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STABILITY OF RICH SUBSPACES

Â ðîáîòi ðîçãëÿäà¹òüñÿ âiäîìèé ðåçóëüòàò: ÿêùî E � ñèìåòðè÷íèé áàíàõiâ ïðîñòið íà [0, 1],

âiäìiííèé âiä L∞ ç òî÷íiñòþ äî åêâiâàëåíòíî¨ íîðìè, K � êîìïàêòíèé îïåðàòîð íà E òà X

� áàãàòèé ïiäïðîñòið ïðîñòîðó E, òî ïiäïðîñòið (I + K)(X) � òàêîæ áàãàòèé. Ïðîïîíó¹òüñÿ

äîâåäåííÿ, ÿêå íå âèêîðèñòîâó¹ ñëàáêó çáiæíiñòü ñèñòåìè Ðàäåìàõåðà äî íóëÿ, ùî äà¹ ìîæëè-

âiñòü óçàãàëüíèòè ðåçóëüòàò íà äîâiëüíèé F-ïðîñòið Êåòå ç àáñîëþòíî íåïåðåðâíîþ íîðìîþ

íà ïðîñòîði çi ñêií÷åííîþ áåçàòîìíîþ ìiðîþ (Ω,Σ, µ).

We consider the well-known result: if E is an r.i. Banach space on [0, 1] not equal to L∞, up

to an equivalent norm, K is a compact operator on E and X is a rich subspace of E, then the

subspace (I+K)(X) is also rich. We provide a proof without using the Rademacher system's weak

convergence to zero. This permits us to generalize the proposition to any K�othe F-space with an

absolutely continuous norm on a �nite atomless measure space.

It is well known [3, p. 72], [4, Propositi-
on 5.7] that if E is an r.i. Banach space on [0, 1],
not equal to L∞, up to an equivalent norm, K
is a compact operator on E and X is a rich
subspace of E then the subspace (I + K)(X)

is also rich. Note that the image (I+K)(X) is
closed because K is a compact operator on X
[1, p. 474]). Proofs of this proposition in [3] and
[4] use the fact that the Rademacher system is
weakly null in such a space E. Using the techni-
que of [3, Section 1.3], we provide another proof
which does not use the Rademacher system's
weak convergence to zero. It enables us to
generalize (extend) the proposition to K�othe
spaces.

Recall some de�nitions. An F − space is a
complete metric linear space X over the real
or complex scalar �eld K with an invariant
metric ρ (i.e. ρ(x, y) = ρ(x + z, y + z) for all
x, y, z ∈ X). As in a normed space, the di-
stance between x and zero is denoted by ∥x∥
and called the F− norm.

Let (Ω,Σ, µ) be a �nite atomless measure
space. An F -space E of equivalence classes of
measurable functions x : Ω → K is called a
K�othe F -space if the following conditions hold:

(1) if y ∈ E and |x(ω)| 6 |y(ω)| for almost all
ω ∈ Ω then x ∈ E and ∥x∥ 6 ∥y∥;

(2) 1A ∈ E for every set A ∈ Σ.

The symbol 1A denotes the characteristic
function of a set A ∈ Σ. let E be a K�othe
F -space on a �nite atomless measure space
(Ω,Σ, µ). A linear continuous operator T :

E → Y (Y is any F-space) is called narrow,
if ∀ ε > 0 and ∀A ∈ Σ+ = {A ∈ Σ : µ(A) >

0} there exists an element x ∈ E such that

x2 = 1A,
∫
Ω

x dµ = 0 (such an element is

called a mean zero sign on A) and ∥Tx∥ < ε.
A subspace X of E is called rich if the quoti-
ent map from E onto E/X is narrow. In other
wording, X is a rich subspace if for each ε > 0

and each A ∈ Σ+ there exist elements x ∈ X

and y ∈ E, such that y2 = 1A,
∫
Ω

y dµ = 0 and

∥x− y∥ < ε.
For Banach or F -space E the symbol

L
(
X,Y

)
, stands for the linear space of all

continuous linear operators from E to E.

Theorem 1. Let E be a K�othe F -space wi-

th an absolutely continuous norm on a �ni-

te atomless measure space (Ω,Σ, µ). Let K ∈
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L
(
E
)
be a compact operator. If X is a rich

subspace of E then the subspace (I +K)(X) is

also rich.

Proof. Fix ε > 0 and A ∈ Σ+. Since X is
a rich subspace, there exist a sequence xn ∈
X, n ∈ N and a Rademacher system (rn) on
A such that ∥xn − rn∥ −→ 0 as n −→ ∞.

By a Rademacher system on A we mean any

sequence (rn) such that r2n = 1A,
∫
Ω

rn dµ = 0

and µ{rn(ω) = 1} = µ{rn(ω) = −1} =

2−nµ(A).
Since K is compact, the set {Krn : n ∈ N}

is relatively compact. Hence we can choose
a convergent subsequence (Krni

) of (Krn).
Consider two numbers n1, n2 for which∥∥∥Krn1 − rn2

2

∥∥∥ < ε

2
,∥∥∥xn1 − rn1

2

∥∥∥ < ε

4(1 + ∥K∥)
,∥∥∥xn2 − rn2

2

∥∥∥ < ε

4(1 + ∥K∥)
.

We denote

h1 =
rn1 − rn2

2
.

It is clear that the function h1 is a mean zero
sign on A1 ⊂ A such that µ(A1) = µ(A)/2.
Put

x̃1 =
xn1 − xn2

2
∈ X

and

y1 = x̃1 +Kx̃1 ∈ (I +K)(X).

Then

∥y1 − h1∥ = ∥x̃1 +Kx̃1 − h1∥ =

= ∥(I +K)(x̃1 − h1) +Kh1∥ 6

6 (1 + ∥K∥)
(∥∥∥xn1 − rn1

2

∥∥∥+
+
∥∥∥xn2 − rn2

2

∥∥∥)+ ∥Kh1∥ < ε.

Now consider the set A \ A1. Analogously,
there exist a sequence x1n ∈ X, n ∈ N and a

Rademacher system (r1n) on A \ A1, for which
∥x1n − r1n∥ −→ 0 as n −→ ∞. Since the set
{Kr1n : n ∈ N} is relatively compact, we can
choose two numbers n1, n2, for which∥∥∥Kr1n1

− r1n2

2

∥∥∥ < ε

22
,

∥∥∥x1n1
− r1n1

2

∥∥∥ < ε

8(1 + ∥K∥)
,∥∥∥x1n2

− r1n2

2

∥∥∥ < ε

8(1 + ∥K∥)
.

Denote by

h2 =
r1n1

− r1n2

2
the function, which is a mean zero sign on A2 ⊂
A \ A1 and µ(A2) = µ(A)/22. Put

x̃2 =
x1n1

− x1n2

2
∈ X

è
y2 = x̃2 +Kx̃2 ∈ (I +K)(X).

Then

∥y2 − h2∥ = ∥x̃2 +Kx̃2 − h2∥ 6

6 (1 + ∥K∥)
(∥∥∥x1n1

− r1n1

2

∥∥∥+
+
∥∥∥x1n2

− r1n2

2

∥∥∥)+ ∥Kh2∥ <
ε

2
.

Suppose for i = 1, 2, ...,m the functions x̃i
and the signs hi on Ai ⊂ A \ A1 ∪ A2 ∪ ... ∪
Ai−1 with µ(Ai) = µ(A)/2i have been chosen.
Then there are a sequence (xmn ) ⊂ X and a
Rademacher system (rmn ) on A \ A1 ∪ A2 ∪
... ∪ Am, for which ∥xmn − rmn ∥ −→ 0 as n −→
∞. Again, using the relative compactness of
{Krmn : n ∈ N}, we choose two numbers n1, n2,
for which ∥∥∥Krmn1

− rmn2

2

∥∥∥ < ε

2m+1
,

∥∥∥xmn1
− rmn1

2

∥∥∥ < ε

2m+2(1 + ∥K∥)
,
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∥∥∥xmn2
− rmn2

2

∥∥∥ < ε

2m+2(1 + ∥K∥)
.

Then the function

hm+1 =
rmn1

− rmn2

2

is a mean zero sign on
Am+1 ⊂ A \ A1 ∪ A2 ∪ ... ∪ Am,
such that µ(Am+1) = µ(A)/2m+1.
Putting

x̃m+1 =
xmn1

− xmn2

2
∈ X

and

ym+1 = x̃m+1 +Kx̃m+1 ∈ (I +K)(X),

we obtain the estimate

∥ym+1 − hm+1∥ <
ε

2m
.

Now let

x̃ =
∞∑
i=1

x̃i ∈ X, h =
∞∑
i=1

hi.

The series converges because E has an
absolutely continuous norm. It is clear that the
function h is a mean zero sign on A. Putting

y = x̃ +Kx̃ =
∞∑
i=1

yi ∈ (I +K)(X), we obtain

the estimate

∥y − h∥ 6
∞∑
i=1

∥yi − hi∥ < 2ε.

This means that the subspace is rich. �

Corollary 1. Let E be a K�othe F -space wi-

th an absolutely continuous norm on a �nite

atomless measure space (Ω,Σ, µ). If X is a ri-

ch subspace of E and Y is a subspace of X of

�nite co-dimension then Y is also rich.

Theorem 2. Let E be a Banach K�othe

space with an absolutely continuous norm on

a �nite atomless measure space (Ω,Σ, µ) and

let X be a rich subspace of E with a normali-

zed basis (xn)
∞
n=1. If a sequence (yn)

∞
n=1 in E

satis�es
∞∑
n=1

∥xn − yn∥ < ∞ then the subspace

Y = [yn]
∞
n=1 is also rich.

The symbol [yn]∞n=1 (or simply [yn]) denotes
the closed linear span of a sequence (yn)∞n=1. If
we consider the closed linear span of a sequence
(yn)

∞
n=n0

, we denote it by the symbol [yn]∞n=n0
.

Proof. According to [4,p.60], �x any A ∈
Σ+ and ε ∈ (0, 2µ(Ω)). Let M be the basis
constant of (xn). Then choose n0 ∈ N so that
∞∑

n=n0

∥xn − yn∥ < ε/8Mµ(Ω). By [2, p. 5],

there exists a continuous linear operator T :

[xn]
∞
n=n0

→ [yn]
∞
n=n0

with Txn = yn for each
n > n0 and

∥Tx− x∥ 6 ε∥x∥/4µ(Ω)

for each x ∈ [xn]
∞
n=n0

.
By Corollary 1, [xn]∞n=n0

is a rich space of E.
So, there exist x = [xn]

∞
n=n0

and y ∈ E, such

that y2 = 1A,
∫
Ω

y dµ = 0 and ∥x − y∥ < ε/2.

Then Tx ∈ Y and

∥x∥ 6 ∥x− y∥+ ∥y∥ 6 ε/2 + µ(Ω) < 2µ(Ω),

∥Tx−y∥ 6 ∥Tx−x∥+∥x−y∥ 6 ε∥x∥/4+ε/2 < ε.

So the subspace Y is rich. �
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