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Äîñëiäæó¹òüñÿ ìîæëèâiñòü ïîáóäîâè àñèìïòîòè÷íîãî ðîçâ'ÿçêó äâîòî÷êîâî¨ êðàéîâî¨ çàäà-
÷i äëÿ ëiíiéíî¨ ñèíãóëÿðíî çáóðåíî¨ ñèñòåìè äèôåðåíöiàëüíèõ ðiâíÿíü ç òîòîæíî âèðîäæåíîþ
ìàòðèöåþ ïðè ïîõiäíèõ ó âèïàäêó, êîëè ãðàíè÷íà â'ÿçêà ìàòðèöü ìà¹ êðàòíå íóëüîâå âëà-
ñíå çíà÷åííÿ, ÿêîìó âiäïîâiäà¹ åëåìåíòàðíèé äiëüíèê òi¹¨ æ êðàòíîñòi. Çíàõîäÿòüñÿ óìîâè
iñíóâàííÿ ¹äèíîãî ðîçâ'ÿçêó öi¹¨ êðàéîâî¨ çàäà÷i i ïîáóäîâàíà éîãî àñèìïòîòèêà ó âèãëÿäi
ðîçâèíåíü çà äðîáîâèìè ñòåïåíÿìè ìàëîãî ïàðàìåòðà. Â õîäi äîñëiäæåííÿ âèêîðèñòîâóþ-
òüñÿ ðåçóëüòàòè àñèìïòîòè÷íîãî àíàëiçó çàãàëüíîãî ðîçâ'ÿçêó ëiíiéíèõ ñèíãóëÿðíî çáóðåíèõ
ñèñòåì äèôåðåíöiàëüíèõ ðiâíÿíü ç âèðîäæåííÿìè.

We study the possibility of the construction of an asymptotic solution of a two-point boundary-
value problem for a linear singularly perturbed system of di�erential equations with identically
degenerated matrix at the derivatives in the case where boundary bundle of matrixes has a multiple
eigenvalue which is totally equal to zero. Moreover, this multiple eigenvalue corresponds to an
elementary divisor of the same multiplicity. We obtain conditions of the existence and uniqueness
of the solution of this boundary-value problem and its asymptotics is constructed in the form of a
power series with fractional degrees of a small parameter. For this purpose, we use the results of
the asymptotic analysis of a general solution for the degenerated singular perturbed linear systems
of di�erential equations.

Ðîçãëÿíåìî äâîòî÷êîâó êðàéîâó çàäà÷ó

εB(t)
dx

dt
= A(t, ε)x+ f(t, ε), (1)

Mx(0, ε) +Nx(T, ε) = d(ε), (2)

äå x(t, ε) � øóêàíèé n-âèìiðíèé âåêòîð, t ∈
[0;T ]; ε ∈ (0; ε0] � ìàëèé äiéñíèé ïàðàìåòð,
A(t, ε), B(t)� êâàäðàòíi ìàòðèöi n-ãî ïîðÿä-
êó;M,N � (n−1)×n-âèìiðíi ìàòðèöi çi ñòà-
ëèìè åëåìåíòàìè; f(t, ε), d(ε) � çàäàíi n- i
(n− 1)-âèìiðíi âåêòîðè âiäïîâiäíî.

Íåõàé âèêîíóþòüñÿ òàêi óìîâè:
1◦ ìàòðèöÿ A(t, ε) i âåêòîð f(t, ε) äîïó-

ñêàþòü íà âiäðiçêó [0;T ] ðiâíîìiðíi àñèìï-
òîòè÷íi ðîçâèíåííÿ çà ñòåïåíÿìè ïàðàìåòðà
ε:

A(t, ε) ∼
∞∑
k=0

εkAk(t); f(t, ε) ∼
∞∑
k=0

εkfk(t);

2◦ êîåôiöi¹íòè ðîçâèíåíü Ak(t), fk(t) i ìà-
òðèöÿ B(t) íåñêií÷åííî äèôåðåíöiéîâàíi íà
âiäðiçêó [0;T ];

3◦ ãðàíè÷íà â'ÿçêà ìàòðèöü

L(t, λ) = A0(t)− λB(t)

ðåãóëÿðíà ïðè âñiõ t ∈ [0;T ] i çáåðiãà¹ íà
öüîìó âiäðiçêó ñòàëó êðîíåêåðîâó ñòðóêòó-
ðó, òîáòî êðàòíîñòi âñiõ âëàñíèõ çíà÷åíü
ãðàíè÷íî¨ â'ÿçêè i âiäïîâiäíèõ ñêií÷åííèõ òà
íåñêií÷åííèõ åëåìåíòàðíèõ äiëüíèêiâ ¹ ñòà-
ëèìè íà äàíîìó âiäðiçêó;

4◦ âåêòîð d(ε) çîáðàæà¹òüñÿ ó âèãëÿäi
àñèìïòîòè÷íîãî ðîçâèíåííÿ
d(ε) ∼

∑∞
k=0 ε

kdk, ïðè ε→ 0;
5◦ detB(t) = 0,∀t ∈ [0;T ];
6◦ detA0(t) = 0, ∀t ∈ [0;T ].
Áóäåìî ïðèïóñêàòè, ùî â'ÿçêà ìàòðèöü

L(t, λ) ìà¹ íóëüîâå âëàñíå çíà÷åííÿ êðàòíî-
ñòi n − 1, ÿêîìó âiäïîâiäà¹ ñêií÷åííèé åëå-
ìåíòàðíèé äiëüíèê òi¹¨ æ êðàòíîñòi. Êðiì
òîãî, áóäåìî ïåðåäáà÷àòè, ùî äàíà â'ÿçêà
ìàòðèöü ìà¹ ïðîñòèé íåñêií÷åííèé åëåìåí-
òàðíèé äiëüíèê. ßê ïîêàçàíî â [1,2], ç öi-
¹¨ óìîâè âèïëèâà¹, ùî íóëüîâîìó âëàñíîìó
çíà÷åííþ ãðàíè÷íî¨ â'ÿçêè âiäïîâiäà¹ æîð-
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äàíiâ ëàíöþæîê âåêòîðiâ ìàòðèöi A0(t) âiä-
íîñíî B(t) çàâäîâæêè n − 1, âåêòîðè ÿêîãî
âèçíà÷àþòüñÿ ôîðìóëàìè:

φi = [H(t)B(t)]i−1φ(t), i = 1, n− 1,

H(t) � íàïiâîáåðíåíà ìàòðèöÿ äî ìàòðèöi
A0(t), à φ(t) � âëàñíèé âåêòîð â'ÿçêè. Íó-
ëüîâîìó æ âëàñíîìó çíà÷åííþ ìàòðèöi B(t)
âiäïîâiäà¹ ëèøå âëàñíèé âåêòîð, ÿêèé ïî-
çíà÷èìî φ̃(t), à ïðè¹äíàíi âåêòîðè âiäíîñíî
A0(t) âiäñóòíi.

Ïîçíà÷èìî ψ(t) i ψ̃(t) � íóëi ìàòðèöü
A∗

0(t) òà B
∗(t) âiäïîâiäíî i âèçíà÷èìî ¨õ òàê,

ùîá âèêîíóâàëèñÿ ñïiââiäíîøåííÿ

(B(HB)i−1φ, ψ) = δi,n−1, i = 1, n− 1,

(A0φ̃, ψ̃) = 1, (3)

äå δi,j � ñèìâîë Êðîíåêåðà [1].
Êðàéîâà çàäà÷à (1), (2) ó âèïàäêó êðàòíî-

ãî ñïåêòðà ãðàíè÷íî¨ â'ÿçêè ìàòðèöü ðîç-
ãëÿäàëàñü ó ðîáîòàõ [2,3] çà óìîâè, êîëè
ãðàíè÷íà â'ÿçêà ìàòðèöü A0(t) − λB(t) ìà¹
êðàòíå âëàñíå çíà÷åííÿ âiäìiííå âiä íóëÿ.
Ó ñòàòòi [4] ðîçãëÿíóòî êðàéîâó çàäà÷ó (1),
(2) ó òàê çâàíîìó êðèòè÷íîìó âèïàäêó, êîëè
â'ÿçêà L(t, λ) ìà¹ ïðîñòèé ñïåêòð, àëå îäíå
iç âëàñíèõ çíà÷åíü íóëüîâå. Àëå, ÿê âèÿâè-
ëîñÿ, òi ïiäõîäè, ùî âèêîðèñòîâóâàëèñÿ â çà-
çíà÷åíèõ ðîáîòàõ äëÿ ïîáóäîâè àñèìïòîòè-
êè ðîçâ'ÿçêó äàíî¨ êðàéîâî¨ çàäà÷i, íå äàþòü
ìîæëèâîñòi ïîáóäóâàòè ðîçâ'ÿçîê ó âèïàä-
êó, êîëè ãðàíè÷íà â'ÿçêà ìà¹ êðàòíå íóëüîâå
âëàñíå çíà÷åííÿ, ÿêîìó âiäïîâiäà¹ êðàòíèé
åëåìåíòàðíèé äiëüíèê. Ó öié ñòàòòi ïðîïî-
íó¹òüñÿ iíøèé ïiäõiä äëÿ âèðiøåííÿ çàçíà-
÷åíî¨ ïðîáëåìè.

Àñèìïòîòèêà ðîçâ'ÿçêó ëiíiéíî¨
îäíîðiäíî¨ ñèñòåìè

Çãiäíî ç òåîði¹þ àñèìïòîòè÷íîãî iíòåãðó-
âàííÿ âèðîäæåíèõ ëiíiéíèõ ñèñòåì äèôå-
ðåíöiàëüíèõ ðiâíÿíü, ðîçðîáëåíîþ â [1], ó
äàíîìó âèïàäêó îäíîðiäíà ñèñòåìà

εB(t)
dx

dt
= A(t, ε)x, (4)

ìà¹ n − 1 ëiíiéíî íåçàëåæíèõ ðîçâ'ÿçêiâ,
ùî âiäïîâiäàþòü ñêií÷åííîìó åëåìåíòàðíî-
ìó äiëüíèêó, àñèìïòîòèêó ÿêèõ ìîæíà ïî-
áóäóâàòè ó âèãëÿäi

x(t, ε) = u(t, ε) exp

(
ε−1

∫ t

0

λ(τ, ε)dτ

)
, (5)

äå u(t, ε) � n-âèìiðíà âåêòîð-ôóíêöiÿ,
λ(t, ε) � ñêàëÿðíà âåêòîð-ôóíêöiÿ, ùî
çîáðàæàþòüñÿ ðîçâèíåííÿìè çà äðîáîâèìè
ñòåïåíÿìè ìàëîãî ïàðàìåòðà. Ïðè öüîìó, ÿê
ïîêàçàíî â [1], ôóíêöiÿ λ(t, ε) ìà¹ çàäîâîëü-
íÿòè ðiâíÿííÿ ðîçãàëóæåííÿ

λn−1 +
∞∑
s=1

εsL0s +
∞∑
k=1

∞∑
s=1

εsLks[λ
k] = 0, (6)

êîåôiöi¹íòè ÿêîãî âèðàæàþòüñÿ ôîðìóëàìè

L0s =
s∑
j=1

(−1)j(P s
j (HΓ)φ, ψ), s = 1, 2, . . . ,

(7)

Lks[λ
k] =

s∑
i=0

s−i∑
j=0

(−1)jDi[λk]×

×(P s−i
i+k,j(HB,HΓ)φ, ψ), k, s = 1, 2, . . . .

Âiäïîâiäíèé âåêòîð u(t, ε) çîáðàæà¹òüñÿ
ó âèãëÿäi

u(t, ε) = φ+
∞∑
s=1

εsHL̃0sφ+
∞∑
k=1

∞∑
s=0

εsHL̃ks[λ
k]φ,

(8)
äå

L̃0s =
s∑
j=1

(−1)jP s
j (HΓ), s = 1, 2, . . . ,

L̃ks[λ
k] =

s∑
i=0

s−i∑
j=0

(−1)jDi[λk]×

×P s−i
i+k,j(HB,HΓ), k = 1, 2, . . . , s = 0, 1, . . . .

Ñèìâîëîì Pm
s,k(HB,HΓ) òóò ïîçíà-

÷åíî ñóìó âñåìîæëèâèõ "äîáóòêiâ"s
ìíîæíèêiâ ìàòðèöü HB i k îïåðàòîðiâ
HΓj1 , HΓj2 , . . . , HΓjk ç íàòóðàëüíèìè ií-
äåêñàìè, ñóìà ÿêèõ j1 + j2 + jk = m, äå
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Γk = Ak(t)− δk,1B(t) d
dt
, k = 1, 2, . . .. Ïðè öüî-

ìó ïåðøèé ìíîæíèê H ó âñiõ äîäàíêàõ öüî-
ãî âèðàçó "âiäáèðà¹òüñÿ". Ñèìâîëîì Di[λk]
ïîçíà÷à¹òüñÿ äèôåðåíöiàëüíèé âèðàç, ùî
ÿâëÿ¹ ñîáîþ ñóìó âñåìîæëèâèõ äîáóòêiâ k
"ìíîæíèêiâ"λ òà i "ìíîæíèêiâ"D = d

dt
. Ïðè

öüîìó îïåðàòîð D äi¹ íà âåñü âèðàç, ÿêèé
ìiñòèòüñÿ ïðàâîðó÷ âiä íüîãî, íàïðèêëàä,

D2[λ2] = D2λ2+DλDλ+λD2λ = 3(λ′)2+4λλ′′.

Äîâåäåíî, ùî çà âiäñóòíîñòi òî÷îê ïîâîðîòó
ðiâíÿííÿ ðîçãàëóæåííÿ (6) çàâæäè ìà¹ n−1
ðîçâ'ÿçêiâ λi(t, ε), ÿêi ìîæíà çíàéòè ó âèãëÿ-
äi ôîðìàëüíèõ ðîçâèíåíü çà äðîáîâèìè ñòå-
ïåíÿìè ìàëîãî ïàðàìåòðà, ïîêàçíèêè ÿêèõ
çàëåæàòü âiä ïîâåäiíêè êîåôiöi¹íòiâ Lks[λk]
i âèçíà÷àþòüñÿ çà äîïîìîãîþ äiàãðàì Íüþ-
òîíà.

ßê i â ðîáîòi [3] ïðèïóñòèìî, ùî âèêîíó-
¹òüñÿ óìîâà

7◦

L01 = −(Γ1φ, ψ) = −(A1φ, ψ) + (Bφ′, ψ) ̸= 0,

∀t ∈ [0;T ].

Òîäi âiäïîâiäíi ðîçâèíåííÿ äëÿ ôóíêöié
λi(t, ε) ìîæíà ïîáóäóâàòè çà ñòåïåíÿìè
µ = ε

1
n−1 :

λj(t, ε) =
∞∑
k=1

µkλ
(j)
k (t), j = 1, n− 1, (9)

ïåðøèé êîåôiöi¹íò ÿêîãî çàäîâîëüíÿ¹ âè-
çíà÷àëüíå ðiâíÿííÿ

(λ
(j)
1 (t))n−1 + L01 = 0, (10)

ç ÿêîãî äiñòàíåìî

λ
(j)
1 (t) = n−1

√
|(Γ1φ, ψ)|×

× exp

(
i
arg(Γ1φ, ψ) + 2π(j − 1)

n− 1

)
,

j = 1, n− 1.

Ïiäñòàâèâøè ðÿä (9) ó ðiâíÿííÿ ðîçãàëó-
æåííÿ (6), äiñòàíåìî

∞∑
k=n−1

µkP k
n−1(λ

(i)) +
∞∑

k=n−1

µkL0, k
n−1

+

+
∞∑
k=n

[ k−1
n−1

]∑
s=1

k−s(n−1)∑
j=1

µkLjs[P
k−s(n−1)
j (λ(i))] = 0,

(11)
äå L0, k

n−1
= 0, ÿêùî ÷èñëî k íå äiëèòüñÿ

íà n − 1. Ïðèðiâíÿâøè â (11) âèðàçè ïðè
îäíàêîâèõ ñòåïåíÿõ µ, îòðèìà¹ìî íåñêií÷åí-
íó ñèñòåìó ðiâíÿíü

P k
n−1(λ

(i)) + L0, k
n−1

+

+

[ k−1
n−1

]∑
s=1

k−s(n−1)∑
j=1

Ljs[P
k−s(n−1)
j (λ(i))] = 0,

k = n− 1, n, . . . . (12)

Ïåðøå ðiâíÿííÿ öi¹¨ ñèñòåìè (ïðè k =
n−1) çáiãà¹òüñÿ iç âèçíà÷àëüíèì ðiâíÿííÿì
(10). Ïîêëàâøè â íüîìó n + k − 1 çàìiñòü k
i âçÿâøè äî óâàãè, ùî

P n+k−1
n−1 (λ(i)) = (n−1)(λ

(i)
1 )nλ

(i)
k+1+P̃

n+k−1
n−1 (λ(i)),

äå P̃ n+k−1
n−1 (λ(i)) � òà ÷àñòèíà âèðàçó

P n+k−1
n−1 (λ(i)), ÿêà ìiñòèòü òiëüêè òi λ

(i)
j ,

iíäåêñè ÿêèõ j < k + 1, à òðåòié äîäàíîê ó
(12) íå ìiñòèòü λ(i)j , iíäåêñè ÿêèõ ïåðåâèùó-
þòü k, ìàòèìåìî òàêó ðåêóðåíòíó ôîðìóëó
äëÿ âèçíà÷åííÿ êîåôiöi¹íòiâ ðîçâèíåííÿ
(9):

λ
(i)
k+1(t) = − 1

(n− 1)(λ
(i)
1 )n

(P̃ n+k−1
n−1 (λ(i))+

+L0,n+k−1
n−1

+

+

[n+k−2
n−1

]∑
s=1

n+k−s(n−1)−1∑
j=1

Ljs[P
n+k−s(n−1)−1
j (λ(i))]).

(13)
Ùîá îäåðæàòè âiäïîâiäíi ðîçâèíåííÿ äëÿ

âåêòîðiâ ui(t, ε), ïiäñòàâèìî (9) ó (6). Ïåðå-
ãðóïóâàâøè äîäàíêè, äiñòàíåìî ðîçâèíåííÿ

ui(t, ε) = φ(t) +
∞∑
k=1

µku
(i)
k (t), i = 1, n− 1,

êîåôiöi¹íòè ÿêèõ âèçíà÷àþòüñÿ ôîðìóëàìè

u
(i)
k (t) =

[ k−1
n−1

]∑
s=0

k−s(n−1)∑
j=1

HL̃js[P
k−s(n−1)
j (λ(i))]φ+
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+HL̃0, k
n−1

φ, k = 1, 2, . . . , i = 1, n− 1. (14)

Ïîáóäîâà ÷àñòèííîãî ðîçâ'ÿçêó
íåîäíîðiäíî¨ ñèñòåìè

×àñòèííèé ðîçâ'ÿçîê íåîäíîðiäíî¨ ñèñòå-
ìè (1) ïîáóäó¹ìî ó âèãëÿäi

x(t, ε) = v(t, ε), (15)

äå v(t, ε) � n-âèìiðíèé âåêòîð, ÿêèé çîáðà-
æà¹òüñÿ ôîðìàëüíèì ðîçâèíåííÿì

v(t, ε) = ε−1

∞∑
k=0

εkvk(t). (16)

Äëÿ âèçíà÷åííÿ êîåôiöi¹íòiâ vk(t) ïiäñòà-
âèìî (16) ó ñèñòåìó (1) i ïðèðiâíÿ¹ìî âèðàçè
ïðè îäíàêîâèõ ñòåïåíÿõ ìàëîãî ïàðàìåòðà.
Äiñòàíåìî ñèñòåìó ðiâíÿíü

k∑
i=0

Biv
′
k−1−i =

k∑
i=0

Aivk−i + fk−1, k = 0, 1, ....

(17)
Ïðè k = 0 ìà¹ìî

A0(t)v0(t) = 0,

çâiäêè
v0(t) = β0(t)φ(t), (18)

äå β0(t) � äåÿêà äîñòàòíüî ãëàäêà ôóíêöiÿ,
ÿêà ïiäëÿãà¹ âèçíà÷åííþ.

Íà íàñòóïíîìó êðîöi ðiâíÿííÿ (17) çàïè-
øåòüñÿ ó âèãëÿäi

A0(t)v1(t) = Γ1v0(t)− f0(t). (19)

Äëÿ éîãî ñóìiñíîñòi íåîáõiäíî i äîñòàòíüî,
ùîá âèêîíóâàëàñü ðiâíiñòü

(Γ1v0(t)− f0(t), ψ(t)) = 0,

ÿêó, âðàõîâóþ÷è (18), çàïèøåìî ó âèãëÿäi

(Γ1φ(t), ψ(t))β0(t)− (f0(t), ψ(t)) = 0. (20)

Ðîçâ'ÿçàâøè îäåðæàíå ðiâíÿííÿ, äiñòàíåìî
ôóíêöiþ β0(t).

Ó ñâîþ ÷åðãó ç ðiâíÿííÿ (19) çíàéäåìî:

v1(t) = HΓ1(β0(t)φ(t))−Hf0(t) + β1(t)φ(t),

äå β1(t) � ïîêè ùî íåâiäîìà ôóíêöiÿ, ÿêà
âèçíà÷à¹òüñÿ íà íàñòóïíîìó êðîöi.

Âèêîðèñòàâøè óìîâó ñóìiñíîñòi ðiâíÿííÿ
(17) íà k-ó êðîöi, äiñòàíåìî ðiâíÿííÿ äëÿ âè-
çíà÷åííÿ βk−1(t):

(Γ1φ, ψ)βk−1(t)+

+

(
k−2∑
j=0

k−j∑
l=1

P̃ k−j
l (HΓ)(βjφ)−

−
k−2∑
j=0

k−1−j∑
l=1

P̃ k−1−j
l (HΓ)Hfj − fk−1, ψ

)
= 0.

(21)
Ó ñâîþ ÷åðãó âåêòîð vk(t) âèçíà÷èìî çà

ôîðìóëîþ

vk(t) =
k−1∑
j=0

k−j∑
l=1

P k−j
l (HΓ)(βjφ)−

−
k−2∑
j=0

k−1−j∑
l=1

P k−1−j
l (HΓ)Hfj−

−Hfk−1 + βk(t)φ(t). (22)

Ïîáóäîâà ôîðìàëüíîãî ðîçâ'ÿçêó
êðàéîâî¨ çàäà÷i

Ïåðåéäåìî òåïåð äî ïîáóäîâè ðîçâ'ÿçêó
êðàéîâî¨ çàäà÷i (1), (2). Ïðèïóñòèìî, ùî âè-
êîíó¹òüñÿ óìîâà

8◦

Reλ
(i)
1 (t) < 0, i = 1, l,

Reλ
(j)
1 > 0, j = l + 1, n− 1.

Pîçâ'ÿçîê êðàéîâî¨ çàäà÷i (1), (2) áóäó¹ìî ó
âèãëÿäi ñóìè ëiíiéíî¨ êîìáiíàöi¨ ðîçâ'ÿçêiâ
îäíîðiäíî¨ ñèñòåìè i ÷àñòèííîãî ðîçâ'ÿçêó
íåîäíîðiäíî¨ ñèñòåìè:

x(t, ε) = µ−(2n−3)

l∑
i=1

ui(t, µ)ci(ε)×
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× exp

(
ε−1

∫ t

0

λi(τ, µ)dτ

)
+

+µ−(2n−3)

n−1∑
i=l+1

ui(t, µ)ci(ε)×

× exp

(
−ε−1

∫ T

t

λi(τ, µ)dτ

)
+ v(t, ε), (23)

äå ci(ε), i = 1, n− 1 � ñêàëÿðíi ìíîæíè-
êè, ÿêi ðîçêëàäàþòüñÿ â ôîðìàëüíi ñòåïå-
íåâi ðÿäè

ci(ε) =
∞∑
k=0

µkc
(i)
k , i = 1, n− 1,

êîåôiöi¹íòè ÿêèõ c(i)k , k = 0, 1, . . ., ïiäëÿãà-
þòü âèçíà÷åííþ iç êðàéîâî¨ óìîâè (2). Ïiä-
ñòàâèâøè âåêòîð (23) ó êðàéîâó óìîâó (2) i
çíåõòóâàâøè, íà ïiäñòàâi óìîâè (8◦), åêñïî-
íåíöiàëüíî ìàëèìè äîäàíêàìè, îòðèìà¹ìî:

l∑
i=1

Mui(0, µ)ci(ε) +
n−1∑
i=l+1

Nui(T, µ)ci(ε) =

= µ2n−3(d(ε)−Mv(0, ε)−Nv(T, ε)).

Ïðèðiâíÿâøè êîåôiöi¹íòè ïðè îäíàêîâèõ
ñòåïåíÿõ µ, äiñòàíåìî ñèñòåìó ðiâíÿíü

l∑
i=1

k∑
j=0

Mu
(i)
j (0)c

(i)
k−j+

n−1∑
i=l+1

k∑
j=0

Nu
(i)
j (T )c

(i)
k−j =

= d k−2n+3
n−1

−Nv k−n+2
n−1

(T )−Mv k−n+2
n−1

(0),

k = 0, 1, . . . , (24)

äå lk = d k−2n+3
n−1

−Mv k−n+2
n−1

(0) − Nv k−n+2
n−1

(T ),
ïðè÷îìó d k

p
= 0, v k

p
= 0, ÿêùî k íå äiëèòüñÿ

íà p àáî k
p
< 0.

Ââåäåìî äî ðîçãëÿäó ìàòðèöþ

U0 = [Mφ(0),MH(0)B(0)φ(0), . . . ,

M [H(0)B(0)]l−1φ(0), Nφ(T ),

NH(T )B(T )φ(T ), . . . ,M [H(T )B(T )]n−l−2φ(T )]

i ïðèïóñòèìî âèêîíàííÿ óìîâè

9◦

detU0 ̸= 0.

Ïðè k < n − 2 ðiâíÿííÿ (24) íàáóâà¹ âè-
ãëÿäó

l∑
i=1

k∑
j=0

Mu
(i)
j (0)c

(i)
k−j+

n−1∑
i=l+1

k∑
j=0

Nu
(i)
j (T )c

(i)
k−j = 0.

Âðàõîâóþ÷è, ùî ïðè j < n− 2

u
(i)
j (t) =

j∑
s=1

HL̃s0[P
j
s (λ

(i))]φ =

=

j∑
s=1

P j
s (λ

(i))(HB)sφ,

äiñòàíåìî

l∑
i=1

k∑
s=0

k−s∑
j=0

P k−j
s (λ(i)(0))c

(i)
j M(H(0)B(0))sφ(0)+

+
n−1∑
i=l+1

k∑
s=0

k−s∑
j=0

P k−j
s (λ(i)(T ))c

(i)
j N(H(T )B(T ))s×

×φ(T ) = 0, k = 0, n− 3.

Âçÿâøè äî óâàãè ëiíiéíó íåçàëåæíiñòü
âåêòîðiâ M(H(0)B(0))iφ(0), i = 0, l − 1,
N(H(T )B(T ))jφ(T ), j = 0, n− l − 2, ïðè-

õîäèìî äî ñèñòåìè ðiâíÿíü

l∑
i=1

k−s∑
j=0

P k−j
s (λ(i)(0))c

(i)
j = 0,

s = 0, k, k = 0, n− 3. (25)

n−1∑
i=l+1

k−s∑
j=0

P k−j
s (λ(i)(T ))c

(i)
j = 0,

s = 0, k, k = 0, n− 3. (26)

Ïîêëàâøè â (24) k = n− 2 i ïiäñòàâèâøè
âiäïîâiäíi âèðàçè äëÿ êîåôiöi¹íòiâ u

(i)
k (t),

vk(t), îòðèìà¹ìî

l∑
i=1

n−2∑
j=0

j∑
s=0

P j
s (λ

(i)(0))c
(i)
n−2−jM(H(0)B(0))sφ(0)+
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+
n−1∑
i=l+1

n−2∑
j=0

j∑
s=0

P j
s (λ

(i)(T ))c
(i)
n−2−jN(H(T )B(T ))s×

×φ(T ) = −Nv0(T )−Mv0(0). (27)

Âåêòîð ln−2 ó ïðàâié ÷àñòèíi îñòàí-
íüîãî ðiâíÿííÿ ðîçêëàäåìî çà áàçè-
ñîì M(H(0)B(0))iφ(0), i = 0, l − 1,
N(H(T )B(T ))jφ(T ), j = 0, n− l − 2:

ln−2 =
l−1∑
i=0

α
(n−2)
i [M(H(0)B(0))i]φ(0)+

+
n−l−2∑
j=0

β
(n−2)
j [N(H(T )B(T ))j]φ(T ).

Âðàõîâóþ÷è öåé ðîçêëàä, ðiâíÿííÿ (27)
çàïèøåìî ó âèãëÿäi

l∑
i=1

n−2∑
j=0

j∑
s=0

P j
s (λ

(i)(0))c
(i)
n−2−jM(H(0)B(0))s×

×φ(0) +
n−1∑
i=l+1

n−2∑
j=0

j∑
s=0

P j
s (λ

(i)(T ))c
(i)
n−2−j×

×N(H(T )B(T ))sφ(T ) =

=
l−1∑
i=0

α
(n−2)
i [M(H(0)B(0))i]φ(0)+

+
n−l−2∑
j=0

β
(n−2)
j [N(H(T )B(T ))j]φ(T ),

çâiäêè, âðàõîâóþ÷è ëiíiéíó íåçàëåæíiñòü âå-
êòîðiâ, ùî óòâîðþþòü ìàòðèöþ U0, äiñòàíå-
ìî

l∑
i=1

n−s−2∑
j=0

P n−j−2
s (λ(i)(0))c

(i)
j = α(n−2)

s ,

s = 0, l − 1, (28)

n−1∑
i=l+1

n−s−2∑
j=0

P n−j−2
s (λ(i)(T ))c

(i)
j = β(n−2)

s ,

s = 0, n− l − 2. (29)

Âçÿâøè l − 1 ðiâíÿíü iç ñèñòåìè (25) ïðè
s = k, k = 0, l − 2 i îñòàíí¹ ðiâíÿííÿ iç ñè-
ñòåìè (28) ïðè s = l − 1, ïðèõîäèìî äî ëi-
íiéíî¨ àëãåáðà¨÷íî¨ ñèñòåìè

l∑
i=1

c
(i)
0 = 0,

l∑
i=1

λ
(i)
1 (0)c

(i)
0 = 0,

.........................
l∑

i=1

[λ
(i)
1 (0)]l−2c

(i)
0 = 0,

l∑
i=1

[λ
(i)
1 (0)]l−1c

(i)
0 = α

(n−2)
l−1 ,

ÿêó ìîæíà çàïèñàòè ó âåêòîðíî-ìàòðè÷íié
ôîðìi

W1c0 = m0,

äå

W1 =


1 . . . 1

λ
(1)
1 (0) . . . λ

(l)
1 (0)

· · · · · · · · ·
(λ

(1)
1 (0))l−1 . . . (λ

(l)
1 (0))l−1

 ,

c0 = col(c
(1)
0 , c

(2)
0 , . . . , c

(l)
0 ),

m0 = col(0, . . . , 0, α
(n−2)
l−1 ).

Âèçíà÷íèê ìàòðèöi W1 ¹ âèçíà÷íèêîì
Âàíäåðìîíäà, i, îòæå, íå äîðiâíþ¹ íóëþ,
îñêiëüêè λ

(i)
1 (0) ̸= λ

(j)
1 (0) ïðè i ̸= j. Òîäi iç

îñòàííüîãî ðiâíÿííÿ äiñòàíåìî

c0 =W−1m0.

Âçÿâøè n − l − 2 ðiâíÿíü iç (26) ïðè
s = k, k = 0, n− l − 3 i îñòàíí¹ ðiâíÿí-
íÿ iç (29) (ïðè s = n − l − 2), äiñòàíåìî
àíàëîãi÷íó ñèñòåìó ðiâíÿíü âiäíîñíî ñòàëèõ
c
(i)
0 , i = l + 1, n− 1:
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n−1∑
i=l+1

c
(i)
0 = 0,

n−1∑
i=l+1

λ
(i)
1 (T )c

(i)
0 = 0,

.........................
n−l∑
i=l+1

[λ
(i)
1 (T )]n−l−3c

(i)
0 = 0,

n−l∑
i=l+1

[λ
(i)
1 (T )]n−l−2c

(i)
0 = β

(n−2)
n−l−2,

àáî ó âåêòîðíî-ìàòðè÷íié ôîðìi

W2c̃0 = m̃0,

äå

W2 =

=


1 . . . 1

λ
(l+1)
1 (T ) . . . λ

(n−1)
1 (T )

· · · · · · · · ·
(λ

(l+1)
1 (T ))n−l−2 . . . (λ

(n−1)
1 (T ))n−l−2

 ,

c̃0 = col(c(l+1)
0 , c

(l+2)
0 , . . . , c

(n−1)
0 ), m̃0 =

col(0, . . . , 0, β(n−2)
n−l−2). Îñêiëüêè detW2 ̸= 0, òî

c̃0 = W−1
2 m̃0.

Ðîçãëÿíåìî ðiâíÿííÿ (24) ó çàãàëüíîìó
âèãëÿäi. Âçÿâøè äî óâàãè ôîðìóëè äëÿ êî-
åôiöi¹íòiâ u(i)k (t), ìà¹ìî:

l∑
i=1

k∑
j=0

j∑
s=0

MHL̃s0[P
j
s (λ

(i)(0))]φ(0)c
(i)
k−j+

+
n−1∑
i=l+1

k∑
j=0

j∑
s=0

NHL̃s0[P
j
s λ

(i)(T )]φ(T )c
(i)
k−j =

= d k−2n+3
n−1

−Nv k−n+2
n−1

(T )−Mv k−n+2
n−1

(0)−

−
l∑

i=1

k∑
j=0

MHL̃0 j
n−1

φ(0)c
(i)
k−j−

−
n−1∑
i=l+1

k∑
j=0

NHL̃0 j
n−1

φ(T )c
(i)
k−j−

l∑
i=1

k∑
j=0

[ j−1
n−1

]∑
s=1

j−(n−1)s∑
r=1

MH×

×L̃rs[P j−(n−1)s
r (λ(i)(0))]c

(i)
k−jφ(0)−

−
n−1∑
i=l+1

k∑
j=0

[ j−1
n−1

]∑
s=1

j−(n−1)s∑
r=1

NH×

×L̃rs[P j−(n−1)s
r (λ(i)(T ))]c

(i)
k−jφ(T ),

k = 0, 1, .... (30)

Ïîçíà÷èâøè ÷åðåç lk âåêòîð ó ïðàâié ÷à-
ñòèíi öüîãî ðiâíÿííÿ, ðîçêëàäåìî éîãî çà áà-
çèñîì

lk =
l−1∑
i=0

α
(k)
i [M(H(0)B(0))i]φ(0)+

+
n−l−2∑
j=0

β
(k)
j [N(H(T )B(T ))j]φ(T ).

Âðàõîâóþ÷è öåé ðîçêëàä òà ôîðìóëè (7),
ðiâíÿííÿ (30) çàïèøåìî ó âèãëÿäi

l∑
i=1

k∑
s=0

k−s∑
j=0

P k−j
s (λ(i)(0))c

(i)
j M(H(0)B(0))sφ(0)+

+
n−1∑
i=l+1

k∑
s=0

k−s∑
j=0

P k−j
s (λ(i)(T ))c

(i)
j N(H(T )B(T ))s×

×φ(T ) =
l−1∑
i=0

α
(k)
i [M(H(0)B(0))i]φ(0)+

+
n−l−2∑
j=0

β
(k)
j [N(H(T )B(T ))j]φ(T ), k = 0, 1, ...,

çâiäêè, âçÿâøè äî óâàãè ëiíiéíó íåçàëå-
æíiñòü âåêòîðiâ-ñòîâïöiâ ìàòðèöi U0, ïðèõî-
äèìî äî ñèñòåìè ðiâíÿíü

l∑
i=1

k−s∑
j=0

P k−j
s (λ(i)(0))c

(i)
j = α(k)

s , (31)
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n−1∑
i=l+1

k−s∑
j=0

P k−j
s (λ(i)(T ))c

(i)
j = β(k)

s ,

s = 0, k, k = 0, 1, ... (32)

Âèçíà÷èâøè îòðèìàíi íà ïîïåðåäíiõ êðî-
êàõ ðiâíÿííÿ ñèñòåì (31), (32), ùî ìiñòÿòü
ñòàëi c(i)0 , ..., c

(i)
k−1, i = 1, n− 1, äiñòàíåìî òà-

êi ñèñòåìè ðiâíÿíü äëÿ âèçíà÷åííÿ c(i)k , i =
1, n− 1:

l∑
i=1

c
(i)
k = α

(k)
0 ,

l∑
i=1

λ
(i)
1 (0)c

(i)
k = α

(k+1)
1 −

−
l∑

i=1

k−1∑
j=0

P k+1−j
1 (λ(i)(0))c

(i)
j ,

.....................................................
l∑

i=1

[λ
(i)
1 (0)]l−1c

(i)
k = α

(k−l−1)
l−1 −

−
l∑

i=1

k−1∑
j=0

P k+l−1−j
l−1 (λ(i)(0))c

(i)
j ,

n−1∑
i=l+1

c
(i)
k = β

(k)
0 ,

n−1∑
i=l+1

λ
(i)
1 (T )c

(i)
k = β

(k+1)
1 −

−
n−1∑
i=l+1

k−1∑
j=0

P k+1−j
1 (λ(i)(T ))c

(i)
j ,

......................................................
n−l∑
i=l+1

[λ
(i)
1 (T )]n−l−2c

(i)
k = β

(k+n−l−2)
n−l−2 −

−
l∑

i=1

k−1∑
j=0

P k+n−l−2−j
n−l−2 .

Çàïèñàâøè ¨õ ó âåêòîðíî-ìàòðè÷íié ôîðìi,
ìà¹ìî

W1ck = mk, (33)

W2c̃k = m̃k, (34)

äå ck = col(c(1)k , c
(2)
k , . . . , c

(l)
k ),

c̃k =col(c
(l+1)
k , c

(l+2)
k , . . . , c

(n−1)
k ), à mk òà m̃k �

âæå âiäîìi âåêòîðè. Çâiäñè îäíîçíà÷íî çíà-
õîäÿòüñÿ âåêòîðè ck òà c̃k:

ck =W−1
1 mk,

c̃k = W−1
2 m̃k, k = 0, 1, ....

Îäåðæàíi ðåêóðåíòíi ôîðìóëè äîçâîëÿþòü
âèçíà÷èòè áóäü-ÿêi ñòàëi c(i)k , i = 1, n− 1,
k = 0, 1, ..., ùî çàâåðøó¹ ïîáóäîâó ôîðìàëü-
íîãî ðîçâ'ÿçêó êðàéîâî¨ çàäà÷i (1), (2).

Ìåòîäàìè ðîáiò [1,2] ìîæíà ïîêàçàòè, ùî
ïîáóäîâàíèé ðîçâ'ÿçîê ìà¹ àñèìïòîòè÷íèé
õàðàêòåð.

Ïiäñóìêîì ïðîâåäåíèõ ìiðêóâàíü ¹ íà-
ñòóïíà òåîðåìà.
Òåîðåìà
ßêùî ãðàíè÷íà â'ÿçêà ìàòðèöü A0(t) −

λB(t) ìà¹ íà âiäðiçêó [0;T ] êðàòíèé ñêií-
÷åííèé åëåìåíòàðíèé äiëüíèê λn−1 òà ïðî-
ñòèé íåñêií÷åííèé, i âèêîíóþòüñÿ óìîâè
1◦−9◦, òî ïðè äîñèòü ìàëèõ ε iñíó¹ ¹äèíèé
ðîçâ'ÿçîê êðàéîâî¨ çàäà÷i (1), (2), ùî âèðà-
æà¹òüñÿ àñèìïòîòè÷íîþ ôîðìóëîþ

x(t, ε) = xm(t, ε) +O(µm−5n+8),

äå âåêòîð xm(t, ε) çîáðàæà¹òüñÿ ó âèãëÿäi
ðîçâèíåííÿ

xm(t, ε) = µ−(2n−3)

m∑
k=0

l∑
i=1

µk×

×

(
k∑
j=0

c
(i)
j u

(i)
k−j(t)

)
×

× exp

(
ε−1

∫ t

0

(
m∑
k=1

µkλ
(i)
k (τ)

)
dτ

)
+

+µ−(2n−3)

m∑
k=0

n−1∑
i=l+1

µk

(
k∑
j=0

c
(i)
j u

(i)
k−j(t)

)
×

× exp

(
−ε−1

∫ T

t

(
m∑
k=1

µkλ
(i)
k (τ)

)
dτ

)
+

+µ−(n−1)

[ m
n−1

]∑
k=0

µk(n−1)vk(t),

24 Áóêîâèíñüêèé ìàòåìàòè÷íèé æóðíàë. 2014. � Ò. 2, � 1.



à âåêòîð-ôóíêöi¨ u
(i)
k (t), i = 1, n− 1, v(t),

ñêàëÿðíi ôóíêöi¨ λ
(i)
k (t), i = 1, n− 1, ñêàëÿð-

íi ìíîæíèêè c
(i)
k , i = 1, n− 1 âèçíà÷àþòüñÿ

çà îïèñàíèì âèùå àëãîðèòìîì.
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