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ÌÀÐÊÎÂÑÜÊÎÃÎ ÏÐÎÖÅÑÓ

Ðîçãëÿäàþòüñÿ çàäà÷i Äiðiõëå òà Íåéìàíà â ïiâïðîñòîði äëÿ ìîäåëüíîãî ðiâíÿííÿ
Ôîêêåðà�Ïëàíêà�Êîëìîãîðîâà íîðìàëüíîãî ìàðêîâñüêîãî ïðîöåñó. Çíàéäåíî â ÿâíîìó âè-
ãëÿäi òà äîñëiäæåíî âëàñòèâîñòi âåêòîð-ôóíêöié Ãðiíà öèõ çàäà÷.

We consider Dirichlet and Neumann problems in a half-space for Fokker�Planck�Kolmogorov
equation of a normal Markovian process. We obtain explicit forms for Green's vector functions for
these problems and investigate their properties.

Âñòóï
Ó òåîði¨ âèïàäêîâèõ ïðîöåñiâ i ñòàòèñòè-

÷íié ðàäiîòåõíiöi [1�3] âèíèêàþòü ïàðàáîëi-
÷íi ðiâíÿííÿ äðóãîãî ïîðÿäêó, â ÿêèõ êîå-
ôiöi¹íòè ïðè ïîõiäíèõ ïåðøîãî ïîðÿäêó çà
ïðîñòîðîâèìè çìiííèìè ¹ ëiíiéíèìè ôóíêöi-
ÿìè öèõ çìiííèõ, à iíøi êîåôiöi¹íòè ñòàëi.
Öi ðiâíÿííÿ ¹ ðiâíÿííÿìè Ôîêêåðà�Ïëàíêà�
Êîëìîãîðîâà íîðìàëüíèõ ìàðêîâñüêèõ ïðî-
öåñiâ [3, ñ. 177�179]. Ñåðåä òàêèõ ðiâíÿíü,
çîêðåìà, ¹ ðiâíÿííÿ

(Lu)(t, x) := ∂tu(t, x)−

−
n∑
j=1

[
a2∂2xju(t, x) + b∂xj(xju(t, x))

]
=

= f(t, x),

t > 0, x := (x1, ..., xn) ∈ Rn, (1)

â ÿêîìó a i b � äiéñíi ñòàëi, ïðè÷îìó a > 0.
Ó ñòàòòi [4] äëÿ äåÿêèõ ç óêàçàíèõ âè-

ùå ðiâíÿíü (ó òîìó ÷èñëi äëÿ ðiâíÿííÿ (1))
îäåðæàíî ÿâíi ôîðìóëè äëÿ ôóíäàìåíòàëü-
íîãî ðîçâ'ÿçêó çàäà÷i Êîøi (ÔÐÇÊ) Z, çà
äîïîìîãîþ ÿêèõ äîñëiäæåíî éîãî âëàñòèâî-
ñòi.

ÔÐÇÊ äëÿ ðiâíÿííÿ (1) âèçíà÷à¹òüñÿ
ôîðìóëîþ

Z(t, x, ξ) := (4πa2q(t))−n/2enbtE1/(4a2)(t, x, ξ),

t > 0, {x, ξ} ⊂ Rn, (2)

äå

q(t) :=

{
1

2b
(e2bt − 1), b ̸= 0,

t, b = 0;

Ec(t, x, ξ) :=

exp
{
−c(q(t))−1

∣∣ebtx− ξ
∣∣2} , c > 0, (3)

i ìà¹ òàêi âëàñòèâîñòi:
1) ôóíêöiÿ Z(t − τ, x − ξ), â ÿêié τ, ξ

� îñíîâíi, à t, x � ïàðàìåòðè÷íi çìiííi, ¹
ÔÐÇÊ äëÿ ñïðÿæåíîãî äî (1) ðiâíÿííÿ

(L∗v)(τ, ξ) :=

[
−∂τ −

n∑
j=1

(a2∂2ξj − bξj∂ξj)

]
×

×v(τ, ξ) = 0, τ < 0, ξ ∈ Rn; (4)

2) âèêîíóþòüñÿ ðiâíîñòi∫
Rn

Z(t, x, ξ)dξ = enbt, t > 0, x ∈ Rn;

∫
Rn

Z(t, x, ξ)dx = 1, t > 0, ξ ∈ Rn; (5)

3) äëÿ áóäü-ÿêèõ ìóëüòèiíäåêñiâ {α, β} ⊂
Zn+ ñïðàâäæóþòüñÿ îöiíêè∣∣∣∂αx∂βξ Z(t, x, ξ)∣∣∣ 6 Cαβ×

×(q(t))−(n+|α|+|β|)/2e(n+|α|)btEc(t, x, ξ),

t > 0, {x, ξ} ⊂ Rn, (6)
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â ÿêèõ Cαβ i c � äîäàòíi ñòàëi, ïðè÷îìó c <
1/(4a2);

4) ¹ ïðàâèëüíîþ ôîðìóëà çãîðòêè

Z(t, x, ξ) =

∫
Rn

Z(t− γ, x, y)Z(γ, y, ξ)dy,

0 < γ < t, {x, ξ} ⊂ Rn. (7)

Öi ðåçóëüòàòè äëÿ ÔÐÇÊ çàñòîñîâóþ-
òüñÿ äî âñòàíîâëåííÿ êîðåêòíî¨ ðîçâ'ÿçíî-
ñòi çàäà÷i Êîøi, iíòåãðàëüíîãî çîáðàæåííÿ
òà âëàñòèâîñòåé ðîçâ'ÿçêiâ ðiâíÿííÿ (1).

Îäíi¹þ ç öåíòðàëüíèõ ïðîáëåì òåîði¨ ëi-
íiéíèõ ïàðàáîëi÷íèõ êðàéîâèõ çàäà÷ ¹ äå-
òàëüíå îïèñàííÿ îïåðàòîðà, îáåðíåíîãî äî
îïåðàòîðà êðàéîâî¨ çàäà÷i, â òîìó ÷èñëi âñå-
ái÷íå äîñëiäæåííÿ ÿäðà öüîãî îïåðàòîðà �
ìàòðèöi Ãðiíà. Ó ïðàöÿõ [5, 6] íàâåäåíî ðå-
çóëüòàòè, ùî ñòîñóþòüñÿ ïîáóäîâè, âëàñòè-
âîñòåé i çàñòîñóâàíü ìàòðèöü Ãðiíà çàãàëü-
íèõ ïàðàáîëi÷íèõ êðàéîâèõ çàäà÷ ç îáìåæå-
íèìè êîåôiöi¹íòàìè â îáìåæåíèõ i íåîáìå-
æåíèõ îáëàñòÿõ.

Äëÿ ðiçíîìàíiòíèõ çàñòîñóâàíü âàæëèâî
ìàòè äåòàëüíó iíôîðìàöiþ ïðî ìàòðèöi Ãði-
íà êðàéîâèõ çàäà÷ ó íåîáìåæåíèõ îáëàñòÿõ
çi çðîñòàþ÷èìè íà íåñêií÷åííîñòi êîåôiöi¹í-
òàìè. Íà òåïåðiøíié ÷àñ òàêî¨ iíôîðìàöi¨ â
ëiòåðàòóði ¹ ùå äîñèòü ìàëî.

Ó íàøié ñòàòòi ðîçãëÿäàþòüñÿ äâi êðàéî-
âi çàäà÷i äëÿ ðiâíÿííÿ (1) çi çðîñòàþ÷èìè
êîåôiöi¹íòàìè âèãëÿäó

(Lu)(t, x) = f(t, x), (t, x) ∈ Π+, (8)

(B(l)u)(t, x) |xn=0 = g(t, x′), (t, x′) ∈ Π′, (91)

u(t, x) |t=0 = φ(x), x ∈ Rn
+, (10)

äå x := (x1, ..., xn), x′ := (x1, ..., xn−1),
Rn

+ := {x ∈ Rn|xn > 0}, Π+ := {(t, x) ∈
Rn+1 |t ∈ (0,∞), x ∈ Rn

+}, Π′ := {(t, x′) ∈
Rn |t ∈ (0,∞), x′ ∈ Rn−1}, l ∈ {1, 2}, B(1) = 1
(óìîâà Äiðiõëå) i B(2) = ∂xn (óìîâà Íåéìà-
íà).

Âåêòîð-ôóíêöi¹þ Ãðiíà öi¹¨ çàäà÷i íàçè-
âà¹òüñÿ òàêà âåêòîð-ôóíêöiÿ (G

(l)
0 , G

(l)
1 , G

(l)
2 ),

ùî äëÿ äîâiëüíèõ íåñêií÷åííî äèôåðåíöi-
éîâíèõ i ôiíiòíèõ ôóíêöié f , g i φ ðîçâ'ÿçîê

çàäà÷i (8), (91), (10) çîáðàæó¹òüñÿ ó âèãëÿäi

u(t, x) =

t∫
0

dτ

∫
Rn
+

G
(l)
0 (t− τ, x, ξ)f(τ, ξ)dξ+

+

t∫
0

dτ

∫
Rn−1

G
(l)
1 (t− τ, x, ξ′)g(τ, ξ′)dξ′+

+

∫
Rn
+

G
(l)
2 (t, x, ξ)φ(ξ)dξ, (t, x) ∈ Π+.

Ôóíêöiÿ G
(l)
0 íàçèâà¹òüñÿ îäíîðiäíîþ

ôóíêöi¹þ Ãðiíà, ôóíêöiÿ G
(l)
1 � ÿäðîì Ïó-

àññîíà, à ôóíêöiÿ G
(l)
2 � ôóíêöi¹þ âïëèâó

ïî÷àòêîâîãî ìèòò¹âîãî òî÷êîâîãî äæåðåëà
çàäà÷i (8), (91), (10). Ïðè öüîìó öi ôóíêöi¨
¹ ðîçâ'ÿçêàìè â ïðîñòîði óçàãàëüíåíèõ ôóí-
êöié òàêèõ êðàéîâèõ çàäà÷:

LG
(l)
0 = δ(t, x− ξ), B(l)G

(l)
0 |xn=0 = 0,

G
(l)
0 = 0 ïðè t < 0;

LG
(l)
1 = 0, B(l)G

(l)
1 |xn=0 = δ(t, x′),

G
(l)
1 = 0 ïðè t < 0;

LG
(l)
2 = 0, B(l)G

(l)
2 |xn=0 = 0,

G
(l)
2 |t=0 = δ(x− ξ),

äå δ(t, x − ξ), δ(t, x′) i δ(x − ξ) � äåëüòà-
ôóíêöi¨, ÿêi çîñåðåäæåíi âiäïîâiäíî â òî÷êàõ
(0, ξ), (0, 0) i ξ.

Ìåòîþ ñòàòòi ¹ çíàõîäæåííÿ ÿâíèõ ôîð-
ìóë äëÿ ôóíêöié G

(l)
j , j ∈ {0, 1, 2}, l ∈

{1, 2}, òà âèâ÷åííÿ âëàñòèâîñòåé öèõ ôóí-
êöié. Îñêiëüêè â çàäà÷i (8), (91), (10) ïîðÿä-
êè êðàéîâèõ óìîâ ìåíøi ïîðÿäêó ðiâíÿííÿ,
òî ëåãêî ïåðåêîíàòèñÿ (äèâ. [5, ñ. 60-62]), ùî
ñïðàâäæó¹òüñÿ ðiâíiñòü

G
(l)
2 (t, x, ξ) = G

(l)
0 (t, x, ξ),

t > 0, {x, ξ} ⊂ Rn
+.

Ç îãëÿäó íà öå äîñèòü çíàéòè é äîñëiäèòè
ôóíêöi¨ G(l)

0 i G(l)
1 .
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1. ßäðà Ïóàññîíà
Äëÿ çíàõîäæåííÿ ÿäåð Ïóàññîíà çàäà÷

(8), (91), (10), l ∈ {1, 2}, òðåáà ðîçãëÿíóòè
öi çàäà÷i ó âèïàäêó, êîëè f = 0 i φ = 0 , à g
¹ äîâiëüíîþ íåñêií÷åííî äèôåðåíöiéîâíîþ i
ôiíiòíîþ ôóíêöi¹þ. Äëÿ ðîçâ'ÿçóâàííÿ òà-
êèõ çàäà÷ âèêîðèñòîâóâàòèìåìî ïîòåíöiàëè
ïîäâiéíîãî i ïðîñòîãî øàðiâ.

Ñïî÷àòêó ðîçãëÿíåìî çàäà÷ó (8), (91),
(10) ó çàçíà÷åíîìó âèùå âèïàäêó. Áóäåìî
øóêàòè ¨¨ ðîçâ'ÿçîê ó âèãëÿäi ïîòåíöiàëó ïî-
äâiéíîãî øàðó

u(t, x) =

t∫
0

dτ

∫
Rn−1

∂ξnZ(t− τ, x, ξ) |ξn=0 ×

×µ(τ, ξ′)dξ′, (t, x) ∈ Π+, (11)

äå Z � ÔÐÇÊ äëÿ ðiâíÿííÿ (8), à µ � íåâi-
äîìà ôóíêöiÿ. Àïðiîði ïðèïóñêàòèìåìî, ùî
ôóíêöiÿ µ â îáëàñòi Π′ îáìåæåíà òà çàäî-
âîëüíÿ¹ óìîâó Ãåëüäåðà â òàêîìó ñåíñi:

∃H > 0 ∃α ∈ (0, 1] ∀ {(t, x′), (τ, ξ′)} ⊂ Π′ :

|µ(t, x′)− µ(τ, ξ′)| 6

6 H((q(t− τ))α/2 +
∣∣eb(t−τ)x′ − ξ′

∣∣α). (12)

Äëÿ òàêî¨ ôóíêöi¨ µ ç îçíà÷åííÿ òà âëà-
ñòèâîñòåé ÔÐÇÊ Z âèïëèâà¹, ùî ôóíêöiÿ
(11) ¹ ðîçâ'ÿçêîì çàäà÷i (8), (10) ç f = 0 i
φ = 0. Òðåáà ïiäiáðàòè ôóíêöiþ µ òàê, ùîá
ôóíêöiÿ (11) çàäîâîëüíÿëà óìîâó (91). Äëÿ
öüîãî, ñêîðèñòàâøèñü ðiâíiñòþ (2), çàïèøå-
ìî ôîðìóëó (11) ó âèãëÿäi

u(t, x) = S(t, x) + T (t, x)µ(t, x′),

(t, x) ∈ Π+, (13)

äå
S(t, x) = 2(4a2)

−1−n/2
π−n/2xn×

×
t∫

0

dτ

∫
Rn−1

e(n+1)b(t−τ)(q(t− τ))−1−n/2×

×E1/(4a2)(t− τ, x, (ξ′, 0))×

×(µ(τ, ξ′)− µ(t, x′))dξ′,

T (t, x) = 2(4a2)
−1−n/2

π−n/2xn×

×
t∫

0

dτ

∫
Rn−1

e(n+1)b(t−τ)(q(t− τ))−1−n/2×

×E1/(4a2)(t− τ, x, (ξ′, 0))dξ′. (14)

Ùîá çíàéòè ïîòðiáíó ôóíêöiþ µ, íåîá-
õiäíî çàäîâîëüíèòè ôóíêöi¹þ (13) êðàéîâó
óìîâó (91), à äëÿ öüîãî òðåáà çíàéòè ãðàíèöi
ïðè xn → 0 âèðàçiâ (14). Ðîçãëÿíåìî ñïî÷à-
òêó âèðàç T (t, x). Äëÿ ôóíêöi¨

Z ′
a(t, x

′, ξ′) := (4πa2q(t))
−(n−1)/2

e(n−1)bt×

×E1/(4a2)(t, x
′, ξ′),

t > 0, {x′, ξ′} ⊂ Rn−1, (15)

ÿêà çãiäíî ç (2) ¹ ÔÐÇÊ äëÿ (n − 1)-
âèìiðíîãî ðiâíÿííÿ (1), ñêîðèñòà¹ìîñÿ ïåð-
øîþ ç ðiâíîñòåé (5), òîáòî∫

Rn−1

Z ′
a(t, x

′, ξ′)dξ′ = e(n−1)bt,

t > 0, x′ ∈ Rn−1. (16)

Òîäi âèðàç äëÿ T (t, x) íàáóâà¹ âèãëÿäó

T (t, x) = 2(4a2)
−3/2

π−1/2xn

t∫
0

e(n+1)b(t−τ)×

×(q(t− τ))−3/2E1/(4a2)(t− τ, xn, 0)dτ.

Ïiñëÿ çäiéñíåííÿ çàìiíè çìiííî¨ iíòåãðóâàí-
íÿ τ çà ôîðìóëîþ

eb(t−τ)xn

(
2a
√
q(t− τ)

)−1

= γ (17)

îäåðæèìî

T (t, x) =
(2a)n

a2
√
π

∞∫
0

e−γ
2

γn
(
4a2γ2 − 2bx2n

)−n/2×
×χ[c(t,xn),∞)(γ)dγ, (18)

äå c(t, xn) := ebtxn

(
2a
√
q(t)

)−1

, à χA � õàðà-

êòåðèñòè÷íà ôóíêöiÿ ìíîæèíè A.
Îñêiëüêè äëÿ äîâiëüíîãî γ > 0 ïiäiíòå-

ãðàëüíà ôóíêöiÿ ó (18) ïðè xn → 0 ïðÿ-
ìó¹ äî (2a)−ne−γ

2
i ïðè γ > c(t, xn) i xn >

0 âîíà ìàæîðó¹òüñÿ iíòåãðîâíîþ ôóíêöi¹þ
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(2a)−nenbt−γ
2
, γ > 0 , òî íà ïiäñòàâi òåîðåìè

Ëåáåãà ïðî ìàæîðàíòíó çáiæíiñòü ó (18) ìî-
æíà ïåðåõîäèòè äî ãðàíèöi ïðè xn → 0 ïiä
çíàêîì iíòåãðàëà òà îäåðæàòè ðiâíiñòü

lim
xn→0

T (t, x) = (2a2)
−1
, t > 0, x′ ∈ Rn−1. (19)

Òåïåð äîâåäåìî, ùî

lim
xn→0

S(t, x) = 0, t > 0, x′ ∈ Rn−1. (20)

Çà äîïîìîãîþ óìîâè (12) ìà¹ìî

S(t, x) 6 2(4a2)
−1−n/2

π−n/2Hxn×

×
t∫

0

dτ

∫
Rn−1

e(n+1)b(t−τ)(q(t− τ))−1−n/2×

×E1/(4a2)(t− τ, x, (ξ′, 0))((q(t− τ))α/2+

+
∣∣eb(t−τ)x′ − ξ′

∣∣α)dξ′.
Âèêîðèñòàâøè òâåðäæåííÿ

∀r > 0 ∃C0 > 0 ∀z > 0 :

zre−cz
2 6 C0e

−c0z2 , (21)

äå 0 < c0 < c, îäåðæèìî∣∣eb(t−τ)x′ − ξ′
∣∣αE1/(4a2)(t− τ, x′, ξ′) 6

6 C0(q(t− τ))α/2E1/(8a2)(t− τ, x′, ξ′)

i, îòæå,

|S(t, x)| 6 C1xn

t∫
0

e2b(t−τ)(q(t− τ))(α−3)/2×

×E1/(4a2)(t− τ, xn, 0)dτ×

×
∫

Rn−1

Z ′√
2a(t− τ, x′, ξ′)dξ′,

äå ôóíêöiÿ Z ′√
2a îçíà÷åíà ðiâíiñòþ (15), â

ÿêié a çàìiíåíî íà
√
2a. Äëÿ òàêî¨ ôóíêöi¨

ñïðàâäæó¹òüñÿ ðiâíiñòü (16), òîìó ìà¹ìî

|S(t, x)| 6 C2xn

t∫
0

e(n+1)b(t−τ)×

×(q(t− τ))(α−3)/2E1/(4a2)(t− τ, xn, 0)dτ.

Â îñòàííüîìó iíòåãðàëi çðîáèìî çàìiíó (17),
ó ðåçóëüòàòi ïðèéäåìî äî íåðiâíîñòi

|S(t, x)| 6 C2x
α
n

∞∫
c(t,xn)

e−γ
2×

×γn
(
4a2γ2 − 2bx2n

)−(n+α)/2
dγ. (22)

Îöiíèâøè ïiäiíòåãðàëüíó ôóíêöiþ â (22)
òàê ñàìî, ÿê äëÿ iíòåãðàëà (18), îäåðæèìî
îöiíêó

|S(t, x)| 6 C3

∞∫
0

e−γ
2

γ−αdγe(n+α)btxαn,

ç ÿêî¨ âèïëèâà¹ ðiâíiñòü (20), áî îñòàííié ií-
òåãðàë çáiãà¹òüñÿ.

Íà ïiäñòàâi (91), (13), (19) i (20) îòðèìó-
¹ìî, ùî

lim
xn→0

u(t, x) = g(t, x′) = (2a2)
−1
µ(t, x′),

(t, x′) ∈ Π′,

çâiäêè µ(t, x′) = 2a2g(t, x′), (t, x′) ∈ Π′.
ßêùî òåïåð çíàéäåíó ôóíêöiþ µ ïiäñòà-

âèòè â ðiâíiñòü (11) i ñêîðèñòàòèñü âèðàçîì
(2) äëÿ Z, òî ïðèéäåìî äî òàêî¨ ôîðìóëè
äëÿ ðîçâ'ÿçêó çàäà÷i (8), (91), (10) ç f = 0 i
φ = 0 :

u(t, x) =

t∫
0

dτ

∫
Rn−1

G
(1)
1 (t− τ, x− ξ′)×

×g(τ, ξ′)dξ′, (t, x) ∈ Π+, (23)

äå

G
(1)
1 (t, x, ξ′) := (4πa2)

−n/2
(q(t))−1−n/2×

×e(n+1)btxnE1/(4a2)(t, x, (ξ
′, 0)),

t > 0, x ∈ Rn
+, ξ′ ∈ Rn−1. (24)

Äëÿ çíàõîäæåííÿ ÿäðà Ïóàññîíà G(2)
1 øó-

êàòèìåìî ðîçâ'ÿçîê çàäà÷i (8), (92), (10) ç
f = 0 i φ = 0 ó âèãëÿäi ïîòåíöiàëó ïðîñòîãî
øàðó

u(t, x) =

t∫
0

dτ

∫
Rn−1

Z(t− τ, x, (ξ′, 0))×
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×µ(τ, ξ′)dξ′, (t, x) ∈ Π+, (25)

äå íåâiäîìà ôóíêöiÿ µ ïðèïóñêà¹òüñÿ òàêîþ,
ÿê âèùå. Ùîá çíàéòè ôóíêöiþ µ ðîçãëÿíå-
ìî ïîõiäíó ∂xnu(t, x) i çàïèøåìî ¨¨ ó òàêîìó
âèãëÿäi, àíàëîãi÷íîìó äî (13):

∂xnu(t, x) = −Q(t, x) +R(t, x)µ(t, x′),

(t, x) ∈ Π+,

äå
Q(t, x) = 2(4a2)

−1−n/2
π−n/2xn×

×
t∫

0

dτ

∫
Rn−1

e(n+2)b(t−τ)(q(t− τ))−1−n/2×

E1/(4a2)(t− τ, x, (ξ′, 0))(µ(τ, ξ′)− µ(t, x′))dξ′,

R(t, x) = 2(4a2)
−1−n/2

π−n/2xn×
t∫

0

dτ

∫
Rn−1

e(n+2)b(t−τ)(q(t− τ))−1−n/2×

×E1/(4a2)(t− τ, x, (ξ′, 0))dξ′.

Òàê ñàìî, ÿê i äëÿ ôóíêöié S i T , äîâî-
äÿòüñÿ òâåðäæåííÿ

lim
xn→0

Q(t, x) = 0,

lim
xn→0

R(t, x) = (2a2)
−1
,

ç ÿêèõ íà ïiäñòàâi óìîâè (92) âèïëèâà¹, ùî

lim
xn→0

∂xnu(t, x) = g(t, x′) = −(2a2)
−1
µ(t, x′).

Çâiäñè ìà¹ìî µ(t, x′) = −2a2g(t, x′), (t, x′) ∈
Π′. Òîìó çà äîïîìîãîþ (2) i (25) îäåðæó¹ìî
äëÿ ðîçâ'ÿçêó çàäà÷i (8), (92), (10) ç f = 0
i φ = 0 ôîðìóëó, ÿêà âiäðiçíÿ¹òüñÿ âiä (23)
çàìiíîþ G

(1)
1 íà G(2)

1 , äå

G
(2)
1 (t, x, ξ′) := −2a2(4πa2e2btq(t))

−n/2×

×E1/(4a2)(t, x, (ξ
′, 0)),

t > 0, x ∈ Rn
+, ξ′ ∈ Rn−1. (26)

Îòæå, ÿäðà Ïóàññîíà çàäà÷ (8), (91), (10),
l ∈ {1, 2}, âèçíà÷àþòüñÿ ôîðìóëàìè (24) i
(26).
2. Îäíîðiäíi ôóíêöi¨ Ãðiíà

Çãiäíî ç ðåçóëüòàòàìè ïðàöü [5,6] îäíîði-
äíi ôóíêöi¨ Ãðiíà G(l)

0 , l ∈ {1, 2}, ìîæíà øó-
êàòè ó âèãëÿäi

G
(l)
0 (t, x, ξ) = Z(t, x, ξ)− V (l)(t, x, ξ),

t > 0, {x, ξ} ⊂ Rn
+, (27)

äå Z � ÔÐÇÊ äëÿ ðiâíÿííÿ (1), à

V (l)(t, x, ξ) :=

t∫
0

dτ

∫
Rn−1

G
(l)
1 (t− τ, x, y′)×

×B(l)Z(τ, (y′, 0), ξ)dy′,

t > 0, {x, ξ} ⊂ Rn
+. (28)

Íåõàé ñïî÷àòêó l = 1. Âèêîðèñòîâóþ÷è
ôîðìóëè (2), (15) i (24), ìà¹ìî

V (1)(t, x, ξ) = (4πa2)
−1
xn×

×
t∫

0

(q(t− τ))−3/2(q(τ))−1/2eb(2t−τ)×

×

 ∫
Rn−1

Z ′
a(t− τ, x′, y′)Z ′

a(τ, y
′, ξ′)dy′

×

×E1/(4a2)(t− τ, xn, 0)E1/(4a2)(τ, 0, ξn)dτ.

Çãiäíî ç ôîðìóëîþ çãîðòêè (7) äëÿ ÔÐÇÊ
Z ′

a iíòåãðàë ïî Rn−1 äîðiâíþ¹ Z ′
a(t, x

′, ξ′),
òîìó çà äîïîìîãîþ âèðàçó (15) îäåðæó¹ìî

V (1)(t, x, ξ) = (4πa2q(t))
−(n−1)/2

enbt×

×E1/(4a2)(t, x
′, ξ′)I(1)(t, xn, ξn), (29)

äå

I(1)(t, xn, ξn) := (4πa2)
−1
xn

t∫
0

(q(t− τ))−3/2×

×(q(τ))−1/2eb(t−τ)E1/(4a2)(t− τ, xn, 0)×
×E1/(4a2)(τ, 0, ξn)dτ.

Â iíòåãðàëi çðîáèìî çàìiíó çìiííî¨ iíòåãðó-
âàííÿ τ çà ôîðìóëîþ q(τ) = q(t)β. Ó ðåçóëü-
òàòi ìà¹ìî

I(1)(t, xn, ξn) := (4πa2q(t))
−1
ebtxn×
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×
1∫

0

(1− β)−3/2β−1/2×

× exp

{
− (ebtxn)

2

4a2q(t)(1− β)
− ξ2n

4a2q(t)β

}
dβ.

Îñòàííié iíòåãðàë îá÷èñëþ¹òüñÿ, ÿêùî â
íüîìó ïîñëiäîâíî çðîáèòè òàêi äâi çàìiíè
çìiííèõ iíòåãðóâàííÿ:

β = δ2(1 + δ2)
−1
, δ = 2ae−btx−1

n (q(t))1/2z.

Ïiñëÿ ðåàëiçàöi¨ öèõ çàìií îäåðæèìî

I(1)(t, xn, ξn) = (πa)−1(q(t))−1/2×

×E1/(4a2)(t, xn,−ξn)
∞∫
0

exp

{
−(z − p

z
)
2
}
dz,

äå p := (4a2q(t))
−1
ebtxnξn. Çâiäñè, âðàõóâàâ-

øè òå, ùî îñòàííié iíòåãðàë íå çàëåæèòü âiä
p ∈ R i äîðiâíþ¹

√
π/2, ìà¹ìî ðiâíiñòü

I(1)(t, xn, ξn) = (4πa2q(t))
−1/2×

×E1/(4a2)(t, xn,−ξn),
òîìó âíàñëiäîê (29) îòðèìó¹ìî ôîðìóëó

V (1)(t, x, ξ) = (4πa2q(t))
−n/2

enbt×

×E1/(4a2)(t, x, (ξ
′,−ξn)),

t > 0, {x, ξ} ⊂ Rn
+. (30)

Ç ðiâíîñòåé (2), (27) i (30) âèïëèâà¹ òàêà
îñòàòî÷íà ôîðìóëà:

G
(1)
0 (t, x, ξ) := (4πa2q(t))

−n/2
enbt×

×(E1/(4a2)(t, x, ξ)− E1/(4a2)(t, x, (ξ
′,−ξn))),

t > 0, {x, ξ} ⊂ Rn
+. (31)

Ó âèïàäêó l = 2

V (2)(t, x, ξ) :=

t∫
0

dτ

∫
Rn−1

G
(2)
1 (t− τ, x, y′)∂yn×

×Z(τ, y, ξ) |yn=0 dy
′.

Îñêiëüêè

∂ynZ(τ, y, ξ) |yn=0 = 2(4a2q(τ))
−1−n/2

π−n/2×

×e(n+1)bτξnE1/(4a2)(τ, (y
′, 0), ξ),

òî ç óðàõóâàííÿì (7), (15) i (26) ìà¹ìî

V (2)(t, x, ξ) = −(4πa2)
−1
ξn

t∫
0

(q(t− τ))−1/2×

×(q(τ))−3/2eb(t+τ)×

×

 ∫
Rn−1

Z ′
a(t− τ, x′, y′)Z ′

a(τ, y
′, ξ′)dy′

×

×E1/(4a2)(t− τ, xn, 0)E1/(4a2)(τ, 0, ξn)dτ =

= (4πa2q(t))
−(n−1)/2

enbtE1/(4a2)(t, x
′, ξ′)×

×I(2)(t, xn, ξn),
äå

I(2)(t, xn, ξn) := −(4πa2)
−1
ξn×

×
t∫

0

(q(t− τ))−1/2(q(τ))−3/2ebτ×

×E1/(4a2)(t− τ, xn, 0)E1/(4a2)(τ, 0, ξn)dτ.

Öåé iíòåãðàë îá÷èñëþ¹òüñÿ ïîäiáíî äî iíòå-
ãðàëà I(1) i äîðiâíþ¹

−(4πa2q(t))
−1/2

E1/(4a2)(t, xn,−ξn).

Òîìó

V (2)(t, x, ξ) = −(4πa2q(t))
−n/2

enbt×

×E1/(4a2)(t, x, (ξ
′,−ξn)),

t > 0, {x, ξ} ⊂ Rn
+. (32)

Íà ïiäñòàâi ðiâíîñòåé (2), (27) i (32) îòðè-
ìó¹ìî ôîðìóëó

G
(2)
0 (t, x, ξ) := (4πa2q(t))

−n/2
enbt×

×
(
E1/(4a2)(t, x, ξ) + E1/(4a2)(t, x, (ξ

′,−ξn))
)
,

t > 0, {x, ξ} ⊂ Rn
+. (33)
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3. Âëàñòèâîñòi ÿäåð Ïóàññîíà òà
îäíîðiäíèõ ôóíêöié Ãðiíà

Ç ÿâíèõ âèðàçiâ (24), (26), (31) i (33) äëÿ
ôóíêöié G

(l)
1 i G(l)

0 , l ∈ {1, 2}, âèïëèâàþòü
ðiçíîìàíiòíi âëàñòèâîñòi öèõ ôóíêöié. Âîíè
íå òiëüêè äîáðå óçãîäæóþòüñÿ ç âiäïîâiäíè-
ìè âëàñòèâîñòÿìè ìàòðèöü Ãðiíà çàãàëüíèõ
íîðìàëüíèõ ïàðàáîëi÷íèõ êðàéîâèõ çàäà÷ ç
îáìåæåíèìè êîåôiöi¹íòàìè (äèâ. [5,6]), àëå
é ¨õ äîïîâíþþòü. Íàâåäåìî äåÿêi ç íèõ.
1) îöiíêè G

(l)
1 . Äëÿ áóäü-ÿêèõ ìóëüòèií-

äåêñiâ {α, β} ⊂ Zn+ ñïðàâäæóþòüñÿ îöiíêè∣∣∣∂αx∂βξG(l)
1 (t, x, ξ′)

∣∣∣ 6 Cαβ×

×(q(t))−(n+2−l+|α|+|β|)/2e(n+|α|)btEc(t, x, (ξ
′, 0)),

t > 0, x ∈ Rn
+, ξ′ ∈ Rn−1, (34)

äå Cαβ i c � äîäàòíi ÷èñëà, l ∈ {1, 2}.
2)îöiíêè G

(l)
0 . Äëÿ äîâiëüíèõ ìóëüòèií-

äåêñiâ {α, β} ⊂ Zn+ ñïðàâäæóþòüñÿ îöiíêè∣∣∣∂αx∂βξG(l)
0 (t, x, ξ)

∣∣∣ 6 Cαβ×

×(q(t))−(n+|α|+|β|)/2e(n+|α|)btEc(t, x, ξ),

t > 0, {x, ξ} ⊂ Rn
+, (35)∣∣∣∂αx∂βξ V (l)(t, x, ξ)

∣∣∣ 6 Cαβ(q(t))
−(n+|α|+|β|)/2×

×e(n+|α|)bt exp
{
−c(q(t))−1(∣∣ebtx− ξ

∣∣+ ξn
)2}

,

t > 0, {x, ξ} ⊂ Rn
+, (36)

äå V (l), l ∈ {1, 2}, � ôóíêöi¨, îçíà÷åíi â (30)
i (32), Cαβ i c � äîäàòíi ñòàëi.

Äîâåäåííÿ îöiíîê (34)�(36) ëåãêî ïðîâå-
ñòè, ÿêùî âèêîðèñòîâóâàòè ÿâíi âèðàçè äëÿ
ôóíêöié G(l)

1 , G
(l)
0 ,V

(l) i òâåðäæåííÿ (21).
Íàñòóïíi âëàñòèâîñòi îäíîðiäíèõ ôóí-

êöié Ãðiíà õàðàêòåðíi äëÿ íîðìàëüíèõ ïà-
ðàáîëi÷íèõ êðàéîâèõ çàäà÷, ÿêèìè ¹ çàäà÷i
(8), (91), (10). Âîíè ¹ àíàëîãàìè âëàñòèâî-
ñòåé 1) i 4) çi âñòóïó ÔÐÇÊ Z äëÿ ðiâíÿííÿ
(1) i äîâîäÿòüñÿ àíàëîãi÷íî.
3) íîðìàëüíiñòü G

(l)
0 . Ôóíêöiÿ G

(l)
0 (t −

τ, x, ξ), â ÿêié τ, ξ � îñíîâíi, à t, x � ïàðà-
ìåòðè÷íi çìiííi, ¹ îäíîðiäíèìè ôóíêöiÿìè
Ãðiíà âiäïîâiäíèõ ñïðÿæåíèõ äî (8), (91),
(10) êðàéîâèõ çàäà÷.

4) ôîðìóëà çãîðòêè äëÿ G(l)
0 . Ïðàâèëü-

íà ôîðìóëà

G
(l)
0 (t, x, ξ) =

∫
Rn

G
(l)
0 (t− γ, x, y)G

(l)
0 (γ, y, ξ)dy,

0 < γ < t, {x, ξ} ⊂ Rn
+.

Âèñíîâêè
Îäåðæàíi â ñòàòòi âiäîìîñòi ïðî åëåìåí-

òè âåêòîð-ôóíêöié Ãðiíà êðàéîâèõ çàäà÷
äëÿ íàéïðîñòiøîãî ïàðàáîëi÷íîãî ðiâíÿííÿ
çi çðîñòàþ÷èìè êîåôiöi¹íòàìè ïåâíèì ÷è-
íîì ïîêàçóþòü, ÿê âïëèâàþòü íà âëàñòè-
âîñòi âåêòîð-ôóíêöié Ãðiíà íàÿâíiñòü çðî-
ñòàþ÷èõ êîåôiöi¹íòiâ. Öi âiäîìîñòi ìîæóòü
âèêîðèñòîâóâàòèñÿ äëÿ âñòàíîâëåííÿ êîðå-
êòíî¨ ðîçâ'ÿçíîñòi çàäà÷ (8), (91), (10), ií-
òåãðàëüíîãî çîáðàæåííÿ òà âëàñòèâîñòåé ¨¨
ðîçâ'ÿçêiâ. Ìåòîäèêà âèâåäåííÿ ÿâíèõ ôîð-
ìóë äëÿ åëåìåíòiâ âåêòîð-ôóíêöié Ãðiíà ìî-
æå çàñòîñîâóâàòèñü ó âèïàäêó ñêëàäíiøèõ
êðàéîâèõ çàäà÷.

ÑÏÈÑÎÊ ËIÒÅÐÀÒÓÐÈ

1. Áàðó÷à-Ðèä À.Ò. Ýëåìåíòû òåîðèè ìàðêîâ-
ñêèõ ïðîöåññîâ è èõ ïðèëîæåíèÿ / À.Ò. Áàðó÷à-Ðèä.
� Ì.: Íàóêà. Ãë. ðåä. ôèç.-ìàò. ëèò., 1969. � 511 ñ.

2. Òèõîíîâ Â.È. Íåëèíåéíàÿ ôèëüòðàöèÿ è êâà-
çèêîãåðåíòíûé ïðèåì ñèãíàëîâ / Â.È Òèõîíîâ,
Í.Ê. Êóëüìàí. � Ì.: Ñîâ. ðàäèî, 1975. � 704 ñ.

3. Òèõîíîâ Â.È.Ìàðêîâñêèå ïðîöåññû / Â.È. Òè-
õîíîâ, Ì.À. Ìèðîíîâ. � Ì.: Ñîâ. ðàäèî, 1977. � 488 ñ.

4. Çàáîëîòüêî Ò.Î. Ïðî ôóíäàìåíòàëüíèé
ðîçâ'ÿçîê çàäà÷i Êî-øi äëÿ äåÿêèõ ïàðàáîëi÷íèõ
ðiâíÿíü çi çðîñòàþ÷èìè êîåôiöi¹íòàìè òà äåÿêi éî-
ãî çàñòîñóâàííÿ / Ò.Î. Çàáîëîòüêî, Ñ.Ä. Iâàñèøåí,
Ã.Ñ. Ïàñi÷íèê // Íàóê. âiñíèê ×åðíiâåöüêîãî íàö.
óí-òó iì. Þ. Ôåäüêîâè÷à. Ñåð.: ìàòåìàòèêà: çá. íà-
óê. ïð. � ×åðíiâöi: ×åðíiâåöüêèé íàö. óí-ò , 2012. �
Ò. 2, �2�3. � Ñ. 81 � 89.

5. Èâàñèøåí Ñ.Ä. Ëèíåéíûå ïàðàáîëè÷åñêèå
ãðàíè÷íå çàäà÷è / Ñ.Ä. Èâàñèøåí. � Ê.: Âèùà øê.
Ãîëîâíîå èçä-âî, 1987. � 72 ñ. � (Ñîâðåìåííûå äî-
ñòèæåíèÿ ìàòåìàòèêè è åå ïðèëîæåíèé).

6. Èâàñèøåí Ñ.Ä. Ìàòðèöû Ãðèíà ïàðàáîëè÷å-
ñêèõ ãðàíè÷íèõ çàäà÷ / Ñ.Ä. Èâàñèøåí. � Ê.: Âèùà
øê., 1990. � 200 ñ.

124 Áóêîâèíñüêèé ìàòåìàòè÷íèé æóðíàë. 2014. � Ò. 2, � 1.


