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ÑÊIÍ×ÅÍÍÅ ÃIÁÐÈÄÍÅ IÍÒÅÃÐÀËÜÍÅ ÏÅÐÅÒÂÎÐÅÍÍß
(ÊÎÍÒÎÐÎÂÈ×À - Ë�Á�Ä�ÂÀ) - ÁÅÑÑÅËß - ÔÓÐ'� ÍÀ ÑÅÃÌÅÍÒI

[R0, R3] ÏÎËßÐÍÎ� ÎÑI

Çàïðîâàäæåíî ñêií÷åííå ãiáðèäíå iíòåãðàëüíå ïåðåòâîðåííÿ (Êîíòîðîâè÷à - Ë¹á¹ä¹âà) -
Áåññåëÿ - Ôóð'¹ íà ñåãìåíòi [R0, R3] ïîëÿðíî¨ îñi òà ïîêàçàíî éîãî çàñòîñóâàííÿ äî ðîçâ'ÿçàííÿ
çàäà÷ ìàòåìàòè÷íî¨ ôiçèêè íåîäíîðiäíèõ ñåðåäîâèù.

We provide a �nite hybrid integral (Kontorovich - Lebedev) - Bessel - Fourier transform on
a segment [R0, R3] of the polar axis. We apply this transform to solve problems of mathematical
physics of nonhomogeneous structures.

Ó çâ'ÿçêó ç øèðîêèì çàñòîñóâàííÿì ó
ðiçíîìàíiòíèõ òåõíîëîãi÷íèõ ïðîöåñàõ êîì-
ïîçèòíèõ ìàòåðiàëiâ, âèíèêà¹ ãîñòðà ïîòðå-
áà â ðîçâ'ÿçàííi äîñòàòíüî øèðîêîãî êëà-
ñó çàäà÷ ìàòåìàòè÷íî¨ ôiçèêè íåîäíîði-
äíèõ ñòðóêòóð. Òîìó âèíèêëà íåîáõiäíiñòü
â ïîáóäîâi òàêèõ iíòåãðàëüíèõ ïåðåòâîðåíü,
ÿêi äàâàëè á ìîæëèâiñòü àëãåáðà¨çóâàòè ëi-
íiéíi äèôåðåíöiàëüíi ðiâíÿííÿ ç êóñêîâî-
íåïåðåðâíèìè êîåôiöi¹íòàìè. Âïåðøå iíòå-
ãðàëüíi ïåðåòâîðåííÿ òàêîãî òèïó (ãiáðè-
äíi iíòåãðàëüíi ïåðåòâîðåííÿ � ÃIÏ ) ç'ÿâè-
ëèñü â ìàòåìàòè÷íié ëiòåðàòóði â 70-èõ ðî-
êàõ XX ñòîëiòòÿ â ðîáîòàõ Óôëÿíäà ß.Ñ.
òà éîãî ó÷íiâ. Ìåòîäèêà, çàïðîïîíîâàíà â
öèõ ðîáîòàõ, áóëà çàñòîñîâàíà Ïðîöåíêî
Â.Ñ. i éîãî ó÷íÿìè äëÿ ïîáóäîâè ãiáðèäíèõ
iíòåãðàëüíèõ ïåðåòâîðåíü Ôóð'¹-Ëåæàíäðà,
Ëåæàíäðà-Ôóð'¹, Ôóð'¹-Ãàíêåëÿ, Ãàíêåëÿ-
Ëåæàíäðà. Ïîäàëüøèé ðîçâèòîê òåîðiÿ ÃIÏ
çíàéøëà ó ïðàöÿõ Ì.Ï. Ëåíþêà òà éîãî
ó÷íiâ. Íàÿâíiñòü îñíîâíî¨ òîòîæíîñòi iíòå-
ãðàëüíîãî ïåðåòâîðåííÿ âiäïîâiäíîãî ãiáðè-
äíîãî äèôåðåíöiàëüíîãî îïåðàòîðà äà¹ ìî-
æëèâiñòü óñïiøíî çàñòîñîâóâàòè öi ïåðåòâî-
ðåííÿ äî ðîçâ'ÿçóâàííÿ êðàéîâèõ çàäà÷ äëÿ
äèôåðåíöiàëüíèõ ðiâíÿíü ç ÷àñòèííèìè ïî-
õiäíèìè â êóñêîâî-îäíîðiäíèõ îáëàñòÿõ. Äà-
íà ñòàòòÿ ïðèñâÿ÷åíà çàïðîâàäæåííþ ñêií-
÷åííîãî ãiáðèäíîãî iíòåãðàëüíîãî ïåðåòâî-
ðåííÿ (Êîíòîðîâè÷à - Ë¹á¹ä¹âà) - Áåññåëÿ
- Ôóð'¹ íà ñåãìåíòi [R0, R3] ïîëÿðíî¨ îñi òà

éîãî çàñòîñóâàííþ äî ðîçâ'ÿçàííÿ çàäà÷ ìà-
òåìàòè÷íî¨ ôiçèêè íåîäíîðiäíèõ ñåðåäîâèù.

Çàïðîâàäèìî iíòåãðàëüíå ïåðåòâîðåííÿ,
ïîðîäæåíå íà ìíîæèíi

I2 =
{
r : r ∈ (R0, R1) ∪ (R1, R2) ∪ (R2, R3);

R0 > 0, R3 <∞
}

ãiáðèäíèì äèôåðåíöiàëüíèì îïåðàòîðîì
(ÃÄÎ)

Mν,(α) = Θ(r−R0)Θ(R1−r)Bα1 +Θ(r−R1)×

×Θ(R2−r)Bν,α2+Θ(r−R2)Θ(R3−r)
d2

dr2
(1)

Ó ðiâíîñòi (1) áåðóòü ó÷àñòü äèôåðåíöi-
àëüíèé îïåðàòîð Êîíòîðîâè÷à - Ë¹á¹ä¹âà
Bα1 = r2 d2

dr2
+ (2α1 + 1)r d

dr
+ α2

1 − λ2r2 [1],
äèôåðåíöiàëüíèé îïåðàòîð Áåññåëÿ Bν,α2 =
d2

dr2
+ (2α2 + 1)r−1 d

dr
− (ν2 − α2

2)r
−2 [2] òà äè-

ôåðåíöiàëüíèé îïåðàòîð Ôóð'¹ [3]; 2αj+1 >
0, ν > α2, λ ∈ (0,∞); Θ(x) - îäèíè÷íà ôóí-
êöiÿ Ãåâiñàéäà [4].
Îçíà÷åííÿ. Îáëàñòþ âèçíà÷åííÿ ÃÄÎ

Mν,(α) íàçâåìî ìíîæèíó G âåêòîð-ôóíêöié
g(r) = {g1(r); g2(r); g3(r)} ç òàêèìè âëà-
ñòèâîñòÿìè: 1) âåêòîð-ôóíêöiÿ f(r) =
{Bα1 [g1(r)];Bν,α2 [g2(r)]; g

′′
3 (r)} íåïåðåðâíà íà

ìíîæèíi I2; 2) ôóíêöi¨ gj(r) çàäîâîëüíÿþòü
êðàéîâi óìîâè(

α0
11

d

dr
+ β0

11

)
g1(r)

∣∣∣
r=R0

= 0,
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(
α3
22

d

dr
+ β3

22

)
g3(r)

∣∣∣
r=R3

= 0, (2)

3) ôóíêöi¨ gj(r) çàäîâîëüíÿþòü óìîâè ñïðÿ-
æåííÿ [(

αkj1
d

dr
+ βkj1

)
gk(r)−(

αkj2
d

dr
+ βkj2

)
gk+1(r)

]∣∣∣
r=Rk

= 0; j, k = 1, 2.

(3)
Ââàæà¹ìî, ùî âèêîíàíi óìîâè íà êîåôi-

öi¹íòè: α0
11 6 0, β0

11 > 0, |α0
11| + β0

11 ̸= 0;
α3
22 > 0, β3

22 > 0, α3
22 + β3

22 ̸= 0; αkjm > 0,
βkjm > 0; c1k · c2k > 0, cjk = αk2jβ

k
1j − αk1jβ

k
2j.

Âèçíà÷èìî âåëè÷èíè

σ1 =
c11c12
c21c22

1

R2α1+1
1

R2α2+1
1

R2α2+1
2

, σ2 =
c12
c22

1

R2α2+1
2

,

σ3 = 1,

âàãîâó ôóíêöiþ

σ(r) = Θ(r−R0)Θ(R1−r)σ1r2α1−1+Θ(r−R1)×

×Θ(R2 − r)σ2r
2α2+1 +Θ(r −R2)Θ(R3 − r)σ3

òà ñêàëÿðíèé äîáóòîê

(
u(r), v(r)

)
=

R3∫
R0

u(r)v(r)σ(r)dr ≡
R1∫
R0

u1(r)×

×v1(r)σ1r2α1−1dr +

R2∫
R1

u2(r)v2(r)σ2r
2α2+1×

×dr+
R3∫
R2

u3(r)v3(r)σ3dr, u ∈ G, v ∈ G. (4)

Äëÿ u(r) ∈ G òà v(r) ∈ G ç óìîâ ñïðÿæå-
ííÿ (3) âèïëèâà¹ áàçîâà òîòîæíiñòü:(

ukv
′

k − u
′

kvk

)∣∣∣
r=Rk

=

=
c2k
c1k

(
uk+1v

′

k+1 − u
′

k+1vk+1

)∣∣∣
r=Rk

, k = 1, 2.

(5)
Âíàñëiäîê êðàéîâèõ óìîâ (2) òà áàçîâî¨

òîòîæíîñòi (5) ìà¹ìî ðiâíiñòü(
Mν,(α)[u], v(r)

)
=
(
u(r),Mν,(α)[v]

)
. (6)

Ðiâíiñòü (6) îçíà÷à¹, ùî ÃÄÎMν,(α) ñàìî-
ñïðÿæíåíèé. Çíà÷èòü, éîãî ñïåêòð äiéñíèé.
Îñêiëüêè Mν,(α) íå ìà¹ íà ìíîæèíi I2 îñî-
áëèâèõ òî÷îê, òî éîãî ñïåêòð äèñêðåòíèé [5].

Ñòðóêòóðó âëàñíèõ ÷èñåë é âiäïîâiäíèõ
¨ì âëàñíèõ âåêòîð-ôóíêöié çíàéäåìî, áóäó-
þ÷è íà ìíîæèíi I2 íåíóëüîâèé ðîçâ'ÿçîê ñå-
ïàðàòíî¨ ñèñòåìè äèôåðåíöiàëüíèõ ðiâíÿíü(

Bα1 + b21

)
Vν,(α);1(r, β) = 0, r ∈ (R0, R1),(

Bν,α2 + b22

)
Vν,(α);2(r, β) = 0, r ∈ (R1, R2),

(7)( d2
dr2

+ b23

)
Vν,(α);3(r, β) = 0, r ∈ (R2, R3)

çà êðàéîâèìè óìîâàìè (2) òà óìîâàìè ñïðÿ-
æåííÿ (3).

Òóò β - ñïåêòðàëüíèé ïàðàìåòð, à ôóí-
êöiÿ

Vν,(α)(r, β) =

=
3∑
i=1

Θ
(
r −Ri−1

)
Θ
(
Ri − r

)
Vν,(α);i(r, β) −

(8)
ñïåêòðàëüíà ôóíêöiÿ, ÿêà âiäïîâiäà¹ ñïå-
êòðàëüíîìó ïàðàìåòðó β; bj ≡ bj(β) = (β2 +
k2j )

1/2, k2j > 0, j = 1, 3.
Ôóíäàìåíòàëüíó ñèñòåìó ðîçâ'ÿçêiâ äëÿ

äèôåðåíöiàëüíîãî ðiâíÿííÿ (Êîíòîðîâè÷à-
Ë¹á¹ä¹âà) (Bα1 + b21)v = 0 óòâîðþþòü ôóí-
êöi¨ v1 = Cα1(λr, b1) òà v2 = Dα1(λr, b1) [1];
ôóíäàìåíòàëüíó ñèñòåìó ðîçâ'ÿçêiâ äëÿ äè-
ôåðåíöiàëüíîãî ðiâíÿííÿ Áåññåëÿ (Bν,α2 +
b22)v = 0 ñêëàäàþòü ôóíêöi¨ Áåññåëÿ äiéñíî-
ãî àðãóìåíòà ïåðøîãî ðîäó v1 = Jν,α2(b2r) òà
äðóãîãî ðîäó v2 = Nν,α2(b2r) [2]; ôóíäàìåí-
òàëüíó ñèñòåìó ðîçâ'ÿçêiâ äëÿ äèôåðåíöi-
àëüíîãî ðiâíÿííÿ Ôóð'¹ ( d

2

dr2
+ b23)v = 0 ñêëà-

äàþòü òðèãîíîìåòðè÷íi ôóíêöi¨ v1 = cos b3r
òà v2 = sin b3r [3].

ßêùî ïîêëàñòè

Vν,(α);1(r, β) = A1Cα1(λr, b1)+B1Dα1(λr, b1),

r ∈ (R0, R1),

Vν,(α);2(r, β) = A2Jν,α2(b2r) +B2Nν,α2(b2r),

r ∈ (R1, R2), (9)

Vν,(α);3(r, β) = A3 cos b3r +B3 sin b3r,
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r ∈ (R2, R3),

òî êðàéîâi óìîâè (2) òà óìîâè ñïðÿæåííÿ (3)
äëÿ âèçíà÷åííÿ âåëè÷èí Aj, Bj (j = 1, 3) äà-
þòü îäíîðiäíó àëãåáðà¨÷íó ñèñòåìó iç øåñòè
ðiâíÿíü:

X01
α1;11

(λR0, b1)A1 +X02
α1;11

(λR0, b1)B1 = 0

X11
α1;j1

(λR1, b1)A1 +X12
α1;j1

(λR1, b1)B1−

−u11ν,α2;j2
(b2R1)A2 − u12ν,α2;j2

(b2R1)B2 = 0

u21ν,α2;j1
(b2R2)A2 + u22ν,α2;j1

(b2R2)B2−

−v21j2(b3R2)A3 − v22j2(b3R2)B3 = 0, j = 1, 2;

v3122(b3R3)A3 + v3222(b3R3)B3 = 0 (10)

Ó ñèñòåìi (10) ïðèéíÿòi çàãàëüíîâiäîìi
ïîçíà÷åííÿ [6]:

Xm1
α1;j1

(λRm, b1) =

=
(
αmj1

d

dr
+ βmj1

)
Cα1(λr, b1)

∣∣∣
r=Rm

,

Xm2
α1;j1

(λRm, b1) =

=
(
αmj1

d

dr
+ βmj1

)
Dα1(λr, b1)

∣∣∣
r=Rm

,

um1
ν,α2;jk

(b2Rm) =
(
αmjk

ν − α2

Rm

+ βmjk

)
×

×Jν,α2(b2Rm)− αmjkb
2
2RmJν+1,α2+1(b2Rm),

um2
ν,α2;jk

(b2Rm) =
(
αmjk

ν − α2

Rm

+ βmjk

)
×

×Nν,α2(b2Rm)− αmjkb
2
2RmNν+1,α2+1(b2Rm),

vm1
j2 (b3Rm) = −αmj2b3 sin b3Rm + βmj2 cos b3Rm,

vm2
j2 (b3Rm) = αmj2b3 cos b3Rm + βmj2 sin b3Rm.

Îäíîðiäíà àëãåáðà¨÷íà ñèñòåìà (10) ìà¹
íåíóëüîâèé ðîçâ'ÿçîê òîäi i òiëüêè òîäi, êîëè
¨¨ âèçíà÷íèê äîðiâíþ¹ íóëåâi [7]:

δν,(α)(β) ≡ δ22(b3R2, b3R3)aν,(α);1(β)−

−δ12(b3R2, b3R3)aν,(α);2(β) =

= δα1;11(λR0, λR1, b1)bν,α2;2(β)−
−δα1;21(λR0, λR1, b1)bν,α2;1(β) = 0. (11)

Ó ðiâíîñòi (11) áåðóòü ó÷àñòü ôóíêöi¨:

δα1;j1(λR0, λR1, b1) =

= X01
α1;11

(λR0, b1)X
12
α1;j1

(λR1, b1)−

−X02
α1;11

(λR0, b1)X
11
α1;j1

(λR1, b1),

δν,α2;jk(b2R1, b2R2) = u11ν,α2;j2
(b2R1)u

22
ν,α2;k1

(b2R2)−

−u12ν,α2;j2
(b2R1)u

21
ν,α2;k1

(b2R2),

δj2(b3R2, b3R3) = v21j2(b3R2)v
32
22(b3R3)−

−v22j2(b3R2)v
31
22(b3R3),

aν,(α);j(β) = δα1;11(λR0, λR1, b1)δν,α2;2j(b2R1, b2R2)−
−δα1;21(λR0, λR1, b1)δν,α2;1j(b2R1, b2R2),

bν,α2;j(β) = δν,α2;j1(b2R1, b2R2)δ22(b3R2, b3R3)−
−δν,α2;j2(b2R1, b2R2)δ12(b3R2, b3R3).

Êîðiíü βn òðàíñöåíäåíòíîãî ðiâíÿííÿ
(11) ïiäñòàâèìî â ñèñòåìó (10) é âiäêèíåìî
îñòàíí¹ ðiâíÿííÿ â ñèëó ëiíiéíî¨ çàëåæíî-
ñòi. ßêùî âçÿòè A1 = −A0X

02
α1;11

(λR0, b1n),
B1 = A0X

01
α1;11

(λR0, b1n), äå âåëè÷èíà A0 ïiä-
ëÿãà¹ âèçíà÷åííþ, òî ïåðøå ðiâíÿííÿ ñèñòå-
ìè ñòà¹ òîòîæíiñòþ; bjn = (β2

n + k2j )
1/2, k2j >

> 0, j = 1, 3.
Ðîçãëÿíåìî ñòîñîâíî A2, B2 àëãåáðà¨÷íó

ñèñòåìó ðiâíÿíü:

u11ν,α2;j2
(b2nR1)A2 + u12ν,α2;j2

(b2nR1)B2 =

= A0δα1;j1(λR0, λR1, b1n), j = 1, 2. (12)

Âèçíà÷íèê àëãåáðà¨÷íî¨ ñèñòåìè (12)

qν,α2(βn) = u11ν,α2;12
u12ν,α2;22

− u11ν,α2;22
×

×u12ν,α2;12
(b2nR1) =

2

π

c21

b2α2
2n R

2α2+1
1

̸= 0.

Àëãåáðà¨÷íà ñèñòåìà (12) ìà¹ ¹äèíèé
ðîçâ'ÿçîê [7]:

A2 = A0[qν,α2(βn)]
−1×

×[δα1;11(λR0, λR1, b1n)u
12
ν,α2;22

(b2nR1)−

−δα1;21(λR0, λR1, b1n)u
12
ν,α2;12

(b2nR1)], (13)

B2 = A0[qν,α2(βn)]
−1×

×[δα1;21(λR0, λR1, b1nu
11
ν,α2;12

(b2nR1)−

−δα1;11(λR0, λR1, b1n)u
11
ν,α2;22

(b2nR1)].

Ïðè âiäîìèõ A2, B2 ðîçãëÿíåìî àëãåáðà-
¨÷íó ñèñòåìó ñòîñîâíî A3, B3:

v21j2(b3nR2)A3 + v22j2(b3nR2)B3 =
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= −A0[qν,α2(βn)]
−1aν,(α);j(βn). (14)

Âèçíà÷íèê àëãåáðà¨÷íî¨ ñèñòåìè (14)

v2112(b3nR2)v
22
22(b3nR2)− v2122(b3nR2)v

22
12(b3nR2) =

= c22b3n ̸= 0.

Àëãåáðà¨÷íà ñèñòåìà (14) ìà¹ ¹äèíèé
ðîçâ'ÿçîê [7]:

A3 = ων,(α);2(βn), B3 = −ων,(α);1(βn),

A0 = c22b3nqν,α2(βn), (15)

ων,(α);j(βn) = aν,α2;2(βn)v
2j
12(b3nR2)−

−aν,α2;1(βn)v
2j
22(b3nR2), j = 1, 2.

Ïiäñòàâèâøè âèçíà÷åíi âåëè÷èíè Aj, Bj

çãiäíî ôîðìóë (13) òà (15) ó ðiâíîñòi (9),
îòðèìó¹ìî ôóíêöi¨:

Vν,(α);1(r, βn) = c22b3nqν,α2(βn)[X
01
α1;11

(λR0, b1n)×

×Dα1(λr, b1n)−X02
α1;11

(λR0, b1n)Cα1(λr, b1n)],

Vν,(α);2(r, βn) = c22b3n[δα1;21(λR0, λR1; b1n)×
×Ψ1

ν,α2;12
(b2nR1, b2nr)− δα1;11(λR0, λR1; b1n)×

×Ψ1
ν,α2;12

(b2nR1, b2nr)], (16)

Ψ1
ν,α2;j2

(b2nR1, b2nr) = u11ν,α2;j2
(b2nR1)×

×Nν,α2(b2nr)−u12ν,α2;j2
(b2nR1)Jν,α2(b2nr); j = 1, 2.

Ââåäåìî äî ðîçãëÿäó êâàäðàò íîðìè âëà-
ñíî¨ ôóíêöi¨:∣∣∣∣∣∣Vν,(α)(r, βn)∣∣∣∣∣∣2 = (Vν,(α)(r, βn), Vν,(α)(r, βn)) =

=

R3∫
R0

[
Vν,(α)(r, βn)

]2
σ(r)dr ≡

R1∫
R0

[
Vν,(α);1(r, βn)

]2
×

×σ1r2α1−1dr +

R2∫
R1

[
Vν,(α)(r, βn)

]2
σ2r

2α2+1dr+

+

R3∫
R2

[
Vν,(α);3(r, βn)

]2
σ3dr, (α) = (α1, α2).

(17)
Çãiäíî ç ðîáîòîþ [8] ñôîðìóëþ¹ìî òâåð-

äæåííÿ.

Òåîðåìà 1 (ïðî äèñêðåòíèé ñïåêòð). Êî-
ðåíi βn òðàíñöåíäåíòíîãî ðiâíÿííÿ (11)
ñêëàäàþòü äèñêðåòíèé ñïåêòð ÃÄÎ Mν,(α):
êîðåíi äiéñíi, ðiçíi, ñèìåòðè÷íi âiäíîñíî β =
0 é íà äîäàòíié ïiââiñi β > 0 óòâîðþþòü ìî-
íîòîííî çðîñòàþ÷ó ÷èñëîâó ïîñëiäîâíiñòü ç
¹äèíîþ ãðàíè÷íîþ òî÷êîþ β = ∞.
Òåîðåìà 2 (ïðî äèñêðåòíó ôóí-

êöiþ). Cèñòåìà âëàñíèõ âåêòîð-ôóíêöié{
Vν,(α)(r, βn)

}∞

n=1
îðòîãîíàëüíà ç âàãîâîþ

ôóíêöi¹þ σ(r), ïîâíà é çàìêíåíà.
Òåîðåìà 3 (ïðî çîáðàæåííÿ ðÿäîì

Ôóð'¹). Áóäü-ÿêà âåêòîð-ôóíêöiÿ g(r) ∈ G
çîáðàæà¹òüñÿ àáñîëþòíî é ðiâíîìiðíî
çáiæíèì íà ìíîæèíi I2 ðÿäîì Ôóð'¹ çà

ñèñòåìîþ
{
Vν,(α)(r, βn)

}∞

n=1
:

g(r) =
∞∑
n=1

R3∫
R0

g(ρ)Vν,(α)(ρ, βn)σ(ρ)dρ×

×
Vν,(α)(r, βn)∣∣∣∣∣∣Vν,(α)(r, βn)∣∣∣∣∣∣2 (18)

Ðÿä Ôóð'¹ (18) âèçíà÷à¹ ïðÿìå Hν,(α)

é îáåðíåíå H−1
ν,(α) ñêií÷åííå ãiáðèäíå iíòå-

ãðàëüíå ïåðåòâîðåííÿ (ÑÃIÏ), ïîðîäæåíå íà
ìíîæèíi I2 ÃÄÎ Mν,(α) [8]:

Hν,(α)[g(r)] =

R3∫
R0

g(r)Vν,(α)(r, βn)σ(r)dr ≡ g̃n

(19)

H−1
ν,(α)[g̃n] =

∞∑
n=1

g̃n
Vν,(α)(r, βn)∣∣∣∣∣∣Vν,(α)(r, βn)∣∣∣∣∣∣2 ≡ g(r)

(20)
Òåîðåìà 4 (ïðî îñíîâíó òîòîæíiñòü).

ßêùî âåêòîð-ôóíêöiÿ

f(r) =
{
Bα1 [g1(r)];Bν,α2 [g2(r)]; g

′′
3(r)

}
íåïåðåðâíà íà ìíîæèíi I2, à ôóíêöi¨ gj(r)
çàäîâîëüíÿþòü êðàéîâi óìîâè(

α0
11

d

dr
+ β0

11

)
g1(r)

∣∣∣
r=R0

= g0,(
α3
22

d

dr
+ β3

22

)
g3(r)

∣∣∣
r=R3

= gR (21)
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òà óìîâè ñïðÿæåííÿ[(
αkj1

d

dr
+ βkj1

)
gk(r)−

(
αkj2

d

dr
+ βkj2

)
×

×gk+1(r)
]∣∣∣
r=Rk

= ωjk; j, k = 1, 2, (22)

òî ìà¹ ìiñöå îñíîâíà òîòîæíiñòü iíòåãðàëü-
íîãî ïåðåòâîðåííÿ ÃÄÎ Mν,(α):

Hν,(α)

[
Mν,(α)[g(r)]

]
= −β2

ng̃n −
3∑
j=1

k2j g̃jn+

+(−α0
11)

−1Vν,(α);1(R0, βn)σ1R
2α1+1
0 g0+

+(α3
22)

−1Vν,(α);3(R3, βn)σ3gR +
2∑

k=1

dk×

×
[
Zk
ν,(α);12(βn)ω2k − Zk

ν,(α);22(βn)ω1k

]
. (23)

Ó ðiâíîñòi (23) ïðèéíÿòi ïîçíà÷åííÿ:

d1 = σ1R
2α1+1
1 (c11)

−1, d2 = σ2R
2α2+1
2 (c12)

−1,

g̃1n =

R1∫
R0

g1(r)Vν,(α);1(r, βn)σ1r
2α1−1dr,

g̃2n =

R2∫
R1

g2(r)Vν,(α);2(r, βn)σ2r
2α2+1dr,

g̃3n =

R3∫
R2

g3(r)Vν,(α);3(r, βn)σ3dr,

Zk
ν,(α);i2(βn) =

(
αki2

d

dr
+ βki2

)
×

×Vν,(α);k+1(r, βn)
∣∣∣
r=Rk

, i, k = 1, 2.

Ôîðìóëè (19), (20) òà (23) ñêëàäàþòü ìà-
òåìàòè÷íèé àïàðàò, ñïðîìîæíèé áóäóâàòè
ðîçâ'ÿçîê äîñòàòíüî øèðîêîãî êëàñó çàäà÷
ìàòåìàòè÷íî¨ ôiçèêè íåîäíîðiäíèõ ñòðó-
êòóð.

Çàóâàæåííÿ. ßêùî ïåðåéòè äî îðòîíîð-
ìîâàíèõ âëàñíèõ ôóíêöié çà ïðàâèëîì

vν,(α)(r, βn) = Vν,(α)(r, βn)
(∣∣∣∣∣∣Vν,(α)(r, βn)∣∣∣∣∣∣)−1

,

òî ðÿä Ôóð'¹ (18) ìàòèìå âèãëÿä:

g(r) =
∞∑
n=1

R3∫
R0

g(ρ)vν,(α)(ρ, βn)σ(ρ)dρvν,(α)(r, βn).

(24)
Ôîðìóëè (19), (20) ïðèéìóòü ñïðîùåíó

ôîðìó:

Hν,(α)[g(r)] =

R3∫
R0

g(r)vν,(α)(r, βn)σ(r)dr ≡ g̃n,

(25)

H−1
ν,(α)[g̃n] =

∞∑
n=1

g̃nvν,(α)(r, βn) ≡ g(r). (26)

Ëîãi÷íó ñõåìó çàñòîñóâàííÿ çàïðîâàäæå-
íîãî ÑÃIÏ ïîêàæåìî íà òèïîâèõ çàäà÷àõ.
Çàäà÷à 1 (ñòàòèêè). Ïîáóäóâàòè îáìå-

æåíèé â îáëàñòi

D =
{
(r, z) : r ∈ I2, z ∈ (−∞,+∞)

}
ðîçâ'ÿçîê åëiïòè÷íî¨ ñèñòåìè [9]

∂2u1
∂z2

−γ21u1+Bα1 [u1] = −f1(r, z), r ∈ (R0, R1),

∂2u2
∂z2

−γ22u2+Bν,α2 [u2] = −f2(r, z), r ∈ (R1, R2),

(27)
∂2u3
∂z2

− γ23u3 +
∂2u3
∂r2

= −f3(r, z), r ∈ (R2, R3)

çà êðàéîâèìè óìîâàìè(
α0
11

∂

∂r
+ β0

11

)
u1(r, z)

∣∣∣
r=R0

= g0(z),(
α3
22

∂

∂r
+ β3

22

)
u3(r, z)

∣∣∣
r=R3

= gR(z) (28)

òà óìîâàìè ñïðÿæåííÿ[(
αkj1

∂

∂r
+ βkj1

)
uk(r, z)−

(
αkj2

∂

∂r
+ βkj2

)
×

×uk+1(r, z)
]∣∣∣
r=Rk

= ωjk(z), j, k = 1, 2. (29)

Ðîçâ'ÿçàííÿ. Çàïèøåìî ñèñòåìó (27) â
ìàòðè÷íié ôîðìi:
(
∂2

∂z2
+Bα1 − γ21

)
u1(r, z)(

∂2

∂z2
+Bν,α2 − γ22

)
u2(r, z)(

∂2

∂z2
+ ∂2

∂r2
− γ23

)
u3(r, z)

 = −

 f1(r, z)
f2(r, z)
f3(r, z)

 .
(30)
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Iíòåãðàëüíèé îïåðàòîð Hν,(α) çãiäíî ïðà-
âèëà (25) çîáðàçèìî ó âèãëÿäi îïåðàòîðíî¨
ìàòðèöi-ðÿäêà:

Hν,(α)[...] =
[ R1∫
R0

...vν,(α);1(r, βn)σ1r
2α1−1dr

R2∫
R1

...vν,(α);2(r, βn)σ2r
2α2+1dr

R3∫
R2

...vν,(α);3(r, βn)σ3dr
]
. (31)

Çàñòîñó¹ìî îïåðàòîðíó ìàòðèöþ-ðÿäîê
(31) äî ñèñòåìè (30) çà ïðàâèëîì ìíîæåí-
íÿ ìàòðèöü. Âíàñëiäîê îñíîâíî¨ òîòîæíîñòi
(23) îäåðæó¹ìî êðàéîâó çàäà÷ó: ïîáóäóâàòè
îáìåæåíèé íà äåêàðòîâié îñi |z| <∞ ðîçâ'ÿ-
çîê äèôåðåíöiàëüíîãî ðiâíÿííÿ

3∑
j=1

[ d2
dz2

− (β2
n + γ2j + k2j )

]
ũjn(z) = −F̃n(z) ≡

≡ −
[
f̃n(z) + (−α0

11)
−1Vν,(α)(R0, βn)σ1R

2α1+1
0 ×

×g0(z) + (α3
22)

−1Vν,(α);3(R3, βn)σ3gR(z)+

+
2∑

k=1

dk

(
Zk
ν,(α);12(βn)ω2k(z)−

−Zk
ν,(α);22(βn)ω1k(z)

)]
. (32)

Ïðèïóñòèìî, ùî max{γ21 ; γ22 ; γ23} = γ21 > 0.
Ïîêëàäåìî âñþäè k21 = 0, k22 = γ21 − γ22 >
> 0, k23 = γ21 − γ23 > 0, ũ1n + ũ2n + ũ3n =
ũn. Äèôåðåíöiàëüíå ðiâíÿííÿ (32) íàáóâà¹
âèãëÿäó:( d2

dz2
− ω2

n

)
ũn(z) = −F̃n(z), ω2

n = β2
n + γ21 .

(33)
ßêùî ôóíêöiÿ F̃n(z) ìà¹ ñêií÷åííi ãðà-

íè÷íi çíà÷åííÿ ïðè z → ±∞ àáî íóëü, òî
øóêàíèì ðîçâ'ÿçêîì äèôåðåíöiàëüíîãî ðiâ-
íÿííÿ (33) ¹ ôóíêöiÿ

ũn(z) =

∞∫
−∞

e−ωn|z−ξ|

2ωn
F̃n(ξ)dξ, ωn = (β2

n+γ
2
1)

1/2.

(34)

Îïåðàòîð H−1
ν,(α) çãiäíî ïðàâèëà (26) ÿê

îáåðíåíèé äî (31) çîáðàçèìî ó âèãëÿäi îïå-
ðàòîðíî¨ ìàòðèöi-ñòîâïöÿ:

H−1
ν,(α)[...] =


∞∑
n=1

...vν,(α);1(r, βn)

∞∑
n=1

...vν,(α);2(r, βn)

∞∑
n=1

...vν,(α);3(r, βn)

 . (35)

Çàñòîñó¹ìî îïåðàòîðíó ìàòðèöþ-
ñòîâïåöü çà ïðàâèëîì ìíîæåííÿ ìàòðèöü äî
ìàòðèöi-åëåìåíòà [ũn(z)], äå ôóíêöiÿ ũn(z)
âèçíà÷åíà ôîðìóëîþ (34). Ó ðåçóëüòàòi íèç-
êè åëåìåíòàðíèõ ïåðåòâîðåíü îòðèìó¹ìî
¹äèíèé ðîçâ'ÿçîê åëiïòè÷íî¨ çàäà÷i (27) -
(29):

uj(r, z) =

∞∫
−∞

[
Wν,(α);1j(r, z, ξ)g0(ξ)+

+Wν,(α);3j(r, z, ξ)gR(ξ)
]
dξ+

+
3∑

m=1

∞∫
−∞

Rm∫
Rm−1

Hν,(α);jm(r, ρ, z, ξ)fm(ρ, ξ)×

×σmφm(ρ)dρdξ +
2∑

k=1

dk

∞∫
−∞

[
Rj,k
ν,(α);12(r, z, ξ)×

×ω2k(ξ)−Rj,k
ν,(α);22(r, z, ξ)ω1k(ξ)

]
dξ; j = 1, 3;

(36)
(φ1(r) = r2α1−1, φ2(r) = r2α2+1, φ3(r) = 1).

Ó ðiâíîñòi (36) áåðóòü ó÷àñòü ãîëîâíi
ðîçâ'ÿçêè åëiïòè÷íî¨ çàäà÷i (27) - (29):
1) ïîðîäæåíi êðàéîâîþ óìîâîþ â òî÷öi r =
R0 ôóíêöi¨ Ãðiíà

Wν,(α);1j(r, z, ξ) =
∞∑
n=1

e−ωn|z−ξ|

2ωn
(−α0

11)
−1×

×vν,(α);1(R0, βn)vν,(α);j(r, βn)σ1R
2α1+1
0 , j = 1, 3

(37)
2) ïîðîäæåíi êðàéîâîþ óìîâîþ â òî÷öi r =
R3 ôóíêöi¨ Ãðiíà

Wν,(α);3j(r, z, ξ) =
∞∑
n=1

e−ωn|z−ξ|

2ωn
(α3

22)
−1×
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×vν,(α);3(R3, βn)vν,(α);j(r, βn)σ3, j = 1, 3 (38)

3) ïîðîäæåíi íåîäíîðiäíiñòþ óìîâ ñïðÿæåí-
íÿ ôóíêöi¨ Ãðiíà

Rj,k
ν,(α);i2(r, z, ξ) =

∞∑
n=1

e−ωn|z−ξ|

2ωn
Zk
ν,(α);i2(βn)×

×vν,(α)(r, βn); i, k = 1, 2; j = 1, 3 (39)

4) ïîðîäæåíi íåîäíîðiäíiñòþ ñèñòåìè ôóí-
êöi¨ âïëèâó

Hν,(α);jk(r, ρ, z, ξ) =
∞∑
n=1

e−ωn|z−ξ|

2ωn
vν,(α);j(r, βn)×

×vν,(α);k(ρ, βn), j, k = 1, 3. (40)

Âåêòîð-ôóíêöiÿ u(r, z) =
{u1(r, z);u2(r, z);u3(r, z)} ïîâíiñòþ âèçíà÷à¹
¹äèíå iíòåãðàëüíå çîáðàæåííÿ àíàëiòè÷íîãî
ðîçâ'ÿçêó äàíî¨ åëiïòè÷íî¨ çàäà÷i.
Çàäà÷à 2 (êâàçiñòàòèêè). Ïîáóäóâàòè

îáìåæåíèé â îáëàñòi

D1 =
{
(t, r) : t ∈ (0,∞); r ∈ I2

}
ðîçâ'ÿçîê ñåïàðàòíî¨ ñèñòåìè äèôåðåíöiàëü-
íèõ ðiâíÿíü ïàðàáîëi÷íîãî òèïó [9]

∂u1
∂z

+γ21u1−a21Bα1 [u1] = f1(t, r), r ∈ (R0, R1),

∂u2
∂t

+γ22u2−a22Bν,α2 [u2] = f2(t, r), r ∈ (R1, R2),

(41)
∂u3
∂t

+ γ23u3 − a23
∂2u3
∂r2

= f3(t, r), r ∈ (R2, R3)

çà ïî÷àòêîâèìè óìîâàìè

uj(t, r)
∣∣∣
t=0

= gj(r), r ∈ (Rj−1, Rj), j = 1, 3,

(42)
êðàéîâèìè óìîâàìè(

α0
11

∂

∂r
+ β0

11

)
u1(t, r)

∣∣∣
r=R0

= g0(t),(
α3
22

∂

∂r
+ β3

22

)
u3(t, r)

∣∣∣
r=R3

= gR (43)

òà óìîâàìè ñïðÿæåííÿ[(
αkj1

∂

∂r
+ βkj1

)
uk(t, r)−

(
αkj2

∂

∂r
+ βkj2

)
×

×uk+1(t, r)
]∣∣∣
r=Rk

= ωjk(t); j, k = 1, 2. (44)

Ðîçâ'ÿçàííÿ. Çàïèøåìî ñèñòåìó (41) i ïî-
÷àòêîâi óìîâè (42) â ìàòðè÷íié ôîðìi:
(
∂
∂t
+ γ21 − a21Bα1

)
u1(t, r)(

∂
∂t
+ γ22 − a22Bν,α2

)
u2(t, r)(

∂
∂t
+ γ23 − a23

∂2

∂r2

)
u3(t, r)

 =

 f1(t, r)
f2(t, r)
f3(t, r)

 ,
 u1(t, r)
u2(t, r)
u3(t, r)

 ∣∣∣
t=0

=

 g1(r)
g2(r)
g3(r)

 . (45)

Çàñòîñó¹ìî äî çàäà÷i (45) çà ïðàâèëîì
ìíîæåííÿ ìàòðèöü îïåðàòîðíó ìàòðèöþ-
ðÿäîê (31). Âíàñëiäîê îñíîâíî¨ òîòîæíîñòi
(23) îòðèìó¹ìî çàäà÷ó Êîøi [5]:

3∑
j=1

( d
dt

+ β2
n + γ2j + k2j

)
ũjn(t) = F̃n(t),

ũn(t)
∣∣∣
t=0

= g̃n. (46)

Ïðèïóñòèìî, ùî max{γ21 ; γ22 ; γ23} = γ22 > 0.
Ïîêëàäåìî âñþäè k21 = γ22 − γ21 > 0, k22 = 0,
k23 = γ22 − γ23 > 0, ũ1n(t) + ũ2n(t) + ũ3n(t) =
ũn(t). Ðiâíÿííÿ (46) íàáóâà¹ âèãëÿäó:( d
dt

+ ω2
n

)
ũn(t) = Fn(t), ω

2
n = β2

n + γ22 . (47)

Ïðè öüîìó çàëèøà¹òüñÿ ñïðàâåäëèâîþ ïî÷à-
òêîâà óìîâà

ũn(t)
∣∣∣
t=0

= g̃n. (48)

Ðîçâ'ÿçêîì çàäà÷i Êîøi (47), (48) ¹ ôóí-
êöiÿ

ũn(t) = e−ω
2
ntg̃n +

t∫
0

e−ω
2
n(t−τ)F̃n(τ)dτ. (49)

Ââåäåìî äî ðîçãëÿäó ãîëîâíi ðîçâ'ÿçêè
ïàðàáîëi÷íî¨ çàäà÷i (41) - (44):
1) ïîðîäæåíi íåîäíîðiäíiñòþ ñèñòåìè (41)
ôóíêöi¨ âïëèâó

Hν,(α);jk(t, r, ρ) =
∞∑
n=1

e−ω
2
ntvν,(α);j(r, βn)×

Áóêîâèíñüêèé ìàòåìàòè÷íèé æóðíàë. 2014. � Ò. 2, � 1. 91



×vν,(α);k(ρ, βn); j, k = 1, 3, (50)

2) ïîðîäæåíi êðàéîâîþ óìîâîþ â òî÷öi r =
R0 ôóíêöi¨ Ãðiíà

Wν,(α);1j(t, r) =
∞∑
n=1

e−ω
2
nt

−α0
11

vν,(α);1(R0, βn)×

×vν,(α);j(r, βn)a21σ1R
2α1+1
0 , j = 1, 3 (51)

3) ïîðîäæåíi êðàéîâîþ óìîâîþ â òî÷öi r =
R3 ôóíêöi¨ Ãðiíà

Wν,(α);3j(t, r) =
∞∑
n=1

e−ω
2
nt(α3

22)
−1vν,(α);3(R3, βn)×

×vν,(α);j(r, βn)a23σ3; j = 1, 3 (52)

4) ïîðîäæåíi íåîäíîðiäíiñòþ óìîâ ñïðÿæåí-
íÿ ôóíêöi¨ Ãðiíà

Rj,k
ν,(α);i2(t, r) =

∞∑
n=1

e−ω
2
ntZk

ν,(α);i2(βn)×

×vν,(α);j(r, βn)dk; i, k = 1, 2; j = 1, 3. (53)

Çàñòîñó¹ìî äî ìàòðèöi-åëåìåíòà [ũn(t)],
äå ôóíêöiÿ ũn(t) âèçíà÷åíà ôîðìóëîþ (49),
çà ïðàâèëîì ìíîæåííÿ ìàòðèöü îïåðàòîð-
íó ìàòðèöþ-ñòîâïåöü (35). Ó ðåçóëüòàòi íèç-
êè åëåìåíòàðíèõ ïåðåòâîðåíü îäåðæó¹ìî ií-
òåãðàëüíå çîáðàæåííÿ ¹äèíîãî àíàëiòè÷íîãî
ðîçâ'ÿçêó ïàðàáîëi÷íî¨ çàäà÷i (41) - (44):

uj(t, r) =

t∫
0

[
Wν,(α);1j(t− τ, r)g0(τ)+

+Wν,(α);3j(t− τ, r)gR(τ)
]
dτ+

+
3∑

k=1

t∫
0

Rk∫
Rk−1

Hν,(α);jk(t− τ, r, ρ)[fk(τ, ρ)+

+δ+(τ)gk(ρ)]σkφk(ρ)dρdτ+ (54)

+
2∑

k=1

t∫
0

[
Rj,k
ν,(α);12(t− τ, r)ω2k(τ)−

−Rj,k
ν,(α);22(t− τ, r)ω1k(τ)

]
dτ ; j = 1, 3,

δ+(t) - äåëüòà-ôóíêöiÿ, çîñåðåäæåíà â òî÷öi
t = 0+ [6].

Çàäà÷à 3 (äèíàìiêè). Ïîáóäóâàòè îáìå-
æåíèé â îáëàñòi D1 ðîçâ'ÿçîê ñåïàðàòíî¨ ñè-
ñòåìè äèôåðåíöiàëüíèõ ðiâíÿíü ãiïåðáîëi-
÷íîãî òèïó [9]

∂2u1
∂t2

+ γ21u1 −Bα1 [u1] = f1(t, r),

∂2u2
∂t2

+ γ22u2 −Bν,α2 [u2] = f2(t, r), (55)

∂2u3
∂t2

+ γ23u3 −
∂2u3
∂r2

= f3(t, r)

çà ïî÷àòêîâèìè óìîâàìè

uj(t, r)
∣∣∣
t=0

= gj(r),
∂uj
∂t

∣∣∣
t=0

= ψj(r), j = 1, 3

(56)
êðàéîâèìè óìîâàìè (43) òà óìîâàìè ñïðÿ-
æåííÿ (44).

Ðîçâ'ÿçàííÿ. Çàïèøåìî ñèñòåìó (55) i ïî-
÷àòêîâi óìîâè (56) â ìàòðè÷íié ôîðìi:
(
∂2

∂t2
+ γ21 −Bα1

)
u1(t, r)(

∂2

∂t2
+ γ22 −Bν,α2

)
u2(t, r)(

∂2

∂t2
+ γ23 − ∂2

∂r2

)
u3(t, r)

 =

 f1(t, r)
f2(t, r)
f3(t, r)

 ,
(57) u1(t, r)

u2(t, r)
u3(t, r)

 ∣∣∣
t=0

=

 g1(r)
g2(r)
g3(r)

 ,
∂

∂t

 u1(t, r)
u2(t, r)
u3(t, r)

 ∣∣∣
t=0

=

 ψ1(r)
ψ2(r)
ψ3(r)

 . (58)

Ïðèïóñòèìî, ùî max{γ21 ; γ22 ; γ23} = γ23 > 0.
Ïîêëàäåìî âñþäè k21 = γ23 − γ21 > 0, k22 =
γ23 − γ22 > 0, k23 = 0. Çàñòîñó¹ìî äî çàäà-
÷i (57), (58) çà ïðàâèëîì ìíîæåííÿ ìàòðèöü
îïåðàòîðíó ìàòðèöþ-ðÿäîê (31). Âíàñëiäîê
îñíîâíî¨ òîòîæíîñòi (23) îäåðæó¹ìî çàäà÷ó
Êîøi [5]:( d2

dt2
+ β2

n + γ23

)
ũn(t) = F̃n(t),

ũn

∣∣∣
t=0

= g̃n,
dũn
dt

∣∣∣
t=0

= ψ̃n. (59)

Ðîçâ'ÿçêîì çàäà÷i Êîøi (59) ¹ ôóíêöiÿ

ũn(t) =
sinωnt

ωn
ψ̃n +

d

dt

sinωnt

ωn
g̃n+
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+

t∫
0

sinωn(t− τ)

ωn
F̃n(τ)dτ, ωn = (β2

n + γ23)
1/2.

(60)
Çàñòîñóâàâøè äî ìàòðèöi-åëåìåíòó

[ũn(t)], äå ôóíêöiÿ ũn(t) âèçíà÷åíà ôîðìó-
ëîþ (60), çà ïðàâèëîì ìíîæåííÿ ìàòðèöü
îïåðàòîðíó ìàòðèöþ-ñòîâïåöü (35), ìà¹ìî
iíòåãðàëüíå çîáðàæåííÿ ¹äèíîãî àíàëiòè-
÷íîãî ðîçâ'ÿçêó äîíî¨ ãiïåðáîëi÷íî¨ çàäà÷i:

uj(t, r) =
3∑

m=1

t∫
0

Rm∫
Rm−1

[
Hν,(α);jm(t− τ, r, ρ)×

×[fm(τ, ρ) + ψm(ρ)δ+(τ)
]
σmφm(ρ)dρdτ+

+
∂

∂t

3∑
m=1

Rm∫
Rm−1

Hν,(α);jm(t, r, ρ)gm(ρ)σmφm(ρ)×

×dρ+
t∫

0

[
Wν,(α);1j(t− τ, r)g0(τ)+

+Wν,(α);3j(t− τ, r)gR(τ)
]
dτ+

+
2∑

k=1

t∫
0

[
Rj,k
ν,(α);12(t− τ, r)ω2k(τ)−

−Rj,k
ν,(α);22(t− τ, r)ω1k(τ)

]
dτ, j = 1, 3. (61)

Ãîëîâíi ðîçâ'ÿçêè äàíî¨ ãiïåðáîëi÷íî¨ çà-
äà÷i ôóíêöi¨ âïëèâó Hν,(α);jm(t, r, ρ), ôóí-
êöi¨ Ãðiíà Wν,(α);1j(t, r), Wν,(α);3j(t, r) òà
Rj,k
ν,(α);i2(t, r) âèçíà÷åíi ôîðìóëàìè (50) -

(53), â ÿêèõ ôóíêöiÿ exp[−ω2
nt] çàìiíåíà íà

ôóíêöiþ (ω−1
n sinωnt), äå ωn = (β2

n + γ23)
1/2.

Çàóâàæåííÿ 1. Íàâåäåíi çàäà÷i ñòàòè-
êè, êâàçiñòàòèêè òà äèíàìiêè ïîëiïàðàìå-
òðè÷íi. Öå äà¹ ìîæëèâiñòü áåçïîñåðåäíüî
âèáîðîì ïàðàìåòðiâ iç çàãàëüíèõ ñòðóêòóð
âèäiëèòè íåîáõiäíi ïðàêòè÷íî âàæëèâi âè-
ïàäêè (â ðàìêàõ äàíî¨ ìîäåëi).
Çàóâàæåííÿ 2. Îäåðæàíi iíòåãðàëüíi

çîáðàæåííÿ íàâåäåíèõ çàäà÷ íîñÿòü àëãîðè-
òìi÷íèé õàðàêòåð. Öå äîçâîëÿ¹ ¨õ óñïiøíî

âèêîðèñòîâóâàòè ÿê â òåîðåòè÷íèõ äîñëi-
äæåííÿõ, òàê i â ÷èñëîâèõ ðîçðàõóíêàõ.
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