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×åðíiâåöüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Þðiÿ Ôåäüêîâè÷à

ÏÐÎ ÎÄÍÅ ÓÇÀÃÀËÜÍÅÍÍß ÔÎÐÌÓËÈ ÄËß ÏÎÕIÄÍÎ� ÄÎÁÓÒÊÓ

Îïèñàíî âñi ïàðè ëiíiéíèõ ôóíêöiîíàëiâ, ÿêi çàäîâîëüíÿþòü óçàãàëüíåííÿ ôîðìóëè äëÿ
ïîõiäíî¨ äîáóòêó n ìíîæíèêiâ.

We describe all pairs of linear functionals that satisfy a generalized formula for the derivative
of the product.

Íåõàé G � äîâiëüíà îáëàñòü êîìïëåêñíî¨
ïëîùèíè i H(G) � ïðîñòið óñiõ àíàëiòè÷íèõ
â G ôóíêöié, ùî íàäiëåíèé òîïîëîãi¹þ êîì-
ïàêòíî¨ çáiæíîñòi. Â [1] Ë.À. Ðóáåë, óçàãàëü-
íþþ÷è ôîðìóëó äëÿ äèôåðåíöiþâàííÿ äî-
áóòêó äâîõ ôóíêöié, ïîñòàâèâ i ðîçâ'ÿçàâ çà-
äà÷ó, ïðî çíàõîäæåííÿ âñiõ ïàð ëiíiéíèõ íå-
ïåðåðâíèõ ôóíêöiîíàëiâ L òàM íà ïðîñòîði
H(G), ÿêi çàäîâîëüíÿþòü ñïiââiäíîøåííÿ

L(fg) = L(f)M(g) + L(g)M(f) (1)

äëÿ äîâiëüíèõ ôóíêöié f òà g ç ïðîñòîðó
H(G). Ïiçíiøå â [2] Í.Ð. Íàíäàêóìàð ðîçâ'ÿ-
çàâ çàäà÷ó Ðóáåëà â êëàñi ëiíiéíèõ ôóíêöiî-
íàëiâ íà ïðîñòîði H(G). Â [3] äîñëiäæåíi
ðîçâ'ÿçêè óçàãàëüíåíîãî ðiâíÿííÿ Ðóáåëà, à
â [4] îïèñàíî âñi ïàðè ëiíiéíèõ íåïåðåðâíèõ
îïåðàòîðiâ, ÿêi äiþòü ó ïðîñòîðiH(G) i çàäî-
âîëüíÿþòü ñïiââiäíîøåííÿ, ÿêå ¹ îïåðàòîð-
íèì àíàëîãîì êëàñè÷íîãî ðiâíÿííÿ Ðóáåëà.

Â äàíié ñòàòòi ðîçâ'ÿçàíà çàäà÷à ïðî îïèñ
ïàð ëiíiéíèõ ôóíêöiîíàëiâ íà ïåâíèõ ïðî-
ñòîðàõ àíàëiòè÷íèõ ôóíêöié, ÿêi çàäîâîëü-
íÿþòü äåÿêå ñïiââiäíîøåííÿ, ùî ¹ àíàëîãîì
ôîðìóëè çíàõîäæåííÿ ïîõiäíî¨ âiä äîáóòêó
n ìíîæíèêiâ.

Íåõàé F � äîâiëüíà ìíîæèíà êîìïëå-
êñíèõ ÷èñåë. ×åðåç H ïîçíà÷èìî âåêòîðíèé
ïðîñòið, ÿêèé ñêëàäà¹òüñÿ ç àíàëiòè÷íèõ íà
ìíîæèíi F ôóíêöié i âîëîäi¹ íàñòóïíèìè
âëàñòèâîñòÿìè:

1◦) ïðîñòið H ìiñòèòü óñi ìíîãî÷ëåíè;
2◦) äëÿ äîâiëüíî¨ ôóíêöi¨ f ∈ H i äîâiëü-

íî¨ òî÷êè z0 ∈ F ôóíêöiÿ

g(z) =

{
f(z)−f(z0)

z−z0 ïðè z ̸= z0,

f ′(z0) ïðè z = z0.

íàëåæèòü äî ïðîñòîðó H;
3◦) äëÿ äîâiëüíî¨ òî÷êè z1 ̸∈ F ôóíêöiÿ

f(z) = 1
z−z1 íàëåæèòü äî ïðîñòîðó H;

4◦) äîáóòîê áóäü-ÿêèõ äâîõ ôóíêöié ç
ïðîñòîðó H íàëåæèòü H.

×åðåç H∗ ïîçíà÷àòèìåìî ïðîñòið óñiõ ëi-
íiéíèõ ôóíêöiîíàëiâ íà ïðîñòîði H. Íàâå-
äåìî ñïî÷àòêó äîïîìiæíå òâåðäæåííÿ ñòî-
ñîâíî îïèñó ìóëüòèïëiêàòèâíèõ ôóíêöiîíà-
ëiâ äëÿ n ìíîæíèêiâ.
Ëåìà. Äëÿ òîãî, ùîá íåíóëüîâèé ôóí-

êöiîíàë L ∈ H∗ çàäîâîëüíÿâ ñïiââiäíîøåííÿ

L

(
n∏
j=1

fj

)
=

n∏
j=1

L(fj) (2)

äëÿ äåÿêîãî íàòóðàëüíîãî n > 2 i äîâiëüíèõ
ôóíêöié fj ∈ H, j = 1, 2, . . . , n, íåîáõiäíî i
äîñòàòíüî, ùîá L çîáðàæàâñÿ ó âèãëÿäi

L(f) = exp

(
2πi

n− 1
k

)
f(z0), (3)

äå z0 � äåÿêà òî÷êà ç ìíîæèíè F , à k �
äåÿêå ÷èñëî, k = 0, n− 2.
Äîâåäåííÿ. Ïðè n = 2 òâåðäæåííÿ ëå-

ìè ¹ ïðàâèëüíèì i äîâîäèòüñÿ àíàëîãi÷íî,
ÿê i âiäïîâiäíà òåîðåìà ç [5] ñòîñîâíî îïèñó
ìóëüòèïëiêàòèâíèõ ôóíêöiîíàëiâ íà ïðîñòî-
ði H(G).

Íåõàé äàëi n � äîâiëüíå íàòóðàëüíå ÷è-
ñëî, ÿêå áiëüøå àáî ðiâíå çà 3 i íåíóëüîâèé
ôóíêöiîíàë L ∈ H∗ çàäîâîëüíÿ¹ ñïiââiäíî-
øåííÿ (2). Ïîêëàäàþ÷è â (2) f3 = f4 = . . . =
fn = 1, îäåðæèìî, ùî äëÿ äîâiëüíèõ ôóí-
êöié f1, f2 ∈ H âèêîíó¹òüñÿ ðiâíiñòü

L(f1f2) = an−2L(f1)L(f2), (4)
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äå a = L(1). Ç (4) ïðè f1 = f2 = 1 âèïëèâà¹,
ùî an = a. Îñêiëüêè a ̸= 0, òî a = exp

(
2πi
n−1

k
)

äëÿ äåÿêîãî k, k = 0, n− 2. Ç (4) âèïëèâà¹,
ùî ôóíêöiîíàë L1 = an−2L ¹ ìóëüòèïëiêà-
òèâíèì. Çíà÷èòü iñíó¹ òî÷êà z0 ∈ F òàêà,
ùî L1(f) = f(z0) äëÿ f ∈ H. Òîìó ôóíêöiî-
íàë L çîáðàæà¹òüñÿ ó âèãëÿäi (3), äå z0 �
äåÿêà òî÷êà ç F . Îñêiëüêè êîæåí ôóíêöiî-
íàë (3) ¹ íåíóëüîâèì i çàäîâîëüíÿ¹ (2), òî
ëåìà äîâåäåíà.

Äîñëiäèìî óçàãàëüíåííÿ ðiâíÿííÿ Ðóáå-
ëà, ÿêå ïîðîäæåíå ïðàâèëîì äèôåðåíöiþâà-
ííÿ äîáóòêó n ìíîæíèêiâ. Íåõàé n � äî-
âiëüíå ôiêñîâàíå íàòóðàëüíå ÷èñëî, ïðè÷î-
ìó n > 2. Çíàéäåìî âñi ïàðè ôóíêöiîíàëiâ
L,M ∈ H∗, ÿêi çàäîâîëüíÿþòü ñïiââiäíîøå-
ííÿ

L

(
n∏
j=1

fj

)
=

n∑
j=1

M(f1) . . .M(fj−1)

L(fj)M(fj+1) . . .M(fn) (5)

äëÿ äîâiëüíèõ ôóíêöié f1, f2, . . . , fn ç H.
Ïðè n = 2 ðiâíÿííÿ (5) çáiãà¹òüñÿ ç êëà-

ñè÷íèì ðiâíÿííÿì Ðóáåëà (1). Ìåòîäîì, çà-
ïðîïîíîâàíèì â [3], îäåðæó¹ìî, ùî ¹ ïðà-
âèëüíèì íàñòóïíå òâåðäæåííÿ.
Òåîðåìà 1. Äëÿ òîãî, ùîá ëiíiéíi íà

ïðîñòîði H ôóíêöiîíàëè L òà M çàäîâîëü-
íÿëè ñïiââiäíîøåííÿ (1), íåîáõiäíî i äîñòà-
òíüî, ùîá ïàðà öèõ ôóíêöiîíàëiâ âèçíà÷à-
ëàñÿ îäíi¹þ ç íàñòóïíèõ ÷îòèðüîõ óìîâ:

1) L = 0, M � äîâiëüíèé ëiíiéíèé ôóí-
êöiîíàë íà H;

2) L(f) = Cf(z0), M(f) = 1
2
f(z0), äå z0 ∈

F , C ∈ C;
3) L(f) = C f(z1)−f(z2)

z1−z2 , M(f) = 1
2
(f(z1) +

f(z2)), äå z1, z2 ∈ F , C ∈ C;
4) L(f) = Cf ′(z0), M(f) = f(z0), äå z0 ∈

F , C ∈ C.
Íåõàé òåïåð n > 3. Ïðèïóñòèìî, ùî ïàðà

ëiíiéíèõ ôóíêöiîíàëiâ L òà M ç H∗ çàäî-
âîëüíÿ¹ ðiâíiñòü (5).

Ïiäñòàâëÿþ÷è â (5) f1 = f2 = . . . =
fn = 1, îòðèìó¹ìî, ùî (M(1))n−1 = 1

n
àáî L(1) = 0. Ðîçãëÿíåìî ñïî÷àòêó âèïà-
äîê, êîëè (M(1))n−1 = 1

n
i L(1) ̸= 0. Òîäi

M(1) = 1
n−1

√
n
exp

(
2πim
n−1

)
, äå m � äåÿêå ÷è-

ñëî, m = 0, n− 2. Ïîêëàäàþ÷è â (5) f1 = f ,
f2 = f3 = . . . = fn = 1, îäåðæèìî, ùî

L(f) = C̃ n−1
√
n exp

(
−2πim

n− 1

)
M(f),

äå C̃ = L(1), f ∈ H. Îñêiëüêè C̃ ̸= 0, òî
ðiâíiñòü (5) íàáóäå âèãëÿäó:

M

(
n∏
j=1

fj

)
= n

n∏
j=1

M(fj).

Òîìó ôóíêöiîíàëM1 = n−1
√
nM çàäîâîëüíÿ¹

ñïiââiäíîøåííÿ âèäó (2). Îñêiëüêè M ̸= 0,
òî, âèêîðèñòîâóþ÷è ëåìó, îäåðæèìî, ùî

M(f) =
1

n−1
√
n
exp

(
2πik

n− 1

)
f(z0), (6)

äå k � äåÿêå ÷èñëî, k = 0, n− 2.
Ç (6) âèïëèâà¹, ùî

L(f) = Cf(z0), (7)

äå C = C̃ exp
(

2πi(k−m)
n−1

)
Îòæå, ó âèïàäêó (M(1))n−1 = 1

n
, ïàðà

ôóíêöiîíàëiâ L òà M ç H∗, ÿêà çàäîâîëüíÿ¹
ñïiââiäíîøåííÿ (5), âèçíà÷à¹òüñÿ ôîðìóëà-
ìè (6) i (7), äå k � äåÿêå ÷èñëî, k = 0, n− 2,
z0 ∈ F , à C � äåÿêå êîìïëåêñíå ÷èñëî.

Íåõàé òåïåð L(1) = 0. Ïiäñòàâëÿþ÷è ó (5)
f3 = f4 = . . . = fn = 1, îäåðæèìî, ùî

L(f1f2) = (M(1))n−2(L(f1)M(f2)+L(f2)M(f1))

äëÿ äîâiëüíèõ ôóíêöié f1, f2 ∈ H. ßêùî
M(1) = 0, òî ôóíêöiîíàë L ¹ íóëüîâèì. Ó
âèïàäêó L = 0, äëÿ áóäü-ÿêîãî ôóíêöiîíà-
ëà M ∈ H∗, ïàðà ôóíêöiîíàëiâ L = 0, M
çàäîâîëüíÿ¹ ñïiââiäíîøåííÿ (5).

Íàäàëi ââàæàòèìåìî, ùî L ̸= 0. Òîäi
M(1) ̸= 0. Ó öüîìó âèïàäêó ïàðà ôóíêöiî-
íàëiâ L, M̃ = (M(1))n−2M , çàäîâîëüíÿ¹ ðiâ-
íÿííÿ (1), çàãàëüíèé ðîçâ'ÿçîê ÿêîãî îïèñó-
¹òüñÿ òåîðåìîþ 1. Ðîçãëÿíåìî âñi ìîæëèâi
ïàðè ôóíêöiîíàëiâ L òà M̃ , ÿêi îäåðæóþòüñÿ
ç âèêîðèñòàííÿì òåîðåìè 1.

1) L = 0; M̃ � äîâiëüíèé ëiíiéíèé ôóí-
êöiîíàë íà S. Öåé âèïàäîê íåìîæëèâèé,
îñêiëüêè L ̸= 0.
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2) L(f) = Cf(z0), M̃(f) = 1
2
f(z0), z0 ∈ F ,

C ∈ C. Ç óìîâè L(1) = 0 âèïëèâà¹, ùî C =
0, à, îòæå, L = 0, ùî òàêîæ íåìîæëèâî.

3) L(f) = C f(z1)−f(z2)
z1−z2 , M̃(f) = 1

2
(f(z1) +

f(z2)), äå z1, z2 ∈ F , z1 ̸= z2, C ∈ C, ïðè÷îìó
C ̸= 0.

ÒîäiM(p) = 1
2(M(1))n−2 (f(z1)+f(z2)). Çâiä-

ñè îòðèìó¹ìî, ùî (M(1))n−1 = 1. Äëÿ çíà-
éäåíèõ ôóíêöiîíàëiâ L òà M ñïiââiäíîøåí-
íÿ (5) íàáóâà¹ âèãëÿäó

C

z1 − z2

(
n∏
j=1

fj(z1)−
n∏
j=1

fj(z2)

)
=

=
C

2n−1(z1 − z2)

n∑
j=1

n∏
k=1

(fk(z1)+(−1)δk,jfk(z2)),

äå δk,j � ñèìâîë Êðîíåêåðà. Àëå ïðè fj(z) =
z−z2
z1−z2 , j = 1, 2, . . . , n çâiäñè îäåðæèìî, ùî
C

z1−z2 = n
2n−1

C
z1−z2 , ùî íå òàê, îñêiëüêè C ̸= 0

i n > 3.
4) L(f) = Cf ′(z0), M̃(f) = f(z0), äå

z0 ∈ F , C ∈ C. Òîäi M(f) = 1
(M(1))n−2f(z0).

Òîìó (M(1))n−1 = 1 i ìè îäåðæó¹ìî ïà-
ðè ôóíêöiîíàëiâ L(f) = Cf ′(z0), M(f) =
exp

(
2πik
n−1

)
f(z0), äå k � äåÿêå öiëå ÷èñëî, k =

0, n− 2.
Òàêèì ÷èíîì, ìè äîâåëè íåîáõiäíiñòü

óìîâ íàñòóïíî¨ òåîðåìè.
Òåîðåìà 2. Äëÿ òîãî, ùîá ëiíiéíi íà

ïðîñòîði H ôóíêöiîíàëè L òà M çàäîâîëü-
íÿëè ñïiââiäíîøåííÿ (5) ïðè n > 3, íåîáõi-
äíî i äîñòàòíüî, ùîá ïàðà öèõ ôóíêöiîíàëiâ
âèçíà÷àëàñÿ îäíi¹þ ç íàñòóïíèõ ÷îòèðüîõ
óìîâ:

1) L = 0, M � äîâiëüíèé ëiíiéíèé ôóí-
êöiîíàë íà H;

2) L(f) = Cf(z0), äå z0 ∈ F , C ∈ C;
M(f) = 1

n−1
√
n
exp

(
2πik
n−1

)
f(z0), k = 0, n− 2;

3) L(f) = Cf ′(z0), äå z0 ∈ F , C ∈ C;
M(f) = exp

(
2πik
n−1

)
f(z0), k = 0, n− 2.

Äîñòàòíiñòü óìîâ òåîðåìè 2 âñòàíîâëþ¹-
òüñÿ áåçïîñåðåäíüîþ ïåðåâiðêîþ.

Òåîðåìè 1 òà 2 ìîæíà çàñòîñóâàòè äëÿ
ïðîñòîðiâ àíàëiòè÷íèõ ôóíêöié H(G), H(G)
[6] òà H∞(G) [7], äå G � äîâiëüíà îáëàñòü
êîìïëåêñíî¨ ïëîùèíè, îñêiëüêè äëÿ íèõ âè-
êîíóþòüñÿ óìîâè 1◦)�4◦).
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