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Ëüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Iâàíà Ôðàíêà

ÓÊÎÐÎ×ÅÍÍß ÇËI×ÅÍÍÎ� ÃIÏÅÐÁÎËI×ÍÎ� ÑÈÑÒÅÌÈ
ÊÂÀÇIËIÍIÉÍÈÕ ÄÈÔÅÐÅÍÖIÀËÜÍÈÕ ÐIÂÍßÍÜ

Çà äîïîìîãîþ ìåòîäó õàðàêòåðèñòèê âñòàíîâëåíî äîñòàòíi óìîâè, çà ÿêèõ ìîæíà âêîðî-
òèòè ç÷èñëåííó ãiïåðáîëi÷íó ñèñòåìó êâàçiëiíiéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü. Çà öèõ óìîâ,
ðîçâ'ÿçêè âèõiäíî¨ ñèñòåìè òà âêîðî÷åíî¨ ñêií÷åííî¨ ñèñèòåìè áóäóòü âiäðiçíÿòèñÿ íå áiëüøå,
íiæ íà äåÿêó ôiêñîâàíó ìàëó âåëè÷èíó.

Using the method of characteristics we establish su�cient conditions under which one can
shorten a countable hyperbolic system of quasilinear di�erential equations. Under these conditions,
the solutions of the initial and shortened system di�er by, at most, some �xed small value.

1. Âñòóï. Òåîðiÿ çëi÷åííèõ äèôåðåíöi-
àëüíèõ ðiâíÿíü ¹ ÷àñòèíîþ òåîði¨ çâè÷àéíèõ
äèôåðåíöiàëüíèõ ðiâíÿíü i áàãàòî ïèòàíü ç
¨õíüî¨ ðîçâ'ÿçíîñòi ïîâòîðþ¹ äåÿêi çàãàëüíî-
âiäîìi ôàêòè ðîçâ'ÿçíîñòi äèôåðåíöiàëüíèõ
ðiâíÿíü â ðiçíèõ ôóíêöiîíàëüíèõ ïðîñòî-
ðàõ. Îñíîâíi ïðîáëåìè äîñëiäæåííÿ çëi÷åí-
íèõ ñèñòåì, òîáòî äèôåðåíöiàëüíèõ ðiâíÿí-
íÿ â ïðîñòîði M îáìåæåíèõ ÷èñëîâèõ ïîñëi-
äîâíîñòåé, íàâåäåíi â ðîáîòàõ [1-6]. Ðîçâ'ÿ-
çíiñòü ïî÷àòêîâî-êðàéîâèõ çàäà÷ äëÿ çëi-
÷åííèõ ñèñòåì ðiâíÿíü ç ÷àñòèííèìè ïîõi-
äíèìè [2,3] òàêîæ çâîäèòüñÿ äî ðîçâ'ÿçíîñòi
âiäïîâiäíèõ çàäà÷ äëÿ çëi÷åííèõ ñèñòåì çâè-
÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü [4,5].

Ó öié ïðàöi äåÿêèé àíàëîã ìåòîäó âêî-
ðî÷åííÿ çëi÷åííèõ äèôåðåíöiàëüíèõ ñèñòåì
[2-4] çàñòîñîâàíî äî ãiïåðáîëi÷íî¨ çëi÷åííî¨
ñèñòåìè êâàçiëiíiéíèõ ðiâíÿíü ïåðøîãî ïî-
ðÿäêó ç äâîìà íåçàëåæíèìè çìiííèìè. Ïî-
äiáíèé ïiäõiä äëÿ íàïiâëiíiéíèõ ñèñòåì âè-
êîðèñòàíî â [7].
2. Ôîðìóëþâàííÿ çàäà÷i. Ó ñìóçi

ΠT = {(x, t) : −∞ < x < ∞, 0 6 t 6 T}
ðîçãëÿíåìî çàäà÷ó Êîøi äëÿ çëi÷åííî¨ êâà-
çiëiíiéíî¨ ãiïåðáîëi÷íî¨ ñèñòåìè ðiâíÿíü

∂ui
∂t

+λi(x, t, u1, u2, ...)
∂ui
∂x

= fi(x, t, u1, u2, ...),

i ∈ N (1)

ç ïî÷àòêîâèìè óìîâàìè

ui(x, 0) = gi(x), i ∈ N. (2)

Ïðè âèêîíàííi ïåâíèõ óìîâ, âiäøóêàííÿ
ðîçâ'ÿçêó çàäà÷i (1)-(2) çâîäèòüñÿ äî ïîáóäî-
âè ðîçâ'ÿçêó çàäà÷i Êîøi äëÿ çëi÷åííèõ ñè-
ñòåì äèôåðåíöiàëüíèõ ðiâíÿíü ïåðøîãî ïî-
ðÿäêó [6-8].

Ïîçíà÷èìî ÷åðåç φi[u](τ ;x, t) (äëÿ ñïðî-
ùåííÿ çàïèñóâàòèìåìî φi[u](τ)) õàðàêòåðè-
ñòèêè ñèñòåìè (1), òîáòî ðîçâ'ÿçêè çàäà÷i

dξ

dτ
= λi(ξ, τ, u1(ξ, τ), u2(ξ, τ), ...), i ∈ N, (3)

ξ|τ=t = x. (4)

Êîðåêòíó ðîçâ'ÿçíiñòü òàêî¨ çàäà÷i äëÿ
äîâiëüíîãî ôiêñîâàíîãî íàáîðó ôóíêöié
u(x, t) = (u1(x, t), u2(x, t), ...) íàâåäåíî â [4].

Íàäàëi áóäåìî âèêîðèñòîâóâàòè ïîçíà÷å-
ííÿ u = (u1, u2, ...), λ = (λ1, λ2, ...), f =
(f1, f2, ...), g = (g1, g2, ...). Ïîçíà÷èìî òàêîæ
(u, un) = (u1, u2, ..., un, u

n
n+1, u

n
n+2, ...).

Íåõàé òåïåð φni [u
n](τ ;x, t) ðîçâ'ÿçîê ñè-

ñòåìè

dξ

dτ
=λi(ξ, τ, u

n
1 (ξ, τ), ..., u

n
n(ξ, τ), 0, 0, ...), i ∈ N

(5)
ç ïî÷àòêîâèìè óìîâàìè (4).

Ïîðÿä ç ñèñòåìîþ (1) ðîçãëÿíåìî ñèñòåìó
ðiâíÿíü

∂uni
∂t

+λi(x, t, u
n
1 , u

n
2 , ...)

∂uni
∂x

=fi(x, t, u
n
1 , u

n
2 , ...),

i ∈ {1, ..., n} (6)
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ç ïî÷àòêîâèìè óìîâàìè

uni (x, 0) = gi(x), i ∈ {1, ..., n}, (7)

äå

unn+j(x, t)≡gn+j(φnn+j[un](0;x, t))), j ∈ N.

Ñèñòåìó (6) íàçâåìî âêîðî÷åíîþ ñèñòå-
ìîþ äëÿ ñèñòåìè (1) [2].

Ðîçãëÿíåìî ñèñòåìó (1) â îáëàñòi D × G,
äå D � ôóíäàìåíòàëüíà îáëàñòü [8], à G �
ïiäìíîæèíà ôóíêöié u ∈ C∞, îáìåæåíèõ
ñòàëîþ U. Åëåìåíòàìè ïðîñòîðó C∞ ¹ ç÷è-
ñëåííà ñóêóïíiñòü íåïåðåðâíèõ ôóíêöié. Ó
ïðîñòîði C∞ âèçíà÷èìî íîðìó

||u|| = sup
i∈N

(x,t)∈ΠT

{|ui(x, t)|}.

Äëÿ ñïðîùåííÿ âèðàçiâ áóäåìî âèêî-
ðèñòîâóâàòè ïîçíà÷åííÿ f [u(x, t)](s, τ) =:
f(s, τ, u1(x, t), u2(x, t), ...).

Iíòåãðóâàííÿì êîæíîãî ç ðiâíÿíü ñèñòå-
ìè (1) âçäîâæ âiäïîâiäíèõ õàðàêòåðèñòèê,
îäåðæèìî ñèñòåìó iíòåãðî-ôóíêöiîíàëüíèõ
ðiâíÿíü

ui(x, t) = gi(φi[u](0;x, t))+ (8)

+

t∫
0

fi[u(φi[u](τ), τ)](φi[u](τ), τ)dτ, i ∈ N.

Àíàëîãi÷íî äëÿ âêîðî÷åíî¨ ñèñòåìè (6)
áóäåìî ìàòè

uni (x, t) = gi(φ
n
i [u

n](0; x, t))+

+

t∫
0

fi[u
n(φni [u

n](τ), τ)](φni [u
n](τ), τ)dτ, (9)

i ∈ {1, ..., n},

uni (x, t) ≡ gi(φ
n
i [u

n](0;x, t)), i ∈ {n+ 1, ...}.

Ïiä óçàãàëüíåíèìè ðîçâ'ÿçêàìè çàäà÷
(1)�(2) òà (6)�(7) áóäåìî ðîçóìiòè íåïåðåðâ-
íi ðîçâ'ÿçêè ñèñòåì (8) i (9), âiäïîâiäíî [8].

Äîñëiäèìî òåïåð çà ÿêèõ óìîâ ðîçâ'ÿçêè
çàäà÷ (1) - (2) òà (6) - (7) áóäóòü ÿê çàâãîäíî
áëèçüêèìè.

3. Îñíîâíèé ðåçóëüòàò. Äëÿ îäåðæà-
ííÿ îñíîâíîãî ðåçóëüòàòó ïðîâåäåìî íèçêó
îöiíîê, ÿêi íàäàìî ó âèãëÿäi ëåìè, ñôîðìó-
ëþâàâøè ïåðåä òèì äåÿêi äîïîìiæíi òâåð-
äæåííÿ.
Îçíà÷åííÿ. Ôóíêöiÿ f : R2 × M → R

çàäîâîëüíÿ¹ ïîñèëåíó óìîâó Êîøi-Ëiïøèöÿ
çà çìiííèìè u1, u2, ..., un, ... ç äåÿêîþ íåïå-
ðåðâíîþ ôóíêöi¹þ α : R2 → R+, ÿêùî âèêî-
íó¹òüñÿ íåðiâíiñòü

|λi(x, t, u1, u2, ..., un, u′n+1, ...)−

−λi(x, t, u1, u2, ..., un, u′′n+1, ...)| 6

6 ε(n)α(x, t) ·∆u,

äå ∆u = sup
i

|u′n+i − u′′n+i|, i ∈ N, ε(n) → 0,

ïðè n→ ∞.
Áóäåìî ââàæàòè, ùî ôóíêöiÿ f : R2 ×

M → M çàäîâîëüíÿ¹ óìîâó Ëiïøèöÿ çà
çìiííîþ x â ΠT , ÿêùî fi ∈ Lipx(Π

T ) äëÿ äî-
âiëüíîãî íàáîðó u1, u2, ... òà äëÿ âñiõ i ∈ N.

Íàäàëi ñòàëi Ëiïøèöÿ äëÿ ôóíêöié
u, λ, f, g ïîçíà÷àòèìåìî ÷åðåç L,Λ, F,G, âiä-
ïîâiäíî. Iíøi ñòàëi, à ñàìå áóêâè E ç iíäåêñà-
ìè, áóäåìî âèêîðèñòîâóâàòè äëÿ ïîçíà÷åííÿ
êîìáiíàöi¨ âiäîìèõ ñòàëèõ ç ìåòîþ óíèêíåí-
íÿ ãðîìiçäêèõ âèðàçiâ.

×åðåç U(t) ïîçíà÷èìî ôóíêöiþ

U(t) = sup
16i6n,
x,τ6t

{|ui(x, τ)− uni (x, τ)|}.

Ëåìà. Ïðèïóñòèìî, ùî:
1) λ : D × M → M çàäîâîëüíÿ¹ ïîñèëå-

íó óìîâó Êîøi-Ëiïøèöÿ ç ôóíêöi¹þ α(x, t) i
λ ∈ C(D)∩Lipx(D) ïðè ôiêñîâàíèõ u1, u2, ...;

2) g : R → M çàäîâîëüíÿ¹ óìîâó Ëiïøè-
öÿ.

Òîäi ñïðàâäæóþòüñÿ ñïiââiäíîøåííÿ:

sup
i
{|φi[u](τ ; x, t)− φni [u

n](τ ; x, t)|} 6

6 E1ε(n) + E2

t∫
0

U(τ)dτ,

sup
i
{|gi(φi[u](τ ; x, t))− gi(φ

n
i [u

n](τ ; x, t))|} 6
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6 E3ε(n) + E4

t∫
0

U(s)ds,

äå E1 = ATUe(Λ+AL)T , E2 = Ae(Λ+AL)T ,
E3 = GE1, E4 = GE2.
Äîâåäåííÿ. Íåõàé ∆�äîâiëüíèé âiäði-

çîê ïðÿìî¨ t = 0 ÿêèé ìiñòèòü òî÷êó x, òî÷êè
φi(0;x, t), òà òî÷êè φni (0;x, t). Ïîçíà÷èìî ÷å-
ðåç Ω = ∆× [0, T ] ∩D i A = max

(ξ,τ)∈Ω
|α(ξ, τ)|.

Ïåðøà íåðiâíiñòü ëåìè âèïëèâà¹ ç îöiíîê

|φi[u](τ)− φni [u
n](τ)| 6

6
∣∣∣∣∣

τ∫
t

∣∣∣λi[u(φi[u](s), s)](φi[u](s), s)−
−λi[(un, 0)(φni [un](s), s)](φni [un](s), s)

∣∣∣ds∣∣∣∣∣ 6
6
∣∣∣∣∣

τ∫
t

∣∣∣λi[u(φi[u](s), s)](φi[u](s), s)−
−λi[(un, 0)(φni [un](s), s)](φni [un](s), s)±

±λi[u(φi[u](s), s)](φni [un](s), s)±

±λi[(u, 0)(φi[u](s), s)](φni [un](s), s)
∣∣∣ds∣∣∣∣∣ 6

6
∣∣∣∣∣

τ∫
t

Λ|φi[u](s)− φni [u
n](s)|ds

∣∣∣∣∣+
+

∣∣∣∣∣
τ∫
t

A sup
16i6n

{|ui(φi[u](s), s)−

−uni (φni [un](s), s)|}ds

∣∣∣∣∣+
+

∣∣∣∣∣
τ∫
t

Aε(n) sup
i
{|un+i(φn+i[u](s), s)|}ds

∣∣∣∣∣ 6
6 Λ

∣∣∣∣∣
τ∫
t

|φi[u](s)− φni [u
n](s)|ds

∣∣∣∣∣+
+A

∣∣∣∣∣
τ∫
t

sup
16i6n

{|ui(φi[u](s), s)−

−uni (φni [un](s), s)±

±ui(φni [un](s), s)|}ds

∣∣∣∣∣+ ATUε(n) 6

6 Λ

∣∣∣∣∣
τ∫
t

|φi[u](s)− φni [u
n](s)|ds

∣∣∣∣∣+
+AL

∣∣∣∣∣
τ∫
t

sup
16i6n

{|φi[u](s)− φni [u
n](s)|}ds

∣∣∣∣∣+
+A

∣∣∣∣∣
τ∫
t

sup
16i6n

{|ui(φni [un](s), s)−

−uni (φni [un](s), s)|}ds

∣∣∣∣∣+ ATUε(n) 6

6 (Λ+AL)

∣∣∣∣∣
τ∫
t

sup
i
{|φi[u](s)−φni [un](s)|}ds

∣∣∣∣∣+
+A

∣∣∣∣∣
τ∫
t

U(s)ds

∣∣∣∣∣+ ATUε(n).

Îòæå, ìà¹ìî

sup
i
{|φi[u](τ ; x, t)− φni [u

n](τ ; x, t)|} 6

6 (Λ + AL)

∣∣∣∣∣
τ∫
t

sup
i
{|φi[u](s;x, t)−

−φni [un](s;x, t)|}ds

∣∣∣∣∣+
+A

t∫
0

U(s)ds+ ATUε(n).

Çà ëåìîþ Ãðîíóîëëà-Áåëëìàíà îäåðæó¹-
ìî

sup
i
{|φi[u](τ ; x, t)− φni [u

n](τ ; x, t)|} 6

6 (A

t∫
0

U(s)ds+ ATUε(n))e(Λ+AL)T =
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= E1ε(n) + E2

t∫
0

U(s)ds.

Âèêîðèñòîâóþ÷è ïåðøó íåðiâíiñòü, ëåãêî
îòðèìà¹ìî äðóãó îöiíêó ëåìè

sup
i
{|gi(φi[u](τ ;x, t))− gi(φ

n
i [u

n](τ ;x, t))|} 6

6 G sup
i
{|φi[u](τ ; x, t)− φni [u

n](τ ; x, t)|} 6

6 E3ε(n) + E4

t∫
0

U(s)ds.

Ëåìà äîâåäåíà.
Òåïåð ñôîðìóëþ¹ìî òåîðåìó.
Òåîðåìà.Ïðèïóñòèìî, ùî:
1) λ, f : D ×M → M çàäîâîëüíÿþòü ïî-

ñèëåíó óìîâó Êîøi-Ëiïøèöÿ ç ôóíêöiÿìè
α(x, t) òà β(x, t), âiäïîâiäíî, i λ, f ∈ C(D)∩
Lipx(D) ïðè äîâiëüíî ôiêñîâàíèõ u1, u2, ...;

2) |fi(x, t, u1, u2, ...)| 6 ai ai � äåÿêà ñòà-
ëà, ïðè÷îìó ai → 0, ïðè i→ ∞;

3) g : R → M çàäîâîëüíÿ¹ óìîâó Ëiïøè-
öÿ.

Òîäi óçàãàëüíåíi ðîçâ'ÿçêè çàäà÷ (1)-(2)
i (6)-(7) áóäóòü ÿê çàâãîäíî áëèçüêèìè ïðè
äîñòàòíüî âåëèêîìó, àëå ñêií÷åííîìó çíà-
÷åíi n.
Äîâåäåííÿ. Íåõàé B = max

(ξ,τ)∈Ω
{|β(ξ, τ)|}.

Îöiíèìî ðiçíèöþ |ui(x, t) − uni (x, t)| äëÿ
i ∈ {n+ 1, ...}, òîáòî

|ui(x, t)− uni (x, t)| 6

6 |gi(φi[u](0; x, t))− gi(φ
n
i [u

n](0;x, t))|+

+

t∫
0

∣∣∣fi[u(φi[u](s), s)](φi[u](s), s)∣∣∣dτ 6

6 E3ε(n) + E4

t∫
0

U(τ)dτ + Tai.

Äëÿ i ∈ {1, ..., n} îòðèìà¹ìî îöiíêó

|ui(x, t)− uni (x, t)| 6

6 |gi(φi[u](0; x, t))− gi(φ
n
i [u

n](0;x, t))|+

+

t∫
0

∣∣∣fi[u(φi[u](τ), τ)](φi[u](τ), τ)−
−fi[un(φi[un](τ), τ)](φi[un](τ), τ)

∣∣∣dτ 6

6 E3ε(n) + E4

t∫
0

U(τ)dτ+

+

t∫
0

∣∣∣fi[u(φi[u](τ), τ)](φi[u](τ), τ)−
−fi[un(φi[un](τ), τ)](φi[un](τ), τ)±
±fi[u(φi[u](τ), τ)](φi[un](τ), τ)±

±fi[(u, un)](φi[un](τ), τ)
∣∣∣dτ 6

6 E3ε(n) + E4

t∫
0

U(τ)dτ+

+F

t∫
0

|φi[u](τ)− φni [u
n](τ)|dτ+

+B

t∫
0

sup
16i6n

{|ui(φi[u](τ), τ)−

−uni (φni [un](τ), τ)±ui(φ
n
i [u

n](τ), τ)|}dτ+

+Bε̃(n)

t∫
0

sup
i
{|un+i(φi[u](τ), τ)−

−unn+i(φni [un](τ), τ)|}dτ 6

6 E3ε(n) + E4

t∫
0

U(τ)dτ + TFE1ε(n)+

+TFE2

t∫
0

U(τ)dτ +B

t∫
0

U(τ)dτ+

+BL

t∫
0

sup
16i6n

{|φi[u](τ)− φni [u
n](τ)|}dτ+

+2TBUε̃(n) 6 (E3 + TFE1)ε(n)+

+(E4 + TFE2 +B)

t∫
0

U(τ)dτ + 2TBUε̃(n)+
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+BLTE1ε(n) +BLTE2

t∫
0

U(τ)dτ =

= E5ε(n) + E6ε̃(n) + E7

t∫
0

U(τ)dτ.

Äëÿ ôóíêöi¨ U(t) ìà¹ìî

U(t) 6 E5ε(n) + E6ε̃(n) + E7

t∫
0

U(τ)dτ

çà ëåìîþ Ãðîíóîëëà-Áåëëìàíà îäåðæèìî

U(t) 6 (E5ε(n) + E6ε̃(n))e
E7t 6

6 (E5ε(n) + E6ε̃(n))e
E7T < δ

ïðè äîñòàòíüî âåëèêîìó çíà÷åííi n.
Îòæå, |ui(x, t)−uni (x, t)| 6 δ äëÿ âñiõ çíà-

÷åíü i ∈ {1, ..., n}.
Äëÿ i ∈ n+ 1, ... îòðèìà¹ìî

|ui(x, t)− uni (x, t)| 6 E3ε(n) + Tai+

+E4

t∫
0

U(τ)dτ 6 E3ε(n) + Tai + TE4δ < ε

ïðè äîñòàòíüî âåëèêîìó çíà÷åííi n, òîáòî
|ui(x, t)− uni (x, t)| < ε äëÿ âñiõ i ∈ 1, 2....

Òåîðåìà äîâåäåíà.
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