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ÎÁÅÐÍÅÍÀ ÒÅÎÐÅÌÀ ÍÀÁËÈÆÅÍÍß ÁIÃÀÐÌÎÍI×ÍÈÌÈ
ÔÓÍÊÖIßÌÈ Â ÊÐÓÇI

Ðîçãëÿíóòî êëàñ ôóíêöié, áiãàðìîíi÷íèõ ó êðóçi. Äëÿ íèõ îòðèìàíî çàãàëüíó îáåðíåíó òå-
îðåìó íàáëèæåííÿ, çíàéäåíi îöiíêè ìîäóëÿ ãëàäêîñòi ïîõiäíèõ ïîðÿäêó ãðàíè÷íîãî çíà÷åííÿ.
Äîñëiäæåííÿ âåäåòüñÿ â òåðìiíàõ Lp-ìîäóëiâ ãëàäêîñòi.

We consider a class of biharmonic functions in the unit disc. We obtain a general inverse theorem
on the approximation for these functions and �nd estimates of modulus of smoothness for the order
of the boundary value. The investigation is provided in Lp�terms of modulus of smoothness.

1. Â ñòàòòi [1] áóëè îòðèìàíi îáåðåíåíi
òåîðåìè íàáëèæåííÿ áiãàðìîíi÷íèìè ôóí-
êöiÿìè â êðóçi i ïiâïëîùèíi. Â öèõ òåîðå-
ìàõ çà çàäàíîþ øâèäêiñòþ âiäõèëåííÿ áiãàð-
ìîíi÷íèõ ôóíêöié âiä ñâî¨õ ãðàíè÷íèõ çíà-
÷åíü âñòàíîâëþ¹òüñÿ íåïåðåðâíiñòü ãðàíè-
÷íèõ çíà÷åíü (âiäíîñíî âiäïîâiäíî¨ ìåòðè-
êè) i îöiíþ¹òüñÿ ìîäóëü íåïåðåðâíîñòi äðó-
ãîãî ïîðÿäêó (ìîäóëü ãëàäêîñòi) öüîãî ãðà-
íè÷íîãî çíà÷åííÿ. Â äàíié ðîáîòi çãàäàíi
îáåðíåíi òåîðåìè äîïîâíþþòüñÿ âêàçàííÿì
òàêèõ âëàñòèâîñòåé íàáëèæåííÿ, ÿêi çàáå-
çåïå÷óþòü iñíóâàííÿ ïîõiäíèõ ïåâíîãî ïî-
ðÿäêó ãðàíè÷íî¨ ôóíêöi¨, i îöiíþ¹òüñÿ ìî-
äóëü ãëàäêîñòi ïîõiäíî¨ íàéâèùîãî ìîæëè-
âîãî ïîðÿäêó. Ðîçãëÿäàþòüñÿ êëàñè ôóí-
êöié, áiãàðìîíi÷íèõ ó êðóçi.

Íåõàé çàäàíî áiãàðìîíi÷íå ðiâíÿííÿ

∆2u = 0. (1)

Ïîçíà÷èìî ÷åðåç uf (φ, r) = u(φ, r) ðîçâ'ÿ-
çîê ðiâíÿííÿ (1) â îäèíè÷íîìó êðóçi, ÿêèé
çàäîâîëüíÿ¹ êðàéîâi óìîâè

u(φ, r)
∣∣
r=1

= f(φ), ∂u(φ, r)/∂r
∣∣
r=1

= 0. (2)

Ðîçâ'ÿçîê êðàéîâî¨ çàäà÷i (1)�(2) ìîæíà çà-
ïèñàòè ó âèãëÿäi

uf (φ, r) =

=
(1− r2)2

2π

π∫
−π

f(φ+ t)
1− r cos t

(1− 2r cos t+ r2)2
dt.

(3)

Êëàñ âñiõ òàêèõ ôóíêöié ïîçíà÷èìî ÷åðåç
Bφ.

2. Ïîçíà÷èìî ÷åðåç Lp[−π, π], 1 6 p 6 ∞
êëàñ 2π�ïåðiîäè÷íèõ ôóíêöié f(φ),
−π 6 φ 6 π çi ñêií÷åííîþ íîðìîþ, ùî
âèçíà÷à¹òüñÿ ñïiââiäíîøåííÿìè

∥f∥ =
( 1

2π

2π∫
0

|f(φ)|pdφ
) 1

p
,

à ïðè p = ∞

∥f∥∞ = ess sup
−π6φ6π

|f(φ)|.

Áóäåìî êîðèñòóâàòèñü îçíà÷åííÿì i âëàñòè-
âîñòÿìè iíòåãðàëüíîãî ìîäóëÿ ãëàäêîñòi [2,
ñ. 115].
Òåîðåìà. ßêùî f ∈ Lp[−π, π], p > 1,

uf (φ, r) ∈ Bφ i ïðè äåÿêîìó ôiêñîâàíîìó
öiëîìó íåâiä'¹ìíîìó k âèêîíó¹òüñÿ íåðiâ-
íiñòü

∥uf (·, r)− f(·)∥ 6
6 A(1−r)kω(1−r), A = const > 0, 0 6 r < 1,

(4)
äå ω(t), t > 0, � ôóíêöiÿ òèïó ìîäóëÿ íåïå-
ðåðâíîñòi äðóãîãî ïîðÿäêó, ÿêà çàäîâîëüíÿ¹
ïðè k > 1 óìîâó Äiíi

1∫
0

ω(t)

t
dt <∞, (5)

òî f(φ) ìàéæå äëÿ âñiõ φ ∈ [−π, π]
çáiãà¹òüñÿ ç ôóíêöi¹þ, ÿêà ìà¹ àáñîëþ-
òíî íåïåðåðâíó ïîõiäíó f (k−1)(φ) i ïîõiäíó
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f (k)(φ) ∈ Lp[−π, π] (ïðè p = ∞ íåïåðåðâíó),
i äëÿ f (k)(φ) iíòåãðàëüíèé ìîäóëü ãëàäêîñòi
çàäîâîëüíÿ¹ ñïiââiäíîøåííÿ

ω2(f
(k); 1− r) 6

6


A1(1− r)2

1∫
1−r

ω(u)
u3
du, k = 0,

A2

[ 1−r∫
0

ω(u)
u
du+(1− r)2

1∫
1−r

ω(u)
u3
du
]
, k > 1,

(6)
1/2 6 r < 1, äå A1, A2 �äîäàòíi ñòàëi, ùî
íå çàëåæàòü âiä r.
Çàóâàæåííÿ. Ó âèïàäêó k = 0 òåîðåìà

îòðèìàíà â [1].
Ïðè äîâåäåííi òåîðåìè áóäóòü âèêîðèñòà-

íi äåÿêi äîïîìiæíi òâåðäæåííÿ.
Ëåìà 1. ßêùî f ∈ Lp[−π, π], p > 1, i

uf (φ, r) ∈ Bφ, òî äëÿ ôiêñîâàíèõ íàòóðàëü-
íèõ k âèêîíó¹òüñÿ íåðiâíiñòü∥∥∥∂kuf (φ, r)

∂φk

∥∥∥ 6M
∥f∥

(1− r)k
, 0 6 r < 1, (7)

äå M > 0 � ñòàëà, ùî íå çàëåæèòü âiä r.
Çàóâàæåííÿ. Ó âèïàäêó k = 2 ëåìà áóëà

âñòàíîâëåíà â [1].
Äîâåäåííÿ ëåìè 1. Âèêîðèñòîâóþ÷è

çîáðàæåííÿ (3) ðîçâ'ÿçêó uf (φ, r) êðàéîâî¨
çàäà÷i (1), (2) i óçàãàëüíåíó íåðiâíiñòü Ìiíü-
êîâñüêîãî [2, ñ. 601], ïðèõîäèìî äî íåðiâíî-
ñòi ∥∥∥∂kuf (φ, r)

∂φk

∥∥∥ 6

6 ∥f∥
2π

π∫
−π

∣∣∣ ∂k
∂tk

((1− r2)2(1− r cos t)

(1− 2r cos t+ r2)2

)∣∣∣dt.
(8)

Îöiíèìî iíòåãðàë â ïðàâié ÷àñòèíi íåðiâ-
íîñòi (8). Äëÿ öüîãî áiãàðìîíi÷íå ÿäðî Ïó-
àññîíà ïîäàìî ó âèãëÿäi

(1− r2)2(1− r cos t)

(1− 2r cos t+ r2)2
=

=
1

2

[ (1− r2)2

1− 2r cos t+ r2
+

(1− r2)3

(1−2r cos t+r2)2

]
(9)

i ââåäåìî ïîçíà÷åííÿ

P1 :=
(1− r2)2

1− 2r cos t+ r2
,

P2 :=
(1− r2)3

(1− 2r cos t+ r2)2
. (10)

Òîäi, âðàõîâóþ÷è, ùî P1 = (1 − r2) ×
×[−1+ 1/(1− reit) + 1/(1− re−it)], äèôåðåí-
öiþâàííÿì ïî t îòðèìó¹ìî ôîðìóëó äëÿ ïî-
õiäíî¨ ïîðÿäêó k (k = 1, 2, ...):

∂kP1

∂tk
= (1− r2) · r · (i)k×

×
[eitQ(1)

k−1(r, e
it)

(1− reit)k+1
+
e−itQ

(2)
k−1(r, e

−it)

(1− re−it)k+1

]
, (11)

äå Q
(1)
k−1(r, e

it), Q(2)
k−1(r, e

−it) � ìíîãî÷ëåíè
ñòåïåíÿ k − 1 ïî êîæíîìó iç âêàçàíèõ àðãó-
ìåíòiâ. Öi ìíîãî÷ëåíè îáìåæåíi â çàìêíó-
òîìó êðóçi 0 6 r 6 1 êîíñòàíòîþ, ùî çà-
ëåæèòü ëèøå âiä ñòåïåíi ìíîãî÷ëåíà. Îá÷è-
ñëèìî ìîäóëi äâîõ äîäàíêiâ â ðiâíîñòi (11).
Ìà¹ìî ∣∣∣eitQ(1)

k−1(r, e
it)

(1− reit)k+1

∣∣∣2 =
=

Q
(1)
k−1(r, e

it)

(1− reit)k+1

Q
(1)
k−1(r, e

it)

(1− re−it)k+1
=

=
|Q(1)

k−1(r, e
it)|2

(1− 2r cos t+ r2)k+1
,

çâiäêè ∣∣∣eitQ(1)
k−1(r, e

it)

(1− reit)k+1

∣∣∣ =
=

|Q(1)
k−1(r, e

it)|
(1− 2r cos t+ r2)(k+1)/2

. (12)

Àíàëîãi÷íî âñòàíîâëþ¹òüñÿ ðiâíiñòü∣∣∣e−itQ(1)
k−1(r, e

−it)

(1− re−it)k+1

∣∣∣ =
=

|Q(1)
k−1(r, e

−it)|
(1− 2r cos t+ r2)(k+1)/2

. (13)

Iç (11)�(13) îòðèìó¹ìî îöiíêó∣∣∣∂kP1

∂tk

∣∣∣ 6 (1− r2)M1

(1− 2r cos t+ r2)(k+1)/2
,
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äå M1 > 0 � ñòàëà, ùî çàëåæèòü ëèøå âiä
k. Âèêîðèñòîâóþ÷è öþ îöiíêó, âiäîìó òîòî-
æíiñòü

1− r2

2π

π∫
−π

dt

(1− 2r cos t+ r2)(k+1)/2
= 1

i ñïðàâåäëèâó äëÿ äîâiëüíèõ t ∈ [−π, π] íå-
ðiâíiñòü

1− 2r cos t+ r2 > (1− r)2,

çíàõîäèìî

1

2π

π∫
−π

∣∣∣∂kP1

∂tk

∣∣∣dt 6M1
1− r2

2π
×

×
π∫

−π

dt

(1−2r cos t+r2)(1−2r cos t+r2)(k−1)/2
6

6 M1

(1− r)k−1
. (14)

Îñêiëüêè

P2 :=
(1− r2)3

(1− reit)2(1− re−it)2
=

= (1− r2)
[
− 1 +

1

1− reit
+

1

1− re−it

]2
=

=
1− r2

(1− reit)2
+

1− r2

(1− re−it)2
+

+(1− r2)
[
1− 2

1− reit
− 2

1− re−it

]
+

+2
[
− 1 +

1

1− reit
+

1

1− re−it

]
, (15)

òî äîñòàòíüî ðîçãëÿíóòè ìîäóëi ïîõiäíèõ
ïîðÿäêó k ∈ N êîæíîãî iç äîäàíêiâ â ïðà-
âié ÷àñòèíi (15). Ââåäåìî ïîçíà÷åííÿ

P
(1)
2 :=

1− r2

(1− reit)2
, P

(2)
2 :=

1− r2

(1− re−it)2
,

P
(3)
2 := (1− r2)

[
1− 2

1− reit
− 2

1− re−it

]
,

P
(4)
2 := 2

[
− 1 +

1

1− reit
+

1

1− re−it

]
.

Àíàëîãi÷íî äî îöiíêè (14) îòðèìó¹ìî íàñòó-
ïíi íåðiâíîñòi:

1

2π

π∫
−π

∣∣∣∂kP (3)
2

∂tk

∣∣∣dt 6 M2

(1− r)k−1
, (16)

1

2π

π∫
−π

∣∣∣∂kP (4)
2

∂tk

∣∣∣dt 6 M3

(1− r)k
, (17)

äå M2, M3 � äîäàòíi ñòàëi, ùî íå çàëåæàòü
âiä r.

Äëÿ P
(1)
2 , P (2)

2 àíàëîãi÷íî äî äîâåäåííÿ
ðiâíîñòi (12) îòðèìó¹ìî ðiâíîñòi∣∣∣∂kP (1)

2

∂tk

∣∣∣ = (1− r2)|R(1)
2 (r, eit)|

(1− 2r cos t+ r2)
k
2
+1
, (18)

∣∣∣∂kP (2)
2

∂tk

∣∣∣ = (1− r2)|R(2)
2 (r, e−it)|

(1− 2r cos t+ r2)
k
2
+1
, (19)

äå R(1)
2 (r, eit), R(2)

2 (r, e−it) � ìíîãî÷ëåíè âêà-
çàíèõ àðãóìåíòiâ, îáìåæåíi â çàìêíåíîìó
êðóçi 0 6 r 6 1 êîíñòàíòîþ, ùî çàëåæèòü
ëèøå âiä k. Öi ðiâíîñòi äîçâîëÿþòü îòðèìà-
òè îöiíêè

1

2π

π∫
−π

∣∣∣∂kP (1)
2

∂tk

∣∣∣dt 6 M4

(1− r)k
, (20)

1

2π

π∫
−π

∣∣∣∂kP (2)
2

∂tk

∣∣∣dt 6 M5

(1− r)k
, (21)

äå M4, M5 � äîäàòíi ñòàëi, ùî íå çàëåæàòü
âiä r.

Âèêîðèñòîâóþ÷è òåïåð îöiíêó (8), ðiâíî-
ñòi (9) i (15), à òàêîæ îöiíêè (14), (16), (17),
(20), (21) iíòåãðàëiâ âiä îêðåìèõ äîäàíêiâ,
îòðèìó¹ìî îöiíêó (7). Ëåìó 1 äîâåäåíî.

Äëÿ ôiêñîâàíîãî r1, 0 < r1 < 1, ïîçíà-
÷èìî ÷åðåç uuf (·,r1)(φ, r) ðîçâ'ÿçîê ðiâíÿííÿ
(1), ùî çàäîâîëüíÿ¹ êðàéîâi óìîâè

u(φ, r)
∣∣
r=1

= uf (φ, r1),

∂u(φ, r)/∂r
∣∣
r=1

= 0.

Àíàëîãi÷íî ââîäèìî ïîçíà÷åííÿ
uuf (·,r2)(φ, r), 0 < r2 < 1.
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Ëåìà 2. ßêùî f ∈ Lp[−π, π], p > 1,
uf (φ, r) ∈ Bφ, òî äëÿ äîâiëüíèõ r1, r2,
(0 < r1, r2 < 1) ñïðàâåäëèâà ðiâíiñòü

uuf (·,r1)(φ, r2) = uuf (·,r2)(φ, r1), −π 6 φ 6 π.
(22)

Äîâåäåííÿ ëåìè 2. Âèõîäÿ÷è ç (3) i âèêî-
ðèñòîâóþ÷è òåîðåìó Ôóáiíi, çíàõîäèìî

uuf (·,r1)(φ, r2) =
(1− r21)

2(1− r22)
2

4π2
×

π∫
−π

f(τ)×

×
π∫

−π

[1− r1 cos(τ − t)]

(1− 2r1 cos(τ − t) + r21)
2
×

× [1− r2 cos(t− φ)]

(1− 2r2 cos(t− φ) + r22)
2
dtdτ, (23)

uuf (·,r2)(φ, r1) =
(1− r21)

2(1− r22)
2

4π2
×

π∫
−π

f(τ)×

×
π∫

−π

[1− r2 cos(τ − t)]

(1− 2r2 cos(τ − t) + r22)
2
×

× [1− r1 cos(t− φ)]

(1− 2r1 cos(t− φ) + r21)
2
dtdτ. (24)

Ðîçãëÿíåìî ðiçíèöþ âíóòðiøíiõ iíòåãðà-
ëiâ (ïî t) â ïðàâèõ ÷àñòèíàõ ðiâíîñòåé
(23) i (24). Âðàõîâóþ÷è 2π�ïåðiîäè÷íiñòü
ïiäiíòåãðàëüíî¨ ôóíêöi¨, ïiñëÿ çàìiíè
t = u+ (τ + φ)/2 (τ i φ äëÿ öüîãî iíòåãðà-
ëà ÿâëÿþòüñÿ ïàðàìåòðàìè) i ïîçíà÷åííÿ
υ = (τ − φ)/2, îòðèìà¹ìî äëÿ âêàçàíî¨
ðiçíèöi

π∫
−π

Φ(u, φ, τ)du, (25)

äå

Φ(u, φ, τ) :=
[1− r1 cos(υ − u)]

(1− 2r1 cos(υ − u) + r21)
2
×

× [1− r2 cos(υ + u)]

(1− 2r2 cos(υ + u) + r22)
2
−

− [1− r2 cos(υ − u)]

(1− 2r2 cos(υ − u) + r22)
2
×

× [1− r1 cos(υ + u)]

(1− 2r1 cos(υ + u) + r21)
2
.

Îñêiëüêè Φ(−u, φ, τ) = −Φ(u, φ, τ), òî iíòå-
ãðàë (25) ðiâíèé íóëþ. Ëåìó 2 äîâåäåíî.
Íàñëiäîê. Â óìîâàõ ëåìè 1 ñïðàâåäëèâà

òîòîæíiñòü

uf−uf (·,r1)(φ, r2)− uf−uf (·,r2)(φ, r1) =

= uf (φ, r2)− uf (φ, r1). (26)

Äîâåäåííÿ òåîðåìè. Íåõàé k > 1. Äîâå-
äåìî, ùî ìàéæå äëÿ âñiõ φ ∈ [−π, π] äëÿ
ôóíêöi¨ f(φ) ìà¹ ìiñöå çîáðàæåííÿ

f(φ) = uf (φ, 1/2)+

+
∞∑
j=1

[
uf

(
φ, 1− 1

2j+1

)
−uf

(
φ, 1− 1

2j

)]
. (27)

Äëÿ öüîãî ðîçãëÿíåìî î÷åâèäíó ðiâíiñòü

f(φ) = uf (φ, 1/2)+

+
N−1∑
j=1

[
uf

(
φ, 1− 1

2j+1

)
− uf

(
φ, 1− 1

2j

)]
+

+
[
f(φ)− uf

(
φ, 1− 1

2N

)]
=

= SN(f ;φ) +
[
f(φ)− uf

(
φ, 1− 1

2N

)]
, (28)

äå SN(f ;φ) � ÷àñòèííà ñóìà ðÿäó (27). Iç
(28) i óìîâè (4) îòðèìó¹ìî

∥f(·)− SN(f ; ·)∥ = ∥f(·)− uf

(
·, 1− 1

2N

)
∥ 6

6 A
( 1

2N

)k
ω
( 1

2N

)
→ 0 (N → ∞).

Öå îçíà÷à¹, ùî ïîñëiäîâíiñòü SN(f ;φ) çáiãà-
¹òüñÿ â ñåðåäíüîìó ç ïîêàçíèêîì p > 1 äî
ôóíêöi¨ f(φ), φ ∈ [−π, π]. Òîäi iñíó¹ ïiäïî-
ñëiäîâíiñòü SNm(f ;φ), ùî çáiãà¹òüñÿ äî f(φ)
ìàéæå ñêðiçü íà [−π, π]. Öèì îáãðóíòîâàíî
ðiâíiñòü (27).

Ðîçãëÿíåìî ðÿä

u
(k)
f (φ, 1/2)+

+
∞∑
j=1

[
u
(k)
f

(
φ, 1− 1

2j+1

)
− u

(k)
f

(
φ, 1− 1

2j

)]
,

(29)
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ÿêèé ñêëàäåíèé iç ïîõiäíèõ ïîðÿäêó
k(k > 1) ÷ëåíiâ ðÿäó (27), i äîñëiäèìî
éîãî çáiæíiñòü íà [−π, π]. Êîðèñòóþ÷èñü
ðiâíiñòþ (26), ëåìîþ 1 i óìîâîþ (4), îòðè-
ìó¹ìî∥∥∥u(k)f (·, 1− 1

2j+1

)
− u

(k)
f

(
·, 1− 1

2j

)∥∥∥ 6

6
∥∥∥u(k)f−uf (·,1−1/2j)

(
·, 1− 1

2j+1

)∥∥∥+
+
∥∥∥u(k)f−uf (·,1−1/2j+1)

(
·, 1− 1

2j

)∥∥∥ 6

6M
(∥f − uf (·, 1− 1/2j)∥

(1/2j+1)k
+

+
∥f − uf (·, 1− 1/2j+1)∥

(1/2j)k

)
6

6MA
((1/2j)kω(1/2j)

(1/2j+1)k
+
(1/2j+1)kω(1/2j+1)

(1/2j)k
6

6M(k)ω(1/2j), (30)

äåM(k) > 0 � ñòàëà, ùî çàëåæèòü âiä k i íå
çàëåæèòü âiä j. Îñêiëüêè ïðè âñiõ j = 1, 2, ...
âiðíà îöiíêà

2−(j−1)∫
2−j

ω(u)

u
du > 1

2
ω
( 1

2j

)
,

òî ç (30) çíàõîäèìî∥∥∥u(k)f (·, 1− 1

2j+1

)
− u

(k)
f

(
·, 1− 1

2j

)∥∥∥ 6

6 2M(k)

2−(j−1)∫
2−j

ω(u)

u
du. (31)

Êðiì òîãî, çãiäíî ç óìîâîþ (5) ìà¹ìî

∞∑
j=1

2−(j−1)∫
2−j

ω(u)

u
du =

1∫
0

ω(u)

u
du <∞. (32)

Iç (31) i (32) âèïëèâà¹, ùî ðÿä (29) çáiãà¹òüñÿ
íà [−π, π] â ñåðåäíüîìó ç ïîêàçíèêîì p > 1.
Ïðîâîäÿ÷è äàëi ìiðêóâàííÿ, ÿêi ìàéæå ïîâ-
íiñòþ çáiãàþòüñÿ ç äîâåäåííÿì òåîðåìè 6.1.3
À.Ï. Òiìàíà [2, ñ. 347], ðîáèìî âèñíîâîê, ùî

ôóíêöiÿ f(φ) ìàéæå ñêðiçü äîðiâíþ¹ ôóí-
êöi¨, ÿêà ìà¹ àáñîëþòíî íåïåðåðâíó ïîõiäíó
f (k−1)(φ) íà [−π, π] i ïîõiäíó f (k) ∈ Lp[−π, π],
ÿêà ¹ ìàéæå äëÿ âñiõ φ ∈ [−π, π] ñóìîþ ðÿäà
(29):

f (k)(φ) = u
(k)
f (φ, 1/2)+

+
∞∑
j=1

[
u
(k)
f

(
φ, 1− 1

2j+1

)
− u

(k)
f

(
φ, 1− 1

2j

)]
.

(33)
Îöiíèìî iíòåãðàëüíèé ìîäóëü ãëàäêîñòi
ôóíêöi¨ f (k)(φ). Äëÿ öüîãî âèêîðèñòà¹ìî
âiðíó ìàéæå äëÿ âñiõ φ ∈ [−π, π] ðiâíiñòü

f (k)(φ) = u
(k)
f (φ, 1/2j)+

+
∞∑

m=j+1

[
u
(k)
f

(
φ, 1− 1

2m

)
−u(k)f

(
φ, 1− 1

2m−1

)]
,

äîâåäåííÿ ÿêî¨ ïðîâîäèòüñÿ àíàëîãi÷íî äî-
âåäåííþ ðiâíîñòi (33). Âèêîðèñòîâóþ÷è
îöiíêó (31), îòðèìó¹ìî

∥f (k)(·)− u
(k)
f (·, 1− 1/2j)∥ 6

6
∞∑

m=j+1

∥∥∥u(k)f (φ, 1− 1

2m

)
−u(k)f

(
φ, 1− 1

2m−1

)∥∥∥ 6

6 2M(k)
∞∑

m=j+1

2−(m−2)∫
2−(m−1)

ω(u)

u
du =

= 2M(k)

2−(j−1)∫
0

ω(u)

u
du 6

6 8M(k)

2−j∫
0

ω(u)

u
du. (34)

Â [3, ñ. 236] áóëî ïîêàçàíî, ùî ôóí-

êöiÿ Ω(t) :=
t∫
0

ω(u)
u
du ìà¹ õàðàêòåðèñòè÷íi

âëàñòèâîñòi ìîäóëÿ íåïåðâíîñòi äðóãîãî ïî-
ðÿäêó. Â òàêîìó âèïàäêó íåðiâíiñòü (34)
äîçâîëÿ¹ ââàæàòè, ùî çàäàíî âiäõèëåí-
íÿ f (k)(φ) âiä îïåðàòîðà u

(k)
f (·, 1/2j) â Lp�

ìåòðèöi (p > 1), à òîìó íà îñíîâi âèïàäêó
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k = 0 (äèâ. òåîðåìó 2 ðîáîòè [1]) ðîáèìî âè-
ñíîâîê ïðî ñïðàâåäëèâiñòü íåðiâíîñòi

ω2(f
(k); 1− r) 6 C(1− r)2

1∫
1−r

Ω(u)

u3
du,

äå C > 0 � äåÿêà ñòàëà, ùî íå çàëåæèòü âiä
(1− r). Ïåðåòâîðåííÿ ïðàâî¨ ÷àñòèíè îñòàí-
íüî¨ íåðiâíîñòi (äèâ. [3]) ïðèâîäèòü äî îöií-
êè (6) äëÿ âèïàäêó k > 1. Òåîðåìó äîâåäåíî.
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