâî¨ ÷àñòèíè íåðiâíîñòi òà âèêî-
ðèñòàâøè ðiâíiñòü

t∫
τ

b(σ)dσ

h2(σ)
√

(θ(t)− θ(σ))(θ(σ)− θ(τ))
= π,

îäåðæó¹ìî

t∫
0

b(σ)W 4
1 (σ)dσ

h2(σ)
√
θ(t)− θ(σ)

≤

≤ C10 + C11

t∫
0

b(τ)W 16
1 (τ)dτ

h2(τ)
,

àáî, ç óðàõóâàííÿì (20), (21),

t∫
0

b(σ)W 4
1 (σ)dσ

h2(σ)
√
θ(t)− θ(σ)

≤

≤ C10 + C12

t∫
0

W 16
1 (τ)dτ. (24)

Ïiäñòàâèâøè (24) â (23), îòðèìó¹ìî

W1(t) ≤ C13 + C14

t∫
0

W 16
1 (τ)dτ.
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Ïîçíà÷èìî K(t) = C13+C14

t∫
0

W 16
1 (τ)dτ. Òî-

äi
K ′(t) ≤ C14K

16(t).

Ïðîiíòåãðóâàâøè öå ñïiââiäíîøåííÿ âiä 0 äî
t, çíàõîäèìî

K(t) ≤ C13

15
√

1− 15C15
13C14t

≤ C15, t ∈ [0, T0],

äå ÷èñëî T0, 0 < T0 ≤ t3, çàäîâîëüíÿ¹ óìîâó
1− 151513C14T0 > 0.

Çâiäñè îòðèìó¹ìî îöiíêè

W (t) ≤M1 <∞, t ∈ [0, T0],

b(t) ≥ H0

M1

min
[0,T ]

µ3(t) := B0 > 0, t ∈ [0, T0].

Ïîäàìî ñèñòåìó ðiâíÿíü (15)�(17) ó âè-
ãëÿäi îïåðàòîðíîãî ðiâíÿííÿ

ω = Pω,

äå ω = (w(y, t), b(t), h(t)), à îïåðàòîð
P = (P1, P2, P3) âèçíà÷à¹òüñÿ ïðàâèìè ÷à-
ñòèíàìè ðiâíÿíü (15)�(17).

Ïîçíà÷èìî N = {(w, b, h) ∈ C(QT0) ×
×(C[0, T0])

2 : M0 ≤ w(y, t) ≤ M1,
B0 ≤ b(t) ≤ B1, H0 ≤ h(t) ≤ H1}. Ç íàâå-
äåíèõ âèùå îöiíîê âèïëèâà¹, ùî ìíîæèíà
N çàäîâîëüíÿ¹ óìîâè òåîðåìè Øàóäåðà ïðî
íåðóõîìó òî÷êó, à îïåðàòîð P ïåðåâîäèòü N
â ñåáå. Êîìïàêòíiñòü ìíîæèíè PN ó ïðîñòî-
ði íåïåðåðâíèõ ôóíêöié äîâåäåíî â [12].

Îòæå, çà òåîðåìîþ Øàóäåðà ïðî íåðóõî-
ìó òî÷êó iñíó¹ ðîçâ'ÿçîê (w, b, h) ∈ C(QT0)×
×(C[0, T0])

2, b(t) > 0, h(t) > 0, t ∈ [0, T0] ñè-
ñòåìè ðiâíÿíü (15)�(17).

Ïîçíà÷èìî

q(t) = h(t)

1∫
0

v(y, t)dy.

Òîäi
b(t) = a(q(t)), t ∈ [0, T ].

Çíàéäåìî ïîõiäíó ôóíêöi¨ q(t)

q′(t) = h′(t)

1∫
0

v(y, t)dy + h(t)

1∫
0

vt(y, t)dy.

Âèêîðèñòàâøè ðiâíÿííÿ (5) i ââåäåíi ïîçíà-
÷åííÿ, îòðèìó¹ìî

q′(t) =
b(t)− µ2(t)

h(t)
vy(1, t)+µ2(t)µ4(t)−µ3(t)+

+h(t)

1∫
0

f(yh(t), t)dy.

Çãiäíî ç (18) òà óìîâàìè òåîðåìè ìà¹ìî

q′(t) > 0, t ∈ [0, T0].

Îòæå, iñíó¹ íåïåðåðâíà ôóíêöiÿ q−1(s), âè-
çíà÷åíà íà [0, S], òàêà ùî

q(q−1(s)) := s, s ∈ [0, S], S = max
[0,T ]

q(t).

Çâiäñè

a(s) = b(q−1(s)), s ∈ [0, S].

Îòæå, iñíó¹ ðîçâ'ÿçîê (h, a, v) ∈
C1[0, T0] × C[0, S] × C2,1(QT0) ∩ C1,0(QT0),
h(t) > 0, t ∈ [0, T0], a(s) > 0, s ∈ [0, S]
çàäà÷i (6)�(11).
Çàóâàæåííÿ. ßêùî â òåîðåìi 1

φ ∈ C2[0, h0], òî iñíó¹ ðîçâ'ÿçîê
(h, a, v) ∈ C1[0, T0] × C[0, S] × C2,1(QT0),
h(t) > 0, t ∈ [0, T0], a(s) > 0, s ∈ [0, S]
çàäà÷i (6)�(11).
3. �äèíiñòü ðîçâ'ÿçêó çàäà÷i

(6)�(11).
Òåîðåìà 2. Çà óìîâ

f ∈ C1,0([0,∞)× [0, T ]), φ ∈ C2[0, h0],

µ3(t) ̸= 0, t ∈ [0, T ]

çàäà÷à (6)�(11) íå ìîæå ìàòè äâîõ ðiçíèõ
ðîçâ'ÿçêiâ (h, a, v) ∈ C1[0, T ] × C[0, S] ×
×C2,1(QT ), h(t) > 0, t ∈ [0, T ], a(s) > 0,
s ∈ [0, S], äå ÷èñëî S âèçíà÷à¹òüñÿ âèõiäíè-
ìè äàíèìè çàäà÷i.
Äîâåäåííÿ. Ïðèïóñòèìî, ùî

(hi(t), ai(s), vi(y, t)), i = 1, 2, � äâà ðîçâ'ÿçêè
çàäà÷i (6)�(11). Ïîçíà÷èìî

bi = ai

(
hi(t)

1∫
0

vi(y, t)dy

)
,
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bi(t)

h2i (t)
= si(t),

h′i(t)

hi(t)
= pi(t), i = 1, 2,

s(t) = s1(t)− s2(t), p(t) = p1(t)− p2(t),

v(y, t) = v1(y, t)− v2(y, t).

Ôóíêöi¨ s(t), p(t), v(y, t) çàäîâîëüíÿþòü ðiâ-
íÿííÿ

vt = s1(t)vyy + yp1(t)vy + s(t)v2yy+

+yp(t)v2y + f(yh1(t), t)−
−f(yh2(t), t), (y, t) ∈ QT , (25)

òà óìîâè

v(y, 0) = 0, y ∈ [0, 1], (26)

v(0, t) = v(1, t) = 0, t ∈ [0, T ], (27)

s(t)v2y(0, t) + s1(t)vy(0, t) =

= µ3(t)

(
1

h1(t)
− 1

h2(t)

)
, t ∈ [0, T ], (28)

p(t) = −vy(1, t)
h21(t)

− v2y(1, t)

(
1

h21(t)
− 1

h22(t)

)
+

+µ4(t)

(
1

h1(t)
− 1

h2(t)

)
, t ∈ [0, T ]. (29)

Çà äîïîìîãîþ ôóíêöi¨ Ãðiíà G∗
1(y, t, η, τ)

ïåðøî¨ êðàéîâî¨ çàäà÷i äëÿ ðiâíÿííÿ

vt = s1(t)vyy + yp1(t)vy

ç óðàõóâàííÿì óìîâ (26), (27) ôóíêöiþ
v(y, t) ïîäàìî ó âèãëÿäi

v(y, t) =

t∫
0

1∫
0

G∗
1(y, t, η, τ)(s(τ)v2ηη(η, τ)+

+ηp(τ)v2η(η, τ) + f(ηh1(τ), τ)−
−f(ηh2(τ), τ))dηdτ, (y, t) ∈ QT . (30)

Ïðîäèôåðåíöiþâàâøè (30) çà çìiííîþ y,
îäåðæó¹ìî

vy(y, t) =

t∫
0

1∫
0

G∗
1y(y, t, η, τ)(s(τ)v2ηη(η, τ)+

+ηp(τ)v2η(η, τ) + f(ηh1(τ), τ)−
−f(ηh2(τ), τ))dηdτ, (y, t) ∈ QT . (31)

Âèðàçèìî hi(t) ÷åðåç pi(t)

hi(t) = hi(0) exp

( t∫
0

pi(τ)dτ

)
, i = 1, 2,

äå h1(0) = h2(0) = h0. Çâiäñè, âèêîðèñòîâó-
þ÷è ðiâíiñòü

ex − ey = (x− y)

1∫
0

ey+τ(x−y)dτ,

îòðèìó¹ìî

1

h1(t)
− 1

h2(t)
= − 1

h0

t∫
0

p(τ)dτ×

×
1∫

0

exp

(
−

t∫
0

(σp(τ) + p2(τ))dτ

)
dσ. (32)

Ðiâíiñòü (32) ìîæåìî àíàëîãi÷íî âè-
êîðèñòàòè äëÿ çîáðàæåííÿ ðiçíèöü

h1(t)− h2(t),
1

h21(t)
− 1

h22(t)
.

Ïðèïóùåííÿ òåîðåìè çàáåçïå÷óþòü ïðà-
âèëüíiñòü ðiâíîñòi

f(yh1(t), t)− f(yh2(t), t) = y(h1(t)− h2(t))×

×
1∫

0

fx(y(h2(t) + σ(h1(t)− h2(t))), t)dσ. (33)

Ïiäñòàâèâøè (31)�(33) â (28), (29), îäåð-
æèìî ñèñòåìó îäíîðiäíèõ iíòåãðàëüíèõ ðiâ-
íÿíü Âîëüòåððà äðóãîãî ðîäó âiäíîñíî íå-
âiäîìèõ s(t), p(t) ç ÿäðàìè, ÿêi ìàþòü iíòå-
ãðîâíi îñîáëèâîñòi. Òàêèì ÷èíîì,

p(t) = 0, s(t) = 0, t ∈ [0, T ].

Çâiäñè îòðèìó¹ìî, ùî

p1(t) = p2(t), s1(t) = s2(t), t ∈ [0, T ],

à, îòæå,

h1(t) = h2(t), b1(t) = b2(t).

Âèêîðèñòàâøè öå â çàäà÷i (25)�(27), îäåðæó-
¹ìî

v1(y, t) = v2(y, t), (y, t) ∈ QT .
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