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ÏÐÎ ÃËÎÁÀËÜÍÈÉ ÐÎÇÂ'ßÇÎÊ ËIÍIÉÍÈÕ ÄÈÔÅÐÅÍÖIÀËÜÍÈÕ
ÐIÂÍßÍÜ Ç ÄÅÊIËÜÊÎÌÀ ÂIÄÕÈËÅÍÍßÌÈ ÀÐÃÓÌÅÍÒÓ

Ïîáóäîâàíî ñèñòåìó ëiíiéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü, âñi ðîçâ'ÿçêè ÿêî¨ ¹ ãëîáàëüíèìè
ðîçâ'ÿçêàìè ñèñòåìè ëiíiéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü ç êiëüêîìà âiäõèëåííÿìè àðãóìåíòó.
Îá ðóíòîâàíî iñíóâàííÿ òàêî¨ ñèñòåìè, à òàêîæ äîñëiäæåíî äåÿêi âëàñòèâîñòi ¨¨ ðîçâ'ÿçêiâ.

We provide a system of di�erential equations whose solutions are global solutions of a system
of di�erential equations with multiple deviating arguments. We justify the existence of the provided
system and study some properties of its solutions.

Â ïðàöi [1] À.Ì. Ñàìîéëåíêî çàïðîïî-
íóâàâ àïðîêñèìóâàòè ñèñòåìó ëiíiéíèõ ðiâ-
íÿíü ç îäíèì âiäõèëåííÿì àðãóìåíòó ñèñòå-
ìîþ çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü,
âñi ðîçâ'ÿçêè ÿêî¨ áóëè á ðîçâ'ÿçêàìè âè-
õiäíî¨ ñèñòåìè íà R, áóëî òàêîæ âñòàíîâëå-
íî äåÿêi âëàñòèâîñòi ðîçâ'ÿçêiâ öèõ ñèñòåì.
Äëÿ ñèñòåì ðiâíÿíü ç ëiíiéíî ïåðåòâîðåíèì
àðãóìåíòîì íà ïiâîñi àíàëîãi÷íi ïèòàííÿ äî-
ñëiäæåíi â ñòàòòi À.Ì. Ñàìîéëåíêà i Í.Ë.
Äåíèñåíêî [2].

Â ðîáîòàõ [3�4] ðîçãëÿíóòî çàñòîñóâàí-
íÿ çàïðîïîíîâàíîãî ìåòîäó äëÿ çíàõîä-
æåííÿ i äîñëiäæåííÿ ãëîáàëüíèõ ðîçâ'ÿç-
êiâ äåÿêèõ òèïiâ ëiíiéíèõ ôóíêöiîíàëüíî-
äèôåðåíöiàëüíèõ ðiâíÿíü.

Ó äàíié ðîáîòi äëÿ ñèñòåìè äèôåðåíöi-
àëüíèõ ðiâíÿíü ç äåêiëüêîìà âiäõèëåííÿìè
àðãóìåíòó áóäó¹òüñÿ ñèñòåìà çâè÷àéíèõ äè-
ôåðåíöiàëüíèõ ðiâíÿíü, âñi ðîçâ'ÿçêè ÿêî¨ ¹
ãëîáàëüíèìè ðîçâ'ÿçêàìè ïî÷àòêîâî¨ ñèñòå-
ìè.

Ðîçãëÿíåìî ñèñòåìó äèôåðåíöiàëüíèõ
ðiâíÿíü

dx(t)

dt
= A(t)x(t) +

N∑
i=1

Bi(t)x(t+ λi) + f(t),

(1)
äå t ∈ R, x ∈ Rn, λi ∈ R\{0}, i = 1, N. Ïîáó-
äó¹ìî ñèñòåìó çâè÷àéíèõ äèôåðåíöiàëüíèõ
ðiâíÿíü

dx(t)

dt
= C(t)x(t) + g(t), t ∈ R, (2)

âñi ðîçâ'ÿçêè ÿêî¨ áóäóòü ãëîáàëüíèìè
ðîçâ'ÿçêàìè ñèñòåìè ðiâíÿíü (1). Òóò
A,Bi, C, � n-âèìiðíi ìàòðè÷íi, i = 1, N , f, g
� âåêòîðíi ôóíêöi¨ ðîçìiðíîñòi n.

Ïîêàæåìî, ùî ìàòðè÷íà ôóíêöiÿ C =
C(t) i âåêòîð-ôóíêöiÿ g = g(t) çàäîâîëüíÿ-
þòü ðiâíÿííÿ âèãëÿäó:

C(t) = A(t) +
N∑
i=1

Bi(t)Ω
t+λi
τ (C), (3)

g(t) = f(t) +
N∑
i=1

Bi(t)

t+λi∫
t

Ωt+λi
s (C)g(s)ds.

(4)
Òóò Ωt

τ (C) � íîðìîâàíà ôóíäàìåíòàëüíà
ìàòðèöÿ ñèñòåìè äèôåðåíöiàëüíèõ ðiâíÿíü
(2), ÿêà âèçíà÷à¹òüñÿ ç ðiâíÿííÿ Ωt

τ (C) =

I +
t∫
τ

C(s)ds +
t∫
τ

C(s)
s∫
τ

C(s1)ds1ds + ...

+
t∫
τ

C(s)
s∫
τ

C(s1)...
sn−2∫
τ

C(sn−1)dsn−1...ds1ds +

... , äå I � îäèíè÷íà ìàòðèöÿ, t, τ ∈ R. Äàíèé
ðÿä áóäå çáiæíèì äëÿ âñiõ t, τ ∈ R, ïðè÷îìó
ðiâíîìiðíî çà (t, τ) íà êîæíîìó êîìïàêòi â
R2. Çàãàëüíèé ðîçâ'ÿçîê ñèñòåìè ðiâíÿíü (2)
âèçíà÷à¹òüñÿ ôîðìóëîþ Êîøi

x(t) = Ωt
τ (C)x0 +

t∫
τ

Ωt
s(C)g(s)ds, (5)

äå t, τ ∈ R, x0 ∈ Rn � äîâiëüíèé ñòàëèé âåê-
òîð. Ôóíêöiÿ (5) çàäîâîëüíÿ¹ ñèñòåìó ðiâ-
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íÿíü (1) òîäi i òiëüêè òîäi, êîëè

C(t)[Ωt
τ (C)x0 +

t∫
τ

Ωt
s(C)g(s)ds] + g(t) =

= A(t)[Ωt
τ (C)x0 +

t∫
τ

Ωt
s(C)g(s)ds]+

+
N∑
i=1

Bi(t)[Ω
t+λi
τ (C)x0+

+

t+λi∫
τ

Ωt+λi
s (C)g(s)ds] + f(t). (6)

Ïîêëàäàþ÷è â òîòîæíîñòi (6) x0 = 0, îòðè-
ìà¹ìî

C(t)

t∫
τ

Ωt
s(C)g(s)ds+ g(t) =

= A(t)

t∫
τ

Ωt
s(C)g(s)ds+

+
N∑
i=1

Bi(t)

t+λi∫
τ

Ωt+λi
s (C)g(s)ds+ f(t), t ∈ R.

(7)
Ç (6) i (7) ìà¹ìî ðiâíÿííÿ

C(t)Ωt
τ (C) = A(t)Ωt

τ (C) +
N∑
i=1

Bi(t)Ω
t+λi
τ (C).

Âðàõîâóþ÷è âëàñòèâîñòi ìàòðèöi Ωt
τ (C),

ìîæíà çðîáèòè âèñíîâîê, ùî îñòàíí¹ ðiâíÿ-
ííÿ áóäå âiðíå òiëüêè òîäi, êîëè

C(t) = A(t) +
N∑
i=1

Bi(t)Ω
t+λi
t (C).

ßêùî ïiäñòàâèòè (3) â (7), òî îäåðæèìî

A(t)

t∫
τ

Ωt
s(C)g(s)ds+

+
N∑
i=1

Bi(t)Ω
t+λi
t (C)

t∫
τ

Ωt
s(C)g(s)ds+ g(t) =

= A(t)

t∫
τ

Ωt
s(C)g(s)ds+

+
N∑
i=1

Bi(t)

t+λi∫
τ

Ωt+λi
s (C)g(s)ds+ f(t).

Çâiäñè âèïëèâà¹, ùî

g(t) = f(t) +
N∑
i=1

Bi(t)[

t+λi∫
τ

Ωt+λi
s (C)g(s)ds−

−
t∫

τ

Ωt+λi
s (C)g(s)ds] =

= f(t) +
N∑
i=1

Bi(t)

t+λi∫
t

Ωt+λi
s (C)g(s)ds.

Îòæå, ÿêùî âñi ðîçâ'ÿçêè ñèñòåìè ðiâ-
íÿíü (2) ¹ ãëîáàëüíèìè ðîçâ'ÿçêàìè ñèñòå-
ìè ðiâíÿíü (1), òî ìàòðèöÿ C(t) çàäîâîëüíÿ¹
ðiâíÿííÿ (3), à âåêòîð-ôóíêöiÿ g(t) � ðiâíÿ-
ííÿ (4) ïðè t ∈ R.

Ç iíøîãî áîêó, ÿêùî âèìiðíi ôóíêöi¨ C i g
çàäîâîëüíÿþòü ðiâíÿííÿ (3), (4), òî âåêòîð-
ôóíêöiÿ (5) ïðè t ∈ R ¹ ãëîáàëüíèì ðîçâ'ÿç-
êîì ðiâíÿííÿ (1).

Îòæå, ðîçâ'ÿçíiñòü ðiâíÿíü (3), (4) â
ïðîñòîði âèìiðíèõ íà R ôóíêöié ¹ íåîá-
õiäíîþ i äîñòàòíüîþ óìîâîþ äëÿ òîãî, ùîá
âñi ðîçâ'ÿçêè ðiâíÿííÿ (2) áóëè ãëîáàëüíèìè
ðîçâ'ÿçêàìè ðiâíÿííÿ (1).
Òåîðåìà 1. Íåõàé â ñèñòåìi äèôå-

ðåíöiàëüíèõ ðiâíÿíü (1) ìàòðè÷íi ôóíêöi¨
A(t), Bi(t) (i = 1, N) òà âåêòîð-ôóíêöiÿ
f(t) âèçíà÷åíi é âèìiðíi (çà Ëåáåãîì) íà R,
Bi(t) (i = 1, N) � íåïåðåðâíi íà R òà âèêî-
íóþòüñÿ íåðiâíîñòi:

∥A(t)∥ 6 α, ∥Bi(t)∥ 6 βi,

∥f(t)∥ 6 1, i = 1, N, t ∈ R,

ïðè÷îìó

N∑
i=1

βi|λi|e|λi|(α+
1
λ
) < 1, λ = max

i=1,N
|λi|, (8)
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òîäi âñi ðîçâ'ÿçêè ñèñòåìè çâè÷àéíèõ
äèôåðåíöiàëüíèõ ðiâíÿíü (2) áóäóòü
ðîçâ'ÿçêàìè ñèñòåìè äèôåðåíöiàëüíî-
ôóíêöiîíàëüíèõ ðiâíÿíü (1) ïðè t ∈ R.

Äîâåäåìî ñïî÷àòêó, ùî ðiâíÿííÿ (3), (4)
ìàþòü ðîçâ'ÿçêè. Âèçíà÷èìî ïðîñòið C(m)
íåïåðåðâíèõ íà R âåêòîð-ôóíêöié z = z(t),
òàêèõ ùî

∥z∥ = sup
t∈R

|z(t)| 6 m.

Òîäi C(m) áóäå ïîâíèì ìåòðè÷íèì ïðîñòî-
ðîì ç ìåòðèêîþ ∥x− y∥. Àíàëîãi÷íî âèçíà-
÷à¹òüñÿ ïðîñòið C(m) íåïåðåðâíèõ íà R ìà-
òðè÷íèõ ôóíêöié Z = Z(t). Äëÿ äîâåäåííÿ
òåîðåìè 1 äîâåäåìî ñïî÷àòêó äâi äîïîìiæíi
ëåìè.

Ðîçãëÿíåìî ðiâíÿííÿ (3). Äîâåäåìî ëåìó
1 ïðî éîãî ðîçâ'ÿçíiñòü.
Ëåìà 1. Íåõàé âèêîíóþòüñÿ óìîâè òå-

îðåìè 1. Òîäi iñíó¹ âèçíà÷åíèé i âèìiðíèé
íà R ðîçâ'ÿçîê C ðiâíÿííÿ (3), òàêèé, ùî

sup
t∈R

|C(t)| 6M1,

äå M1 � äåÿêà ñòàëà, ùî çàëåæèòü âiä α,
λi, βi, i = 1, N .
Äîâåäåííÿ ëåìè 1. Íå çìåíøóþ÷è çà-

ãàëüíîñòi, áóäåìî ââàæàòè, ùî λi > 0, i =
1, N. Âèêîíà¹ìî çàìiíó çìiííèõ ó ðiâíÿííi
(3)

C = A+ Z.

Îòðèìà¹ìî ðiâíÿííÿ

Z(t) =
N∑
i=1

BiΩ
t+λi
t (A+ Z). (9)

Éîãî ðîçâ'ÿçêè áóäóòü íåïåðåðâíèìè ôóíê-
öiÿìè â ñèëó óìîâ, âèçíà÷åíèõ âèùå.

Ðîçãëÿíåìî îïåðàòîð S

SZ(t) =
N∑
i=1

BiΩ
t+λi
t (A+ Z).

â ïðîñòîði C(m) ìàòðèöü Z = Z(t), çàäà-
íèõ i íåïåðåðâíèõ íà R. Òîäi äëÿ SZ(t) âiðíà
îöiíêà

∥SZ∥ = sup
t∈R

( N∑
i=1

∥Bi∥Ωt+λi
t (∥A∥+m)

)
6

6
N∑
i=1

βie
λi(α+m).

ßêùî âèêîíó¹òüñÿ íåðiâíiñòü

N∑
i=1

βie
λi(α+m) 6 m, (10)

òî îïåðàòîð S ïåðåâîäèòü ïðîñòið C(m) â ñå-
áå.

Íåõàé Z1, Z2 ∈ C(m). Îöiíèìî ðiçíèöþ

SZ1(t)− SZ2(t) =

=
N∑
i=1

BiΩ
t+λi
t (A+ Z1)−

N∑
i=1

BiΩ
t+λi
t (A+ Z2) =

=
N∑
i=1

Bi

(
Ωt+λi
t (A+ Z1)− Ωt+λi

t (A+ Z2)

)
.

Ââåäåìî ïîçíà÷åííÿ P1 = A + Z1, P2 = A +
Z2 i ñïî÷àòêó ðîçãëÿíåìî ðiçíèöi Ω

t+λi
t (P1)−

Ωt+λi
t (P2), i = 1, N , òîäi ìà¹ìî

∥∥∥∥
t+λi∫
t

P1(s)ds−
t+λi∫
t

P2(s)ds

∥∥∥∥ 6

6
t+λi∫
t

∥P1(s)− P2(s)∥ds 6

6 λi∥Z1 − Z2∥, i = 1, N.

Äàëi, ∥∥∥∥
t+λi∫
t

P1(s)

s∫
t

P1(s1)ds1ds−

−
t+λi∫
t

P2(s)

s∫
t

P2(s1)ds1ds

∥∥∥∥ 6

6
∥∥∥∥

t+λi∫
t

(P1(s)− P2(s))

s∫
t

P1(s1)ds1ds+

+

t+λi∫
t

P2(s)

s∫
t

(P1(s1)− P2(s1))ds1ds

∥∥∥∥ 6
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6
( t+λi∫

t

s∫
t

∥P1(s1)∥ds1ds+

+

t+λi∫
t

∥P2(s)∥
s∫
t

ds1ds

)
∥P1 − P2∥ 6

6 2(α +m)
λ2i
2!
∥Z1 − Z2∥ =

= λi
(α +m)λi

1!
∥Z1 − Z2∥, i = 1, N.

Ïðîäîâæóþ÷è öåé ïðîöåñ, îäåðæèìî∥∥∥∥
t+λi∫
t

P1(s)

s∫
t

P1(s1)...

sn−2∫
t

P1(sn−1)dsn−1...ds1ds−

−
t+λi∫
t

P2(s)

s∫
t

P2(s1)...

sn−2∫
t

P2(sn−1)dsn−1...ds1ds

∥∥∥∥ 6

6 λi
(α +m)n−1λn−1

i

(n− 1)!
∥Z1 − Z2∥, i = 1, N.

Îòæå,

∥Ωt+λi
t (P1)− Ωt+λi

t (P2)∥ 6

6 λie
λi(α+m)∥Z1 − Z2∥, i = 1, N.

Çâiäñè âèïëèâà¹, ùî

∥SZ1(t)− SZ2(t)∥ 6

6
N∑
i=1

βiλie
λi(α+m)∥Z1 − Z2∥, t ∈ R, i = 1, N.

(11)
Îïåðàòîð S áóäå îïåðàòîðîì ñòèñêó â

C(m), ÿêùî âèêîíó¹òüñÿ íåðiâíiñòü

N∑
i=1

βiλie
λi(α+m) < 1. (12)

Áóäåìî âèìàãàòè îäíî÷àñíîãî âèêîíàííÿ íå-
ðiâíîñòåé (10) i (12). Ââåäåìî äî ðîçãëÿäó
âåëè÷èíó λ = max

i=1,N
|λi|. Âiä óìîâè (10) ïåðå-

éäåìî äî ñèëüíiøî¨

eλ(α+m)

N∑
i=1

βi 6 m.

Íåõàé âèêîíó¹òüñÿ óìîâà (8), êîëè λi > 0,
òîäi ðiâíÿííÿ eλ(α+m)

∑N
i=1 βi = m ìàòèìå

ðîçâ'ÿçêè, àëå òiëüêè äëÿ

m1 6 m <
1

λ
(13)

áóäóòü îäíî÷àñíî âèêîíóâàòèñü íåðiâíîñòi
(10) i (12).

Îòæå, ïðè âèêîíàííi íåðiâíîñòi (8) äëÿ
çíà÷åíü m, ÿêi çàäîâîëüíÿþòü íåðiâíiñòü
(13), îïåðàòîð S ¹ îïåðàòîðîì ñòèñêó i âi-
äîáðàæà¹ ïðîñòið C(m) â ñåáå. Òîáòî S ìà¹
â ïðîñòîði C(m) ¹äèíó íåðóõîìó òî÷êó, ÿêà i
¹ ðîçâ'ÿçêîì ðiâíÿííÿ (3). Ëåìó 1 äîâåäåíî.

Ðîçãëÿíåìî òåïåð ðiâíÿííÿ (4) i äîâåäåìî
íàñòóïíó ëåìó ïðî éîãî ðîçâ'ÿçíiñòü.
Ëåìà 2. Íåõàé âèêîíóþòüñÿ óìîâè òå-

îðåìè 1. Òîäi iñíó¹ âèçíà÷åíèé i âèìiðíèé
íà R ðîçâ'ÿçîê g ðiâíÿííÿ (4), òàêèé, ùî

sup
t∈R

|g(t)| 6M2,

äå M2 � äåÿêà ñòàëà, ùî çàëåæèòü âiä α,
λi, βi, i = 1, N .
Äîâåäåííÿ ëåìè 2. Âèêîíà¹ìî â ðiâ-

íÿííi (4) çàìiíó çìiííèõ g = f + z, îòðè-
ìà¹ìî ðiâíÿííÿ

z(t) =
N∑
i=1

Bi(t)

[ t+λi∫
t

Ωt+λi
s (C)f(s)ds+

+

t+λi∫
t

Ωt+λi
s (C)z(s)ds

]
=

=
N∑
i=1

Bi(t)

[ λi∫
0

Ωt+λi
s+t (C)f(t+ s)ds+

+

λi∫
0

Ωt+λi
s+t (C)z(t+ s)ds

]
. (14)
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Âèçíà÷èìî îïåðàòîð S1 â ïðîñòîði C(M2)
ôóíêöié z = z(t), çàäàíèõ i íåïåðåðâíèõ íà
R

S1z(t) =
N∑
i=1

Bi(t)

[ λi∫
0

Ωt+λi
s+t (C)f(t+ s)ds+

+

λi∫
0

Ωt+λi
s+t (C)z(t+ s)ds

]
.

Ôóíêöiÿ S1z(t) áóäå íåïåðåðâíîþ íà R, ïðè-
÷îìó

∥S1z∥ 6 (1 +M2)
N∑
i=1

βiλie
λi(α+m).

Òîìó, ÿêùî

(1 +M2)
N∑
i=1

βiλie
λi(α+m) 6M2. (15)

òî îïåðàòîð S1 ïåðåâîäèòü ïðîñòið C(M2) â
ñåáå. Äëÿ äîâiëüíèõ âåêòîð-ôóíêöié z1, z2 ∈
C(M2) ðîçãëÿíåìî ðiçíèöþ

S1z1(t)− S1z2(t) =

=
N∑
i=1

Bi(t)

[ λi∫
0

Ωt+λi
s+t (C)f(t+ s)ds+

+

λi∫
0

Ωt+λi
s+t (C)z1(t+ s)ds

]
−

−
N∑
i=1

Bi(t)

[ λi∫
0

Ωt+λi
s+t (C)f(t+ s)ds+

+

λi∫
0

Ωt+λi
s+t (C)z2(t+ s)ds

]
=

=
N∑
i=1

Bi(t)

[ λi∫
0

Ωt+λi
s+t (C)(z1(t+ s)−

−z2(t+ s))ds

]
.

Òîìó

∥S1z1(t)−S1z2(t)∥ 6
N∑
i=1

βiλie
λi(α+m)∥z1−z2∥.

Ïðè âèêîíàííi óìîâè
∑N

i=1 βiλie
λi(α+m) <

1 îïåðàòîð S1 áóäå îïåðàòîðîì ñòèñêó â
C(M2). Âðàõîâóþ÷è öþ íåðiâíiñòü, iç (15)
îäåðæèìî, ùî ïðè

M2 >
∑N

i=1 βiλie
λi(α+m)

1−
∑N

i=1 βiλie
λi(α+m)

îïåðàòîð S1 âiäîáðàæà¹ C(M2) â ñåáå i ¹
ñòèñêàþ÷èì. Ïðîñòið C(M2) ¹ ïîâíèì íîð-
ìîâàíèì ïðîñòîðîì i öüîãî äîñòàòíüî, ùîá
iñíóâàâ ¹äèíèé ðîçâ'ÿçîê ðiâíÿííÿ (14), îò-
æå, i ðiâíÿííÿ (4). Ëåìó 2 äîâåäåíî.
Äîâåäåííÿ òåîðåìè 1.Ùîá äîâåñòè òå-

îðåìó 1, ïîòðiáíî áóëî ïîêàçàòè, ùî êîæíå
iç ðiâíÿíü (3) i (4) ìà¹ ¹äèíèé ðîçâ'ÿçîê íà
R. Iñíóâàííÿ ¹äèíîãî ðîçâ'ÿçêó äëÿ ðiâíÿí-
íÿ (3) áóëî äîâåäåíî â ëåìi 1, à äëÿ ðiâíÿííÿ
(4) � â ëåìi 2.

ßêùî λi, i = 1, N , ¹ ÷èñëàìè ðiçíèõ çíà-
êiâ, òî ïðè äîâåäåííi òåîðåìè çàìiñòü λi ïî-
òðiáíî ïèñàòè |λi|, ÿê â óìîâi (8).

Òåîðåìó 1 äîâåäåíî.
Íàñòóïíà òåîðåìà õàðàêòåðèçó¹ âëàñòè-

âîñòi ðîçâ'ÿçêiâ ðiâíÿíü (3) i (4).
Òåîðåìà 2. Íåõàé âèêîíóþòüñÿ

óìîâè òåîðåìè 1 i ìàòðè÷íi ôóíêöi¨
A(t), Bi(t) (i = 1, N) òà âåêòîð-ôóíêöiÿ
f(t) â ñèñòåìi äèôåðåíöiàëüíèõ ðiâíÿíü
(1) ¹ r ðàçiâ íåïåðåðâíî äèôåðåíöiéîâíè-
ìè, ïåðiîäè÷íèìè, êâàçiïåðiîäè÷íèìè àáî
ìàéæå ïåðiîäè÷íèìè ôóíêöiÿìè. Òîäi r
ðàçiâ íåïåðåðâíî äèôåðåíöiéîâíèìè, ïåði-
îäè÷íèìè, êâàçiïåðiîäè÷íèìè àáî ìàéæå
ïåðiîäè÷íèìè ¹ ðîçâ'ÿçêè C i g ðiâíÿíü (3),
(4).

Ñïðàâäi, iç ðiâíÿíü (9) i (14) âèïëèâà¹, ùî
¨õ ðîçâ'ÿçêè ìàþòü ãëàäêiñòü íà ïîðÿäîê âè-
ùó, íiæ ãëàäêiñòü ôóíêöié A,Bi(i = 1, N) òà
f . Òîìó ôóíêöi¨ C(t) i g(t) ìàþòü ãëàäêiñòü
ôóíêöié A,Bi (i = 1, N), f . Äëÿ çàâåðøåí-
íÿ äîâåäåííÿ òåîðåìè 2 äîâåäåìî ñïî÷àòêó
íàñòóïíó ëåìó.
Ëåìà 3. Íåõàé âèêîíóþòüñÿ óìîâè òå-

îðåìè 1 òà iñíó¹ ïîñëiäîâíiñòü τn ∈ R, n =

98 Áóêîâèíñüêèé ìàòåìàòè÷íèé æóðíàë. 2014. � Ò. 2, � 1.



1, 2, ..., òàêà, ùî

lim
n→∞

[∥An−A∥+
N∑
i=1

∥Bi
n −Bi∥+∥fn−f∥] = 0,

(16)
äå An = A(t+τn), B

i
n = Bi(t+τn), fn = f(t+

τn), i = 1, N. Òîäi ðîçâ'ÿçêè C i g ðiâíÿíü
(3), (4) çàäîâîëüíÿþòü óìîâó

lim
n→∞

[∥Cn − C∥+ ∥gn − g∥] = 0, (17)

äå Cn = C(t+ τn), gn = g(t+ τn).
Äîâåäåííÿ ëåìè 3. Âñòàíîâèìî ñïiââiä-

íîøåííÿ (17) äëÿ ðîçâ'ÿçêiâ ðiâíÿíü (3), (4).
Ïîçíà÷èìî Ωt

τ (C) = Ωt
τ (C(s)) i ðîçãëÿíåìî

ñïî÷àòêó ðiçíèöþ Zn−Z = Z(t+ τn)−Z(t).
Ìà¹ìî

Zn−Z =
N∑
i=1

Bi(t+ τn)Ω
t+τn+λi
t+τn (A(s) + Z(s))−

−
N∑
i=1

Bi(t)Ω
t+λi
t (A(s) + Z(s)) =

=
N∑
i=1

Bi(t+ τn)Ω
λi
0 (A(t+ s+ τn)+

+Z(t+ s+ τn))−

−
N∑
i=1

Bi(t)Ω
λi
0 (A(t+ s) + Z(t+ s)) =

=

[ N∑
i=1

Bi(t+ τn)Ω
λi
0 (A(t+ s+ τn)+

+Z(t+ s+ τn))−

−
N∑
i=1

Bi(t)Ω
λi
0 (A(t+ s+ τn)+

+Z(t+ s+ τn))

]
+

+

[ N∑
i=1

Bi(t)Ω
λi
0 (A(t+ s+ τn)+

+Z(t+ s+ τn))−

−
N∑
i=1

Bi(t)Ω
λi
0 (A(t+ s) + Z(t+ s+ τn))

]
+

+

[ N∑
i=1

Bi(t)Ω
λi
0 (A(t+ s) + Z(t+ s+ τn))−

−
N∑
i=1

Bi(t)Ω
λi
0 (A(t+ s) + Z(t+ s))

]
=

=
N∑
i=1

(Bi(t+ τn)−Bi(t))Ω
λi
0 (A(t+ s+ τn)+

+Z(t+ s+ τn))+

+
N∑
i=1

Bi(t)(Ω
λi
0 (A(t+ s+ τn)+Z(t+ s+ τn))−

−Ωλi
0 (A(t+ s) + Z(t+ s+ τn)))+

+
N∑
i=1

Bi(t)(Ω
λi
0 (A(t+ s) + Z(t+ s+ τn))−

−Ωλi
0 (A(t+ s) + Z(t+ s))). (18)

Âðàõîâóþ÷è (11) i (18), îòðèìó¹ìî

∥Zn − Z∥ 6
N∑
i=1

∥Bi
n −Bi∥eλi(α+m)+

+
N∑
i=1

βiλie
λi(α+m)∥An − A∥+

+
N∑
i=1

βiλie
λi(α+m)∥Zn − Z∥.

ßêùî âèêîíó¹òüñÿ îöiíêà (8), òî

∥Zn − Z∥ 6
∑N

i=1 βiλie
λi(α+m)

1−
∑N

i=1 βiλie
λi(α+m)

∥An − A∥+

+
N∑
i=1

eλi(α+m)

1−
∑N

j=1 βjλje
λj(α+m)

∥Bi
n −Bi∥.

Îòæå,

lim
n→∞

∥Zn − Z∥ = 0.

À öÿ ðiâíiñòü äîâîäèòü, ùî

lim
n→∞

∥Cn − C∥ = 0. (19)

Íåõàé zn = z(t+ τn). Òîäi iç âðàõóâàííÿì
(14), äëÿ ðiçíèöi zn − z îäåðæèìî ðiâíÿííÿ

zn − z =
N∑
i=1

Bi(t+ τn)×
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×
[ λi∫

0

Ωt+τn+λi
t+τn+s (C)f(t+ τn + s)ds+

+

λi∫
0

Ωt+τn+λi
t+τn+s (C)z(t+ τn + s)ds

]
−

−
N∑
i=1

Bi(t)

[ λi∫
0

Ωt+λi
t+s (C)f(t+ s)ds+

+

λi∫
0

Ωt+λi
t+s (C)z(t+ s)ds

]
=

=
N∑
i=1

[
Bi(t+τn)

λi∫
0

Ωt+τn+λi
t+τn+s (C)f(t+τn+s)ds−

−Bi(t)

λi∫
0

Ωt+τn+λi
t+τn+s (C)f(t+ τn + s)ds+

+Bi(t)

λi∫
0

Ωt+τn+λi
t+τn+s (C)f(t+ τn + s)ds−

−Bi(t)

λi∫
0

Ωt+λi
t+s (C)f(t+ τn + s)ds+

+Bi(t)

λi∫
0

Ωt+λi
t+s (C)f(t+ τn + s)ds−

−Bi(t)

λi∫
0

Ωt+λi
t+s (C)f(t+ s)ds

]
+

+
N∑
i=1

[
Bi(t+τn)

λi∫
0

Ωt+τn+λi
t+τn+s (C)z(t+τn+s)ds−

−Bi(t)

λi∫
0

Ωt+τn+λi
t+τn+s (C)z(t+ τn + s)ds+

+Bi(t)

λi∫
0

Ωt+τn+λi
t+τn+s (C)z(t+ τn + s)ds−

−Bi(t)

λi∫
0

Ωt+λi
t+s (C)z(t+ τn + s)ds+

+Bi(t)

λi∫
0

Ωt+λi
t+s (C)z(t+ τn + s)ds−

−Bi(t)

λi∫
0

Ωt+λi
t+s (C)z(t+ s)ds

]
.

Âðàõîâóþ÷è ïîïåðåäíüî âñòàíîâëåíi îöiíêè,
îòðèìà¹ìî

∥zn − z∥ 6
N∑
i=1

λie
λi(α+m)∥Bi

n −Bi∥+

+
N∑
i=1

βiλie
λi(α+m)∥Cn − C∥+

+
N∑
i=1

βiλie
λi(α+m)∥fn − f∥+

+
N∑
i=1

Mλie
λi(α+m)∥Bi

n −Bi∥+

+
N∑
i=1

Mβiλie
λi(α+m)∥Cn − C∥+

+
N∑
i=1

βiλie
λi(α+m)∥zn − z∥ =

=
N∑
i=1

λie
λi(α+m)(1 +M)∥Bi

n −Bi∥+

+

( N∑
i=1

βiλie
λi(α+m)

)(
(1 +M)∥Cn − C∥+

+∥fn − f∥+ ∥zn − z∥
)
.

Çâiäñè, iç âðàõóâàííÿì íåðiâíîñòi (8),
óìîâè (16) ëåìè i îäåðæàíî¨ ðiâíîñòi (19),
âèïëèâà¹, ùî

lim
n→∞

∥zn − z∥ = 0,

òîìó i lim
n→∞

∥gn − g∥ = 0.

Ëåìó äîâåäåíî.
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Iç äîâåäåíî¨ ëåìè âèïëèâà¹ ñïðàâåäëè-
âiñòü òåîðåìè 2 äëÿ ìàéæå ïåðiîäè÷íèõ
ôóíêöié A(t), Bi(t) (i = 1, N), f(t), äî òîãî
æ ÷àñòîòíi áàçèñè ôóíêöié A(t), Bi(t) (i =
1, N), f(t) òà ðîçâ'ÿçêiâ C i g ñïiâïàäàþòü.
Òîìó òåîðåìà 2 ñïðàâåäëèâà i äëÿ âèïàäêó,
êîëè A(t),Bi(t) (i = 1, N), f(t) ïåðiîäè÷íi ÷è
êâàçiïåðiîäè÷íi.
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