
ÓÄÊ 517.95

c⃝2014 p. Â.Â. Ãîðîäåöüêèé, ß.Ì. Äðiíü

×åðíiâåöüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Þðiÿ Ôåäüêîâè÷à,
Áóêîâèíñüêèé äåðæàâíèé ôiíàíñîâî-åêîíîìi÷íèé óíiâåðñèòåò

ÍÅËÎÊÀËÜÍÀ ÁÀÃÀÒÎÒÎ×ÊÎÂÀ ÇÀ ×ÀÑÎÌ ÇÀÄÀ×À ÄËß
ÅÂÎËÞÖIÉÍÈÕ ÐIÂÍßÍÜ Ç ÏÑÅÂÄÎÄÈÔÅÐÅÍÖIÀËÜÍÈÌÈ
ÎÏÅÐÀÒÎÐÀÌÈ Â ÏÐÎÑÒÎÐÀÕ ÏÅÐIÎÄÈ×ÍÈÕ ÔÓÍÊÖIÉ

Âñòàíîâëåíà êîðåêòíà ðîçâ'ÿçíiñòü íåëîêàëüíî¨ áàãàòîòî÷êîâî¨ çà ÷àñîì çàäà÷i äëÿ åâî-
ëþöiéíèõ ïñåâäîäèôåðåíöiàëüíèõ ðiâíÿíü ç ãðàíè÷íîþ óìîâîþ ó ïðîñòîði ïåðiîäè÷íèõ óçà-
ãàëüíåíèõ ôóíêöié òèïó óëüòðàðîçïîäiëiâ.

We prove the well-posedness of a non-local multipoint with respect to time problem for evoluti-
on pseudo-di�erential equations with a boundary condition in spaces of periodic generalized functi-
ons of an ultra-distribution type.

Òåîðiÿ íåëîêàëüíèõ êðàéîâèõ çàäà÷ ÿê
ðîçäië çàãàëüíî¨ òåîði¨ êðàéîâèõ çàäà÷ äëÿ
ðiâíÿíü ç ÷àñòèííèìè ïîõiäíèìè iíòåíñèâ-
íî ðîçâèâà¹òüñÿ ç ñiìäåñÿòèõ ðîêiâ ìèíóëî-
ãî ñòîëiòòÿ. Äîñëiäæåííÿ òàêèõ çàäà÷ çó-
ìîâëåíå áàãàòüìà çàñòîñóâàííÿìè ó ìåõàíi-
öi, ôiçèöi, õiìi¨, áiîëîãi¨, åêîëîãi¨ òà iíøèõ
ïðèðîäíè÷î-íàóêîâèõ äèñöèïëiíàõ, ÿêi âè-
íèêàþòü ïðè ìàòåìàòè÷íîìó ìîäåëþâàííi
òèõ ÷è iíøèõ ïðîöåñiâ [1�4]. Íà äîöiëüíiñòü
âèêîðèñòàííÿ íåëîêàëüíèõ óìîâ ç òî÷êè çî-
ðó çàãàëüíî¨ òåîði¨ êðàéîâèõ çàäà÷ âïåð-
øå âêàçàâ Î.Î. Äåçií [5], ÿêèé äîñëiäæóâàâ
ðîçâ'ÿçíi ðîçøèðåííÿ äèôåðåíöiàëüíèõ îïå-
ðàòîðiâ, ïîðîäæåíèõ çàãàëüíîþ äèôåðåíöi-
àëüíîþ îïåðàöi¹þ çi ñòàëèìè êîåôiöi¹íòà-
ìè. Âií ïîêàçàâ, ùî äëÿ ïîñòàíîâêè êîðå-
êòíî¨ êðàéîâî¨ çàäà÷i íåîáõiäíî âèêîðèñòî-
âóâàòè ïîðó÷ ç ëîêàëüíèìè i íåëîêàëüíi
óìîâè. À.Õ. Ìàìÿí âñòàíîâèâ [6], ùî iñíó-
þòü òàêi ðiâíÿííÿ ç ÷àñòèííèìè ïîõiäíèìè
â øàði, äëÿ ÿêèõ íåìîæëèâî ñôîðìóëþâàòè
æîäíî¨ êîðåêòíî¨ ëîêàëüíî¨ çàäà÷i; âîäíî÷àñ
êîðåêòíi çàäà÷i iñíóþòü, ÿêùî çàëó÷èòè íå-
ëîêàëüíi óìîâè.

Íåëîêàëüíi êðàéîâi çàäà÷i ó ðiçíèõ àñïå-
êòàõ âèâ÷àëè áàãàòî ìàòåìàòèêiâ, âèêîðè-
ñòîâóþ÷è ïðè öüîìó ðiçíi ìåòîäè é ïiäõî-
äè (Î.Î. Äåçií, Â.Ê. Ðîìàíêî, À.Ì. Íàõó-
øåâ, Î.À. Ñàìàðñüêèé, Á.É. Ïòàøíèê, Ì.I.
Þðié÷óê, Â.I. ×åñàëií, Ì.I. Ìàòié÷óê, Î.Ë.
Ñêóáà÷åâñüêèé òà ií.). Îäåðæàíi âàæëè-

âi ðåçóëüòàòè ùîäî ïîñòàíîâêè, êîðåêòíî¨
ðîçâ'ÿçíîñòi òà ïîáóäîâè ðîçâ'ÿçêiâ, äîñëi-
äæåíi ïèòàííÿ çàëåæíîñòi õàðàêòåðó ðîçâ'ÿ-
çíîñòi çàäà÷ âiä ïîâiäåíêè ñèìâîëiâ îïåðà-
öié, ñôîðìóëüîâàíi óìîâè ðåãóëÿðíîñòi òà
íåðåãóëÿðíîñòi êðàéîâèõ óìîâ äëÿ âàæëè-
âèõ âèïàäêiâ äèôåðåíöiàëüíî-îïåðàòîðíèõ
ðiâíÿíü. Äî òàêèõ çàäà÷ âiäíîñèòüñÿ i íåëî-
êàëüíà áàãàòîòî÷êîâà çà ÷àñîì çàäà÷à, ÿêà
¹ óçàãàëüíåííÿì çàäà÷i Êîøi, êîëè ïî÷àòêî-
âà óìîâà u(t, ·)|t=0 = f çàìiíþ¹òüñÿ óìîâîþ
m∑
k=0

αku(t, ·)|t=tk = f , äå t0 = 0, {t1, . . . , tm} ⊂

(0, T ], {α0, α1, . . . , αm} ⊂ R, m ∈ N, � ôiêñî-
âàíi ÷èñëà (ÿêùî α0 = 1, α1 = α2 = · · · =
αm = 0, òî ìà¹ìî, î÷åâèäíî, çàäà÷ó Êîøi).

Îñíîâíîþ ìåòîþ ðîáîòè ¹ ïîáóäîâà òà äî-
ñëiäæåííÿ âëàñòèâîñòåé ôóíäàìåíòàëüíîãî
ðîçâ'ÿçêó m-òî÷êîâî¨ (m ≥ 1) çà ÷àñîì çà-
äà÷i äëÿ åâîëþöiéíèõ ðiâíÿíü ç ïñåâäîäè-
ôåðåíöiàëüíèìè îïåðàòîðàìè, ÿêi äiþòü ó
ïðîñòîðàõ ïåðiîäè÷íèõ ôóíêöié, âñòàíîâëå-
ííÿ êîðåêòíî¨ ðîçâ'ÿçíîñòi çàäà÷i ó âèïàä-
êó, êîëè ãðàíè÷íà ôóíêöiÿ ¹ ïåðiîäè÷íèì
óëüòðàðîçïîäiëîì, ÿêèé [7] îòîòîæíþ¹òüñÿ ç
ïåâíèì ôîðìàëüíèì òðèãîíîìåòðè÷íèì ðÿ-
äîì. Çàçíà÷èìî, ùî òàêà ïîñòàíîâêà çàäà÷i ¹
ïðèðîäíîþ, îñêiëüêè ãðàíè÷íà ôóíêöiÿ ìî-
æå ìàòè îñîáëèâiñòü â îäíié àáî äåêiëüêîõ
òî÷êàõ i äîïóñêà¹ ðåãóëÿðèçàöiþ ó òîìó ÷è
iíøîìó ïðîñòîði óçàãàëüíåíèõ ïåðiîäè÷íèõ
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ôóíêöié òèïó ðîçïîäiëiâ, óëüòðàðîçïîäiëiâ,
ãiïåðôóíêöié òîùî. Äîñëiäæåíà òàêîæ âëà-
ñòèâiñòü ëîêàëiçàöi¨ ðîçâ'ÿçêó (âëàñòèâiñòü
ëîêàëüíîãî ïîêðàùåííÿ çáiæíîñòi), ÿêà ïî-
ëÿãà¹ â òîìó, ùî ÿêùî ãðàíè÷íà óçàãàëü-
íåíà ôóíêöiÿ çáiãà¹òüñÿ íà äåÿêié âiäêðè-
òié ìíîæèíi Q ç íåïåðåðâíîþ ôóíêöi¹þ, òî
ðîçâ'ÿçîê u(t, x) çàäà÷i çàäîâîëüíÿ¹ âiäïî-
âiäíó ãðàíè÷íó óìîâó ðiâíîìiðíî âiäíîñíî
x ∈ K ⊂ Q, äå K � äîâiëüíî ôiêñîâàíèé êîì-
ïàêò.
1. Íåõàé

Tm =
{
P (x) : P (x) =

m∑
k=−m

ck,pe
ikx,

x ∈ R, ck,p ∈ C
}
,m ∈ Z+, T = lim

m→+∞
indTm,

T ′ � ïðîñòið âñiõ ëiíiéíèõ íåïåðåðâíèõ ôóí-
êöiîíàëiâ íà T çi ñëàáêîþ çáiæíiñòþ. Åëå-
ìåíòè ïðîñòîðó T ′ íàçâåìî 2π-ïåðiîäè÷íèìè
óçàãàëüíåíåíèìè ôóíêöiÿìè.

Çiñòàâëåííÿ

T ∋ P → fp ∈ T ′ : ⟨fp, Q⟩ = (P,Q)L2[0,2π],

∀Q ∈ T

çàäà¹ âêëàäåííÿ T ⊂ L2[0, 2π] ⊂ T ′ (òóò
⟨f,Q⟩ ïîçíà÷à¹ äiþ ôóíêöiîíàëó f íà ïîëi-
íîì Q ∈ T ), ïðè÷îìó öi âêëàäåííÿ ùiëüíi é
íåïåðåðâíi [7].

Ñèìâîëîì s ïîçíà÷èìî ïðîñòið âñiõ ÷è-
ñëîâèõ ïîñëiäîâíîñòåé {ck, k ∈ Z} êîìïëå-
êñíèõ ÷èñåë ç ïîêîîðäèíàòíîþ çáiæíiñòþ.
Içîìîðôiçì

F : T ′ ∈ f → {ck(f) = ⟨f, e−ikx⟩, k ∈ Z} ⊂ s

âiäîáðàæà¹ T íà ìíîæèíó ôiíiòíèõ ïîñëi-
äîâíîñòåé ç s, à L2[0, 2π] � íà l2.

Ðÿä
∑
k∈Z

ck(f)e
ikx, äå ck(f) = ⟨f, e−ikx⟩,

íàçèâà¹òüñÿ ðÿäîì Ôóð'¹ óçàãàëüíåíî¨ 2π-
ïåðiîäè÷íî¨ ôóíêöi¨ f ∈ T ′, à ÷èñëà ck(f) �
¨¨ êîåôiöi¹íòàìè Ôóð'¹. Äëÿ äîâiëüíî¨ óçà-
ãàëüíåíî¨ 2π-ïåðiîäè÷íî¨ ôóíêöi¨ f ∈ T ′ ¨¨
ðÿä Ôóð'¹ çáiãà¹òüñÿ äî f ó ïðîñòîði T ′ [7].
Íàâïàêè, äîâiëüíèé ðÿä

∑
k∈Z

cke
ikx çáiãà¹òüñÿ

â T ′ äî äåÿêîãî åëåìåíòà f ∈ T ′ i öåé ðÿä ¹

ðÿäîì Ôóð'¹ äëÿ f [7]. Îòæå, T ′ ìîæíà ðîçó-
ìiòè ÿê ïðîñòið ôîðìàëüíèõ òðèãîíîìåòðè-
÷íèõ ðÿäiâ âèãëÿäó

∑
k∈Z

cke
ikx.

2. Ðîçãëÿíåìî ïîñëiäîâíiñòü {mk, k ∈ Z},
m0 = 1, äîäàòíèõ ÷èñåë, ÿêà âîëîäi¹ âëàñòè-
âîñòÿìè [8]:

1) ∀k ∈ Z+: mk ≤ mk+1;
2) ∀α > 0 ∃cα > 0 ∀k ∈ Z+: mk ≥ cαα

k;
3) ∃M > 0 ∃h > 0 ∀k ∈ Z+: mk+1 ≤

Mhkmk;
4) ∃A > 0 ∃L > 0 ∀{k, l} ⊂ Z+: mk ·ml ≤

ALk+lmk+l;
5) ∃B > 0 ∃s > 0 ∀k ∈ Z+: mk ≤

Bsk min
0≤l≤k

mk−lml.

Ïðèêëàäàìè òàêèõ ïîñëiäîâíîñòåé ¹ ïî-
ñëiäîâíîñòi Æåâðå âèãëÿäó mk = (k!)β,
mk = kkβ, β > 0.

Ñèìâîëîì H⟨mk⟩ ïîçíà÷èìî ñóêóïíiñòü
âñiõ 2π-ïåðiîäè÷íèõ i íåñêií÷åííî äèôåðåí-
öiéîâíèõ íà R ôóíêöié φ, ÿêi âîëîäiþòü âëà-
ñòèâiñòþ: iñíóþòü ñòàëi c, B > 0 (çàëåæíi
ëèøå âiä ôóíêöi¨ φ) òàêi, ùî

|φ(k)(x)| ≤ CBkmk, k ∈ Z+, x ∈ R. (1)

Ìíîæèíà ôóíêöié φ ∈ H⟨mk⟩, äëÿ ÿêèõ
îöiíêè (1) âèêîíóþòüñÿ ç ôiêñîâàíîþ ñòà-
ëîþ B > 0, óòâîðþ¹ áàíàõiâ ïðîñòið HB⟨mk⟩
âiäíîñíî íîðìè

∥φ∥B = sup
x∈[0,2π]
k∈Z+

|φ(k)(x)|
Bkmk

.

Ïðè öüîìó HB1⟨mk⟩ ⊂ HB2⟨mk⟩ , ÿêùî B1 <

B2 i H⟨mk⟩ =
∪
B>0

HB⟨mk⟩. Â H⟨mk⟩ ââîäè-

òüñÿ òîïîëîãiÿ iíäóêòèâíî¨ ãðàíèöi áàíàõî-
âèõ ïðîñòîðiâ HB⟨mk⟩ [8]. Ïðè öüîìó H⟨mk⟩
ïåðåòâîðþ¹òüñÿ â ïîâíèé ëîêàëüíî îïóêëèé
ïðîñòið, iíâàðiàíòíèé âiäíîñíî îïåðàöié äè-
ôåðåíöiþâàííÿ, ìíîæåííÿ òà çãîðòêè, ÿêi ¹
íåïåðåðâíèìè â H⟨mk⟩ (äèâ. âëàñòèâîñòi 3)
� 5)). ßêùî ïîñëiäîâíiñòü {mk, k ∈ Z} çái-
ãà¹òüñÿ ç îäíi¹þ iç ïîñëiäîâíîñòåé Æåâðå,
òî H⟨mk⟩ = G{β}, äå G{β} � ïðîñòið óëüòðà-
äèôåðåíöiéîâíèõ ôóíêöié êëàñó Æåâðå ïî-
ðÿäêó β > 0. Ïðîñòið H⟨k!⟩ = H⟨kk⟩ = G{1}
ñêëàäàþòü àíàëiòè÷íi 2π-ïåðiîäè÷íi ôóíêöi¨
[8].
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Ñèìâîëîì H ′⟨mk⟩ ïîçíà÷àòèìåìî ïðî-
ñòið âñiõ ëiíiéíèõ íåïåðåðâíèõ ôóíêöiîíàëiâ
íà H⟨mk⟩ çi ñëàáêîþ çáiæíiñòþ. Âiäîìî [8],
ùî H ′⟨mk⟩ çáiãà¹òüñÿ ç ïðîåêòèâíîþ ãðàíè-
öåþ áàíàõîâèõ ïðîñòîðiâ H ′

B⟨mk⟩. Åëåìåí-
òè ïðîñòîðó H ′⟨mk⟩ íàçèâàþòüñÿ óëüòðàðîç-
ïîäiëàìè êëàñó {mk}. Åëåìåíòè ïðîñòîðó
H ′⟨k!⟩ íàçèâàþòüñÿ ãiïåðôóíêöiÿìè àáî àíà-
ëiòè÷íèìè ïåðiîäè÷íèìè ôóíêöiîíàëàìè.

Ó ïðàöi [8] äà¹òüñÿ õàðàêòåðèñòèêà ïðî-
ñòîðiâ H⟨mk⟩ òà H ′⟨mk⟩ ç òî÷êè çîðó ïîâå-
äiíêè êîåôiöi¹íòiâ Ôóð'¹ ¨õíiõ åëåìåíòiâ.

Ïîêëàäåìî ρ(λ) = sup
k∈Z+

(λk/mk),

λ ∈ [1,+∞). Iç âëàñòèâîñòåé ïîñëiäîâ-
íîñòi {mk, k ∈ Z+} âèïëèâà¹, ùî ôóíêöiÿ ρ
íåïåðåðâíà, ìîíîòîííî çðîñòà¹ íà [1,+∞)
(øâèäøå, íiæ λk, ∀k ∈ N, ρ(λ) ≥ 1,
∀λ ∈ [1,+∞)). Íåõàé

H{α} :=
{
f ∈ T ′

∣∣∣∑
k∈Z

|ck(f)|2ρ2
( |k|
α

)
<∞,

ck(f) = ⟨f, e−ikx⟩
}
, α > 0.

H{α} � ãiëüáåðòiâ ïðîñòið çi ñêàëÿðíèì äîáó-
òêîì

(f, g)H{α} =
∑
k∈Z

ck(f)ck(g)ρ
2
( |k|
α

)
,

{f, g} ⊂ H{α}.

ßêùî α1 > α2, òî H{α1} ⊃ H{α2} i öå âêëà-
äåííÿ ¹ íåïåðåðâíèì âíàñëiäîê ìîíîòîííî-
ñòi ôóíêöi¨ ρ. Ïîêëàäåìî H{mk} =

∪
α>0

H{α}.

Â H{mk} ââîäèòüñÿ òîïîëîãiÿ iíäóêòèâíî¨
ãðàíèöi [8]: H{mk} = lim

α→0
indH{α}. Ïðîñòî-

ðè H⟨mk⟩ òà H{mk} çáiãàþòüñÿ íå ëèøå ÿê
ìíîæèíè, àëå i òîïîëîãi÷íî [8].

Ç òî÷êè çîðó ïîâåäiíêè êîåôiöi¹íòiâ
Ôóð'¹ ¨õíiõ åëåìåíòiâ ïðîñòîðè H⟨mn⟩ òà
H ′⟨mn⟩ îïèñóþòüñÿ òàê [8]:

(f ∈ H⟨mn⟩) ⇔ (∃µ > 0 ∃c > 0 ∀k ∈ Z :

|ck(f)| ≤ cρ−1(µ|k|)); (A)

(f ∈ H ′⟨mn⟩) ⇔ (∀µ > 0 ∃c = c(µ) > 0

∀k ∈ Z : |ck(f)| ≤ cρ(µ|k|)). (B)

ßêùî mk = kkβ, β > 0, òî ρ(λ) ∼
exp(λ1/β), òîáòî â öüîìó âèïàäêó äëÿ f ∈ T ′

ïðàâèëüíèìè ¹ òàêi ñïiââiäíîøåííÿ åêâiâà-
ëåíòíîñòi:

(f ∈ G{β}) ⇔ (∃µ > 0 ∃c > 0∀k ∈ Z :

|ck(f)| ≤ c exp{−µ|k|1/β});
(f ∈ G′

{β}) ⇔ (∀µ > 0∃c = c(µ) > 0 ∀k ∈ Z :

|ck(f)| ≤ c exp{µ|k|1/β}).
Ïðèïóñòèìî, ùî ïîñëiäîâíiñòü

{mk, k ∈ Z+} çàäîâîëüíÿ¹ ùå îäíó óìî-
âó: 6) lim

k→∞
k
√
mk/k = 0, òîáòî (äèâ. [9])

∀ε > 0∃δ = δ(ε) > 0∀λ :

λ ≥ max{1, δ} ⇒ ρ(λ) ≥ eελ. (2)

Çâiäñè âèïëèâà¹ (äèâ. [10]), ùî ôóíêöiÿ ln ρ
� îïóêëà íà [1,+∞), òîáòî

∀{x1, x2} ⊂ [1,+∞) :

ln ρ(x1) + ln ρ(x2) ≤ ln ρ(x1 + x2) (3)

((3) âiäïîâiäà¹ îçíà÷åííþ îïóêëî¨ ôóíêöi¨ f
ç [11]:

f(x1) + f(x2) ≤ f(x1 + x2), x1 ≥ 0, x2 ≥ 0).

Ïîêëàäåìî ρk := inf
λ≥1

ρ(λ)/λk, k ∈ N. Iç

ðåçóëüòàòiâ, îòðèìàíèõ â [10] âèïëèâà¹, ùî
ïîñëiäîâíiñòü {ρk} ¹ ìîíîòîííî ñïàäíîþ i
òàêîþ, ùî lim

k→∞
k
√
ρk = 0. Ðîçãëÿíåìî òåïåð

ïîñëiäîâíiñòü ñïåöiàëüíîãî âèãëÿäó, à ñàìå,
mk = k!ρk, k ∈ Z+ (öÿ ïîñëiäîâíiñòü çàäî-
âîëüíÿ¹ óìîâè 1) � 6)). Âèÿâëÿ¹òüñÿ, ùî åëå-
ìåíòàìè âiäïîâiäíîãî êëàñó H⟨k!ρk⟩ ¹ àíàëi-
òè÷íi (öiëi) ïåðiîäè÷íi ôóíêöi¨, ÿêi ÿê ôóí-
êöi¨ êîìïëåêñíî¨ çìiííî¨ çàäîâîëüíÿþòü ïåâ-
íó óìîâó.

Òåîðåìà 1. Íåñêií÷åííî äèôåðåíöiéîâíà
2π-ïåðiîäè÷íà ôóíêöiÿ φ íàëåæèòü äî êëà-
ñó H⟨k!ρk⟩ òîäi é ëèøå òîäi, êîëè âîíà àíà-
ëiòè÷íî ïðîäîâæó¹òüñÿ â êîìïëåêñíó ïëî-
ùèíó äî öiëî¨ ôóíêöi¨ φ(z), z ∈ C, i öå ïðî-
äîâæåííÿ çàäîâîëüíÿ¹ óìîâó: iñíóþòü ñòà-
ëi c, b > 0 (çàëåæíi, ìîæëèâî, ëèøå âiä φ)
òàêi, ùî

|φ(x+ iy)| ≤ cρ̃(by), ∀{x, y} ⊂ R, (4)
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ρ̃(y) =

{
1, |y| < 1,
ρ(y), |y| ≥ 1,

ρ(y) = sup
|y|≥1

|y|k/(k!ρk).

Äîâåäåííÿ. Íåõàé φ äîïóñêà¹ àíàëiòè-
÷íå ïðîäîâæåííÿ â êîìïëåêñíó ïëîùèíó äî
öiëî¨ ôóíêöi¨ i âèêîíó¹òüñÿ óìîâà (4). Çãiäíî
ç iíòåãðàëüíîþ ôîðìóëîþ Êîøi

φ(k)(x) =
k!

2πi

∫
γR

φ(z)

(z − x)k+1
dz, x ∈ R, k ∈ Z+,

äå γR � êîëî ðàäióñà R ç öåíòðîì ó òî÷öi x.
Òîäi

|φ(k)(x)| ≤ k!

2π
max
z∈γR

|φ(z)|
|z − x|k+1

∮
γr

ds ≤

≤ ck!bk inf
R

ρ̃(bR)

(bR)k
= cbkk!ρk, k ∈ Z+.

Çâiäñè âèïëèâà¹, ùî φ ∈ H⟨k!ρk⟩.
Íàâïàêè, íåõàé íåñêií÷åííî äèôåðåíöi-

éîâíà 2π-ïåðiîäè÷íà ôóíêöiÿ φ íàëåæèòü äî
êëàñó H⟨k!ρk⟩, òîáòî iñíóþòü ñòàëi c′ > 0,
B > 0 òàêi, ùî

|φ(k)(x)| ≤ c′Bkk!ρk, k ∈ Z+, x ∈ R.

Òîäi ¨¨ ìîæíà àíàëiòè÷íî ïðîäîâæèòè ó âñþ
êîìïëåêñíó ïëîùèíó. Ñïðàâäi, çàëèøêîâèé
÷ëåí ó ôîðìóëi Òåéëîðà

φ(x+ h) =
n−1∑
k=0

φ(k)(x)

k!
hk +

φ(n)(ξ)

n!
hn,

x ∈ R, äå |ξ − x| < |h|, äîïóñêà¹ îöiíêó

|φ(n)(ξ)|
n!

|h|n ≤ c′Bnρn|h|n = c′(B|h| n
√
ρn)

n.

(5)
Îñêiëüêè n

√
ρn → 0 ïðè n→ ∞, òî

∀ε > 0 ∃n0 = n0(ε) ∀n ≥ n0 : ρn < εn.

Ïîêëàäåìî ε =
1

2
(B|h|)−1. Òîäi

|φ(n)(ξ)|
n!

≤ c′

2n
→ 0, n→ ∞,

çâiäêè é âèïëèâà¹, ùî ðÿä Òåéëîðà ôóíêöi¨
φ(x) çáiãà¹òüñÿ äî φ(x), x ∈ R, òîáòî

φ(x+ h) =
∞∑
k=0

φ(k)(x)

k!
hk.

Iç îöiíêè (5) âèïëèâà¹ òàêîæ, ùî ðÿä Òåé-
ëîðà ôóíêöi¨ φ çàëèøà¹òüñÿ çáiæíèì i äëÿ
êîìïëåêñíèõ çíà÷åíü h. Îòæå, φ ïðîäîâæó-
¹òüñÿ äî öiëî¨ ôóíêöi¨ φ(z), z = x + iy ∈ C;
ïðè öüîìó

φ(x+ iy) =
∞∑
k=0

φ(k)(x)

k!
(iy)k

i

|φ(x+ iy)| ≤ c′
∞∑
k=0

Bk|y|kρk.

Îñêiëüêè çíàéäåòüñÿ ñòàëà d0 > 0 òàêà, ùî
ρ̃(y) ≤ d0ρ̃(2By), òî

Bk|y|kρk = |y|kBk inf
y ̸=0

ρ̃(y)

|y|k
≤

≤ d0|y|kBk inf
y ̸=0

ρ̃(2By)

|2By|k
≤ d0|y|kBk ρ̃(2By)

2kBk|y|k
=

=
d0
2k
ρ̃(by), b = 2B, y ̸= 0.

Òîäi

|φ(x+ iy)| ≤ c′ρ̃(by)
∞∑
k=0

1

2k
= cρ̃(by), y ̸= 0,

äå c = 2c′. Çàçíà÷èìî, ùî äëÿ y = 0 öÿ íå-
ðiâíiñòü ¹ î÷åâèäíîþ. Òåîðåìà äîâåäåíà.

Çàóâàæåííÿ 1. ßêùî mk = kk(1−β), 0 <
β < 1, òî ρ(y) ∼ exp(|y|1/(1−β)) i â öüîìó
âèïàäêó ρk ∼ k−k(1−β). Òîäi k!ρk ∼ kkβ, k ∈
Z+. Îòæå, ç òåîðåìè 1 âèïëèâà¹, ùî êëàñ
Æåâðå H⟨kkβ⟩ = G{β}, 0 < β < 1, õàðàêòå-
ðèçó¹òüñÿ òàê.: äëÿ òîãî, ùîá íåñêií÷åí-
íî äèôåðåíöiéîâíà 2π-ïåðiîäè÷íà ôóíêöiÿ φ
íàëåæàëà äî êëàñó G{β}, 0 < β < 1, íåîáõi-
äíî é äîñòàòíüî, ùîá âîíà àíàëiòè÷íî ïðî-
äîâæóâàëàñÿ â êîìïëåêñíó ïëîùèíó äî öi-
ëî¨ ôóíêöi¨ i öå ïðîäîâæåííÿ çàäîâîëüíÿëî
óìîâó:

∃c > 0 ∃b > 0 ∀z = x+ iy ∈ C :

|φ(x+ iy)| ≤ c exp{b|y|1/(1−β)}.
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3. Ó ïðîñòîði H ′⟨mk⟩ çãîðòêà f1 ∗ f2 âè-
çíà÷åíà äëÿ äîâiëüíèõ {f1, f2} ⊂ H ′⟨mk⟩,
ïðè÷îìó f1 ∗ f2 ∈ H ′⟨mk⟩. Ñïðàâäi, îñêiëü-
êè H ′⟨mk⟩ ⊆ T ′ , òî êîåôiöi¹íòè Ôóð'¹ óçà-
ãàëüíåíî¨ ôóíêöi¨ f1 ∗ f2 ∈ T ′ ïîâ'ÿçàíi ç
êîåôiöi¹íòàìè Ôóð'¹ óçàãàëüíåíèõ ôóíêöié
{f1, f2} ⊂ H ′⟨mk⟩ ⊆ T ′ òàê [12]:

ck(f1 ∗ f2) = ck(f1) · ck(f2), k ∈ Z+.

Äîâåäåìî, ùî êîåôiöi¹íòè Ôóð'¹ ck(f1 ∗ f2)
çàäîâîëüíÿþòü óìîâó (B), çâiäêè é âèïëè-
âàòèìå, ùî f1 ∗ f2 ∈ H ′⟨mk⟩.

Îòæå, ÿêùî {f1, f2} ⊂ H ′⟨mk⟩, òî ç óìîâè
(B) âèïëèâà¹, ùî

∀µ1 > 0 ∃c1 = c1(µ1) > 0 ∀k ∈ Z :

|ck(f1)| ≤ c1ρ(µ1|k|),
∀µ2 > 0 ∃c2 = c2(µ2) > 0 ∀k ∈ Z :

|ck(f2)| ≤ c2ρ(µ2|k|).
Òîäi, óðàõóâàâøè âëàñòèâiñòü îïóêëîñòi
ôóíêöi¨ ln ρ (äèâ. (3)) çíàéäåìî, ùî

|ck(f1 ∗ f2)| = |ck(f1)| · |ck(f2)| ≤

≤ c1c2ρ(µ1|k|)ρ(µ2|k|) =
= c1c2e

ln ρ(µ1|k|)+ln ρ(µ2|k|) ≤
≤ c1c2e

ln ρ((µ1+µ2)|k|) =

= cρ(µ|k|), c = c1c2, µ = µ1 + µ2.

Öèì äîâåäåíî, ùî f1 ∗ f2 ∈ H ′⟨mk⟩.
ßêùî æ, íàïðèêëàä, f1 ∈ H⟨mk⟩, òî çãîð-

òêà f1∗f2 � çâè÷àéíà ôóíêöiÿ; òî÷íiøå, ïðà-
âèëüíèì ¹ íàñòóïíå òâåðäæåííÿ.
Ëåìà 1. Äëÿ äîâiëüíèõ φ ∈ H⟨mk⟩ òà

f ∈ H ′⟨mk⟩ çãîðòêà f ∗ φ ¹ åëåìåíòîì ïðî-
ñòîðó H⟨mk⟩.
Äîâåäåííÿ. Îñêiëüêè φ ∈ H⟨mk⟩, òî

(äèâ. óìîâó (A))

∃µ > 0 ∃c > 0 ∀k ∈ Z :

|ck(φ)| ≤ cρ−1(µ|k|).
Âíàñëiäîê óìîâè (B) äëÿ µ1 = µ/2 çíàéäå-
òüñÿ c1 > 0 òàêå, ùî |ck(f)| ≤ cρ(µ1|k|),
k ∈ Z. Òîäi, óðàõóâàâøè âëàñòèâiñòü îïó-
êëîñòi ôóíêöi¨ ln ρ, ïðèéäåìî äî íåðiâíîñòåé

ln ρ(µ1|k|)− ln ρ(µ|k|) ≤ − ln ρ((µ− µ1)|k|) =

= − ln ρ
(µ
2
|k|
)
, |k| ≥ 1.

Îòæå,

ρ(µ1|k|)ρ−1(µ|k|) ≤ ρ−1
(µ
2
|k|
)
, k ∈ Z.

Òàêèì ÷èíîì, äëÿ êîåôiöi¹íòiâ Ôóð'¹ ôóí-
êöi¨ f ∗ φ ñïðàâäæóþòüñÿ îöiíêè:

|ck(f ∗ φ)| ≤ c̃ρ−1(µ̃|k|), k ∈ Z,

äå c̃ = cc1, µ̃ = µ/2. Çâiäñè âæå âèïëèâà¹,
ùî f ∗ φ ∈ H⟨mk⟩.

Ëåìà äîâåäåíà.
Çàçíà÷èìî, ùî äëÿ çãîðòêè f ∗ φ, f ∈

H ′⟨mk⟩, φ ∈ H⟨mk⟩ ïðàâèëüíèì ¹ çîáðàæå-
ííÿ

(f ∗ φ)(x) = ⟨f, T−xφ̌(·)⟩ ≡ ⟨f(t), φ(x− t)⟩,

äå T−x � îïåðàòîð çñóâó àðãóìåíòó â ïðîñòî-
ði H⟨mk⟩, φ̌(ξ) = φ(−ξ).
4. Íåõàé G̃: R → [0,∞) � íåïåðåðâíà

ïàðíà ôóíêöiÿ òàêà, ùî G̃(x) ≥ |x|, x ∈
R \ (−1, 1). Çà äîïîìîãîþ ôóíêöi¨ G̃ ó ïðî-
ñòîði T ′ ïîáóäó¹ìî îïåðàòîð Â: T ′ → T ′ çà
ïðàâèëîì

T ′ ∋ f =
∑
k∈Z

ck(f)e
ikx → Âf :=

=
∑
k∈Z

G̃(k)ck(f)e
ikx ∈ T ′,

ck(f) = ⟨f, e−ikx⟩, k ∈ Z.

Ëåãêî áà÷èòè, ùî îïåðàòîð Â ¹ ëiíiéíèì i
íåïåðåðâíèì â T ′. Îïåðàòîð Â � çãîðòóâà÷
â T ′. Ñïðàâäi, ÿêùî ðîçãëÿíóòè óçàãàëüíåíó
ôóíêöiþ

fG̃(x) =
∑
k∈Z

G̃(k)eikx ∈ T ′,

òî äëÿ äîâiëüíî¨ óçàãàëüíåíî¨ ôóíêöi¨ f ∈ T ′

ìà¹ìî

Âf =
∑
k∈Z

G̃(k)ck(f)e
ikx = f ∗ fG̃,

áî

ck(f∗fG̃) = ck(f)ck(fG̃) = ck(f)G̃(k), k ∈ Z.
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ßêùî G(x) = |x|γ, γ ≥ 1, x ∈ R, òî Â
çáiãà¹òüñÿ ç îïåðàòîðîì Âγ äðîáîâîãî äèôå-
ðåíöiþâàííÿ â T ′ [12]. Çàçíà÷èìî, ùî ñiì'ÿ
îïåðàòîðiâ Âγ âîëîäi¹ âàëñòèâîñòÿìè:

à) ∀f ∈ T ′ ∀{α, β} ⊂ (0,∞): Âα(Âβf) =

Âα+βf ;
á) ∀f ∈ T ′: Â2kf = (−1)kD2k

x f , k ∈ N.
ßêùî A � çâóæåííÿ îïåðàòîðà Â íà ïðî-

ñòið H = L2[0, 2π], òî, ÿê äîâåäåíî â [12], A
� íåâiä'¹ìíèé ñàìîñïðÿæåíèé îïåðàòîð â H
çi ùiëüíîþ â H îáëàñòþ âèçíà÷åííÿ D(A),
ïðè÷îìó T ⊂ D(A). Îïåðàòîð A íàäàëi íà-
çèâàòèìåìî ïñåâäîäèôåðåíöiàëüíèì îïåðà-
òîðîì ó ïðîñòîði L2[0, 2π].

Íåõàé f : [0,∞) → [0,∞) � äåÿêà íåïå-
ðåðâíà ôóíêöiÿ. Çà ôóíêöi¹þ f òà îïåðàòî-
ðîì A ïîáóäó¹ìî îïåðàòîð f(A):

f(A)φ :=
∑
k∈Z

f(λk)ck(φ)e
ikx,

λk = G̃(k) = G̃(−k), ∀φ ∈ H.

Òîäi f(A) := Af � íåâiä'¹ìíèé ñàìîñïðÿæå-
íèé îïåðàòîð â H çi ùiëüíîþ îáëàñòþ âè-
çíà÷åííÿ

D(Af ) =
{
φ ∈ H :

∑
k∈Z

f 2(λk)|ck(φ)|2 ≡

≡
∑
k∈Z

|ck(Afφ)|2 <∞
}
,

ïðè÷îìó T ⊂ D(Af ). Ç'ÿñó¹ìî, çà ÿêî¨ óìîâè
íà ôóíêöiþ f îïåðàòîð Af ¹ îáìåæåíèì ó
ïðîñòîði H⟨mk⟩ i âiäîáðàæà¹ öåé ïðîñòið ó
ñåáå.
Òåîðåìà 2. ßêùî íåïåðåðâíà íà [0,∞)

ôóíêöiÿ f çàäîâîëüíÿ¹ óìîâó

∀ε > 0 ∃cε > 0 ∀x ∈ [0,∞) :

0 ≤ f(x) ≤ cερ(εx), (6)

òî îïåðàòîð Af íåïåðåðâíèé ó ïðîñòîði
H⟨mk⟩ i âiäîáðàæà¹ öåé ïðîñòið â ñåáå.
Äîâåäåííÿ. Ïåðåäóñiì äîâåäåìî, ùî

ôóíêöiÿ Afφ ∈ H⟨mk⟩, ÿêùî φ =∑
k∈Z

ck(φ)e
ikx ∈ H⟨mk⟩. Îñêiëüêè ck(Afφ) =

f(λk)ck(φ), k ∈ Z, òî, âíàñëiäîê óìîâè (A)
äîñèòü äîâåñòè, ùî

∃µ0 > 0 ∃c0 > 0 ∀k ∈ Z :

f(λk)|ck(φ)| ≤ c0ρ
−1(µ0|k|).

Çà óìîâîþ φ ∈ H⟨mk⟩, òîáòî

∃µ1 > 0 ∃c1 > 0 ∀k ∈ Z :

|ck(φ)| ≤ c1ρ
−1(µ1|k|).

Îòæå,

f(λk)|ck(φ)| = c1cερ(ε|k|)ρ−1(µ1|k|) =

= c1cεe
ln ρ(ε|k|)−ln ρ(µ1|k|).

Âiçüìåìî ïàðàìåòð ε ç ïðîìiæêó (0, µ1).
Âðàõóâàâøè íåðiâíiñòü îïóêëîñòi (3) äëÿ
ôóíêöi¨ ln ρ çíàéäåìî, ùî

ln ρ(ε|k|)− ln ρ(µ1|k|) ≤ − ln ρ((µ1 − ε)|k|) ≡

≡ − ln ρ(µ0|k|),
äå µ1 − ε = µ0. Òîäi

φ(λk)|ck(φ)| ≤ c0e
− ln ρ(µ0|k|) = c0ρ

−1(µ0|k|),

çâiäêè é âèïëèâà¹, ùî Afφ ∈ H⟨mk⟩.
Äîâåäåìî, ùî Af � íåïåðåðâíèé îïåðà-

òîð ó ïðîñòîði H⟨mk⟩, òîáòî êîæíó îáìåæå-
íó ìíîæèíó öüîãî ïðîñòîðó Af âiäîáðàæà¹
â îáìåæåíó ìíîæèíó öüîãî æ ïðîñòîðó.

Íåõàé L � îáìåæåíà ìíîæèíà â ïðîñòîði
H⟨mk⟩. Îñêiëüêè H⟨mk⟩ =

∪
α>0

H{α}, òî L �

îáìåæåíà ìíîæèíà â äåÿêîìó ãiëüáåðòîâî-
ìó ïðîñòîði H{α0}, òîáòî

∃b > 0 ∀φ ∈ L :

∥φ∥H{α0}
=
∑
k∈Z

|ck(φ)|2ρ2
( |k|
α0

)
≤ b.

Îòæå,

∀φ ∈ L : |ck(φ)| ≤ bρ−1
( |k|
α0

)
, k ∈ Z.

Ó íåðiâíîñòi (6) ïîêëàäåìî ε = (2α0)
−1. Òî-

äi, ñêîðèñòàâøèñü íåðiâíiñòþ îïóêëîñòi (3)
çíàéäåìî, ùî

|ck(Afφ)| = f(λk)|ck(φ)| ≤ cbρ−1
(( 1

α0

−ε
)
|k|
)
=
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= b1ρ
−1
( |k|
2α0

)
, k ∈ Z, b1 = cb.

Îòæå, ìíîæèíà AfL îáìåæåíà â ïðîñòîði
H{2α0}, òîáòî ó ïðîñòîði H⟨mk⟩. Òåîðåìó äî-
âåäåíî.
Çàóâàæåííÿ 2. Óìîâà (6) íà ôóíêöiþ f

åêâiâàëåíòíà òîìó, ùî ôóíêöiÿ

Ff =
∑
k∈Z

f(λk)e
ikx ≡

∑
k∈Z

f(G(k))eikx

¹ åëåìåíòîì ïðîñòîðó H ′⟨mk⟩.
Íàäàëi ââàæàòèìåìî, ùî ôóíêöiÿ f äî-

äàòêîâî çàäîâîëüíÿ¹ó ìîâó

∃c0 > 0 ∃d0 > 0 ∀x ∈ [0,∞) :

f(x) ≥ d0 ln ρ(c0x). (7)

5. Ðîçãëÿíåìî åâîëþöiéíå ðiâíÿííÿ

∂u

∂t
+ Afu = 0, (t, x) ∈ (0, T ]× R ≡ Ω, (8)

äå Af � îïåðàòîð, ïîáóäîâàíèé ó ï. 4. Ïiä
ðîçâ'ÿçêîì ðiâíÿííÿ (8) ðîçóìi¹ìî ôóíêöiþ
u(t, x), íåïåðåðâíî äèôåðåíöiéîâíó ïî t ïðè
êîæíîìó x ∈ R, ÿêà çàäîâîëüíÿ¹ öå ðiâíÿí-
íÿ, u(t, ·) ∈ D(Af ) ïðè êîæíîìó t ∈ (0, T ].

Ðîçãëÿíåìî òàêó çàäà÷ó: çíàéòè ôóíêöiþ
u, ÿêà ¹ ðîçâ'ÿçêîì ðiâíÿííÿ (8) òà çàäîâîëü-
íÿ¹ óìîâó

µu(0, ·)−
m∑
k=1

µku(tk, ·) = g, g ∈ L2[0, 2π], (9)

äå m ∈ N, {µ, µ1, . . . , µm} ⊂ (0,∞),
{t1, . . . , tm} ⊂ (0, T ] � ôiêñîâàíi ÷èñëà, ïðè-

÷îìó µ >
m∑
k=1

µk, t1 < t2 < · · · < tm ≤ T .

Ïðè öüîìó u(0, ·) ðîçóìi¹ìî ÿê lim
t→+0

u(t, ·),
äå ãðàíèöÿ ðîçãëÿäà¹òüñÿ â ãiëüáåðòîâîìó
ïðîñòîði H = L2[0, 2π], òîáòî ââàæà¹ìî, ùî
iñíó¹ ôóíêöiÿ u0(·) ∈ H òàêà, ùî ∥u(t, ·) −
u0(·)∥H → 0, t → +0, u0(x) ≡ u(0, x). Íàäàëi
çàäà÷ó (8), (9) íàçèâàòèìåìî íåëîêàëüíîþ
áàãàòîòî÷êîâîþ çà ÷àñîì çàäà÷åþ äëÿ ðiâ-
íÿííÿ (8).

Íåõàé u � ðîçâ'ÿçîê ðiâíÿííÿ (8). Îñêiëü-
êè u(t, ·) ∈ H ïðè êîæíîìó t ∈ (0, T ], òî

u(t, x) =
∑
k∈Z

c̃k(t)e
ikx, (t, x) ∈ Ω,

c̃k(t) ≡ ck(u(t, ·)) = (u(t, ·), e−ikx)H , k ∈ Z,

ïðè÷îìó

∥u(t, ·)∥2H =
∑
k∈Z

|c̃k(t)|2, t ∈ (0, T ].

Äëÿ âiäøóêàííÿ c̃k(t) äîìíîæèìî (8) ñêà-
ëÿðíî íà e−ikx, k ∈ Z; â ðåçóëüòàòi ïðèéäåìî
äî ñïiââiäíîøåííÿ

(u′t, e
−ikx) + (Afu, e

−ikx) = 0.

Ïðè ôiêñîâàíîìó k ∈ Z ìà¹ìî:

(Afu, e
−ikx) = (u,Afe

−ikx) = (u, f(λk)e
−ikx) =

= f(λk)(u, e
−ikx) = f(λk)c̃k(t),

λk = G̃(k) = G̃(−k)
(òóò âðàõîâàíî, ùî e−ikx ∈ D(Af ) ïðè êî-
æíîìó k ∈ Z, ïðè÷îìó e−ikx ¹ âëàñíîþ ôóí-
êöi¹þ îïåðàòîðà A, à f(λk) � éîãî âëàñíå ÷è-
ñëî). Îòæå,

d

dt
c̃k(t) =

d

dt
(u(t, ·), e−ikx) =

=
( d
dt
u(t, ·), e−ikx

)
, k ∈ Z.

Çàóâàæèìî òàêîæ, ùî

lim
t→+0

c̃k(t) = c̃k(0) = ck(u(0, ·)).

Ôóíêöiÿ c̃k(t) çàäîâîëüíÿ¹ ðiâíÿííÿ

c̃′k(t) + f(λk)c̃k(t) = 0, k ∈ Z,

çàãàëüíèé ðîçâ'ÿçîê ÿêîãî ìà¹ âèãëÿä

c̃k(t) = ck exp{−tf(λk)}, ck = const, k ∈ Z.

Òîäi

u(t, x) =
∑
k∈Z

ck exp{−tf(λk)}eikx, (t, x) ∈ Ω.

(10)
Äëÿ âiäøóêàííÿ ck, k ∈ Z, ïîìíîæèìî

(9) ñêàëÿðíî íà e−ikx, k ∈ Z; ó ðåçóëüòàòi
ïðèéäåìî äî ñïiââiäíîøåííÿ

µc̃k(0)−
m∑
n=1

µnc̃k(tn) = ck(g),
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ck(g) = (g, e−ikx), k ∈ Z.
Óðàõóâàâøè âèãëÿäc̃k(t) çíàéäåìî, ùî

ck

(
µ−

m∑
n=1

µn exp{−tnf(λk)}
)
= ck(g).

Îòæå,

ck = ck(g)
(
µ−

m∑
n=1

µn exp{−tnf(λk)}
)−1

, k ∈ Z.

Ââåäåìî ïîçíà÷åííÿ:

Q1(t, λk) := exp{−tf(λk)},

Q2(λk) :=
(
µ−

m∑
n=1

µn exp{−tnf(λk)}
)−1

≡

≡
(
µ−

m∑
n=1

µnQ1(tn, λk)
)−1

.

Òîäi

c̃k(t) ≡ ck(u(t, ·)) = Q1(t, λk)Q2(λk)ck(g), k ∈ Z,

u(t, x) =
∑
k∈Z

c̃k(t)e
ikx =

=
∑
k∈Z

Q1(t, λk)Q2(λk)ck(g)e
ikx =

= G(t, x) ∗ g(x), (t, x) ∈ Ω,

äå
g(x) =

∑
k∈Z

ck(g)e
ikx,

G(t, x) =
∑
k∈Z

Q1(t, λk)Q2(λk)e
ikx.

Iç îáìåæåíü, íàêëàäåíèõ íà ôóíêöiþ f òà
ïàðàìåòðè çàäà÷i (8), (9) âèïëèâà¹, ùî ïðè
êîæíîìó t ∈ (0, T ] ñïðàâäæóþòüñÿ íåðiâíî-
ñòi

|ck(G)| = |Q1(t, λk)| · |Q2(λk)| ≤

≤ exp{−d0t ln ρ(µ0λk)}×

×
(
µ−

m∑
n=1

µn exp{−d0tn ln ρ(µ0λk)}
)−1

≤

≤
(
µ−

m∑
n=1

µn

)−1

exp{−d0t ln ρ(µ0λk)},

λk = G̃(k) = G̃(−k), k ∈ Z

(òóò âðàõîâàíî, ùî µ >
m∑
n=1

µn). Çâiäñè òà

ç õàðàêòåðèñòèêè êëàñó H⟨mk⟩ (äèâ. óìîâó
(A)) âèïëèâà¹, ùî G(t, ·) ∈ H⟨mk⟩ ïðè êî-
æíîìó t ∈ (0, T ]. Ñïðàâäi, íåõàé d0t < 1.
ßêùî φ � îïóêëà íà [0,∞) ôóíêöiÿ, òî êðiì
íåðiâíîñòi (3) äëÿ òàêî¨ ôóíêöi¨ ñïðàâäæó-
þòüñÿ íåðiâíîñòi:

à) ∀α ∈ (0, 1) ∀x ∈ [0,∞): φ(αx) ≤ αφ(x);
á) ∀α ≥ 1 ∀x ∈ [0,∞): φ(αx) ≥ αφ(x).
Óðàõóâàâøè à) çàïèøåìî íåðiâíiñòü:

−d0t ln ρ(µ0λk) ≤ − ln ρ(d0tµ0λk) ≡

≡ − ln ρ(a1λk), a1 = d0tµ0.

Îòæå, ÿêùî d0t < 1, òî

|ck(G)| ≤ γe− ln ρ(a1λk) ≡ γρ−1(a1λk), k ∈ Z,

γ =
(
µ−

m∑
n=1

µn

)−1

.

ßêùî d0t > 1, òî d0t = [d0t] + {d0t}. Òîäi

e−d0 ln ρ(µ0λk) = e−[d0t] ln ρ(µ0λk) ·e−{d0t} ln ρ(µ0λk) ≤

≤ e−{d0t} ln ρ(µ0λk) ≤ e− ln ρ(a2λk) =

= ρ−1(a2λk), a2 = {d0t}µ0.

Òàêèì ÷èíîì, ÿêùî d0t > 1, òî

|ck(G)| ≤ γρ−1(a2λk), k ∈ Z.

Íåõàé a = min{a1, a2} = {d0t}µ0. Òîäi ïðè
ôiêñîâàíîìó t ∈ (0, T ] ñïðàâäæó¹òüñÿ íåðiâ-
íiñòü

|ck(G)| ≤ γρ−1(aλk), k ∈ Z,

ç ÿêî¨ (òà óìîâè (A)) âèïëèâà¹, ùî G(t, ·) ∈
H⟨mk⟩, mk = k!ρk, ïðè êîæíîìó t ∈ (0, T ].
Îñêiëüêè u(t, ·) = G(t, ·) ∗ g, äå g ∈ H ⊂
H ′⟨mk⟩, G(t, ·) ∈ H⟨mk⟩ (ïðè êîæíîìó t ∈
(0, T ]), òî íà ïiäñòàâi âiäïîâiäíî¨ âëàñòèâî-
ñòi çãîðòêè ñòâåðäæó¹ìî, ùî u(t, ·) ∈ H⟨mk⟩
ïðè êîæíîìó t ∈ (0, T ].

Ðîçâ'ÿçîê çàäà÷i (8), (9) ¹äèíèé. Äëÿ äî-
âåäåííÿ öi¹¨ âëàñòèâîñòi ñêîðèñòà¹ìîñÿ òèì,

Áóêîâèíñüêèé ìàòåìàòè÷íèé æóðíàë. 2014. � Ò. 2, � 1. 33



ùî áóäü-ÿêèé ðîçâ'ÿçîê ðiâíÿííÿ (8) çîáðà-
æà¹òüñÿ ôîðìóëîþ (10), òîáòî

u(t, x) =
∑
k∈Z

ck(G1)ck(g)e
ikx ≡ G1(t, x) ∗ g(x),

äå
g =

∑
k∈Z

cke
ikx, ck = (g, e−ikx),

G1(t, x) :=
∑
k∈Z

Q1(t, λk)e
ikx,

G1(t, x) � ôiêñîâàíà ôóíêöiÿ ç ïðîñòîðó
H⟨mk⟩, g � äîâiëüíî ôiêñîâàíà ôóíêöiÿ ç
H (òå, ùî G1(t, ·) ∈ H⟨mk⟩ ïðè êîæíîìó
t ∈ (0, T ] âèïëèâà¹ ç îöiíêè |Q1(t, λk)| ≤
γρ−1(aλk), a, γ > 0, k ∈ Z, ÿêà ðiâíîñèëü-
íà òîìó, ùî |ck(G1)| ≤ γρ−1(aλk), k ∈ Z).

ßêùî g = 0, òî ck = 0, ∀k ∈ Z, çâiä-
êè é âèïëèâà¹, ùî u(t, x) = 0 äëÿ êîæíîãî
t ∈ (0, T ], ùî é äîâîäèòü ¹äèíiñòü ðîçâ'ÿçêó
çàäà÷i (8), (9).

Çàóâàæèìî, ùî ïðàâèëüíèì ¹ i îáåðíåíå
òâåðäæåííÿ: ÿêùî ôóíêöiÿ u(t, x) çîáðàæà-
¹òüñÿ ôîðìóëîþ (10), òî âîíà ¹ ðîçâ'ÿçêîì
ðiâíÿííÿ (8). Ñïðàâäi,

Afu =
∑
k∈Z

ck(Afu)e
ikx =

∑
k∈Z

(Afu, e
−ikx)eikx =

=
∑
k∈Z

(u,Afe
−ikx)eikx =

=
∑
k∈Z

(u, f(λk)e
−ikx)eikx =

=
∑
k∈Z

f(λk)c̃k(t)e
ikx,

c̃k(t) = (u, e−ikx), λk = G(k) = G(−k), k ∈ Z;
∂u

∂t
=
∑
k∈Z

ck

(∂u
∂t

)
eikx =

∑
k∈Z

(∂u
∂t
, e−ikx

)
eikx =

=
∑
k∈Z

ck
∂

∂t
(u, e−ikx)eikx =

∑
k∈Z

c̃′k(t)e
ikx.

Äàëi çàçíà÷èìî, ùî ck(t) ¹ ðîçâ'ÿçêîì ðiâ-
íÿííÿ

c̃′k(t) + f(λk)c̃k(t) = 0, k ∈ Z,

òîáòî c̃′k(t) = −f(λk)c̃k(t), k ∈ Z. Çâiäñè âè-
ïëèâà¹, ùî u � ðîçâ'ÿçîê ðiâíÿííÿ (8).

Òàêèì ÷èíîì, ôóíêöiÿ u(t, x) ¹ ðîçâ'ÿç-
êîì ðiâíÿííÿ (8) òîäi é ëèøå òîäi, êîëè âî-
íà çîáðàæà¹òüñÿ ó âèãëÿäi (10). Çàçíà÷èìî
òàêîæ, ùî ðîçâ'ÿçîê çàäà÷i (8), (9) íåïåðåðâ-
íî çàëåèòü âiä ãðàíè÷íî¨ óìîâè.

Ïiäñóìó¹ìî îäåðæàíi ðåçóëüòàòè ó âèãëÿ-
äi íàñòóïíîãî òâåðäæåííÿ.
Òåîðåìà 3. Íåëîêàëüíà áàãàòîòî÷êîâà

çà ÷àñîì çàäà÷à (8), (9) êîðåêòíî ðîçâ'ÿçíà,
ðîçâ'ÿçîê äà¹òüñÿ ôîðìóëîþ

u(t, x) = G(t, x) ∗ g(x), (t, x) ∈ Ω,

äå

G(t, x) =
∑
k∈Z

Q1(t, λk)Q2(λk)e
ikx,

g(x) =
∑
k∈Z

ck(g)e
ikx ∈ H,

ïðè öüîìó {G(t, ·), u(t, ·)} ⊂ H⟨mk⟩, mk =
k!ρk, ïðè êîæíîìó t ∈ (0, T ].

Çàçíà÷èìî, ùî âíàñëiäîê âiäïîâiäíî¨ âëà-
ñòèâîñòi çãîðòêè u(t, ·) = G(t, ·) ∗ g ∈ H⟨mk⟩
ïðè êîæíîìó t ∈ (0, T ], ÿêùî g ∈ H ′⟨mk⟩.
Äîâåäåìî, ùî òîäi ôóíêöiÿ u(t, ·) ¹ ðîçâ'ÿç-
êîì ðiâíÿííÿ (8), ÿêèé çàäîâîëüíÿ¹ óìîâó

µ lim
t→+0

u(t, ·)−
m∑
k=1

µk lim
t→tk

u(t, ·) = g, (11)

g ∈ H ′⟨mk⟩,
äå ãðàíèöi ðîçãëÿäàþòüñÿ â ïðîñòîði
H ′⟨mk⟩.
Ëåìà 2. Ôóíêöiÿ G(t, ·), t ∈ (0, T ], ÿê àá-

ñòðàêòíà ôóíêöiÿ ïàðàìåòðà t iç çíà÷åí-
íÿìè â ïðîñòîði H⟨mk⟩, äèôåðåíöiéîâíà ïî
t.
Äîâåäåííÿ. Îñêiëüêè H⟨mk⟩ =

H{mk} =
∪
α>0

H{α}, òî äëÿ äîâåäåííÿ

òâåðäæåííÿ äîñèòü ïîêàçàòè, ùî

Φ∆t(x) :=
1

∆t
[G(t+∆t, x)−G(t, x)] −→

∆t→0

−→ ∂

∂t
G(t, x)

ó ïðîñòîði H{mk} (ÿêùî ∆t < 0, òî ââàæà-
¹ìî ∆t òàêèì, ùî t+∆t ≥ t/2). Öå îçíà÷à¹,
ùî
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1) ìíîæèíà ôóíêöié {Φ∆t : |∆t| ≤
ε0,∆t ̸= 0} (ε0 > 0 � äîñèòü ìàëå ôiêñîâàíå
÷èñëî) îáìåæåíà â ïðîñòîði H{mk}, òîáòî

∃c > 0 ∀∆t (|∆t| ≤ ε0,∆t ̸= 0) :

∥Φ∆t∥2H{α}
≤ c

ïðè äåÿêîìó α > 0 òà ôiêñîâàíîìó t ∈ (0, T ];

2) Φ∆t →
∂

∂t
G(t, ·) ïðè ∆t→ 0 ó ïðîñòîði

H⟨mk⟩, òîáòî∥∥∥Φ∆t −
∂

∂t
G(t, ·)

∥∥∥2
H{α}

→ 0, ∆t→ 0.

Ïåðåäóñiì çàçíà÷èìî, ùî ôóíêöiÿ G(t, x)
äèôåðåíöiéîâíà ïî t ∈ (0, T ] (ïðè êîæíîìó
x ∈ R). Ñïðàâäi, íåõàé t ∈ [ε̃, T ], äå ε̃ > 0.
Äîâåäåìî, ùî ðÿä

−
∑
k∈Z

f(λk)Q1(t, λk)Q2(λk)e
ikx, t ∈ [ε̃, T ],

(12)
çáiãà¹òüñÿ ðiâíîìiðíî ïî t (ïðè ôiêñîâàíîìó
x), áî òîäi

∂G(t, x)

∂t
=

= −
∑
k∈Z

f(λk)Q1(t, λk)Q2(λk)e
ikx. (13)

Îñêiëüêè

|eikx| = 1, k ∈ Z, |Q2(λk)| ≤ γ,

γ =
(
µ−

m∑
k=1

µk

)−1

,

òî äëÿ t ≥ ε̃ (ç óðàõóâàííÿì óìîâ (6), (7))
ìà¹ìî, ùî

∀ε > 0 ∃cε > 0 : α(t, x) :=

= | − f(λk)Q1(t, λk)Q2(λk)e
ikx| ≤

≤ γf(λk) exp{−ε̃f(λk)} ≤

≤ cεγ exp{−ε̃d0 ln ρ(c0λk)} exp{ln ρ(ελk)}.

Ââàæàþ÷è, ùî ε̃d0 < 1 òà âðàõóâàâøè îïó-
êëiñòü ôóíêöi¨ ln ρ, ïðèéäåìî äî íåðiâíîñòi:

α(t, x) ≤ cεγ exp{− ln ρ(ε̃d0 − ε)λk}.

Îñêiëüêè ε > 0 � äîâiëüíå, òî ïîêëàäåìî ε =
ε̃d0/2. Òîäi

α(t, x) ≤ c̃ exp
{
− ln ρ

( ε̃
2
d0λk

)}
= c̃ρ−1(βλk),

(14)
β = ε̃d0/2, t ∈ [ε̃, T ], x ∈ R.

Iç (14) òà âëàñòèâîñòåé ôóíêöi¨ ρ âèïëè-
âà¹, ùî ðÿä (13) çáiãà¹òüñÿ ðiâíîìiðíî ïðè
t ≥ ε̃. Öèì äîâåäåíî, ùî ôóíêöiÿ G(t, ·) äè-
ôåðåíöiéîâíà ïî t íà âiäðiçêó [ε̃, T ]. Îñêiëü-
êè ε̃ > 0 � äîâiëüíå, òî ôóíêöiÿ G(t, ·) äèôå-
ðåíöiéîâíà ïî t íà ïðîìiæêó (0, T ], ïðè öüî-
ìó ïðàâèëüíèì ¹ ñïiââiäíîøåííÿ (13), ÿêå
âèêîíó¹òüñÿ ó êîæíié òî÷öi t ∈ (0, T ]. Çàçíà-
÷èìî òàêîæ, ùî ïðè êîæíîìó t ∈ (0, T ] ôóí-

êöiÿ
∂

∂t
G(t, ·) ¹ åëåìåíòîì ïðîñòîðó H⟨mk⟩,

îñêiëüêè

ck

( ∂
∂t
G(t, ·)

)
= −f(λk)Q1(t, λk)Q2(λk)

i, ÿê âèïëèâà¹ ç (14), äëÿ êîåôiöi¹íòiâ Ôóð'¹

ôóíêöi¨
∂

∂t
G(t, ·) ñïðàâäæó¹òüñÿ îöiíêà∣∣∣ck( ∂

∂t
G(t, ·)

)∣∣∣ ≤ cρ−1(βλk) = ce− ln ρ(βG(|k|)) ≤

≤ e− ln ρ(β|k|) = cρ−1(β|k|), k ∈ Z.

Öå i îçíà÷à¹ (äèâ. (A)), ùî
∂

∂t
G(t, ·) ∈ H⟨mk⟩

ïðè êîæíîìó t ∈ (0, T ].
Îñêiëüêè

Φ∆t(x) =
∑
k∈Z

1

∆t

[
e−(t+∆t)f(λk)−

−e−tf(λk)
]
Q2(λk)e

ikx =

= −
∑
k∈Z

f(λk)e
−(t+θ∆t)f(λk)Q2(λk)e

ikx, 0 < θ < 1,

òî

ck(Φ∆t) = −f(λk)Q1(t+ θ∆t, λk)Q2(λk).

Òîäi äëÿ äîâiëüíî ôiêñîâàíîãî α > 0, êîí-
êðåòíå çíà÷åííÿ ÿêîãî âêàæåìî ïiçíiøå,
ñïðàâäæóþòüñÿ ñïiââiäíîøåííÿ:

∥Φ∆t∥2H{α}
=
∑
k∈Z

|ck(Φ∆t)|2ρ2
( |k|
α

)
=
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=
∑
k∈Z

f 2(λk)ρ
2
( |k|
α

)
e−2(t+θ∆t)f(λk)Q2

2(λk) ≤

≤ γ2
∑
k∈Z

f 2(λk)ρ
2
( |k|
α

)
e−2tf(λk) ≤

≤ γ2
∑
k∈Z

f 2(λk)e
2 ln ρ

(
|k|
α

)
e−2 ln ρ(a1λk),

a1 = {d0t}c0, γ =
(
µ−

m∑
k=1

µk

)−1

,

d0, c0 � ñòàëi ç óìîâè (7). Ç óðàõóâàííÿì (6)
òà âëàñòèâîñòi îïóêëîñòi ôóíêöi¨ ln ρ ìà¹ìî,
ùî

f 2(λk)e
−2 ln ρ(a1λk) ≤ c2εe

2 ln ρ(ελk)−2 ln ρ(a1λk) ≤

≤ c2εe
−2 ln ρ((a1−ε)λk) = c2εe

−2 ln ρ(a2λk), a2 = a1/2,

ÿêùî ïîêëàñòè ε = a1/2. Iç âëàñòèâîñòåé
ôóíêöi¨ ρ òà G̃ âèïëèâàþòü íåðiâíîñòi

ρ(a2λk) ≥ a2λk = a2G̃(|k|) ≥ a2|k|, k ∈ Z;

òîäi, çíîâó ñêîðèñòàâøèñü âëàñòèâiñòþ îïó-
êëîñòi ln ρ, ïðèéäåìî äî íåðiâíîñòåé:

∥Φ∆t∥2H{α}
≤ γ2c2ε

∑
k∈Z

e
2 ln ρ

(
|k|
α

)
e−2 ln ρ(a2|k|) ≤

≤ b
∑
k∈Z

e
−2 ln ρ

((
a2− 1

α

)
|k|
)
= b

∑
k∈Z

e−2 ln ρ(a3|k|) =

= b
∑
k∈Z

ρ−2(a3|k|) <∞, a3 = a2 −
1

α

äëÿ ôiêñîâàíîãî α > 0 òàêîãî, ùî a2−1/α >
0 (òîáòî äëÿ α > 1/a2). Îòæå, ìíîæèíà ôóí-
êöié {Φ∆t, |∆t| ≤ ε0,∆t ̸= 0} îáìåæåíà â
ïðîñòîði H{mk} = H⟨mk⟩.

Ïåðåâiðèìî âèêîíàííÿ óìîâè 2). Íåõàé

Ψ∆t(x) := Φ∆t(x)−
∂

∂t
G(t, x) =

=
∑
k∈Z

[e−tf(λk) − e−(t+θ∆t)f(λk)]Q2(λk)f(λk)e
ikx.

Çâiäñè âèïëèâà¹, ùî

∥Ψ∆t∥2H{α}
=
∑
k∈Z

|ck(Ψ∆t)|2ρ2
( |k|
α

)
=

=
∑
k∈Z

|ck(Ψ∆t)|2e
2 ln ρ

(
|k|
α

)
=

=
∑
k∈Z

e
2 ln ρ

(
|k|
α

)
|e−tf(λk) − e−(t+θ∆t)f(λk)|2×

×Q2
2(λk)f

2(λk) ≤
∑
k∈Z

e
2 ln ρ

(
|k|
α

)
e−2(t+θ1∆t)f(λk)×

×f 4(λk)θ
2(∆t)2Q2

2(λk) ≤

≤ γ2
∑
k∈Z

e
2 ln ρ

(
|k|
α

)
e−2tf(λk)f 4(λk)(∆t)

2,

0 < θ1 < 1, γ =
(
µ−

m∑
k=1

µk

)−1

.

Âíàñëiäîê (6) òà âëàñòèâîñòi îïóêëîñòi ôóí-
êöi¨ ln ρ

f 4(λk)e
−2tf(λk) ≤ c4εe

−2 ln ρ(a1λk)e4 ln ρ(ελk) ≤

≤ c4εe
−2 ln ρ(a1λk)e2 ln ρ(2ελk) ≤ c4εe

−2 ln ρ((a1−2ε)λk =

= c4εe
−2 ln ρ(a4λk), a4 = a1/2,

ÿêùî ïîêëàñòè ε = a1/4. Îñêiëüêè

ρ(a4λk) ≥ a4λk = a4G̃(|k|) ≥ a4|k|, k ∈ Z,

òî

∥Ψ∆t∥2H{α}
≤ b̃

∑
k∈Z

e
2 ln ρ

(
|k|
α

)
×

×e−2 ln ρ(a4|k|)(∆t)2 ≤ c̃(∆t)2,

äå

b̃ = γ2c4ε, c̃ = b̃
∑
k∈Z

e
−2 ln ρ

((
a4− 1

α

)
|k|
)
<∞

äëÿ äîâiëüíî ôiêñîâàíîãî α > 1/a4. Çâiäñè
âæå âèïëèâà¹, ùî ∥Ψ∆t∥H{α} → 0 ïðè∆t→ 0

(äëÿ α > 1/a4), òîáòî Φ∆t →
∂

∂t
G(t, ·) ïðè

∆t → 0 ó ïðîñòîði H{mk} = H⟨mk⟩, mk =
k!ρk. Ëåìó äîâåäåíî.
Íàñëiäîê 1. Ôóíêöiÿ

u(t, x) = G(t, x) ∗ g = ⟨g(y), G(t, x− y)⟩,

g ∈ H ′⟨mk⟩,
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äèôåðåíöiéîâíà ïî t, ïðè öüîìó

∂u(t, x)

∂t
=

∂

∂t
G(t, x) ∗ g.

Çàçíà÷èìî, ùî ôóíêöiÿ u(t, x) = G(t, x) ∗
g, g ∈ H ′⟨mk⟩, çàäîâîëüíÿ¹ ðiâíÿííÿ (8).
Ëåìà 3. Íåõàé

u(t, x) = G(t, x) ∗ g, g ∈ H ′⟨mk⟩, (t, x) ∈ Ω.

Òîäi â ïðîñòîði H ′⟨mk⟩ ñïðàâäæó¹òüñÿ ãðà-
íè÷íå ñïiââiäíîøåííÿ

µ lim
t→+0

u(t, ·)−
m∑
k=1

µk lim
t→tk

u(t, ·) = g. (15)

Äîâåäåííÿ. Äëÿ äîâåäåííÿ (15) âiçüìå-
ìî äîâiëüíèé åëåìåíò φ(x) =

∑
k∈Z

ck(φ)e
ikx ∈

H⟨mk⟩ i çàçíà÷èìî, ùî âíàñëiäîê íåïåðåðâ-
íîñòi âêëàäåííÿH⟨mk⟩ âH ′⟨mk⟩ òà îðòîíîð-
ìîâàíîñòi áàçèñó {eikx, k ∈ Z}

⟨u(t, ·), φ⟩ = (u(t, ·), φ)H =
∑
k∈Z

ck(u(t, ·))ck(φ) =

=
∑
k∈Z

Q1(t, λk)Q2(λk)ck(g)ck(φ).

Òîäi

µ lim
t→+0

⟨u(t, ·), φ⟩ −
m∑
n=1

µn lim
t→tn

⟨u(t, ·), φ⟩ =

= µ lim
t→+0

∑
k∈Z

ck(u(t, ·))ck(φ)−

−
m∑
n=1

µn lim
t→tn

∑
k∈Z

ck(u(t, ·))ck(φ);

ïðè öüîìó ðÿä
∑
k∈Z

ck(u(t, ·))ck(φ) çáiãà¹òüñÿ

ðiâíîìiðíî íà [0, T ]. Öåé ôàêò âèïëèâà¹ ç
âèãëÿäó êîåôiöi¹íòiâ ck(u(t, ·)), k ∈ Z, òà íå-
ðiâíîñòi

|ck(u(t, ·))| · |ck(φ)| ≤ c̃|ck(g)| · |ck(φ)|,

t ∈ [0, T ], k ∈ Z.
Ñïðàâäi, çà óìîâîþ g ∈ H ′⟨mk⟩, òîáòî

∀µ > 0 ∃c = c(µ) > 0 ∀k ∈ Z :

|ck(g)| ≤ cρ(µ|k|).

Ôóíêöiÿ φ ∈ H⟨mk⟩, òîìó, âíàñëiäîê óìîâè
(A),

∃µ0 > 0 ∃c0 > 0 ∀k ∈ Z : |ck(φ)| ≤ c0ρ
−1(µ0|k|).

Ïîêëàäåìî µ = µ0/2. Òîäi, óðàõóâàâøè íå-
ðiâíiñòü îïóêëîñòi (3) çíàéäåìî, ùî

|ck(g)| · |ck(φ)| ≤ cc0ρ
−1(µ0|k|)ρ

(µ0

2
|k|
)
=

= cc0e
− ln ρ(µ0|k|)e

ln ρ

(
µ0
2
|k|
)
≤ c0ce

− ln ρ

(
µ0
2
|k|
)
=

= c̃ρ−1
(µ0

2
|k|
)
≤ c̃|k|−2, k ∈ Z \ {0}.

Ç îñòàííüî¨ íåðiâíîñòi âèïëèâà¹ ñôîðìóëüî-
âàíà âëàñòèâiñòü.

Òàêèì ÷èíîì,

lim
t→tn

∑
k∈Z

ck(u(t, ·))ck(φ) =
∑
k∈Z

ck(u(tn, ·))ck(φ) =

=
∑
k∈Z

Q1(tn, λk)Q2(λk)ck(g)ck(φ). (16)

lim
t→+0

∑
k∈Z

ck(u(t, ·))ck(φ) =
∑
k∈Z

ck(u(0, ·))ck(φ) =

=
∑
k∈Z

Q2(λk)ck(g)ck(φ). (17)

Óðàõóâàâøè (16), (17) çíàéäåìî, ùî

µ lim
t→+0

⟨u(t, ·), φ⟩ −
m∑
n=1

µn lim
t→tn

⟨u(t, ·), φ⟩ =

=
∑
k∈Z

[(
µ−

m∑
n=1

µnQ1(tn, λk)
)
Q2(λk)

]
ck(g)ck(φ) =

=
∑
k∈Z

µ−
m∑
n=1

µnQ1(tn, λk)

µ−
m∑
n=1

µnQ1(tn, λk)
ck(g)ck(φ) =

=
∑
k∈Z

ck(g)ck(φ) = ⟨g, φ⟩, φ ∈ H⟨mk⟩,

mk = k!ρk, g =
∑
k∈Z

ck(g)e
ikx ∈ H ′⟨mk⟩,

ùî é ïîòðiáíî áóëî äîâåñòè.
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Îñêiëüêè u(t, x) = G(t, x), ÿêùî g = δ ∈
H ′⟨mk⟩, òî ôóíêöiÿ G(t, x) ¹ ðîçâ'ÿçêîì ðiâ-
íÿííÿ (8) i ç (15) âèïëèâà¹, ùî ôóíêöiÿ
G(t, x) â ïðîñòîði H ′⟨mk⟩ çàäîâîëüíÿ¹ ãðà-
íè÷íå ñïiââiäíîøåííÿ

µ lim
t→+0

G(t, ·)−
m∑
n=1

µn lim
t→tn

G(t, ·) = δ.

Íàäàëi G(t, x), (t, x) ∈ Ω, íàçèâàòèìåìî
ôóíäàìåíòàëüíèì ðîçâ'ÿçêîì áàãàòîòî÷êî-
âî¨ çà ÷àñîì çàäà÷i äëÿ ðiâíÿííÿ (8).

Ëåìà 3 äîçâîëÿ¹ ñòàâèòè áàãàòîòî÷êîâó
çà ÷àñîì çàäà÷ó äëÿ ðiâíÿííÿ (8) ó ðîçóìií-
íi (15), äå ãðàíè÷íèé åëåìåíò g íàëåæèòü
äî ïðîñòîðó H ′⟨mk⟩ (ïðè öüîìó âiäïîâiä-
íi ãðàíèöi â (15) ðîçãëÿäàþòüñÿ â ïðîñòîði
H ′⟨mk⟩).

Ïðàâèëüíèì ¹ íàñòóïíå òâåðäæåííÿ.
Òåîðåìà 4. Áàãàòîòî÷êîâà çàäà÷à (8),

(15) êîðåêòíî ðîçâ'ÿçíà, ¨¨ ðîçâ'ÿçîê çîáðà-
æà¹òüñÿ ôîðìóëîþ

u(t, x) = G(t, x) ∗ g, (t, x) ∈ Ω,

u(t, ·) ∈ H⟨mk⟩ ïðè êîæíîìó t ∈ (0, T ].
Äîâåäåííÿ. Iç íàâåäåíèõ âèùå òâåð-

äæåíü âèïëèâà¹, ùî äîâåäåííÿ âèìàãà¹ âëà-
ñòèâiñòü ¹äèíîñòi ðîçâ'ÿçêó çàäà÷i (8), (15)
òà éîãî íåïåðåðâíî¨ çàëåæíîñòi âiä ãðàíè-
÷íî¨ óìîâè.

Íåõàé u(t, x) � ðîçâ'ÿçîê çàäà÷i (8), (15).
Îñêiëüêè u � ðîçâ'ÿçîê ðiâíÿííÿ (8) (ó âêà-
çàíîìó âèùå ðîçóìiííi), òî u çîáðàæà¹òüñÿ
ó âèãëÿäi (äèâ. (10)):

u(t, x) =
∑
k∈Z

ckQ1(t, λk)e
ikx.

ßêùî
ck = ck(g)Q2(λk),

g =
∑
k∈Z

ck(g)e
ikx ∈ H ′⟨mk⟩,

òî u çàäîâîëüíÿ¹ óìîâó (15). Îòæå, çà óìîâè
g = 0 ìà¹ìî ck(g) = ⟨g, e−ikx⟩ = 0, k ∈ Z,
òîáòî u(t, x) = 0, (t, x) ∈ Ω.

Ðîçâ'ÿçîê âêàçàíî¨ çàäà÷i íåïåðåðâíî çà-
ëåæèòü âiä ãðàíè÷íî¨ óìîâè. Ñïðàâäi, íåõàé
{g, gn, n ≥ 1} ⊂ H ′⟨mk⟩, ïðè÷îìó gn → g ïðè

n→ ∞ ó ïðîñòîði H ′⟨mk⟩. Çâiäñè âèïëèâà¹,
ùî

ck(gn) = ⟨gn, e−ikx⟩ −→
n→∞

⟨g, e−ikx⟩ = ck(g)

äëÿ êîæíîãî k ∈ Z. Êðiì òîãî, {u, un, n ≥
1} ⊂ H⟨mk⟩, äå un � ðîçâ'ÿçîê çàäà÷i (8),
(15), ÿêèé âiäïîâiäà¹ ãðàíè÷íîìó åëåìåíòó
gn ∈ H ′⟨mk⟩. Òîäi

∀φ ∈ H⟨mk⟩ : ⟨un, φ⟩ = (un, φ) =

=
∑
k∈Z

ck(G)ck(gn)ck(φ) −→
n→∞

−→
∑
k∈Z

ck(G)ck(g)ck(φ) = (u, φ) = ⟨u, φ⟩.

Îòæå, un → u ïðè n → ∞ ó ïðîñòîði
H ′⟨mk⟩. Òåîðåìà äîâåäåíà.
6. Ôóíêöiÿ G(t, ·) � ôóíäàìåíòàëüíèé

ðîçâ'ÿçîê íåëîêàëüíî¨ áàãàòîòî÷êîâî¨ çà ÷à-
ñîì çàäà÷i äëÿ ðiâíÿííÿ (8), ¹ íåïåðåðâíîþ
àáñòðàêòíîþ ôóíêöi¹þ ïàðàìåòðà t ∈ (0, T ]
çi çíà÷åííÿìè â ïðîñòîði H⟨k!ρk⟩ (äèâ. ëåìó
2). Îñêiëüêè ãðàíè÷íà óçàãàëüíåíà ôóíêöiÿ
g ∈ H ′⟨k!ρk⟩ � çãîðòóâà÷ ó ïðîñòîði H⟨k!ρk⟩,
à ðîçâ'ÿçîê u(t, ·) çàäà÷i (8), (15) ïîäà¹òüñÿ
ó âèãëÿäi çãîðòêè G(t, x)∗ g, òî çâiäñè äiñòà-
¹ìî, ùî ãðàíè÷íi ñïiââiäíîøåííÿ

u(t, ·) = G(t, ·) ∗ g −→
n→∞

G(ti, ·) ∗ g = u(ti, ·),

ti ∈ (0, T ], i ∈ {1, . . . ,m},
âèêîíóþòüñÿ â ïðîñòîði H⟨k!ρk⟩. Iç îçíà÷å-
ííÿ çáiæíîñòi â öüîìó ïðîñòîði âèïëèâà¹,
çîêðåìà, ùî u(t, ·) → u(ti, ·) ïðè t → ti,
i ∈ {1, . . . ,m}, ðiâíîìiðíî íà äîâiëüíîìó
âiäðiçêó [a, b] ⊂ [0, 2π]. Âêàçàíó çáiæíiñòü
â (15) ïîãiðøó¹ ïåðøèé äîäàíîê, îñêiëüêè
äëÿ ôóíêöi¨ G(t, ·) òî÷êà t = 0 ¹ îñîáëèâîþ.
Îäíàê âèÿâëÿ¹òüñÿ, ùî ÿêùî ãðàíè÷íó ôóí-
êöiþ g áðàòè ç âóæ÷îãî, íiæ H ′⟨k!ρk⟩ êëà-
ñó, òî ìîæíà îòðèìàòè ëîêàëüíå ïîêðàùåí-
íÿ çáiæíîñòi çãîðòêè G(ti, ·) ∗ g ïðè t→ +0.

Ðîçãëÿíåìî ïðîñòið Æåâðå H⟨kkβ⟩ ≡
G{β} ïðè β > 1. Îñêiëüêè â òàêîìó ïðîñòîði
¹ ôiíiòíi ôóíêöi¨ [8], òî äëÿ óëüòðàðîçïîäi-
ëó g ∈ G′

{β}, β > 1, ìà¹ çìiñò òàêå îçíà÷å-
ííÿ: óçàãàëüíåíà ôóíêöiÿ g ∈ G′

{β}, β > 1,
äîðiâíþ¹ íóëåâi íà iíòåðâàëi (a, b) ⊂ [0, 2π],
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ÿêùî ⟨g, φ⟩ = 0 äëÿ äîâiëüíî¨ îñíîâíî¨ ôóí-
êöi¨ φ ∈ G{β}, β > 1, íîñié ÿêî¨ ìiñòèòüñÿ â
(a, b).

Íàäàëi ââàæàòèìåìî, ùî ôóíêöiÿ f , çà
ÿêîþ áóäó¹òüñÿ îïåðàòîð Af , äîäàòêîâî çà-
äîâîëüíÿ¹ óìîâè:

à) âîíà ¹ ïàðíîþ, äâi÷i íåïåðåðâíî äèôå-
ðåíöiéîâíîþ íà R ôóíêöi¹þ,

∀ε > 0 ∀k ∈ {0, 1, 2} ∃cε,k > 0 ∀σ ∈ R :

|f (k)(σ)| ≤ cε,kρ(εσ),

á) f � îäíîðiäíà ïîðÿäêó γ > 1 ôóíêöiÿ,
òîáòî f(λσ) = λγf(σ), σ ∈ R, äëÿ êîæíîãî
λ > 0.

Êðiì òîãî, ââàæà¹ìî, ùî G(σ) = |σ|, σ ∈
R.

Ïðè îá ðóíòóâàííi âëàñòèâîñòi ëîêàëiçà-
öi¨ âèêîðèñòîâóâàòèìåìî íàñòóïíå äîïîìi-
æíå òâåðäæåííÿ.
Ëåìà 4. Íåõàé G̃(t, x) =

F−1
σ→x[Q(t, σ)](x),

Q(t, σ) = Q1(t, σ)Q2(σ), σ ∈ R.

ßêùî x ̸= 0, òî ôóíêöiÿ G̃(t, x) çàäîâîëüíÿ¹
íåðiâíiñòü

|G̃(t, x)| ≤ ctµ|x|−2, µ = 1− 1/γ > 0, x ̸= 0,
(18)

ñòàëà c íå çàëåæèòü âiä t (òóò Q1, Q2 �
ôóíêöi¨, ðîçãëÿíóòi ðàíiøå).

Çàçíà÷èìî, ùî äîâåäåííÿ ëåìè 4 âèêîðè-
ñòîâó¹ âëàñòèâîñòi à), á) ôóíêöi¨ f .
Òåîðåìà 5. Íåõàé g ∈ G′

{β}, β > 1 i g = 0

íà iíòåðâàëi (a, b) ⊂ [0, 2π]. Òîäi ðîçâ'ÿçîê
çàäà÷i (8), (15) ç ãðàíè÷íîþ ôóíêöi¹þ g ïðÿ-
ìó¹ äî íóëÿ ïðè t → +0 ðiâíîìiðíî íà äî-
âiëüíîìó âiäðiçêó [c, d] ⊂ (a, b).
Äîâåäåííÿ. Íåõàé [c, d] ⊂ [a1, b1] ⊂

(a, b). Ïîáóäó¹ìî ôóíêöiþ φ ∈ G{β}, β > 1,
ç íîñi¹ì â (a, b) òàêó, ùî φ = 1 íà [a1, b1].
Ôóíêöi¨ φ(ξ)G(t, x− ξ), (1−φ(ξ))G(t, x− ξ),
ÿê ôóíêöi¨ àðãóìåíòó ξ (ïðè êîæíîìó t > 0
i x ∈ R), íàëåæàòü äî ïðîñòîðó G{β}, òîìó
ìà¹ çìiñò ðiâíiñòü

u(t, x) = ⟨g(ξ), φ(ξ)G(t, x− ξ)⟩+

+⟨g(ξ), (1− φ(ξ))G(t, x− ξ)⟩.

Âðàõîâóþ÷è, ùî g = 0 íà (a, b), à òàêîæ
âêëþ÷åííÿ supp(φ(ξ)G(t, x − ξ)) ⊂ (a, b),
ïðèõîäèìî äî ñïiââiäíîøåííÿ

u(t, x) = ⟨g(ξ), γ̃(ξ)G(t, x− ξ)⟩,

γ̃(ξ) = 1− φ(ξ),

àáî

u(t, x) = tν⟨g(ξ), t−ν γ̃(ξ)G(t, x− ξ)⟩,

ν = 1− 1/γ > 0, t > 0.

Îòæå, äëÿ äîâåäåííÿ ñôîðìóëüîâàíîãî
òâåðäæåííÿ äîñèòü ïåðåâiðèòè, ùî ñóêó-
ïíiñòü ôóíêöié Φt,x(ξ) = tν γ̃(ξ)G(t, x − ξ)
îáìåæåíà â ïðîñòîði G{β}, β > 1, ðiâíîìið-
íî ïî t (ïðè äîñèòü ìàëèõ çíà÷åííÿõ t) i
x ∈ [c, d], òîáòî, ùî

|Dm
ξ Φt,x(ξ)| ≤ cBmmmβ,m ∈ Z+, (19)

äå ñòàëi c, B > 0 íå çàëåæàòü âiä t, x, ξ, ÿêi
çìiíþþòüñÿ âêàçàíèì âèùå ñïîñîáîì. Çà-
óâàæèìî ùå, ùî Φt,x(ξ) = 0 äëÿ ξ ∈ [a1, b1],
òîìó îöiíêó (19) äîñèòü îòðèìàòè äëÿ ξ ∈
[0, 2π] \ [a1, b1].

Ïåðåäóñiì îòðèìà¹ìî îöiíêó âèãëÿäó (19)
äëÿ ïîõiäíèõ ôóíêöi¨

G(t, x− ξ) =
∑
k∈Z

Q(t, |k|)eik(x−ξ).

Íà ïiäñòàâi ôîðìóëè Ïóàññîíà äëÿ ïiäñóìî-
âóâàííÿ òðèãîíîìåòðè÷íèõ ðÿäiâ (äèâ. [13])
ìà¹ìî, ùî

G(t, x− ξ) =
∑
k∈Z

F [F−1[Q(t, σ)]](k)eik(x−ξ) =

=
∑
k∈Z

F [G̃(t, x)](k)eik(x−ξ) =

=
∑
k∈Z

G̃(t, x− ξ + 2kπ). (20)

Öåé ðÿä ïðè t > 0 i x ∈ [c, d] ¹ àíàëiòè÷íîþ
ôóíêöi¹þ çìiííî¨ ξ, îñêiëüêè, ÿê áóëî äîâå-
äåíî ðàíiøå, G(t, ·) ∈ H⟨k!ρk⟩ ïðè êîæíîìó
t > 0.

Âiçüìåìî îáìåæåíó îáëàñòü Q ⊂ C, ÿêà
ìiñòèòü âiäðiçîê [c, d] i íå ìiñòèòü ìíîæèíó
[0, 2π] \ [a1, b1], ç ãëàäêîþ ìåæåþ ∂Q (∂Q íå
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ïåðåòèíà¹ âiäðiçîê [c, d]). Òîäi, çãiäíî ç iíòå-
ãðàëüíîþ òåîðåìîþ Êîøi,

Dm
ξ G(t, x− ξ) =

m!

2πi

∫
∂Q

G(t, x− z)

(z − ξ)m+1
dz,

x ∈ [c, d], ξ ∈ [0, 2π] \ [a1, b1].

Çâiäñè äiñòà¹ìî, ùî

|Dm
ξ G(t, x− ξ)| ≤ m!

2π

l

Am+1
max
z∈∂Q

|G(t, x− z)|,

äå l � äîâæèíà êîíòóðà ∂Q, A = inf |z − ξ|,
z ∈ ∂Q, ξ ∈ [0, 2π] \ [a1, b1]. Äëÿ òîãî, ùîá
çäiéñíèòè îöiíêó max

z∈∂Q
|G(t, x− z)|, ñêîðèñòà-

¹ìîñÿ ôîðìóëîþ (20). Îñêiëüêè x ∈ [c, d],
ξ ∈ [0, 2π] \ [a1, b1], òî |x − ξ| ≥ a0 > 0, äå
a0 = min{|a1 − c|, |d− b1|}, òî, çãiäíî ç îöií-
êîþ (18) òà ôîðìóëîþ (20),

|G̃(t, x− ξ + 2πk)| ≤ ctν |x− ξ + 2πk|−2,

ν = 1− 1/γ > 0.

Çà ðàõóíîê âèáîðó âiäðiçêà [a1, b1] ìîæíà ïi-
äiáðàòè ÷èñëî b0, 0 < b0 < 1, òàê, ùî

|x− ξ + 2πk| ≥ a0 + b0|k|, x ∈ [c, d],

ξ ∈ [0, 2π] \ [a1, b1].

Òîäi

t−ν |G(t, x− ξ)| ≤ c
∑
k∈Z

|x− ξ + 2πk|−2 ≤

≤ c
∑
k∈Z

(a0 + b0|k|)−2 =M <∞,

ñòàëà M íå çàëåæèòü âiä t, x, ξ. Âçÿâøè äî
óâàãè íåïåðåðâíiñòü G(t, x − z) çà ñóêóïíi-
ñòþ çìiííèõ t > 0, x ∈ [c, d], z ∈ Q, ïiäáåðå-
ìî îáëàñòü Q ⊂ C òàê, ùîá ñïðàâäæóâàëàñü
íåðiâíiñòü t−ν |G(t, x− z)| ≤ M̃ , M̃ =M + 1.

Îòæå,

t−ν |Dm
ξ G(t, x− ξ)| ≤ c1B

m
1 m! ≤ c2B

m
2 m

m,
(21)

m ∈ Z+. Îñêiëüêè φ ∈ G{β}, β > 1, òî òàêîæ

|Dm
ξ φ(ξ)| ≤ c3B

m
3 m

mβ,m ∈ Z+. (22)

Ç (21), (22) âèïëèâàþòü îöiíêè:

|Dm
ξ Φt,x(ξ)| ≤ t−ν

m∑
l=0

C l
m|Dl

ξγ(ξ)|×

×|Dm−l
ξ G(t, x− ξ)| ≤ c4B

m
4 m

mβ,m ∈ Z+,

äå c4 = c2(1 + c3), B4 = 2max{B2, B3}, ñòàëi
c4, B4 > 0 íå çàëåæàòü âiä t, x, ξ, ÿêi çìiíþþ-
òüñÿ âêàçàíèì âèùå ñïîñîáîì. Òâåðäæåííÿ
äîâåäåíî.
Íàñëiäîê 2. Íåõàé g ∈ G′

{β} ⊂ H ′⟨k!ρk⟩,
β > 1, u(t, x) � ðîçâ'ÿçîê çàäà÷i (8), (15) ç
ãðàíè÷íîþ ôóíêöi¹þ g. ßêùî g = 0 íà ií-
òåðâàëi (a, b) ⊂ R, òî ãðàíè÷íå ñïiââiäíî-
øåííÿ

µ lim
t→+0

u(t, x)− µ1 lim
t→t1

u(t, x)− · · ·−

−µm lim
t→tm

u(t, x) = 0,

ñïðàâäæó¹òüñÿ ðiâíîìiðíî âiäíîñíî x íà äî-
âiëüíîìó âiäðiçêó [c, d] ⊂ (a, b) ⊂ [0, 2π].

ÑèìâîëîìM{β} ïîçíà÷èìî êëàñ ôóíêöié,
ÿêi ¹ ìóëüòèïëiêàòîðàìè â ïðîñòîði G{β},
β > 1.
Òåîðåìà 6 (âëàñòèâiñòü ëîêàëiçàöi¨).

Íåõàé g ∈ G′
{β} ⊂ H ′⟨k!ρk⟩, β > 1, u(t, x)

� ðîçâ'ÿçîê çàäà÷i (8), (15) ç ãðàíè÷íîþ
ôóíêöi¹þ g. ßêùî óçàãàëüíåíà ôóíêöiÿ g
çáiãà¹òüñÿ íà iíòåðâàëi (a, b) ⊂ R ç 2π-
ïåðiîäè÷íîþ ôóíêöi¹þ ψ ∈ M{β}, òî íà äî-
âiëüíîìó ïðîìiæêó [c, d] ⊂ (a, b) ⊂ [0, 2π]
ãðàíè÷íå ñïiââiäíîøåííÿ

µ lim
t→+0

u(t, x)− µ1 lim
t→t1

u(t, x)− · · ·−

−µm lim
t→tm

u(t, x) = ψ(x), (23)

âèêîíó¹òüñÿ ðiâíîìiðíî âiäíîñíî x ∈ [c, d].
Äîâåäåííÿ. Íåõàé φ � îñíîâíà ôóí-

êöiÿ, ïîáóäîâàíà ïðè äîâåäåííi òåîðåìè 5.
Îñêiëüêè φ(g−ψ) = 0 íà (a, b), òî φ(g−ψ) =
0 íà [c, d], (1−φ)g = 0 íà [a1, b1]. Ç íàñëiäêó
2 âèïëèâà¹, ùî ãðàíè÷íi ñïiââiäíîøåííÿ

lim
t→+0

⟨φ(g − ψ), G(t, x− ξ)⟩ = 0,

lim
t→+0

⟨(1− φ)g,G(t, x− ξ)⟩ = 0,
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m∑
k=1

µk lim
t→tk

⟨φ(g − ψ), G(t, x− ξ)⟩ = 0, (24)

m∑
k=1

µk lim
t→tk

⟨(1− φ)g,G(t, x− ξ)⟩ = 0

âèêîíóþòüñÿ ðiâíîìiðíî âiäíîñíî x ∈ [c, d].
Êðiì òîãî,

u(t, x) = ⟨g,G(t, x−ξ)⟩ = ⟨φ(g−ψ), G(t, x−ξ)⟩+

+⟨(1− φ)g,G(t, x− ξ)⟩+ ⟨φψ,G(t, x− ξ)⟩.

Óðàõóâàâøè (24) ðîáèìî âèñíîâîê, ùî äëÿ
äîâåäåííÿ òâåðäæåííÿ äîñèòü âñòàíîâèòè,
ùî ãðàíè÷íå ñïiââiäíîøåííÿ

µ lim
t→+0

⟨φψ,G(t, x− ξ)⟩−

−
m∑
n=1

µn lim
t→tn

⟨φψ,G(t, x− ξ)⟩ = ψ(x)

âèêîíó¹òüñÿ ðiâíîìiðíî âiäíîñíî x ∈ [c, d].
Îñêiëüêè ψ � ìóëüòèïëiêàòîð ó ïðîñòîði

G{β}, φ � ôiíiòíà ôóíêöiÿ ç öüîãî æ ïðîñòî-
ðó, òî φψ ∈ G{β}, β > 1. Òîäi

⟨φψ,G(t, x−ξ)⟩ = 1

2π

2π∫
0

G(t, x−ξ)(φψ)(ξ)dξ =

=
1

2π

2π∫
0

∑
k∈Z

Q1(t, |k|)Q2(|k|)eik(x−ξ)(φψ)(ξ)dξ =

=
∑
k∈Z

ck(φψ)Q1(t, |k|)Q2(|k|)eikx ≡
∑
k∈Z

wk(t, x),

ck(φψ) =
1

2π

2π∫
0

(φψ)(ξ)e−ikξdξ.

Çàçíà÷èìî, ùî ðÿä
∑
k∈Z

wk(t, x) çáiãà¹òüñÿ

ðiâíîìiðíî ïî t íà [0, T ] òà ðiâíîìiðíî âiä-
íîñíî x ∈ [0, 2π] (äîâåäåííÿ öi¹¨ âëàñòèâîñòi
çäiéñíþ¹òüñÿ çà ñõåìîþ äîâåäåííÿ ëåìè 3).
Òîäi

lim
t→t0

∑
k∈Z

wk(t, x) =
∑
k∈Z

wk(t0, x), t0 ∈ [0, T ].

Çâiäñè âèïëèâàþòü ñïiââiäíîøåííÿ

µ lim
t→+0

⟨φψ,G(t, x− ξ)⟩−

−
m∑
n=1

µn lim
t→tn

⟨φψ,G(t, x− ξ)⟩ =

=
∑
k∈Z

[(
µ−

m∑
n=1

µnQ1(tn, |k|)
)
Q2(|k|)

]
ck(φψ)e

ikx =

=
∑
k∈Z

µ−
m∑
n=1

µnQ1(tn, |k|)

µ−
m∑
n=1

µnQ1(tn, |k|)
ck(φψ)e

ikx =

=
∑
k∈Z

ck(φψ)e
ikx = (φψ)(x),

ÿêi ñïðàâäæóþòüñÿ ðiâíîìiðíî âiäíîñíî x ∈
[0, 2π]. Îñêiëüêè φψ = ψ íà [c, d] ⊂ [0, 2π], òî
ñïiââiäíîøåííÿ (23) âèêîíóþòüñÿ ðiâíîìið-
íî âiäíîñíî x ∈ [c, d].

Òåîðåìà äîâåäåíà.
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