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×åðíiâåöüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Þðiÿ Ôåäüêîâè÷à

ÇÀÄÀ×À ÄÈÔÓÇI� Â ÒÐÈØÀÐÎÂÎÌÓ ÍÀÏIÂÎÁÌÅÆÅÍÎÌÓ
ÑÅÐÅÄÎÂÈÙI Ç Ì'ßÊÈÌÈ ÌÅÆÀÌÈ

Ìåòîäîì iíòåãðàëüíîãî ïåðåòâîðåííÿ Ëàïëàñà â ïî¹äíàííi ç ìåòîäîì ôóíêöié Êîøi ïîáó-
äîâàíî ðîçâ'ÿçîê çàäà÷i äèôóçi¨, çìîäåëüîâàíî¨ íà òðèøàðîâié ïiâîñi ãiáðèäíèì äèôåðåíöi-
àëüíèì îïåðàòîðîì Ëåæàíäðà-Ôóð'¹-Áåññåëÿ â ïðèïóùåííi, ùî ÷àñîâà çìiííà áåðå ó÷àñòü â
êðàéîâié óìîâi òà â óìîâàõ ñïðÿæåííÿ.

Using integral Laplace transforms and Cauchy functions, we construct a solution of a di�usion
problem modeled on a three-layer axis by a hybrid di�erential Legendre-Fourier-Bessel operator
under the assumption that the time variable is involved in the boundary conditions and conjugate
conditions.

Ïðîöåñè òåïëîïðîâiäíîñòi, ÿêi ïîñòiéíî
âiäáóâàþòüñÿ â íàâêîëèøíüîìó ñåðåäîâèùi,
ïðèâåðòàëè äî ñåáå óâàãó â÷åíèõ íà ïðîòÿ-
çi âñi¹¨ iñòîði¨ ðîçâèòêó ëþäñòâà. Íàéïðîñòi-
øîþ ìàòåìàòè÷íîþ ìîäåëëþ òàêîãî ïðîöå-
ñó ¹ äèôåðåíöiàëüíå ðiâíÿííÿ òåïëîïðîâiä-
íîñòi ïàðàáîëi÷íîãî òèïó [1]

∂u

∂t
− a2

∂2u

∂r2
= f(t, r), r ∈ (R0, R)

ç âiäïîâiäíîþ ïî÷àòêîâîþ óìîâîþ òà êðàéî-
âèìè óìîâàìè.

Ïîòðåáè ïðàêòèêè ïðèâîäèëè äî ðiçíî-
ãî óçàãàëüíåííÿ ðiâíÿííÿ òåïëîïðîâiäíîñòi:
ïåðåõiä äî êâàçiëiíiéíîñòi òà íåëiíiéíîñòi,
ïåðåõiä äî êóñêîâî-îäíîðiäíèõ êîåôiöi¹íòiâ,
ïåðåõiä äî íîâèõ êðèâîëiíiéíèõ ñèñòåì êî-
îðäèíàò (ó âèïàäêó ðîçìiðíîñòi ïðîñòîðó
n ≥ 2) òà ií. Â óñiõ âèïàäêàõ ïðîöåñè òå-
ïëîïðîâiäíîñòi âèâ÷àëèñÿ â ïðèïóùåííi, ùî
ìåæà ñåðåäîâèùà æîðñòêà ïî âiäíîøåííþ
äî âiäáèòòÿ õâèëü. Ðiçêî çìiíþ¹òüñÿ êàðòè-
íà ðîçïîâñþäæåííÿ òåïëà, ÿêùî ìåæà ñåðå-
äîâèùà ¹ ì'ÿêîþ ïî âiäíîøåííþ äî âiäáèò-
òÿ õâèëü. Ìàòåìàòè÷íî öå îçíà÷à¹ íàÿâíiñòü
â êðàéîâèõ îïåðàòîðàõ òà äèôåðåíöiàëüíèõ
îïåðàòîðàõ ñïðÿæåííÿ ïîõiäíî¨ ñòîñîâíî ÷à-
ñîâî¨ çìiííî¨.

Îñîáëèâó óâàãó çàñëóãîâó¹ äóæå ïîøèðå-
íèé â äðóãié ïîëîâèíi ÕÕ-ãî ñòîëiòòÿ äëÿ
âèâ÷åííÿ ôiçèêî-òåõíi÷íèõ õàðàêòåðèñòèê
êîìïîçèòíèõ îá'¹êòiâ ìåòîä êóñêîâî-ñòàëèõ

êîåôiöi¹íòiâ. Öå ïðèâåëî íàâiòü ó âèïàäêó
æîðñòêîñòi îáëàñòi ñåðåäîâèùà äî äèôåðåí-
öiàëüíèõ ðiâíÿíü iç ñèíãóëÿðíèìè êîåôiöi-
¹íòàìè òèïó äåëüòà-ôóíêöi¨ òà ¨¨ ïîõiäíèõ.
Îäåðæàòè iíòåãðàëüíå çîáðàæåííÿ òî÷íîãî
àíàëiòè÷íîãî ðîçâ'ÿçêó òàêèõ çàäà÷ íàâiòü ó
íàéïðîñòiøîìó âèïàäêó íåìîæëèâî. Öi òðó-
äíîùi ìîæíà îáiéòè, ÿêùî çäiéñíèòè ìîäå-
ëþâàííÿ ïðîöåñiâ ïîøèðåííÿ òåïëà ìåòîäîì
ãiáðèäíèõ äèôåðåíöiàëüíèõ îïåðàòîðiâ.

Äàíà ðîáîòà ïðèñâÿ÷åíà ìîäåëþâàííþ
íåñòàöiîíàðíèõ ïðîöåñiâ òåïëîïðîâiäíîñòi
ìåòîäîì ãiáðèäíîãî äèôåðåíöiàëüíîãî îïå-
ðàòîðà Ëåæàíäðà-Ôóð'¹-Áåññåëÿ â ïðèïó-
ùåííi, ùî ìåæà ñåðåäîâèùà ì'ÿêà ïî âiäíî-
øåííþ äî âiäáèòòÿ õâèëü.

Öå äàëî ìîæëèâiñòü îäåðæàòè iíòå-
ãðàëüíå çîáðàæåííÿ òî÷íîãî àíàëiòè÷íî-
ãî ðîçâ'ÿçêó â àëãîðèòìi÷íié ôîðìi äîñòà-
òíüî øèðîêîãî êëàñó çàäà÷ òåïëîïðîâiäíî-
ñòi íåîäíîðiäíîãî ñåðåäîâèùà. Òàêà ôîðìà
ðîçâ'ÿçêó çðó÷íà i äëÿ òåîðåòè÷íîãî äîñëi-
äæåííÿ i äëÿ iíæåíåðíèõ ðîçðàõóíêiâ.

Ïîáóäó¹ìî îáìåæåíèé â îáëàñòi D
+

2 =

{(t, r) : t ∈ (0,∞); r ∈ I
+

2 = (R0, R1) ∪
(R1, R2) ∪ (R2,∞); R0 > 0} ðîçâ'ÿçîê ñåïà-
ðàòíî¨ ñèñòåìè äèôåðåíöiàëüíèõ ðiâíÿíü òå-
ïëîïðîâiäíîñòi ïàðàáîëi÷íîãî òèïó [1]

∂u1
∂t

+γ21u1−a21Λ(µ)[u1] = f1(t, r), r ∈ (R0, R1),
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∂u2
∂t

+ γ22u2 − a22
∂2u2
∂r2

= f2(t, r), r ∈ (R1, R2),

(1)
∂u3
∂t

+ γ23u3 − a23Bν,α[u3] = f3(t, r), r ∈ (R2,∞)

çà ïî÷àòêîâèìè óìîâàìè

uj(t, r)
∣∣∣
t=0

= gj(r), r ∈ (Rj−1, Rj),

j = 1, 3, R3 = ∞ (2)

êðàéîâèìè óìîâàìè[(
α0
11+ δ

0
11

∂

∂t

) ∂
∂r

+β0
11+γ

0
11

∂

∂t

]
u1(t, r)

∣∣∣
r=R0

=

= ω0(t),
∂u3
∂r

∣∣∣
r=∞

= 0 (3)

òà óìîâàìè ñïðÿæåííÿ(
Lkj1

[
uk(t, r)

]
− Lkj2

[
uk+1(t, r)

])∣∣∣
r=Rk

=

= ωjk(t), j, k = 1, 2 (4)

Ó ðiâíîñòÿõ (1)-(4) áåðóòü ó÷àñòü: äè-
ôåðåíöiàëüíèé îïåðàòîð Ëåæàíäðà Λ(µ) =
d2

dr2
+ cthr

d

dr
+
1

4
+
1

2

( µ2
1

1− chr
+

µ2
2

1 + chr

)
[2],

äèôåðåíöiàëüíèé îïåðàòîð Áåññåëÿ Bν,α =
d2

dr2
+(2α+ 1)r

d

dr
−(ν2−α2)r−2 òà Ôóð'¹

d2

dr2
[3, 4], à òàêîæ äèôåðåíöiàëüíi îïåðàòîðè

Lkjm =
(
αkjm + δkjm

∂

∂t

) ∂
∂r

+ βkjm + γkjm
∂

∂t
;

m, j, k = 1, 2.
Ïðèïóñòèìî, ùî âèêîíàíi óìîâè íà êîå-

ôiöi¹íòè: α0
11 ≤ 0, β0

11 ≥ 0, |α0
11| + β0

11 ̸= 0,
δ011 ≥ 0, γ011 ≥ 0; αkjm ≥ 0, βkjm ≥ 0, δkjm ≥ 0,
cj1,k = αk2jβ

k
1j−αk1jβk2j, cj2,k = δk2jγ

k
1j−δk1jγk2j=0;

δk2jβ
k
1j−δk1jβk2j = αk1jγ

k
2j−αk2jγk1j, c11,k ·c21,k > 0.

Íåõàé çàäàíi òà øóêàíi ôóíêöi¨ ¹ îðèãi-
íàëàìè Ëàïëàñà ñòîñîâíî t [5]. Ó çîáðàæåííi
çà Ëàïëàñîì îäåðæó¹ìî êðàéîâó çàäà÷ó: ïî-
áóäóâàòè îáìåæåíèé íà ìíîæèíi I

+

2 ðîçâ'ÿ-
çîê ñåïàðàòíî¨ ñèñòåìè çâè÷àéíèõ äèôåðåí-
öiàëüíèõ ðiâíÿíü Ëåæàíäðà, Ôóð'¹ òà Áåñ-
ñåëÿ äëÿ ìîäèôiêîâàíèõ ôóíêöié(
Λ(µ) − q21

)
u∗1(p, r) = −F ∗

1 (p, r), r ∈ (R0, R1)

( d2
dr2

− q22

)
u∗2(p, r) = −F ∗

2 (p, r), r ∈ (R1, R2)

(5)(
Bν,α − q23

)
u∗3(p, r) = −F ∗

3 (p, r), r ∈ (R2,∞)

çà êðàéîâèìè óìîâàìè(
α0
11

d

dr
+ β

0

11

)
u∗1(p, r)

∣∣∣
r=R0

= ω∗
0(p),

du∗3
dr

∣∣∣
r=∞

= 0 (6)

òà óìîâàìè ñïðÿæåííÿ[(
αkj1

d

dr
+ β

k

j1

)
u∗k(p, r)−

−
(
αkj2

d

dr
+ β

k

j2

)
u∗k+1(p, r)

]∣∣∣
r=Rk

=

= ω∗
jk(p), j, k = 1, 2 (7)

Ó ðiâíîñòÿõ (5)-(7) ïðèéíÿòi ïîçíà÷åííÿ:

q2j = a−2
j

(
p+ γ2j

)
,

F ∗
j (p, r) = a−2

j

(
f ∗
j (p, r) + gj(r)

)
;

α0
11 = α0

11 + pδ011, β
0

11 = β0
11 + pγ011;

αkjm = αkjm + pδkjm,

β
k

jm = βkjm + pγkjm;ω
∗
0(p) = ω∗

0(p) + ψ0
11,

ψ0
11 = δ011g

′
1(R0)+γ

0
11g1(R0), ω

∗
jk(p) = ω∗

jk(p)+ψjk,

ψjk = δkj1g
′
k(Rk) + δkj1gk(Rk)−

−
[
δkj2g

′
k+1(Rk) + δkj2gk+1(Rk)

]
.

Ìîæíà ââàæàòè, ùî ψ0
11 = 0 i ψjk = 0.

ßêùî íå òàê, òî ïåðåõîäèìî äî íîâèõ ïî÷à-
òêîâèõ äàíèõ:

g1 = g1(r)−(a1r+b1), g2(r) = g2(r)−(a2r+b2),

g3(r) = g3(r)− b3.

Íåâiäîìi âåëè÷èíè a1, a2 òà bm (m = 1, 3)
çíàõîäèìî iç íåîäíîðiäíî¨ àëãåáðà¨÷íî¨ ñè-
ñòåìè ç ï'ÿòè ðiâíÿíü:

(δ011 + γ011R0)a1 + γ011b1 = ψ0
11

q1j1a1 + γ1j1b1 − q1j2a2 − γ1j2b2 = ψj1, (8)

q2j1a2 + γ2j1b2 − γ2j2b3 = ψj2, j = 1, 2
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Òóò ïðèéíÿòi ïîçíà÷åííÿ:

q1j1 = δ1j1 + γ1j1R1, q1j2 = δ1j2 + γ1j2R1,

q2j1 = δ2j1 + γ2j1R2, j = 1, 2.

Ïðè âèêîíàííi óìîâ íà êîåôiöi¹íòè àë-
ãåáðà¨÷íà ñèñòåìà (8) ñóìiñíà é ìà¹ ¹äèíèé
ðîçâ'ÿçîê.

Íàÿâíiñòü ôóíäàìåíòàëüíî¨ ñèñòåìè
ðîçâ'ÿçêiâ äîçâîëÿ¹ ïîáóäóâàòè ðîçâ'ÿçîê
êðàéîâî¨ çàäà÷i (5)-(7) ìåòîäîì ôóíêöié
Êîøi [4,7]:

u∗1(p, r) = A1P
(µ)
ν1

(chr) +B1L
(µ)
ν1

(chr)+

+

R1∫
R0

E∗
1(p, r, ρ)F

∗
1 (p, ρ)shρdρ,

u∗2(p, r) = A2chq2r +B2shq2r+

+

R2∫
R1

E∗
2(p, r, ρ)F

∗
2 (p, ρ)dρ, (9)

u∗3(p, r) = B3Kν,α(q3r)+

+

∞∫
R2

E∗
3(p, r, ρ)F

∗
3 (p, ρ)ρ

2α+1dρ.

Òóò E∗
j (p, r, ρ), j = 1, 3, � ôóíêöi¨ Êîøi

[4,7] :

E∗
j (p, r, ρ)

∣∣∣
r=ρ+0

−E∗
j (p, r, ρ)

∣∣∣
r=ρ−0

= 0 (10)

dE∗
j (p, r, ρ)

dr

∣∣∣
r=ρ+0

−
dE∗

j (p, r, ρ)

dr

∣∣∣
r=ρ−0

=

= − 1

φj(ρ)
, j = 1, 3,(

φ1(ρ) = shρ, φ2(ρ) = 1, φ3(ρ) = ρ2α+1
)
.

Ïðèïóñòèìî, ùî ôóíêöiÿ Êîøi

E∗
1(p, r, ρ) =

=


−
E

∗

1≡ C1P
(µ)
ν1 (chr)+

+D1L
(µ)
ν1 (chr), R0 < r < ρ < R1

+

E
∗

1≡ C2P
(µ)
ν1 (chr)+

+D2L
(µ)
ν1 (chr), R0 < ρ < r < R1

Âëàñòèâîñòi (10) ôóíêöi¨ Êîøi äàþòü àë-
ãåáðà¨÷íó ñèñòåìó:

(C2 −C1)P
(µ)
ν1

(chρ) + (D2 −D1)L
(µ)
ν1

(chρ) = 0,

(C2 − C1)P
(µ)′

ν1
(chρ) + (D2 −D1)L

(µ)′

ν1
(chρ) =

= −(sh2ρ)−1

Çâiäñè îòðèìó¹ìî ñïiââiäíîøåííÿ:

C2 − C1 = −B(µ)(q1)L
(µ)
ν1

(chρ),

D2 −D1 = B(µ)(q1)P
(µ)
ν1

(chρ) (11)

Äîïîâíèìî ðiâíîñòi (11) àëãåáðà¨÷íèìè
ðiâíÿííÿìè:(

α0
11

d

dr
+ β

0

11

) −
E

∗

1

∣∣∣
r=R0

= 0 :

Z
(µ),01
ν1;11

(chR0)C1 + Z
(µ),02
ν1;11

(chR0)D1 = 0 (12)(
α1
11

d

dr
+ β

1

11

) +

E
∗

1

∣∣∣
r=R1

= 0 :

Z
(µ),11
ν1;11

(chR1)C2 + Z
(µ),12
ν1;11

(chR1)D2 = 0.

Âíàñëiäîê ñïiââiäíîøåíü (11) àëãåáðà¨-
÷íà ñèñòåìà (12) íàáóâà¹ âèãëÿäó:

Z
(µ),01
ν1;11

(chR0)C1 + Z
(µ),02
ν1;11

(chR0)D1 = 0 (13)

Z
(µ),11
ν1;11

(chR1)C1 + Z
(µ),12
ν1;11

(chR1)D1 =

B(µ)(q1)F
(µ),1
ν1;11

(chR1, chρ)

Ðîçâ'ÿçó¹ìî àëãåáðà¨÷íó ñèñòåìó (13) çà
ïðàâèëàìè Êðàìåðà [6]:

C1 = −
B(µ)(q1)Z

(µ);02
ν1;11

(chR0)

∆
(µ)
ν1;11

(chR0, chR1)
F

(µ),1
ν1;11

(chR1, chρ),

D1 =
B(µ)(q1)Z

(µ);01
ν1;11

(chR0)

∆
(µ)
ν1;11

(chR0, chR1)
F

(µ),1
ν1;11

(chR1, chρ).

Öèì ôóíêöiÿ Êîøi E∗
1(p, r, ρ) âèçíà÷åíà é

âíàñëiäîê ñèìåòði¨ âiäíîñíî äiàãîíàëi r = ρ
ìà¹ ñòðóêòóðó:

E∗
1(p, r, ρ) =

B(µ)(q1)

∆
(µ)
ν1;11

(chR0, chR1)
×
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×


F

(µ),0
ν1;11

(chR0, chr)F
(µ),1
ν1;11

(chR1, chρ),
R0 < r < ρ < R1

F
(µ),0
ν1;11

(chR0, chρ)F
(µ),1
ν1;11

(chR1, chr),
R0 < ρ < r < R1

(14)
Òóò ïðèéíÿòî ïîçíà÷åííÿ:

B(µ)(q1) =
π

2

2µ1

2µ2
Γ(1/2 + q1 − ν+12)

Γ(1/2 + q1 + ν+12)
×

×Γ(1/2 + q1 − ν−12)

Γ(1/2 + q1 + ν−12)
, ν±12 =

1

2
(µ1 ± µ2),

Z
(µ),m1
ν1;jk

(chRm) =

=
(
αmjk

d

dr
+ β

m

jk

)
P (µ)
ν1

(chr)
∣∣∣
r=R1

Z
(µ),m2
ν1;jk

(chRm) =

=
(
αmjk

d

dr
+ β

m

jk

)
L(µ)
ν1

(chr)
∣∣∣
r=R1

;

F
(µ),m
ν1;jk

(chRm, chr) = Z
(µ),m1
ν1;jk

(chRm)L
(µ)
ν1

(chr)−

−Z(µ),m2
ν1;jk

(chRm)P
(µ)
ν1

(chr).

∆
(µ)
ν1;j1

(chR0, chR1) =

= Z
(µ);01
ν1;11

(chR0)Z
(µ);12
ν1;j1

(chR1)−

−Z(µ);02
ν1;11

(chR0)Z
(µ);11
ν1;j1

(chR1);

j = 1, 2.
Ïðèïóñòèìî, ùî ôóíêöiÿ Êîøi

E∗
2(p, r, ρ) =


−
E

∗

2≡ C1chq2r +D1shq2r,
R1 < r < ρ < R2
+

E
∗

2≡ C2chq2r +D2shq2r,
R1 < ρ < r < R2

Âëàñòèâîñòi (10) ôóíêöi¨ Êîøi äàþòü àë-
ãåáðà¨÷íó ñèñòåìó ç äâîõ ðiâíÿíü:

(C2 − C1)chq2ρ+ (D2 −D1)shq2ρ = 0

(C2 − C1)shq2ρ+ (D2 −D1)chq2ρ = −q−1
2

Çâiäñè îäåðæó¹ìî ñïiââiäíîøåííÿ:

C2 − C1 = q−1
2 shq2ρ, D2 −D1 = −q−1

2 chq2ρ
(15)

Äîïîâíèìî ðiâíîñòi (15) àëãåáðà¨÷íèìè
ðiâíÿííÿìè:(

α1
12

d

dr
+ β1

12

) −
E

∗

2

∣∣∣
r=R1

= 0 :

V 11
12 (q2R1)C1 + V 12

12 (q2R1)D1 = 0 (16)(
α2
11

d

dr
+ β2

11

) +

E
∗

2

∣∣∣
r=R2

= 0 :

V 21
11 (q2R2)C2 + V 22

11 (q2R2)D2 = 0

Âíàñëiäîê ñïiââiäíîøåíü (15) àëãåáðà¨-
÷íà ñèñòåìà (16) íàáóâà¹ âèãëÿäó:

V 11
12 (q2R1)C1 + V 12

12 (q2R1)D1 = 0 (17)

V 21
11 (q2R2)C1+V

22
11 (q2R2)D1 = q−1

2 Φ2
11(q2R2, q2ρ)

Ðîçâ'ÿçîê àëãåáðà¨÷íî¨ ñèñòåìè (17) çíà-
õîäèìî çà ïðàâèëàìè Êðàìåðà [6]

C1 =
−V 12

12 (q2R1)

q2∆11(q2R1, q2R2)
Φ2

11(q2R2, q2ρ),

D1 =
V 11
12 (q2R1)

q2∆11(q2R1, q2R2)
Φ2

11(q2R2, q2ρ).

Öèì ôóíêöiÿ Êîøi E∗
2(p, r, ρ) âèçíà÷åíà é

âíàñëiäîê ñèìåòði¨ âiäíîñíî äiàãîíàëi r = ρ
ìà¹ ñòðóêòóðó:

E∗
2(p, r, ρ) = − 1

q2∆11(q2R1, q2R2)
×

×


Φ1

12(q2R1, q2r)Φ
2
11(q2R2, q2ρ),

R1 < r < ρ < R2,
Φ1

12(q2R1, q2ρ)Φ
2
11(q2R1, q2r),

R1 < ρ < r < R2.

(18)

Òóò

V m1
jk (q2Rm) = αmjkq2shq2Rm + β

m

jkchq2Rm ≡

≡
(
αmjk

d

dr
+ β

m

jk

)
ch q2r

∣∣∣
r=Rm

,

V m2
jk (q2Rm) = αmjkq2 ch q2Rm + β

m

jkshq2Rm ≡

≡
(
αmjk

d

dr
+ β

m

jk

)
sh q2r

∣∣∣
r=Rm

,

Φm
jk(q2Rm, q2r) = V m2

jk (q2Rm) ch q2r−

−V m1
jk (q2Rm) sh q2r,

∆jk(q2R1, q2R2) = V 11
j2 (q2R1)V

22
k1 (q2R2)−
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−V 12
j2 (q2R1)V

21
k1 (q2R2); j, k = 1, 2

Íåõàé ôóíêöiÿ Êîøi

E∗
3(p, r, ρ) =

=


−
E

∗

3≡ C1Iν,α(q3r)+
+D1Kν,α(q3r), R2 < r < ρ <∞
+

E
∗

3≡ D2Kν,α(q3r), R2 < ρ < r <∞
Âëàñòèâîñòi (10) ôóíêöi¨ Êîøi äàþòü àë-

ãåáðà¨÷íó ñèñòåìó ç äâîõ ðiâíÿíü:

−C1Iν,α(q3ρ) + (D2 −D1)Kν,α(q3ρ) = 0

−C1I
′
ν,α(q3ρ) + (D2 −D1)K

′
ν,α(q3ρ) =

= −
(
q3ρ

2α+1
)−1

.

Çâiäñè îòðèìó¹ìî ñïiââiäíîøåííÿ:

C1 = q2α3 Kν,α(q3ρ), D2 −D1 = q2α3 Iν,α(q3ρ)
(19)

Äîïîâíèìî ðiâíîñòi (19) àëãåáðà¨÷íèì
ðiâíÿííÿì:(

α2
12

d

dr
+ β

2

12

) −
E

∗

3

∣∣∣
r=R2

= 0 :

U21
ν,α;12(q3R2)C1 + U22

ν,α;12(q3R2)D1 = 0 (20)

Iç àëãåáðà¨÷íî¨ ñèñòåìè (19), (20) çíàõî-
äèìî, ùî

D2 = −
(
U22
ν,α;12(q3R2)

)−1

q2α3 Ψ2∗
ν,α;12(q3R2, q3ρ).

Öèì ôóíêöiÿ Êîøi E∗
3(p, r, ρ) âèçíà÷åíà é

âíàñëiäîê ñèìåòði¨ âiäíîñíî äiàãîíàëi r = ρ
ìà¹ ñòðóêòóðó:

E∗
3(p, r, ρ) = − q2α3

U22
ν,α;12(q3R2)

×

×


Ψ2∗
ν,α;12(q3R2, q3r)Kν,α(q3ρ),

R2 < r < ρ <∞,
Ψ2∗
ν,α;12(q3R2, q3ρ)Kν,α(q3r),

R2 < ρ < r <∞.

(21)

Òóò

Um1
ν,α;jk(q2Rm) =

(
αmjk

ν − α

Rm

+

+β
m

jk

)
Iν,α(q2Rm) + αmjkq

2
2RmIν+1,α+1(q2Rm),

Um2
ν,α;jk(q2Rm) =

(
αmjk

ν − α

Rm

+β
m

jk

)
Kν,α(q2Rm)−

−αmjkq22RmKν+1,α+1(q2Rm),

Ψm∗
ν,α;jk(q2Rm, q2r) = Um1

ν,α;jk(q2Rm)Kν,α(q2r)−

−Um2
ν,α;jk(q2Rm)Iν,α(q2r),

∆ν,α;jk(q2R1, q2R2) = U11
ν,α;j2(q2R1)U

22
ν,α;k1(q2R2)−

−U12
ν,α;j2(q2R1)U

21
ν,α;k1(q2R2).

Êðàéîâà óìîâà â òî÷öi r = R0 é óìî-
âè ñïðÿæåííÿ (7) äëÿ âèçíà÷åííÿ âåëè÷èí
Aj (j = 1, 2) òà Bk (k = 1, 3) äàþòü íåîäíîði-
äíó àëãåáðà¨÷íó ñèñòåìó ç ï'ÿòè ðiâíÿíü:

Z
(µ);01
ν1;11

(chR0)A1 + Z
(µ);02
ν1;11

(chR0)B1 = ω∗
0(p)

Z
(µ);11
ν1;j1

(chR1)A1 + Z
(µ);12
ν1;j1

(chR1)B1−

−V 11
j2 (q2R1)A2 − V 12

j2 (q2R1)B2 = ω∗
j1 + δj2G

∗
12,

V 21
j1 (q2R2)A2+V

22
j1 (q2R2)B2−U22

ν,α;j2(q3R2)B3 =

= ω∗
j2 + δj2G

∗
23, j = 1, 2 (22)

Â àëãåáðà¨÷íié ñèñòåìi (22) áåðóòü ó÷àñòü
ôóíêöi¨

G∗
12 =

c∗11
shR1

R1∫
R0

F
(µ);0
ν1;11

(chR0, chρ)

∆
(µ)
ν1;11

(chR0, chR1)
F ∗
1 (p, ρ)×

×shρdρ+ c∗21

R2∫
R1

Φ2
11(q2R2, q2ρ)

∆11(q2R1, q2R2)
F ∗
2 (p, ρ)dρ,

G∗
23 = −c∗12

R2∫
R1

Φ1
12(q2R1, q2ρ)

∆11(q2R1, q2R2)
F ∗
2 (p, ρ)dρ+

+
c∗22

R2α+1
2

∞∫
R2

Kν,α(q3ρ)

U22
ν,α;12(q3R2)

F ∗
3 (p, ρ)ρ

2α+1dρ

òà ñèìâîë Êðîíåêåðà δj2.
Ââåäåìî äî ðîçãëÿäó ôóíêöi¨:

A(µ);j(p) = ∆
(µ)
ν1;11

(chR0, chR1)∆2j(q2R1, q2R2)−

−∆
(µ)
ν1;21

(chR0, chR1)∆1j(q2R1, q2R2),

Bν,α;j(p) = U22
ν,α;22(q3R2)∆j1(q2R1, q2R2)−

−U22
ν,α;12(q3R2)∆j2(q2R1, q2R2), j = 1, 2
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Θ(µ);1(p, r) = ∆
(µ)
ν1;11

(chR0, chR1)Φ
1
22(q2R1, q2r)−

−∆
(µ)
ν1;21

(chR0, chR1)Φ
1
12(q2R1, q2r),

Θν,α;2(p, r) = U22
ν,α;12(q3R2)Φ

2
21(q3R2, q3r)−

−U22
ν,α;22(q3R2)Φ

2
11(q3R2, q3r).

Ïðèïóñòèìî, ùî âèêîíàíà óìîâà îäíî-
çíà÷íî¨ ðîçâ'ÿçíîñòi êðàéîâî¨ çàäà÷i (5)-(7):
äëÿ p = σ + is iç Re p = σ > σ0, äå σ0
- àáñöèñà çáiæíîñòi iíòåãðàëà Ëàïëàñà, òà
Imp = s ∈ (−∞,+∞) âèçíà÷íèê àëãåáðà-
¨÷íî¨ ñèñòåìè (22) âiäìiííèé âiä íóëÿ

∆(µ)
ν,α(p) = A(µ);1(p)U

22
ν,α;22(q3R2)−

−A(µ);2(p)U
22
ν,α;12(q3R2) =

= ∆
(µ)
ν1;11

(chR0, chR1)Bν,α;2(p)−

−∆
(µ)
ν1;21

(chR0, chR1)Bν,α;1(p) ̸= 0 (23)

Âèçíà÷èìî ãîëîâíi ðîçâ'ÿçêè êðàéîâî¨ çà-
äà÷i (5)-(7):
1) ïîðîäæåíi íåîäíîðiäíiñòþ êðàéîâî¨ óìî-
âè â òî÷öi r = R0 ôóíêöi¨ Ãðiíà

W
(µ)∗
ν,α;11(p, r) =

1

∆
(µ)
ν,α(p)

[
Bν,α;1(p)×

×F (µ),1
ν1;21

(chR1, chr)−Bν,α;2(p)F
(µ),1
ν1;11

(chR1, chr)
]
,

(24)

W
(µ)∗
ν,α;12(p, r) = − c∗11

B(µ)(q1)shR1

Θν,α;2(p, r)

∆
(µ)
ν,α(p)

,

W
(µ)∗
ν,α;13(p, r) = − c∗11c

∗
12q2

B(µ)(q1)shR1

Kν,α(q3r)

∆
(µ)
ν,α(p)

;

2) ïîðîäæåíi íåîäíîðiäíiñòþ óìîâ ñïðÿæåí-
íÿ ôóíêöi¨ Ãðiíà

R
(µ);1∗
ν,α;11(p, r) =

Bν,α;2

∆
(µ)
ν,α(p)

F
(µ),0
ν1;11

(chR0, chr),

R
(µ);1∗
ν,α;21(p, r) = − Bν,α;1

∆
(µ)
ν,α(p)

F
(µ),0
ν1;11

(chR0, chr),

R
(µ);1∗
ν,α;12(p, r) = − c∗21q2

∆
(µ)
ν,α(p)

U22
ν,α;22(q3R2)×

×F (µ),0
ν1;11

(chR0, chr), (25)

R
(µ);1∗
ν,α;22(p, r) =

c∗21q2

∆
(µ)
ν,α(p)

U22
ν,α;12(q3R2)×

×F (µ),0
ν1;11

(chR0, chr),

R
(µ);2∗
ν,α;11(p, r) = −

∆
(µ)
ν1;21

∆
(µ)
ν,α(p)

Θν,α;2(p, r),

R
(µ);2∗
ν,α;21(p, r) =

∆
(µ)
ν1;11

(chR0, chR1)

∆
(µ)
ν,α(p)

Θν,α;2(p, r),

R
(µ);2∗
ν,α;12(p, r) = −

U22
ν,α;22(q3R2)

∆
(µ)
ν,α(p)

Θ(µ);1(p, r),

R
(µ);2∗
ν,α;22(p, r) =

U22
ν,α;12(q3R2)

∆
(µ)
ν,α(p)

Θ(µ);1(p, r),

R
(µ);3∗
ν,α;11(p, r) = − c∗12q2

∆
(µ)
ν,α(p)

∆
(µ)
ν1;21

(chR0, chR1)Kν,α(q3r),

R
(µ);3∗
ν,α;21(p, r) =

c∗12q2

∆
(µ)
ν,α(p)

∆
(µ)
ν1;11

(chR0, chR1)Kν,α(q3r),

R
(µ);3∗
ν,α;12(p, r) =

A(µ);2(p)

∆
(µ)
ν,α(p)

Kν,α(q3r),

R
(µ);3∗
ν,α;22(p, r) = −

A(µ);1(p)

∆
(µ)
ν,α(p)

Kν,α(q3r);

3) ïîðîäæåíi íåîäíîðiäíiñòþ ñèñòåìè (5)
ôóíêöi¨ âïëèâó:

H(µ)∗
ν,α;11(p, r, ρ) = −B(µ)(q1)×

×


F

(µ),0
ν1;11

(chR0, chr)W
(µ)∗
ν,α;11(p, ρ),

R0 < r < ρ < R1

F
(µ),0
ν1;11

(chR0, chρ)W
(µ)∗
ν,α;11(p, r),

R0 < ρ < r < R1

,

H(µ)∗
ν,α;12(p, r, ρ) =

c∗21

∆
(µ)
ν,α(p)

F
(µ),0
ν1;11

(chR0, chr)×

×Θν,α;2(p, ρ),

H(µ)∗
ν,α;13(p, r, ρ) =

c∗21q2c
∗
22

R2α+1
2 ∆

(µ)
ν,α(p)

×

×F (µ),0
ν1;11

(chR0, chr)Kν,α(q3ρ),

H(µ)∗
ν,α;21(p, r, ρ) =

c∗11
shR1

1

∆
(µ)
ν,α(p)

×

×F (µ),0
ν1;11

(chR0, chρ)Θν,α;2(p, r),

H(µ)∗
ν,α;22(p, r, ρ) =

1

q2∆
(µ)
ν,α(p)

×
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×
{

Θ(µ);1(p, r)Θν,α;2(p, ρ), R1 < r < ρ < R2

Θ(µ);1(p, ρ)Θν,α;2(p, r), R1 < ρ < r < R2
,

H(µ)∗
ν,α;23(p, r, ρ) =

c∗22
R2α+1

2

1

∆
(µ)
ν,α(p)

Θ(µ);1(p, r)×

×Kν,α(q3ρ), (26)

H(µ)∗
ν,α;31(p, r, ρ) =

c∗11c
∗
12q2

shR1∆
(µ)
ν,α(p)

×

×F (µ),0
ν1;11

(chR0, chρ)Kν,α(q3r),

H(µ)∗
ν,α;32(p, r, ρ) =

c∗12

∆
(µ)
ν,α(p)

Θ(µ);1(p, ρ)Kν,α(q3r),

H(µ)∗
ν,α;33(p, r, ρ) =

q2α3

∆
(µ)
ν,α(p)

×

×

 Kν,α(q3ρ)
[
A(µ);2(p)Ψ

2∗
ν,α;12(q3R2, q3r)−

Kν,α(q3r)
[
A(µ);2(p)Ψ

2∗
ν,α;12(q3R2, q3ρ)−

−A(µ);1(p)Ψ
2∗
ν,α;22(q3R2, q3r)

]
,

R2 < r < ρ <∞
−A(µ);1(p)Ψ

2∗
ν,α;22(q3R2, q3ρ)

]
,

R2 < ρ < r <∞

.

Ó ðåçóëüòàòi îäíîçíà÷íî¨ ðîçâ'ÿçíîñòi àë-
ãåáðà¨÷íî¨ ñèñòåìè (22) é ïiäñòàíîâêè îäåð-
æàíèõ çíà÷åíü Aj òà Bk ó ôîðìóëè (9) ìà¹-
ìî ¹äèíèé ðîçâ'ÿçîê êðàéîâî¨ çàäà÷i (5)-(7):

u∗j(p, r) = W
(µ)∗
ν,α;1j(p, r)ω

∗
0(p)+

+
2∑

m,k=1

R
(µ);j∗
ν,α;mk(p, r)ω

∗
mk(p)+

+

R1∫
R0

H(µ)∗
ν,α;j1(p, r, ρ)F

∗
1 (p, ρ)shρdρ+

+

R2∫
R1

H(µ)∗
ν,α;j2(p, r, ρ)F

∗
2 (ρ)dρ+

+

∞∫
R2

H(µ)∗
ν,α;j3(p, r, ρ)F

∗
3 (p, ρ)ρ

2α+1dρ, j = 1, 3

(27)

Ïîâåðòàþ÷èñü äî îðèãiíàëó, ìà¹ìî ¹äè-
íèé ðîçâ'ÿçîê ïàðàáîëi÷íî¨ çàäà÷i (1)-(4):

uj(t, r) =

t∫
0

W
(µ)
ν,α;1j(t− τ, r)ω0(τ)dτ+

+
2∑

m,k=1

t∫
0

R
(µ);j
ν,α;mk(t− τ, r)ωmk(τ)dτ+

+W
(µ)
ν,α;1j(t, r)ψ

0
11 +

2∑
m,k=1

R
(µ);j
ν,α;mk(t, r)ψmk+

+

t∫
0

R1∫
R0

H(µ)
ν,α;j1(t− τ, r, ρ)×

×
[
f1(τ, ρ) + δ+(τ)g1(ρ)

]
shρdρdτa−2

1 +

+

t∫
0

R2∫
R1

H(µ)
ν,α;j2(t− τ, r, ρ)

[
f2(τ, ρ) + δ+(τ)×

×g2(ρ)
]
a−2
2 dρdτ +

t∫
0

∞∫
R2

H(µ)
ν,α;j3(t− τ, r, ρ)×

×
[
f3(τ, ρ) + δ+(τ)g3(ρ)

]
a−2
3 ρ2α+1dρdτ, (28)

j = 1, 3.
Ó ðiâíîñòÿõ (28) çà îçíà÷åííÿì [5]

W
(µ)
ν,α;1j(t, r) =

1

2πi

σ0+i∞∫
σ0−i∞

W
(µ)∗
ν,α;1j(p, r)e

ptdp;

j = 1, 3 (29)

R
(µ);j
ν,α;mk(t, r) =

1

2πi

σ0+i∞∫
σ0−i∞

R
(µ);j∗
ν,α;mk(p, r)e

ptdp;

m, k = 1, 2; j = 1, 3 (30)

H(µ)
ν,α;jk(t, r, ρ) =

1

2πi

σ0+i∞∫
σ0−i∞

H(µ)∗
ν,α;jk(p, r, ρ)e

ptdp;

j, k = 1, 3 (31)
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Òåîðåìà. ßêùî fj(t, r), j = 1, 3, ωik(t),
i, k = 1, 2, g0(t), w0(t) ¹ îðèãiíàëàìè çà Ëà-
ïëàñîì, fj(t, r), gj(r), j = 1, 3, � äâi÷i íåïå-
ðåðâíî äèôåðåíöiéîâíi çà çìiííîþ r òà çà-
äîâîëüíÿþòü îäíîðiäíi óìîâè ñïðÿæåííÿ,
òî çàäà÷à (1) � (4) ìà¹ ðîçâ'ÿçîê uj(t, r),
ùî âèçíà÷à¹òüñÿ ôîðìóëîþ (28), à ïðè âè-
êîíàííi óìîâè îäíîçíà÷íî¨ ðîçâ'ÿçíîñòi àë-
ãåáðà¨÷íî¨ ñèñòåìè (19) âií ¹äèíèé.

Îñîáëèâèìè òî÷êàìè ôóíêöié
W

(µ)∗
ν,α;1j(p, r), R

(µ);j∗
ν,α;mk(p, r) òà H(µ)∗

ν,α;jk(p, r, ρ)

¹ òî÷êè ãàëóæåííÿ p = −γ2j (j = 1, 3)
é òî÷êà p = ∞. ßêùî çíîâó ïîêëà-
ñòè qj = ibj ≡ ia−1

j (β2 + k2j )
1/2, ïðè

γ2 = max{γ21 ; γ22 ; γ23} çíàõîäèìî, ùî
p = −(β2 + γ2) ≡ (β2 + γ2) exp(πi),
dp = −2βdβ.

Âèêîðèñòîâóþ÷è ìåòîä êîíòóðíîãî iíòå-
ãðàëà, ëåìó Æîðäàíà é òåîðåìó Êîøi, ïðè-
õîäèìî äî ðîçðàõóíêîâèõ ôîðìóë:

W
(µ)
ν,α;1j(t, r) =

= − 2

π

∞∫
0

Im
{
W

(µ)∗
ν,α;1j(e

πi(β2 + γ2), r)
}
×

×e−(β2+γ2)tβdβ, j = 1, 3, (32)

R
(µ);j
ν,α;mk(t, r) =

= − 2

π

∞∫
0

Im
{
R

(µ);j∗
ν,α;mk(e

πi(β2 + γ2), r)
}
×

×e−(β2+γ2)tβdβ;m, k = 1, 2; j = 1, 3, (33)

H(µ)
ν,α;jk(t, r, ρ) =

= − 2

π

∞∫
0

Im
{
H(µ)∗
ν,α;jk(e

πi(β2 + γ2), r, ρ)
}
×

×e−(β2+γ2)tβdβ; j, k = 1, 3. (34)

Òóò Im(· · · ) îçíà÷à¹ óÿâíó ÷àñòèíó âèðà-
çó (· · · ).

Âèçíà÷èìî âåëè÷èíè òà ôóíêöi¨:

a21σ1 =
c11,1c11,2
c21,1c21,2

R2α+1
2

shR1

, a22σ2 =
c11,2
c21,2

R2α+1
2 ,

a23σ3 = 1; d1 = a21σ1shR1 : c11,1,

d2 = a22σ2 : c11,2, δ
(µ)
ν∗1 ;j1

(chR0, chR1) =

= Y
(µ),01
ν∗1 ;11

(chR0)Y
(µ),12
ν∗1 ;j1

(chR1)− Y
(µ),02
ν∗1 ;11

(chR0)×

×Y (µ),11
ν∗1 ;j1

(chR1); Y
(µ),m1
ν∗1 ;jk

(chRm) =

=
(
α̃mjk

d

dr
+ β̃mjk

)
A

(µ)
ν∗1

(chr)
∣∣∣
r=Rm

,

Y
(µ),m2
ν∗1 ;jk

(chRm) =
(
α̃mjk

d

dr
+β̃mjk

)
B

(µ)
ν∗1

(chr)
∣∣∣
r=Rm

;

ν∗1 = −1/2 + ib1;

α̃mjk = αmjk−δmjk(β2+γ2), β̃mjk = βmjk−γmjk(β2+γ2);

f
(µ),0
ν∗1 ;11

(chR0, chr) = Y
(µ),01
ν∗1 ;11

(chR0)B
(µ)
ν∗1

(chr)−

−Y (µ),02
ν∗1 ;11

(chR0)A
(µ)
ν∗1

(chr);

V
(µ)
ν,α;1(r, β) =

2c21,2

πb2α3 R
2α+1
2

c21,1b2f
(µ),0
ν∗1 ;11

(chR0, chr),

Ω(µ)
ν,α(β) =

βb2α3[
ω
(µ)
ν,α;1(β)

]2
+
[
ω
(µ)
ν,α;2(β)

]2 ;
V

(µ)
ν,α;2(r, β) =

2c21,2

πb2α3 R
2α+1
2

[
δ
(µ)
ν∗1 ;11

(chR0, chR1)×

×φ1
22(b2R1, b2r)− δ

(µ)
ν∗1 ;21

(chR0, chR1)×

×φ1
12(b2R1, b2r)

]
, φ1

j2(b2R1, b2r) =

= v12j2(b2R1) cos b2r − v11j2(b2R1) sin b2r;

V
(µ)
ν,α;3(r, β) = ω

(µ)
ν,α;1(β)Nν,α(b3r)−ω(µ)

ν,α;2(β)Jν,α(b3r);

a(µ);j(β) = δ
(µ)
ν∗1 ;11

(chR0, chR1)δ2j(b2R1, b2R2)−

−δ(µ)ν∗1 ;21
(chR0, chR1)δ1j(b2R1, b2R2),

ω
(µ)
ν,α;j(β) = a(µ);1(β)u

2j
ν,α;22(b3R2)−

−a(µ);2(β)u2jν,α;12(b3R2); j = 1, 2;

Z
(µ),k
ν,α;j2(β) =

(
α̃kj2

d

dr
+ β̃kj2

)
V

(µ)
ν,α;k+1(r, β)

∣∣∣
r=Rk

;

j, k = 1, 2. Âñi iíøi ôóíêöi¨ âiäîìi [2,8].
Ó ðåçóëüòàòi âèêîíàííÿ çàçíà÷åíèõ â ðiâ-

íîñòÿõ (32)-(34) îïåðàöié îäåðæó¹ìî ôóí-
êöi¨:

W
(µ)
ν,α;1j(t, r) =

∞∫
0

e−(β2+γ2)t
[
(−α̃0

11)
−1×
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×(a21σ1shR0)V
(µ)
ν,α;1(R0, β)

]
×

×V (µ)
ν,α;j(r, β)Ω

(µ)
ν,α(β)dβ, j = 1, 3, (35)

R
(µ);j
ν,α;mk(t, r) =

∞∫
0

e−(β2+γ2)tZ
(µ);k
ν,α;m2(β)×

×V (µ)
ν,α;j(r, β)Ω

(µ)
ν,α(β)dβ · dk; (36)

m, k = 1, 2; j = 1, 3;

H(µ)
ν,α;jk(t, r, ρ) =

∞∫
0

e−(β2+γ2)tV
(µ)
ν,α;j(r, β)×

×V (µ)
ν,α;k(ρ, β)Ω

(µ)
ν,α(β)dβσka

2
k; j, k = 1, 3. (37)

ßêùî ïðèéíÿòè äî óâàãè, ùî

(−α̃0
11)

−1(a21σ1shR0)V
(µ)
ν,α;1(R0, β) =

=
2b2c11,1c11,2

πb2α3 S(µ)(b1)shR1

≡ η(µ)α (β),

òî ôîðìóëà (35) íàáóäå âèãëÿäó:

W
(µ)
ν,α;1j(t, r) =

∞∫
0

e−(β2+γ2)tV
(µ)
ν,α;j(r, β)×

×Ω(µ)
ν,α(β)η

(µ)
α (β)dβ, j = 1, 3 (38)

Ââåäåìî äî ðîçãëÿäó ôóíêöi¨:

D
(µ)
ν,α;1(τ, β) =

R1∫
R0

f1(τ, ρ)V
(µ)
ν,α;1(ρ, β)σ1shρdρ+

+

R2∫
R1

f2(τ, ρ)V
(µ)
ν,α;2(ρ, β)σ2dρ+

+

∞∫
R2

f3(τ, ρ)V
(µ)
ν,α;3(ρ, β)σ3ρ

2α+1dρ;

D
(µ)
ν,α;2(β) =

R1∫
R0

g1(ρ)V
(µ)
ν,α;1(ρ, β)σ1shρdρ+

+

R2∫
R1

g2(ρ)V
(µ)
ν,α;2(ρ, β)σ2dρ+

+

∞∫
R2

g3(ρ)V
(µ)
ν,α;3(ρ, β)σ3ρ

2α+1dρ.

Iíòåãðàëüíå çîáðàæåííÿ (28) àíàëiòè÷íî-
ãî ðîçâ'ÿçêó ïàðàáîëi÷íî¨ çàäà÷i (1)-(4) áóäå
ìàòè ñòðóêòóðó:

uj(t, r) =

t∫
0

W
(µ)
ν,α;1j(t− τ, r)

[
ω0(τ)+

+δ+(τ)ψ
0
11

]
dτ+

2∑
k=1

t∫
0

[
R

(µ);j
ν,α;1k(t−τ, r)

(
ω2k(τ)+

+δ+(τ)ψ2k

)
−R

(µ);j
ν,α;2k(t− τ, r)

(
ω1k(τ)+

+δ+(τ)ψ1k

)]
dτ+

+

t∫
0

∞∫
0

e−(β2+γ2)(t−τ)D
(µ)
ν,α;1(τ, β)V

(µ)
ν,α;j(r, β)×

×Ω(µ)
ν,α(β)dβdτ +

∞∫
0

e−(β2+γ2)tD
(µ)
ν,α;2(β)×

×V (µ)
ν,α;j(r, β)Ω

(µ)
ν,α(β)dβ; j = 1, 3 (39)

Òóò δ+(τ) � äåëüòà-ôóíêöiÿ, çîñåðåäæåíà
â òî÷öi τ = 0+ [7].

ßêùî ïî÷àòêîâi óìîâè íóëüîâi (ïðàêòè-
÷íî öå çàâæäè òàê), òî ðîçâ'ÿçêîì ïàðàáîëi-
÷íî¨ çàäà÷i (1)-(4) ¹ ôóíêöi¨

uj(t, r) =

t∫
0

W
(µ)
ν,α;1j(t− τ, r)ω0(τ)dτ+

+
2∑

k=1

t∫
0

[
R

(µ);j
ν,α;1k(t− τ, r)ω2k(τ)−

−R(µ);j
ν,α;2k(t− τ, r)ω1k(τ)

]
dτ+

+

t∫
0

∞∫
0

e−(β2+γ2)(t−τ)D
(µ)
ν,α;1(τ, β)V

(µ)
ν,α;j(r, β)×

×Ω(µ)
ν,α(β)dβ, j = 1, 3 (40)

ßêùî ïî÷àòêîâi óìîâè ïiäiáðàíi òàê, ùî
ψ0
11 = 0, ψmk = 0, òî â ôóíêöi¨ uj(t, r) ìàþòü

Áóêîâèíñüêèé ìàòåìàòè÷íèé æóðíàë. 2014. � Ò. 2, � 1. 15



ñòðóêòóðó (39) ïðè ψ0
11 = 0, ψ2k = 0 òà ψ1k =

0.
Íàáið ôóíêöié ω0(t), fj(t, r), gj(r) òà

ωjk(t) äîçâîëÿ¹ âàðiþâàòè ïðîöåñîì òåïëî-
ïðîâiäíîñòi â äàíîìó ñåðåäîâèùi.

Ðîçâ'ÿçîê äàíî¨ çàäà÷i u(t, r) =
{u1(t, r);u2(t, r);u3(t, r)} ïîëiïàðàìåòðè-
÷íèé òà ìà¹ çàìêíóòèé àëãîðèòìi÷íèé
õàðàêòåð. Öå äà¹ çìîãó âèêîðèñòîâóâàòè
éîãî ÿê â ÷èñëîâèõ ðîçðàõóíêàõ, òàê i â
òåîðåòè÷íèõ äîñëiäæåííÿõ.
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