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JIbBiBCHKMII HaIlOHATBHNI YHIBepcuTeT iMeHi IBana Ppanka

IIPO IIUKJITYHICTh ®YHKIIIN B OAHOMY BAI'OBOMY ITPOCTOPI
I'APJI B KPVY3I

Posrnaryro onuna Barosuit mpocrip I'apai B Kpy3i, Bara B SIKOMY KOHIIEHTPYETHCA Oid TOYKH
Ha Mexi. Onepxkano HeoOXinHi Ta mOCTATHI YMOBH ITUKIIYHOCTI B T[HOMY MTPOCTOPA.

We consider a weighted Hardy space in the unit disk, where the weight is concentrated at a
point of the boundary. Necessary and sufficient conditions for cyclicity in this space are obtained.

Yepes HP(D), p > 1, nosnaunmo npocrip
Tapai anasitnuaux B D = {z : |z| < 1} dyn-
KITH, JIJIs TKUX

1
P

Ifllsy = st / Fre®)Pdp b < +oo.

pe(0;1

Teopist npocropis 'apai € ruboko po3pod.ie-
Hot |1 — 3|. Beranossieno, 30Kkpema, Mo KOKHA
byukmig f € HP(D) mae maiixke ckpizb Ha 0D
KyToBi rpanunvHi 3uavenus i f € LP(0D). Ta-
KoK Koxkuuit poctip HP(D), p > 1, € 6anaxo-
BUM BIJIHOCHO BHIIEBKa3aHOI HOPMU.

Oyukiis (G HA3UBAETHCA UYUKAIYHOIO B
H? (D), axmo G € H? (D) i cucrema

{G(z)=z"

e nosuow B H? (D).

A. Bepuainr [4| Bcranosus, mo dbyukuis G €
H? (D) e muxaiunoo B H? (D) Toxi i Tinbku
TOJIi, KOJTH BUKOHYETHCS KOZKHA 3 YMOB!

1) G ue mae x)ozuoro uyis B D

2m 27
2) lim [In|G(pe?)|dp = [ In|G(e")|d.
p—1— 0

:n e {0} UN} (1)

0

Yepes HP(C,), 1 < p < 400, no3uavu-
MO mpocTip [apai aHaTITHIHWX y MiBIJIONTHHI
C; ={z: Rez > 0} dynkuiii, pasa axux

1/p
< +0o0.
(2)

Oyukiis (G HABWUBAETHCS  YUKATYHON B
H?(C,), axkmo G € HP(C,) i cucrema

+0o0
171l =sup s [ 1fta+ Py

{G(z)e™ : 7 < 0} € nosuowo B H? (C). Tlos-
HOTY TYT PO3YyMIEMO Yy TOMY CEHCI, 10 KOXKHA
byukuis f € H? (CL) moxe Gyru Hab/1MKEHA
CKIHYEHHOIO JIHIIHOIO KOMOIHAIIE (QyHKIIiH
cucremu {G(2)e™ : 7 < 0} 3 noBiIBHOW Hare-
pe/l 3a[aH0K0 TOYHICTIO 38 HOPMOIO MPOCTOPY
H? (C,).

I1. Jlakc [5] onucas Bei nukiiuni dbyHKIil B
H?(C,). A. Cennenxnit nokazas [6], mo mpo-
cropu H? (C,), 0 < p < 400, MOKyTb OyTH
Bu3HadeHi i 9K kjaacu anajgitnaaux y C, dyn-
KIiit f, ajs sakux

1/p

LA™ =

< 400,

+oo
sup / | f(re™) " dr
lel<% )

NPUIOMY OCTAaHHS HOPMa eKBiBaJeHTHA HOPMI,
BU3HaUeHii (opmy.ion (2).

B. Bunnunpkuii posriguys [7| Barose y3a-
ranbHerHst npocropy HP (C.), a came mpoctip
H?(Cy), p>1, 0 >0, ananituaaux HyHKIH
B Cy, aus axunx ||G|| < 400, e

1/p

‘= sup
lpl<3

tell / |G (ré®)[perrelsindl gy

9Ik 1 B HeBaroBomy BHIJIKY, QYHKII0D G
HasseMo uyukaiunoo B HP (CL), akmo G €
H? (C,)icucrema {G(z)e™ : 7 < 0} € nosuoMI0O
B H? (C,). B [10] onepxkano HacTymHe TBep-
JIZKEHHS.

Teopema A. Hezaii G € H*(C,), o > 0,
G # 0. Todi nacmynni meepdocenns € exkeisa-
AEHMHUMU
1) G € yukaiunoro y npocmopi H*(C,);
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2) G ne mae scodnozo wyas 6 Co, das dosine-

HUT ditichur ty, to

to to

in|Giiy + )y = [ |Gilin)ldy (3

t1 t1

lim
e—0+

I BUKOHYEMBCA 00HA 3 HACTMYNHUL YMOS:

a) lim (—IH‘G(@‘ +2—0

T ™

In x) = +4-00;

T—+00 x T

6) lim (KG(T) - —lnr) = —00;
r—-+00

2) lim (Kg(r) - z1117") = —00;
r—-+00

oﬂx@mm(%sz—a)gﬂn@g

ora Koorcnozo ¢ € R, de

1 1 1

1<|t|<r

Kg(r) =

OpHak jj1s 3acTocyBaHb, 0cOOJMBO B (byH-
KIioHaIbHOMY aHaJi3i 8], 3pyuHninie npamoBa-
T 3 npocropamu [apai B kpy3si. Orpumannio
anasiora Teopemu A J/1sT OMMHWYHOTO KpyTa i
MPUCBSYEHA T CTATTS.

Hexaii f[g’(ﬂ)), 1 <p<+o00,0 >0, knac
TakuxX aHamiTHIHuX QYHKINH B D, 11a gaxumx
||fHHg(]D>) < +00, Je

2po | Imuw|

)‘p e_ 172pRew+\w|2 |dw‘

11720y =104 [ 1f
beR
Yo

(4)
iy =0U (ib;vV1+b%) ND
Teopema 1. Qynkuia [ nasescumo npo-
cmopy ?[g(]D),a > 0,1 < p < 400 modi i
miavku modi, koau fs € HP (C,), de

R =1 (5) G

Hosenenns. Hexaii f € H? (D). Toxai 3a

O3HAYEHHIM BUKOHYETHCS HEpiBHICTH (4). 3po-
_ ret—1
GUMO 1Tij 3HAKOM iHTerpaia 3amMiny w = 1o

Toni akmo w = u + v, OTPUMAEMO

U = r2—1
72427 cos po+1

2r sin ¢
T r242rcospo+1

rt 4 2r2 + 1+ 4r?sin? ¢
(r2 + 2r cos p + 1)

F=u?+0? = ,

2

|dw| = — :
r*+2rcosp+1

ITiscrasusuy snagenns |w]® y (4) i Bpaxy-

BaBIIHA, IO

2 [Imuw|
1 — 2Rew + |w|?

= r|sin ¢,

OJIEPKIMO

/|f3
re® —1 ,
i 4 1)2/p
/’ (T@Z%"—kl)(re + )

2

Xefpar\smcp\ : er
|re + 1

_2/ 'f(re“/’—l)
re' +1

Jie crana ¢ Bif ¢ € (—m/2;7/2) He 3a1€KUTh.

3Bimcu maemo, mo f3 € H? (CL), o >0,

1 <p<4o0.

B nporujiexkHy CTOPOHY Teopema JI0BOJIU-
ThCA ,[LOCJ_[iBHI/IM IIOBTOPEHHAM BUIICHABEICHUX
MIpKYBaHb B 3BOPOTHBOMY HOPSJIKY.

Teopema 2.

2| Imw|
1 2Rew+|w\2 |dw|

p

e—por\smap\dr <e,

Hexait G, € H? (D). Toai nacrynni ymoBu
€ eKBIBaJICHTHUMU:

1. cucrema

{Gmwx1—wye%mquo} (5)

e nosnoo B H2 (D) ;
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2. dbyukmig G we mae Hynis B D, jig 710- MOXKHA TMOKA3aTH PIBHOCUJIBHICTH YMOB 6) Ta
BlbHuX 0 < oy < g < 27 BUKOHY€TbCs 01).

PIBHICTH

a2

(¢5)]
lim /ln|G1(pew)|d90Z/lnfGl(ew)‘dW
p—1—

a1 a1

(6)

i CIIpaBe/InBa OJHa 3 HaCTYIIHHX YMOB:

ay) ulg{l_ (1= u)In|Gy (u)| = 22 In|1 — u|) Bpobusmu 3aM1Hy =

01) @ (1= u)In|Gy (u)| — 2 In|l —u

u—1—

:+OO

By) lim
rtoo 2arcctg r<|B|<m/2
x In |Gy ()| dB — 4o logr) =

. 1 1
Fl) h_m <cos2 B y2gin2
2 2
r—=+00 \2arcctgr<|B|<m/2
= —00;

x In |Gy (e”)|dB — 4o logr) :
Ill) Gl (w) exp (20’ 1+tw In 14w ClJr_w) §é

s 1—w 1—w

H? (C,) ns KOKHOTO ¢ € R.

Hosenenns. 3a reopemoro 1 cucrema (5)
¢ nosHoto B HZ (D) Toxi i TitbKE Toi, KOJH

byHKITIST
z—1

¢ nukaivuoro B H? (C,). B upomy Bunajky,
o4deBHIHO, KOKHA 3 dyukiiit G ta G He Mae
HyJiB y BianosijHiit obsacti. Takoxk ekBiBa-
JaeaTHUME € yMoBH (3) Ta (6). Ockinpku In |G|
€ anajiTudHoO B D, TO Ile MOXKHA [OKA3aTH,
o/i6Ho K 1 B [6], 3a momomororo Mip Kapaeco-
Ha. TaKOK BUKOHYIOTHCS YMOBH a)-71) TEOPEMHE
A. YMoBa a) ekBiBaJeHTHA YMOBI

In |G 20
lim (M—i——lnx = +o00.
T—+00 T ™
-1 o .
[Toznaunmo ot = u, TOI
. (1—u)ln|Gi(uw)| 2 _
uliglf (Tul — ZIn(1 - u)) = +o0
Ocii (KI/I )In[Gi(w)| _ (1—w)In|Gi(u)]
. 1—u)In|G1(u 1—u)In|G1(uw .
i (=il - Goagiet) = o0, x
3BIJICK OTPUMAEMO YMOBY a1). AHaJ0ridHO

Hexait Tenep Bukonyerbest ymoBa B). Tosi

1 1 it —1
— — — |1 dt
/ (t2 r2> H‘Gl (z’t+1)‘

1<|t|<r

lim
r—-+00

—20In 7") = —00.

— pif
zt+1 = ¢'” 1 BpaxyBasBIy,

o TOMI t = ctg 5, OTPHMAEMO B1). Anamoriuso

|) MOXKHA [OKa3aTH PIBHOCHJIBHICTH YMOB I') Ta

Fl).
Hexaii Bukonyerbcst ymona ). Tozi

1 1
28 7 L24n2 —1 2
(cos g r2sin g) G, (Z ) (z+1) exp (—Uzlnz - CZ) ¢ H?(C,).
T

z+1

CKOpI/ICTaBHII/ICb TeopeMoio 1 Ta TMO3HAYUBIITN

) w = 2+1’ OJI€ep2KUMO BUKOHaHH ,)11)

Qynxuito G HasBeMo yukainnoto B H2(D),
akmo G € H2(D) i cucrema (1) € noBHOIO B
H2(D).

Teopema 3. Cucrema (5) € MOBHOI B 1IPO-
cTopi i 2(D), Tozi i TibKY TOJ, KOJIH (DYHKIIis
G4 € nukaivHoio B pocropi H2(D).

Hosenenus.  OueBupHO, 3a yMOBa-
vu teopemn G; # 0. Hexaii cucrema (5)

¢ nosuoto B H2(D). Ile osmauae, mo s
koxHOI (ikcosanoi dynkuii Gy € H2(D),
g gosimbaux f € H2(D) i e > 0 3na-

fmerbca  CKiIHYeHHA  JIHIAHA  KOMOIHAINA
Az) = z 4G (2)(1 — 2)e™ T Taka, mo
\f — AHH2 < e. T. CpiniBacan Ta /[Ix.

Banr HOKaSaJII/I [9], [1], c. 104 cupaBetuBicTH
teopemu Bepuinra st posinbHoro HP (D),
1 < p < oo Oysknig (1 — z)eT’“f%, Ha-
nexurs H®(D). Tomy 3acrocysasimm 110
reopemy pu G = 1 € H®(D), p = oo,
g goBiabHOro 0 > (0 MaeMo icHyBaH-

Hg CcKindeHHOl JiHifiHol KoMOiHAmil cTere-
ms

wesux Gynxnin Ay(z) = ) bps2", wmo
n=0

(1 — 2)e™i5 — Ay(2)||gew) < 0. Tomy
CKOPHUCTABIINCHh  HEPIBHICTIO  TPUKYTHUKA,

Hf = ak,EG1<z>A1<z>\
k=0

OJIEPZKUMO

H2(D)
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= Hf = 3 4G (2)(1 = 2)eher
k=0

HZ (D)

> 4 Gh(2)(1 — 2)e™e i

k=0

— > arGi(2) A (2)
k=0

HE (D)

+ HGl( ) Z e <(1 _ pemnetts
_A1(z))||H2 < .
+ HGl(z)kZ:Oakvf
—Aq(2)

Gi(2) Y ae
k=0

(1-— z)eT’”%

<e

<eg

H2(D)

+0 > lake| |G1(2)[ g2 (py - Bubpasmmn § renep
k=0

+5)

JIOCATH MAJIUM, O/IePZKIMO, 10 JOBLTbHY (DyH-
kiito f € H2(D) MoxkHa 3 JIOBLIBHOIO Halepe/
3JIaHO0I0 TOYHICTIO HAOIW3UTH CKIHYEHHUMU
JHIfTHUME  KOoMOiHaIigMU (DYHKIIH CcucTeMu
(1) 3a mopmoOW 1BOTO TpPOCTOPY, TO6TO Gy €
mukivaoo 5 H2(D).

. . /\2
Hexait tenep G € mukaiiunoo B Hg (D).

. . ee 2
Toni s posinbuux Gynkuii [ € HZ(D)
Ta € > (0 3HaligeTbcsd TakKa CKiHYEHHA JIiHiM-

Ne
Z ckeG1(2)2F, mo

1f = wllgepy <€ I3 BI/IHleHaBelLeHOI‘O pe3yib-
taty T. dpmusaczma Ta /[>x. Banra sumnimsae,
mo koxkuy dyukuio 0 € H®(D) wmoxua
HAO/IM3UTU 3 JIOBLIBHOIO Hallepes 3a/aHOoi0
TouHiCcTIO 3a HOpMOIKO 1poctopy H*® (D) ckin-
YEeHHUMU JHHIHHUME KOMOiIHAIisIMU (DyHKIILii
cucremu (5). To6ro noknasmm 0(z) = 2%, s
JoBibHOTO 0 > 0 3HAAEeTHCA CKIHUYeHHA JIIHIH-

ms 142
= 2 dng(1 = z)e™eT=,
n=0

o ||2* = 11 (2)|| e (ny < 6. Tomy 3a HepibHiCTIO

‘ - f creGr(2)p(2)
k=0

Ha KoMmOiHamig pu(z) =

Ha KOMOiHAISA fi1(2)

TPUKYTHHKAaA

H2(D)

= ' f— % ck@Gl(z)zk
k=0

H2(D)

Ne
> ck’eGl(z)zk—
k=0

ms

S 0eGr(2) S dns(l — 2)em™e s
k=0

n=0

nzs crG1(2) (zk

k=0

mg .
= > dns(1— Z)GT“}:)

n=0

H2(D)

<e+0lGill gz kz;o |Cr.c|. BHOBY BUGpaBIIH O

Tenep JOCHTh MAIHM, OJEPKIMO, IO JOBLIb-
ny ¢yunxuito f € H2(D) MoKHa 3 J0BLILHOIO
Hamepe/I 3a/[aH00 TOYHICTIO HAOJIMW3UTH CKiH-
YEeHHUMU JHHIHHUME KOMOiHAIiAMU (DyHKIIIH
cucremu (5) 3a HOPMOIO TIBOIO POCTOPY.

Hawm me BigjomMo, U1 ymMOBH TeopeMmu 2 OIH-
CYIOTh TaKOXK NHUKIIYHI (DyHKIIT y mpocTopi
H?(D), 1 < p < 400, 0 > 0, aHamiTH4IHUX
B D dynkuiit, qua axux || f|| < +oo, ge

/

|wl=p

3=

2po|Imw|

IF]l = sup | (W) e r2netin? |duw|

p€(0;1)
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