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ÂIÄ ÇÌIÍÍÈÕ ÂÈÐÎÄÆÅÍÍß

Äëÿ âèðîäæåíîãî ðiâíÿííÿ Êîëìîãîðîâà ç êîåôiöi¹íòàìè, çàëåæíèìè âiä ÷àñòèíè ïðî-
ñòîðîâèõ çìiííèõ, ïîáóäîâàíî é äîñëiäæåíî êëàñè÷íèé ôóíäàìåíòàëüíèé ðîçâ'ÿçîê çàäà÷i
Êîøi.

The classical fundamental solution of the Cauchy problem for a degenerate Kolmogorov's equati-
on with coe�cients depend on a part of spatial variables is constructed and investigated.

Âñòóï
Ó 1934 ð. À.Ì.Êîëìîãîðîâ [1], óçàãàëü-

íþþ÷è âiäîìi íà òîé ÷àñ ìîäåëi áðîóíiâ-
ñüêîãî ðóõó, ïðèéøîâ äî êëàñè÷íîãî ðiâíÿ-
ííÿ äèôóçi¨ ç iíåðöi¹þ � ñïåöiàëüíîãî äè-
ôåðåíöiàëüíîãî ðiâíÿííÿ ç ÷àñòèííèìè ïî-
õiäíèìè óëòðàïàðàáîëi÷íîãî òèïó. Öå ðiâíÿ-
ííÿ i éîãî ðiçíîìàíiòíi óçàãàëüíåííÿ âèâ÷à-
ëèñü áàãàòüìà àâòîðàìè [2]. Îñíîâíà óâàãà
ïðè öüîìó ïðèäiëÿëàñü ïîáóäîâi, îäåðæàí-
íþ òî÷íèõ îöiíîê i äîñëiäæåííþ ðiçíèõ âëà-
ñòèâîñòåé ôóíäàìåíòàëüíîãî ðîçâ'ÿçêó çà-
äà÷i Êîøi (ÔÐÇÊ) çà ÿêîìîãà ñëàáøèõ ïðè-
ïóùåíü íà êîåôiöi¹íòè ðiâíÿííÿ. Íà æàëü,
íà ñüîãîäíiøíié ÷àñ òî÷íèõ ðåçóëüòàòiâ, ùî
ñòîñóþòüñÿ êëàñè÷íèõ ÔÐÇÊ äëÿ âèðîäæå-
íèõ ðiâíÿíü Êîëìîãîðîâà ç êîåôiöi¹íòàìè,
çàëåæíèìè âiä óñiõ çìiííèõ, íåìà¹.

Ó öié ñòàòòi äëÿ âèðîäæåíîãî ðiâíÿííÿ
Êîëìîãîðîâà, êîåôiöi¹íòè ÿêîãî çàëåæàòü
ëèøå âiä îñíîâíèõ çìiííèõ, çà äîïîìîãîþ
ìåòîäó Ëåâi ïîáóäîâàíî êëàñè÷íèé ÔÐÇÊ òà
îäåðæàíî òî÷íi îöiíêè ÔÐÇÊ òà éîãî ïîõi-
äíèõ. Ïðè öüîìó óìîâè íà êîåôiöi¹íòè ðiâ-
íÿííÿ ¹ òàêèìè, ÿê i ó âèïàäêó íåâèðîäæå-
íèõ ðiâíÿíü [2].
1. Ïîçíà÷åííÿ, ïðèïóùåííÿ òà

äîïîìiæíi âiäîìîñòi
Íåõàé n, n1, n2 � çàäàíi íàòóðàëüíi ÷èñëà

òàêi, ùî n1 ≥ n2 ≥ 1 i n = n1 + n2 i íåõàé

m1 := 1/2,m2 := 3/2,M := m1n1 +m2n2. Áó-
äåìî ââàæàòè, ùî ïðîñòîðîâà çìiííà x ∈ Rn

ñêëàäà¹òüñÿ ç äâîõ ãðóï çìiííèõ: îñíîâíî¨
ãðóïè x1 ∈ Rn1 i ãðóïè çìiííèõ âèðîäæå-
ííÿ x2 ∈ Rn2 , äå xj := (xj1, . . . , xjnj) ∈ Rnj ,
j ∈ {1, 2}, òàê ùî x := (x1, x2). Âiäïîâiäíî äî
öüîãî ìóëüòèiíäåêñ k ∈ Zn+, çàïèñóâàòèìåìî
ó âèãëÿäi k := (k1, k2), äå k1 ∈ Zn1

+ , k2 ∈ Zn2
+ .

Áóäåìî êîðèñòóâàòèñÿ ùå òàêèìè ïîçíà÷åí-
íÿìè: ΠH := {(t, x)| t ∈ H, x ∈ Rn}, Π1

H :=
{(t, x1)| t ∈ H, x1 ∈ Rn1}, ÿêùî H ⊂ R;
∆z
xf(·, x, ·) := f(·, x, ·)− f(·, z, ·),

∆zs
xsf(·, x, ·) := ∆z(s)

x f(·, x, ·), s ∈ {1, 2},
z(1) := (z1, x2), z

(2) := (x1, z2);
X(t) := (X1(t), X2(t)), X1(t) := x1,
X2(t) := x2 + tx̂1, x̂1 := (x11, . . . , x1n2),
Z(s)(t) := X(t)|xs=zs , s ∈ {1, 2}.

Ðîçãëÿäàòèìåìî ðiâíÿííÿ âèãëÿäó

Lu(t, x) := (S − A(t, x1, ∂x1))u(t, x) = 0,

(t, x) ∈ Π(0,T ], (2)

äå S := ∂t −
n2∑
j=1

x1j∂x2j ;

A(t, x1, ∂x1) := A0(t, x1, ∂x1) +A1(t, x1, ∂x1);

A0(t, x1, ∂x1) :=

n1∑
j,l=1

ajl(t, x1)∂x1j∂x1l ;

A1(t, x1, ∂x1) :=

n1∑
j=1

aj(t, x1)∂x1j + a0(t, x1).
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Áóäåìî ïðèïóñêàòè, ùî êîåôiöi¹íòè ajl,aj
i a0 ¹ êîìïëåêñíîçíà÷íèìè ôóíêöiÿìè â
Π1

[0,T ], ÿêi çàäîâîëüíÿþòü òàêi óìîâè:
1) âîíè ¹ îáìåæåíèìè é íåïåðåðâíèìè çà

t òà iñíó¹ òàêà ñòàëà δ > 0, ùî äëÿ äîâiëüíèõ
(t, x1)∈Π1

[0,T ] i σ1:=(σ11, . . . , σ1n1)∈Rn1 ñïðàâ-
äæó¹òüñÿ íåðiâíiñòü

Re
n1∑
j,l=1

ajl(t, x1)σ1jσ1l ≥ δ|σ1|2; (3)

2) âîíè ¹ ãåëüäåðîâèìè çà x1 ó òàêîìó
ñåíñi:

∃H > 0 ∃α ∈ (0, 1) ∀{(t, x1), (t, z1)} ⊂

⊂ Π1
[0,T ] : |∆z1

x1
a(t, x1)| ≤ H|x1 − z1|α, (4)

äå a � áóäü-ÿêèé iç êîåôiöi¹íòiâ ajl,aj i a0.
Âèêîðèñòîâóâàòèìåìî òàêi îöiíþþ÷i

ôóíêöi¨:

Ej
c (t, zj) := exp{−ct1−2j|zj|2},

t > 0, zj ∈ Rnj , j ∈ {1, 2}; (5)

Ec(t, x, ξ) := E1
c (t,X1(t)− ξ1)×

×E2
c (t,X2(t)− ξ2), t > 0, {x, ξ} ⊂ Rn; (6)

Fc(t, x, ξ) := exp{−c[(4t)−1|x1 − ξ1|2+

+3t−3|x2 + 2−1t(x̂1 + ξ̂1)− ξ2|2]},
t > 0, {x, ξ} ⊂ Rn, (7)

äå c > 0.
Íàâåäåìî ïîòðiáíi íàì âëàñòèâîñòi îöi-

íþþ÷èõ ôóíêöié.
Ëåìà 1. Ôóíêöi¨ (6) � (6) ìàþòü òàêi

âëàñòèâîñòi :

Ec(t, x, ξ) ≤ Fc1(t, x, ξ) ≤ Ec2(t, x, ξ),

t > 0, {x, ξ} ⊂ Rn, 0 < c2 < c1 < c; (8)

t−M
∫

Rn2

Ec(t, x, ξ)dξ2 ≤

≤ Ct−m1n1E1
c (t, x1 − ξ1),

t > 0, x ∈ Rn, x1 ∈ Rn1 ; (9)

t−m1n1

∫
Rn1

E1
c (t, x1 − ξ1)dξ1 = C,

t > 0, x1 ∈ Rn1 ; (10)

t−M
∫
Rn

Ec(t, x, ξ)dξ = C, t > 0, x ∈ Rn; (11)

E1
c (t− β, x1 − λ1)E1

c (β − τ, λ1 − ξ1) ≤
≤ E1

c (t− τ, x1 − ξ1), 0 ≤ τ < β < t,

{x1, λ1, ξ1} ⊂ Rn1 ; (12)

((t− β)(β − τ))−M
∫
Rn

Ec(t− β, x, λ)×

×Ec(β − τ, λ, ξ)dλ ≤ C(t− τ)−M×
×Ec0(t− τ, x, ξ), 0 ≤ τ < β < t,

{x, ξ} ⊂ Rn; (13)

|x1 − ξ1|αE1
c (t, x1 − ξ1) ≤

≤ Ctm1αE1
c0
(t, x1 − ξ1), t > 0,

{x1, ξ1} ⊂ Rn1 ; (14)

|Xs(t)− ξs|αEc(t, x, ξ) ≤
≤ CtmsαEc0(t, x, ξ), t > 0,

{x, ξ} ⊂ Rn, s ∈ {1, 2}; (15)

Ec(β − τ,X(t− β), ξ) ≤ Ec(t− τ, x, ξ),
0 ≤ τ < β < t, {x, ξ} ⊂ Rn; (16)

Ec(β−τ, (λ1, X2(t−β)), ξ)≤E1
c (β−τ, λ1−ξ1)×

×E1
−c(t− β, x1− ξ1)E2

c/2(t− τ,X2(t− τ)− ξ2),
(t+ τ)/2 =: t1 < β < t,

{x, ξ} ⊂ Rn, λ1 ∈ Rn1 , (17)

äå C, c i c0 � äîäàòíi ñòàëi, ïðè÷îìó c0 < c.
Äîâåäåííÿ ëåìè 1. Âèêîðèñòîâóâàòèìåìî
åëåìåíòàðíó íåðiâíiñòü

∀{a, b} ⊂ Rr : |a+ b|2 ≥

≥ 2−1|a|2 − |b|2, r ≥ 1. (18)

Çà äîïîìîãîþ íåðiâíîñòi (18) ìà¹ìî

|X2(t)− ξ2|2 = |(x2 + 2−1t(x̂1 + ξ̂1)− ξ2)+

+(2−1t(x̂1 − ξ̂1))|2 ≥ 2−1|x2 + 2−1t(x̂1 + ξ̂1)−

−ξ2|2−4−1t2|x̂1−ξ̂1|2 ≥ 2−1|x2+2−1t(x̂1+ξ̂1)−
−ξ2|2 − 4−1t2|x1 − ξ1|2,

|x2 + 2−1t(x̂1 + ξ̂1)− ξ2|2 = |(X2(t)− ξ2)−

−2−1t(x̂1 − ξ̂1)|2 ≥ 2−1|X2(t)− ξ2|2−
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−4−1t2|x̂1 − ξ̂1|2 ≥ 2−1|X2(t)− ξ2|2−
−4−1t2|x1 − ξ1|2.

Âèêîðèñòîâóþ÷è öi íåðiâíîñòi, îäåðæó¹ìî

t−1|x1− ξ1|2+ t−3|X2(t)− ξ2|2 ≥ t−1|x1− ξ1|2+

+t−3(2−1|x2 + 2−1t(x̂1 + ξ̂1)− ξ2|2−
−4−1t2|x1 − ξ1|2) = 3(4t)−1|x1 − ξ1|2+

+6−1(3t−3|x2 + 2−1t(x̂1 + ξ̂1)− ξ2|2) ≥ 6−1×

×((4t)−1|x1−ξ1|2+3t−3|x2+2−1t(x̂1+ξ̂1)−ξ2|2),

(4t)−1|x1−ξ1|2+3t−3|x2+2−1t(x̂1+ ξ̂1)−ξ2|2 ≥
≥ (4t)−1|x1− ξ1|2+4−1|X2(t)− ξ2|2− 8−1t−1×
×|x1 − ξ1|2 ≥ 8−1t−1|x1 − ξ1|2 + |X2(t)− ξ2|2.
Çâiäñè é âèïëèâàþòü íåðiâíîñòi (6) ç c1 =
c/6, c2 = c/48.

Âëàñòèâîñòi (6)�(15) óñòàíîâëåíî â [2].
Íåðiâíiñòü (16) ñïðàâäæó¹òüñÿ, áî

Ec(β − τ,X(t− β)), ξ) =

= exp

{
− c

(
(β − τ)−1|x1 − ξ1|2 + (β − τ)−3×

×|X2(t− β) + (β − τ)x̂1 − ξ2|2
)}
≤

≤ exp

{
− c

(
(t− τ)−1|x1 − ξ1|2 + (t− τ)−3×

×|X2(t− τ)− ξ2|2
)}

= Ec(t− τ, x, ξ).

Ïîäiáíî äî ïîïåðåäíüîãî çà äîïîìîãîþ
íåðiâíîñòi (18) ìà¹ìî

|X2(t− β) + (β − τ)λ̂1 − ξ2|2 =

= |X2(t−β)+(β−τ)λ̂1+(β−τ)x̂1−(β−τ)x̂1−

−ξ2|2 = |X2(t− τ)− ξ2 + (β − τ)(λ̂1 − x̂1)|2 ≥
≥ 2−1|X2(t− τ)− ξ2|2 − (β − τ)2|λ1 − x1|2.
Âèêîðèñòîâóþ÷è öþ îöiíêó é òå, ùî äëÿ

êîæíîãî β ∈ [t1, t] β − τ ≥ t− β, oòðèìó¹ìî
íåðiâíiñòü (17). I
2. Âëàñòèâîñòi ïàðàìåòðèêñó

Ðîçãëÿíåìî ðiâíÿííÿ

(S − A0(t, y1, ∂x1))u(t, x) = 0,

(t, x) ∈ Π(0,T ], y1 ∈ Rn1 , (19)

ç êîåôiöi¹íòàìè, çàëåæíèìè ëèøå âiä t i ïà-
ðàìåòðà y1. Çà óìîâ 1 i 2 òàê ñàìî, ÿê ó [2],
äîâîäèòüñÿ iñíóâàííÿ ÔÐÇÊ G(t, x; τ, ξ; y1),
0 ≤ τ < t ≤ T , {x, ξ} ⊂ Rn, y1 ∈ Rn1 , äëÿ
ÿêîãî ñïðàâäæóþòüñÿ îöiíêè

|∂kx∂lξG(t, x; τ, ξ; y1)| ≤

≤ Ckl(t− τ)−M−MklEc(t− τ, x, ξ), (20)

|∆z1
y1
∂kx∂

l
ξG(t, x; τ, ξ; y1)| ≤ Ckl|y1 − z1|α×

×(t− τ)−M−MklEc(t− τ, x, ξ). (21)

Ó öèõ îöiíêàõ 0 ≤ τ < t ≤ T , {x, ξ} ⊂
Rn, {y1, z1} ⊂ Rn1 , Mkl := m1(|k1| + |l1|) +
m2(|k2| + |l2|), {k, l} ⊂ Zn+. Çàóâàæèìî, ùî
äëÿ G ïðàâèëüíi ðiâíîñòi∫

Rn

G(t, x; τ, ξ; y1)dξ = 1, (22)

∂kx

∫
Rn

G(t, x; τ, ξ; y1)dξ = 0, (23)

∂k2x2

∫
Rn2

G(t, x; τ, ξ; y1)dξ2 = 0, (24)

∂x2jG(t, x; τ, ξ; y1) =

= −∂ξ2jG(t, x; τ, ξ; y1), (25)

â ÿêèõ 0 ≤ τ < t ≤ T , {x, ξ} ⊂ Rn, y1 ∈ Rn1 ,
k ∈ Zn+ \ {0}, k2 ∈ Zn2

+ , j ∈ {1, . . . , n2}.
Çà ïàðàìåòðèêñ äëÿ ðiâíÿííÿ (6) âiçüìå-

ìî ôóíêöiþ

Z0(t, x; τ, ξ) = G(t, x; τ, ξ; ξ1),

0 ≤ τ < t ≤ T, {x, ξ} ⊂ Rn, (26)

âëàñòèâîñòi ÿêî¨ îïèñóþòüñÿ ó íàñòóïíèõ ëå-
ìàõ.
Ëåìà 2. Íåõàé äëÿ êîåôiöi¹íòiâ ðiâíÿ-

ííÿ (19) âèêîíóþòüñÿ óìîâè 1 i 2. Òîäi ¹
ïðàâèëüíèìè òàêi òâåðäæåííÿ:

|∂kxZ0(t, x; τ, ξ)| ≤ Ck0(t− τ)−M−Mk0×
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×Ec(t− τ, x, ξ), (27)

|∆zs
xs∂

k
xZ0(t, x; τ, ξ)| ≤ Cks|xs − zs|α

0
s×

×(t− τ)−M−Mk0−msα0
sEc(t− τ, x, ξ), (28)∣∣∣∣∣∣

∫
Rn

∂kxZ0(t, x; τ, ξ)dξ

∣∣∣∣∣∣ ≤
≤ Ck(t− τ)−Mk0+m1α, (29)

|∆zs
xs

∫
Rn

∂kxZ0(t, x; τ, ξ)dξ| ≤

≤ Cks|zs − xs|α
0
s(t− τ)−Mk0−msα0

s+m1α, (30)

|SZ0(t, x; τ, ξ)| ≤ C(t− τ)−M−1×

×Ec(t− τ, x, ξ), (31)

|∆zs
xsSZ0(t, x; τ, ξ)| ≤ C|xs − zs|α

0
s×

×(t− τ)−M−1−msα0
sEc(t− τ, x, ξ), (32)∣∣∣∣∣∣

∫
Rn

SZ0(t, x; τ, ξ)dξ

∣∣∣∣∣∣ ≤ C(t− τ)−1+m1α, (33)

∣∣∣∣∣∣∆zs
xs

∫
Rn

SZ0(t, x; τ, ξ)dξ

∣∣∣∣∣∣ ≤
≤ C|xs − zs|α

0
s(t− τ)−1−msα0

s+m1α, (34)

∂x2j

∫
Rn2

Z0(t, x; τ, ξ)dξ2 = 0, (35)

∂x2jZ0(t, x; τ, ξ) = −∂ξ2jZ0(t, x; τ, ξ). (36)

Òóò k ∈ Zn+ ó (27), (28) i k ∈ Zn+ \ {0} ó
(29), (30), s ∈ {1, 2}, α0

s � äîâiëüíå ÷èñëî ç
ïðîìiæêó (0, 1], α � ÷èñëî ç óìîâè 2, j ∈
{1, . . . , n2}, 0 ≤ τ < t ≤ T , {x, ξ} ⊂ Rn,
|xs − zs| ≤ (t− τ)ms .
Çàóâàæåííÿ 1. Íà ïiäñòàâi îöiíîê (6) â

íåðiâíîñòÿõ (27), (28), (31), (32), ÿê i â (20),
(21), çàìiñòü îöiíþþ÷î¨ ôóíêöi¨ Ec ìîæíà
áðàòè ôóíêöiþ Fc.

Äàëi ÷àñòî îäíàêîâèìè ëiòåðàìè (çäå-
áiëüøîãî ëiòåðîþ C) ïîçíà÷àòèìåìî ðiçíi
ñòàëi, ÿêùî ¨õ âåëè÷èíè íàñ íå öiêàâëÿòü.
Äîâåäåííÿ ëåìè 2. Îöiíêè (27) âèïëè-

âàþòü iç îöiíîê (20), îöiíêè (28) � ç îöiíîê

(27) çà äîïîìîãîþ òåîðåìè ïðî ñåðåäí¹ çíà-
÷åííÿ i íåðiâíîñòi

Ec(t− τ, y(s), ξ) ≤ C1Ec1(t− τ, x, ξ),

c1 ∈ {0, c}, (37)

äå y(s) � òî÷êà íà âiäðiçêó ïðÿìî¨, ùî ñïîëó-
÷à¹ òî÷êè x i z(s).

Íåðiâíiñòü (37) ëåãêî äîâîäèòüñÿ ç âèêî-
ðèñòàííÿì íåðiâíîñòi (18) òà óìîâè |xs −
zs| ≤ (t− τ)ms .

Äëÿ äîâåäåííÿ îöiíîê (29) i (30) âèêîðè-
ñòà¹ìî çîáðàæåííÿ∫

Rn

∂kxZ0(t, x; τ, ξ)dξ =

= −
∫
Rn

∆ξ1
y1
∂kxG(t, x; τ, ξ; y1)|y1=x1dξ, (38)

ÿêå ïðàâèëüíå íà ïiäñòàâi ôîðìóëè (26) i
ðiâíîñòi (23). Ç íüîãî çà äîïîìîãîþ îöiíîê
(14) i (21), à òàêîæ ðiâíîñòi (10), îäåðæó¹ìî
îöiíêè (29).

Ùîá äîâåñòè îöiíêè (30), ñïî÷àòêó çàïè-
øåìî çîáðàæåííÿ

∆zs
xs

∫
Rn

∂kxZ0(t, x; τ, ξ)dξ =

=
ns∑
j=1

xsj∫
zsj

∂ζsj

∫
Rn

∂k
ζ
(j)
s
Z0(t, ζ

(j)
s ; τ, ξ)dξ

 dζsj,

â ÿêîìó
ζ
(j)
1 :=

:= ((z11, . . . , z1,j−1, ζ1j, x1,j+1, . . . , x1n1), x2) ,

j ∈ {1, . . . , n1},

ζ
(j)
2 :=

:= (x1, (z21, . . . , z2,j−1, ζ2j, x2,j+1, . . . , x2n2)) ,

j ∈ {1, . . . , n2}.

Äàëi, ñêîðèñòàâøèñü ôîðìóëîþ (38),
îòðèìà¹ìî

∆zs
xs

∫
Rn

∂kxZ0(t, x; τ, ξ)dξ =
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=
ns∑
j=1

xsj∫
zsj

 ∫
Rn

∆y1
ξ1
∂ζsj∂

k

ζ
(j)
s
×

×G(t, ζ(j)s ; τ, ξ; y1)|y1=x(s)1
dξ

)
dζsj,

äå x(1)1 := (z11, . . . , z1,j−1, ζ1j, x1,j+1, . . . , x1n1),
x
(2)
1 := x1. Âèêîðèñòîâóþ÷è íåðiâíîñòi (14) i
(21), ðiâíiñòü (10) i òå, ùî |xs−zs| ≤ (t−τ)ms ,
ìà¹ìî ∣∣∣∣∣∆zs

xs

∫
Rn

∂kxZ0(t, x; τ, ξ)dξ

∣∣∣∣∣ ≤
≤ Ck0

ns∑
j=1

xsj∫
zsj

 ∫
Rn

|x(s)1 − ξ1|α×

×(t− τ)−M−Mk0−msEc(t− τ, ζ(j)s , ξ)dξ

)
dζsj ≤

≤ Ck0

ns∑
j=1

(t− τ)−Mk0−ms+m1α

xsj∫
zsj

(
(t− τ)−M×

×
∫
Rn

Ec1(t− τ, ζ(j)s , ξ)dξ

)
dζsj ≤

≤ Ck0(t− τ)−Mk0−ms+m1α|xs − zs| ≤

≤ Cks|xs − zs|α
0
s(t− τ)−Mk0−msα0

s+m1α.

Îòæå, îöiíêó (30) óñòàíîâëåíî.
Äëÿ îòðèìàííÿ îöiíîê (31) � (34) ñêîðè-

ñòà¹ìîñü òîòîæíiñòþ

SZ0(t, x; τ, ξ) = A0(t, ξ1, ∂x1)Z0(t, x; τ, ξ),

0 ≤ τ < t ≤ T, {x, ξ} ⊂ Rn, (39)

ÿêà âèïëèâà¹ ç ðiâíîñòi (26) i òîãî, ùî
G(·, ·; τ, ξ; ξ1) ¹ ðîçâ'ÿçêîì ðiâíÿííÿ (19). Âè-
êîðèñòîâóþ÷è ðiâíiñòü (39), îáìåæåíiñòü êî-
åôiöi¹íòiâ äèôåðåíöiàëüíîãî âèðàçó A0 òà
îöiíêè (27) � (30), îòðèìó¹ìî îöiíêè (31) �
(34).

Ðiâíîñòi (35) i (36) âèïëèâàþòü ç (24) i
(25). I

Íàñòóïíi ëåìè ñòîñóþòüñÿ iíòåãðàëà

W (t, x; τ, ξ) :=

:=

t∫
τ

dβ

∫
Rn

Z0(t, x; β, λ)Q(β, λ; τ, ξ)dλ,

0 ≤ τ < t ≤ T, {x, ξ} ⊂ Rn, (40)

äå ôóíêöiÿ Q ¹ íåïåðåðâíîþ òàì, äå âîíà
âèçíà÷åíà, òà çàäîâîëüíÿ¹ òàêi óìîâè:

Q1) |Q(t, x; τ, ξ)| ≤ C(t− τ)−M−1+m1α×

×Ec(t− τ, x, ξ); (41)

Q2) |∆zs
xsQ(t, x; τ, ξ)| ≤ C|xs − zs|αs×

×(t− τ)−M−1+m1α−msαs(Ec(t− τ, z(s), ξ)+

+Ec(t− τ, x, ξ)); (42)

Q3) ôóíêöiÿ Q ìà¹ íåïåðåðâíi ïîõiäíi
∂x2jQ, äëÿ ÿêèõ ñïðàâäæóþòüñÿ îöiíêè

|∂x2jQ(t, x; τ, ξ)| ≤ C(t− τ)−M−1+m1α−m2×

×Ec(t− τ, x, ξ). (43)

Â óìîâàõ (41) � (43) 0 ≤ τ < t ≤ T , {x, ξ} ⊂
Rn, {xs, zs} ∈ Rns , s ∈ {1, 2}, j ∈ {1, . . . , n2},
α � ÷èñëî ç óìîâè 2, α1 ∈ (0, 1], α2 ∈ (1/3, 1].
Ëåìà 3. ßêùî ôóíêöiÿ Q çàäîâîëüíÿ¹

óìîâè Q1 � Q3, òî ôóíêöiÿ (40) ìà¹
âñi ïîõiäíi, ùî âõîäÿòü ó ðiâíÿííÿ (6),
ïðè÷îìó LW (t, x; τ, ξ) = Q(t, x; τ, ξ) +
t∫
τ

dβ
∫
Rn
LZ0(t, x; β, λ)Q(β, λ; τ, ξ)dλ i ïðà-

âèëüíi ôîðìóëè

∂x1jW (t, x; τ, ξ) =

=

t∫
τ

dβ

∫
Rn

∂x1jZ0(t, x; β, λ)×

×Q(β, λ; τ, ξ)dλ, j ∈ {1, . . . , n1}, (44)

∂x1i∂x1jW (t, x; τ, ξ) =

=

t1∫
τ

dβ

∫
Rn

∂x1i∂x1jZ0(t, x; β, λ)×

×Q(β, λ; τ, ξ)dλ+

+

t∫
t1

dβ

∫
Rn

∂x1i∂x1jZ0(t, x; β, λ)×
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×∆X(t−β)
λ Q(β, λ; τ, ξ)dλ+

+

t∫
t1

(∫
Rn

∂x1i∂x1jZ0(t, x; β, λ)dλ

)
×

×Q(β,X(t− β); τ, ξ)dβ, (45)

∂x2lW (t, x; τ, ξ) =

t1∫
τ

dβ

∫
Rn

∂x2lZ0(t, x; β, λ)×

×Q(β, λ; τ, ξ)dλ+

t∫
t1

dβ

∫
Rn

Z0(t, x; β, λ)×

×∂λ2lQ(β, λ; τ, ξ)dλ, (46)

SW (t, x; τ, ξ) =

t1∫
τ

dβ

∫
Rn

SZ0(t, x; β, λ)×

×Q(β, λ; τ, ξ)dλ+

t∫
t1

dβ

∫
Rn

SZ0(t, x; β, λ)×

×∆X(t−β)
λ Q(β, λ; τ, ξ)dλ+

+

t∫
t1

(∫
Rn

SZ0(t, x; β, λ)dλ

)
×

×Q(β,X(t− β); τ, ξ)dβ +Q(t, x; τ, ξ). (47)

Òóò 0 ≤ τ < t ≤ T , {x, ξ} ⊂ Rn, {i, j} ⊂
{1, . . . , n1}, l ∈ {1, . . . , n2}, t1 := (t+ τ)/2.

Äîâåäåííÿ ëåìè 3 ïðîâîäèòüñÿ ïîäiáíî äî
äîâåäåííÿ àíàëîãi÷íèõ ëåì äëÿ ðiâíîìiðíî
ïàðàáëi÷íèõ ðiâíÿíü [2,3].
Ëåìà 4. Çà óìîâ ëåìè 3 äëÿ ïîõiäíèõ âiä

W , ÿêi âèçíà÷àþòüñÿ ôîðìóëàìè (44)� (47)
ñïðàâäæóþòüñÿ îöiíêè

|∂x1jW (t, x; τ, ξ)| ≤

≤ C(t− τ)−M−m1(1−α)Ec1(t− τ, x, ξ), (48)

|∂x1i∂x1jW (t, x; τ, ξ)| ≤

≤ C(t− τ)−M−1+m1αEc1(t− τ, x, ξ), (49)

|∂x2lW (t, x; τ, ξ)| ≤
≤ C(t− τ)−M+m1α−m2Ec1(t− τ, x, ξ), (50)

|SW (t, x; τ, ξ)| ≤
≤ C(t− τ)−M−1+m1αEc1(t− τ, x, ξ), (51)

â ÿêèõ 0 ≤ τ < t ≤ T , {x, ξ} ⊂ Rn, {i, j} ⊂
{1, . . . , n1}, l ∈ {1, . . . , n2}, ñòàëi C i c1 ¹,
âçàãàëi êàæó÷è, ðiçíèìè.
Äîâåäåííÿ ëåìè 4. Äîâåäåííÿ îöiíîê

(48) � (51), ÿê i ó âèïàäêó íåâèðîäæåíèõ ïà-
ðàáëi÷íèõ ðiâíÿíü, çâîäèòüñÿ äî îöiíþâàí-
íÿ äîäàíêiâ iç âiäïîâiäíèõ âèðàçiâ äëÿ ïî-
õiäíèõ iç ëåìè 3. Ïðè öüîìó âèêîðèñòîâóþ-
òüñÿ îöiíêè (27), (29), (31), (33) i òâåðäæåí-
íÿ (10), (13) � (17). Îòðèìà¹ìî , íàïðèêëàä,
îöiíêó (49). Äëÿ öüîãî îöiíèìî îêðåìî äî-
äàíêè iç ôîðìóëè (45), ÿêi ïîçíà÷èìî âiäïî-
âiäíî ÷åðåç I1, I2, I3.

Çà äîïîìîãîþ íåðiâíîñòåé (27), (41) i (13)
ìà¹ìî

|I1| ≤ C

t1∫
τ

(∫
Rn

(t− β)−M−1(β− τ)−M−1+m1α×

×Ec(t− β, x, λ)Ec(β − τ, λ, ξ)dλ

)
dβ ≤

≤ C

t1∫
τ

(t− β)−1(β − τ)−1+m1αdβ×

×
(
(t− β)(β − τ)

)−M×
×
∫
Rn

Ec(t− β, x, λ)Ec(β − τ, λ, ξ)dλ ≤

≤ C(t− t1)−1
t∫

τ

(β − τ)−1+m1αdβ(t− τ)−M×

×Ec1(t− τ, x, ξ) = 2C(m1α)
−1×

×(t− τ)−M−1+m1αEc1(t− τ, x, ξ). (52)

Ùîá îöiíèòè I2, ñïåðøó îöiíèìî ïîâíèé
ïðèðiñò ∆

X(t−β)
λ Q. Çà äîïîìîãîþ óìîâè (42)

ìà¹ìî
|∆X(t−β)

λ Q(β, λ; τ, ξ)| ≤

≤ |∆X(t−β)
(λ1,X2(t−β)Q(β, λ; τ, ξ)|+

+|∆(λ1,X2(t−β))
λ Q(β, λ; τ, ξ)| ≤

≤ C|x1 − λ1|α(β − τ)−M−1×
×(Ec(β − τ,X(t− β), ξ)+

+Ec(β − τ, (λ1, X2(t− β)), ξ))+

Áóêîâèíñüêèé ìàòåìàòè÷íèé æóðíàë. 2014. � Ò. 2, � 2�3. 99



+C|X2(t− β)− λ2|α2(β − τ)−M−1+m1α−m2α2×

×(Ec(β − τ, λ, ξ)+

+Ec(β − τ, (λ1, X2(t− β)), ξ)). (53)

Íà ïiäñòàâi (27) i (53) îäåðæó¹ìî

|I2| ≤ C

t∫
t1

dβ

∫
Rn

(t− β)−M−1Ec(t− β, x, λ)×

×|x1−λ1|α(β−τ)−M−1Ec(β−τ,X(t−β), ξ)dλ

+C

t∫
t1

dβ

∫
Rn

(t−β)−M−1Ec(t−β, x, λ)|x1−λ1|α

×(β − τ)−M−1Ec(β − τ, (λ1, X2(t− β)), ξ)dλ+

+C

t∫
t1

dβ

∫
Rn

(t− β)−M−1Ec(t− β, x, λ)×

×|X2(t− β)− λ2|α2(β − τ)−M−1+m1α−m2α2×

×Ec(β − τ, λ, ξ)dλ+ C

t∫
t1

dβ

∫
Rn

(t− β)−M−1×

×Ec(t− β, x, λ)|X2(t− β)− λ2|α2×

×(β − τ)−M−1+m1α1−m2α2×

×Ec(β − τ, (λ1, X2(t− β), ξ)dλ :=

:=
4∑

k=1

I2k. (54)

Îöiíèìî êîæíèé äîäàíîê îêðåìî, âèêî-
ðèñòîâóþ÷è ðiâíiñòü (10) i íåðiâíîñòi (14) �
(17). Ìà¹ìî

I21 ≤ C(t1 − τ)−M−1Ec(t− τ,X(t− τ), ξ)×

×
t∫

t1

(t− β)−1+m1αdβ

∫
Rn

Ec1(t− β, x, λ)dλ×

×(t− β)−M ≤ C(t− τ)−M−1+m1α×

×Ec(t− τ, x, ξ), (55)

I22 ≤ C(t1 − τ)−M−1
t∫

t1

(t− β)−1+m1αdβ×

×
∫
Rn

E1
c0
(t−β, x1−λ1)E2

c0
(t−β,X2(t−β)−λ2)×

×E1
−c0/3(t−β, x1−λ1)E

1
c0/3

(β−τ, λ1−ξ1)dλ×

×(t− β)−ME2
c0/6

(t− τ,X2(t− τ)− ξ2) =

= C(t1 − τ)−M−1
t∫

t1

(t− β)−1+m1αdβ×

×
∫
Rn

E1
c0/3

(t− β, x1 − λ1)×

×E2
c0
(t− β,X2(t− β)− λ2)×

×E1
c0/3

(t− β, x1 − λ1)E1
c0/3

(β − τ, λ1 − ξ1)dλ×

×(t− β)−ME2
c0/6

(t− τ,X2(t− τ)− ξ2) ≤

≤ C(t1 − τ)−M−1
t∫

t1

(t− β)−1+m1αdβ×

×(t− β)−M
∫
Rn

Ec0/3(t− β, x, λ)dλ×

×Ec0/6(t− τ, x, ξ) ≤ C(t− τ)−M−1+m1α×

×Ec0/6(t− τ, x, ξ), (56)

I23 ≤ C

t∫
t1

(t− β)−1+m2α2(β − τ)−1+m1αdβ×

×(t1 − τ)−m2α2 ((t− β)(β − τ))−M ×

×
∫
Rn

Ec(t− β, x, λ)Ec(β − τ, λ, ξ)dλ ≤

≤ C(t− τ)−M−1+m1αEc1(t− τ, x, ξ), (57)

I24 ≤ C

t∫
t1

(t− β)−1+m2α2(β − τ)−1+m1αdβ×

×(t1−τ)−M−m2α2(t−β)−M
∫
Rn

Ec0(t−β, x, λ)×

×E1
−c0/3(t−β, x1−λ1)E

1
c0/3

(β−τ, λ1−ξ1)dλ×

×E2
c0/6

(t− τ,X2(t− τ)− ξ2) ≤ C(t− τ)−M−1×

×(t− τ)m1αEc0/6(t− τ, x, ξ). (58)

100 Áóêîâèíñüêèé ìàòåìàòè÷íèé æóðíàë. 2014. � Ò. 2, � 2�3.



Ç îöiíîê (54) � (58) âèïëèâà¹ ïîòðiáíà
îöiíêà äëÿ I2. Îöiíêà äëÿ I3 âñòàíîâëþ¹òüñÿ
àíàëîãi÷íî. Íàñëiäêîì îöiíîê äëÿ I1, I2, I3 ¹
îöiíêà (49). I
3. Ïîáóäîâà ÔÐÇÊ
Çãiäíî ç ìåòîäîì Ëåâi ÔÐÇÊ äëÿ ðiâíÿí-

íÿ (6) øóêà¹ìî ó âèãëÿäi

Z(t, x; τ, ξ) = Z0(t, x; τ, ξ) +W (t, x; τ, ξ),

0 ≤ τ < t ≤ T, {x, ξ} ⊂ Rn, (59)

äå Z0 � ïàðàìåòðèêñ, à ôóíêöiÿ W âèçíà÷à-
¹òüñÿ ôîðìóëîþ (40), â ÿêié Q � íåâiäîìà
ôóíêöiÿ. Ïðèïóñêàþ÷è, ùî Q çàäîâîëüíÿ¹
óìîâè Q1 i Q2, òà âèêîðèñòîâóþ÷è ëåìó 3,
äëÿ Q îäåðæèìî iíòåãðàëüíå ðiâíÿííÿ

Q(t, x; τ, ξ) = K(t, x; τ, ξ)+

+

t∫
τ

dβ

∫
Rn

K(t, x; β, λ)Q(β, λ; τ, ξ)dλ, (60)

â ÿêîìó

K(t, x; τ, ξ) :=

(
n1∑
j,l=1

∆ξ1
x1
ajl(t, x1)∂x1j∂x1l+

+

n1∑
j=1

aj(t, x1)∂x1j + a0(t, x1)

)
×

×Z0(t, x; τ, ξ). (61)

Çà äîïîìîãîþ óìîâ 1 i 2, îöiíîê (27), íå-
ðiâíîñòåé (6) i (15) îäåðæèìî îöiíêó

|K(t, x; τ, ξ)| ≤

≤ C(t− τ)−M−1+m1αFc1(t− τ, x, ξ). (62)

Òóò 0 ≤ τ < t ≤ T, {x, ξ} ⊂ Rn, c1 ∈ (0, c), c
� ñòàëà ç îöiíîê (27). Îòæå, äëÿ ÿäðà K âè-
êîíóþòüñÿ óìîâè ëåìè 1.10 ç [2], íà ïiäñòàâi
ÿêî¨ äëÿ ôóíêöi¨ Q ñïðàâäæó¹òüñÿ îöiíêà

|Q(t, x; τ, ξ)| ≤

≤ C(t− τ)−M−1+m1αFc1(t− τ, x, ξ),

0 ≤ τ < t ≤ T, {x, ξ} ⊂ Rn, (63)

äå ñòàëà c1 òàêà æ, ÿê i â (62). Ç íåðiâíîñòi
(63), íà ïiäñòàâi (6), îäåðæó¹ìî îöiíêó (41).

Ïåðåéäåìî äî îöiíêè ïðèðîñòiâ K. Íà
ïiäñòàâi (61) çàïèøåìî òàêi çîáðàæåííÿ:

∆z1
x1
K(t, x; τ, ξ) =

n1∑
j,l=1

∆z1
x1
ajl(t, x1)×

×∂x1j∂x1lZ0(t, x; τ, ξ) +

n1∑
j,l=1

∆ξ1
z1
ajl(t, z1)×

×∆z1
x1
∂x1j∂x1lZ0(t, x; τ, ξ)+

+

n1∑
j=1

∆z1
x1
aj(t, x1)∂z1jZ0(t, z

(1); τ, ξ)+

+

n1∑
j=1

aj(t, x1)∆
z1
x1
∂x1jZ0(t, x; τ, ξ)+

+∆z1
x1
a0(t, x1))Z0(t, z

(1); τ, ξ)+

+a0(t, x1)∆
z1
x1
Z0(t, x; τ, ξ). (64)

∆z2
x2
K(t, x; τ, ξ) =

n1∑
j,l=1

∆ξ1
x1
ajl(t, x1)×

×∆z2
x2
∂x1j∂x1lZ0(t, x; τ, ξ) +

n1∑
j=1

aj(t, x1)×

×∆z2
x2
∂x1jZ0(t, x; τ, ξ)+

+a0(t, x1)∆
z2
x2
Z0(t, x; τ, ξ). (65)

Îöiíþþ÷è äîäàíêè ç âèðàçiâ (64) i (65) çà
äîïîìîãîþ óìîâ 1 i 2, îöiíîê (15), (27) i (28)
îäåðæó¹ìî

|∆z(s)

x K(t, x; τ, ξ)| ≤ C|xs − zs|α
0
s×

×(t− τ)−M−1+m1α−msα0
s

(
Ec(t− τ, x, ξ)+

+Ec(t− τ, z(s), ξ)
)
, 0 ≤ τ < t ≤ T,

{x, z(s), ξ} ⊂ Rn, s ∈ {1, 2}. (66)

äå α0
1 i α

0
2 � äîâiëüíi ÷èñëà ç ïðîìiæêó (0, 1].

Ç îöiíîê (66) âèïëèâàþòü îöiíêè (42).
Çàëèøèëîñü äîâåñòè, ùî ôóíêöiÿ Q çàäî-

âîëüíÿ¹ óìîâó Q3. Çàóâàæèìî, ùî çà äîïî-
ìîãîþ ðiâíîñòåé (36) óñòàíîâëþþòüñÿ òàêi
ðiâíîñòi:

∂x2jKl(t, x; τ, ξ) = −∂ξ2jKl(t, x; τ, ξ),

0 ≤ τ < t ≤ T, {x, ξ} ⊂ Rn,
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j ∈ {1, . . . , n2}, (67)

äëÿ ïîâòîðíèõ ÿäåð Kl, l ≥ 1, ÿêi âèçíà÷à-
þòüñÿ iç ñïiââiäíîøåíü

K1(t, x; τ, ξ) := K(t, x; τ, ξ),

Kl(t, x; τ, ξ) =

t∫
τ

dβ

∫
Rn

K(t, x; β, λ)×

×Kl−1(β, λ; τ, ξ)dλ, l > 1. (68)

Äèôôåðåíöiéîâíiñòü (68) çà çìiííîþ x2
îáãðóíòîâó¹òüñÿ àíàëîãi÷íî äî äîâåäåííÿ
ôîðìóë (46). Çà iíäóêöi¹þ äîâîäèòüñÿ iñíó-
âàííÿ ïîõiäíèõ ∂x2jKl(t, x; τ, ξ), l ≥ 2, òà
îöiíêè

|∂x2jKl(t, x; τ, ξ)| ≤ C l
(π
c

)l−1 Γl(α/2)
Γ(lα/2)

×

×(t− τ)−M−m2−1+m1lαFc2(t− τ, x, ξ),
0 ≤ τ < t ≤ T, {x, ξ} ⊂ Rn, (69)

äå j ∈ {1, . . . , n2}, c2 < c1 < c, c � ñòàëà ç
îöiíîê (27), Γ(·) � ãàììà-ôóíêöiÿ Åéëåðà.

Îöiíêè (69) ãàðàíòóþòü àáñîëþòíó òà
ðiâíîìiðíó çáiæíiñòü ðÿäó

∞∑
l=1

(−1)l∂x2jKl(t, x; τ, ξ) := ∂x2jQ(t, x; τ, ξ),

à òàêîæ îöiíêó (43).
Îòæå, ðîçâ'ÿçîê Q iíòåãðàëüíîãî ðiâíÿí-

íÿ (60) çàäîâîëüíÿ¹ óìîâè Q1, Q2 i Q3.
4. Îñíîâíèé ðåçóëüòàò
Îñíîâíèì ðåçóëüòàòîì ñòàòòi ¹ íàñòóïíà

òåîðåìà.
Òåîðåìà. Íåõàé âèêîíóþòüñÿ óìîâè 1

i 2. Òîäi äëÿ ðiâíÿííÿ (6) iñíó¹ êëàñè÷íèé
ÔÐÇÊ Z, äëÿ ÿêîãî ñïðàâäæóþòüñÿ îöiíêè

|∂kxZ(t, x; τ, ξ)| ≤ C(t− τ)−M−Mk0×

×Ec(t− τ, x, ξ), (70)

|SZ(t, x; τ, ξ)| ≤ C(t− τ)−M−1×
×Ec(t− τ, x, ξ), (71)

|∆zs
xs∂

k
xZ(t, x; τ, ξ)| ≤ C|xs − zs|αs×

×(t− τ)−M−Mk0−msαs(Ec(t− τ, x, ξ)+
+Ec(t− τ, z(s), ξ)), (72)

äå 0 ≤ τ < t ≤ T , {x, z(s), ξ} ⊂ Rn, k :=
(k1, k2) ∈ Zn+, |k1| + 2|k2| ≤ 2, α1 = α, α2 =
α/3, α � ÷èñëî ç óìîâè 2.
Äîâåäåííÿ òåîðåìè. Îöiíêè (70) i (71)

âèïëèâàþòü ç (59) òà ëåì 2 i 4.
Äîâåäåìî îöiíêè (72). Íà ïiäñòàâi îöiíîê

(27) i (28) äëÿ ïåðøîãî äîäàíêà ç (59) ñïðàâ-
äæóþòüñÿ îöiíêè (72). Çàëèøà¹òüñÿ îöiíè-
òè ïðèðîñòè ïîõiäíèõ âiä W . Ââàæàòèìå-
ìî, ùî |xs − zs|1/ms ≤ (t − τ)/4. ßêùî
|xs − zs|1/ms > (t − τ)/4, òî ïîòðiáíà îöií-
êà ïðèðîñòó ∆zs

xs∂
k
xW áåçïîñåðåäíüî âèïëè-

âà¹ ç îöiíîê (48) � (50). Ñïî÷àòêó îöiíèìî
∆zs
xs∂

k1
x1
W , |k1| ≤ 2. Êîðèñòóþ÷èñü ôîðìóëà-

ìè (44) i (45), çàïèøåìî çîáðàæåííÿ

∆zs
xs∂

k1
x1
W (t, x; τ, ξ) =

=

t1∫
τ

dβ

∫
Rn

∆zs
xs∂

k1
x1
Z0(t, x; β, λ)Q(β, λ; τ, ξ)dλ+

+

ηs∫
t1

dβ

∫
Rn

∆zs
xs∂

k1
x1
Z0(t, x; β, λ)×

×∆X(t−β)
λ Q(β, λ; τ, ξ)dλ+

+

t∫
ηs

dβ

∫
Rn

∂k1x1Z0(t, x; β, λ)×

×∆X(t−β)
λ Q(β, λ; τ, ξ)dλ−

−
t∫

ηs

dβ

∫
Rn

∂k1x1Z0(t, x; β, λ)×

×∆Z(s)(t−β)
λ Q(β, λ; τ, ξ)dλ+

+

ηs∫
t1

∆zs
xs

(∫
Rn

∂k1x1Z0(t, x; β, λ)dλ

)
×

×Q(β,X(t− β); τ, ξ)dβ+

+

t∫
ηs

(∫
Rn

∂k1x1Z0(t, x; β, λ)dλ

)
×

×Q(β,X(t− β); τ, ξ)dβ−

−
t∫

ηs

(∫
Rn

∂k1x1Z0(t, z
(s); β, λ)dλ

)
×
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×Q(β, Z(s)(t− β); τ, ξ)dβ =:

=:
7∑
j=1

Lj, (73)

äå ÷èñëî t1 òàêå ñàìå, ÿê ó ëåìi 3, à ηs :=
t− |xs − zs|1/ms , s ∈ {1, 2}.

Äîäàíîê L1 îöiíèìî çà äîïîìîãîþ íåðiâ-
íîñòåé (28), (41) i (13):

|L1| ≤
t1∫
τ

dβ

∫
Rn

|∆zs
xs∂

k1
x1
Z0(t, x; β, λ)|×

×|Q(β, λ; τ, ξ)|dλ ≤

≤ C|xs − zs|α
0
s

t1∫
τ

(t− β)−m1|k1|−msα0
s×

×(β − τ)−1+m1αdβ×

×
∫
Rn

(
Ec(t− β, x, λ) + Ec(t− β, z(s), λ)

)
×

×Ec(β − τ, λ, ξ)dλ
(
(t− β)(β − τ)

)−M ≤
≤ C|xs − zs|α

0
s(t− τ)−M−m1(|k1|−α)−msα0

s×

×

(
Ec1(t− τ, x, ξ) + Ec1(t− τ, z(s), ξ)

)
. (74)

Ùîá îöiíèòè L2, âèêîðèñòà¹ìî îöiíêè
(28) i (53). Òîäi îòðèìà¹ìî

|L2| ≤
ηs∫
t1

dβ

∫
Rn

|∆zs
xs∂

k1
x1
Z0(t, x; β, λ)|×

×|∆X(t−β)
λ Q(β, λ; τ, ξ)|dλ ≤

≤ C

ηs∫
t1

dβ

∫
Rn

|xs− zs|α
0
s(t−β)−M−m1|k1|−msα0

s×

×

(
Ec(t− β, x, λ) + Ec(t− β, z(s), λ)

)
×

×

[
|x1 − λ1|α(β − τ)−M−1×

×

(
Ec(β − τ,X(t− β), ξ)+

+Ec(β − τ, (λ1, X2(t− β)), ξ)

)
+

+|X2(t− β)− λ2|α2(β − τ)−M−1+m1α−m2α2×

×

(
Ec(β − τ, (λ1, X2(t− β)), ξ)+

+Ec(β − τ, λ, ξ)

)]
dλ =

= C

[ ηs∫
t1

dβ

∫
Rn

|xs−zs|α
0
s(t−β)−M−m1|k1|−msα0

s×

×(β − τ)−M−1|x1 − λ1|αEc(t− β, x, λ)×
×Ec(β − τ,X(t− β), ξ)dλ+

+

ηs∫
t1

dβ

∫
Rn

|xs − zs|α
0
s(t− β)−M−m1|k1|−msα0

s×

×(β − τ)−M−1|x1 − λ1|αEc(t− β, z(s), λ)×
×Ec(β − τ,X(t− β), ξ)dλ+

+

ηs∫
t1

dβ

∫
Rn

|xs − zs|α
0
s(t− β)−M−m1|k1|−msα0

s×

×(β − τ)−M−1|x1 − λ1|αEc(t− β, x, λ)×
×Ec(β − τ, (λ1, X2(t− β)), ξ)dλ+

+

ηs∫
t1

dβ

∫
Rn

|xs − zs|α
0
s(t− β)−M−m1|k1|−msα0

s×

×(β − τ)−M−1|x1 − λ1|αEc(t− β, z(s), λ)×
×Ec(β − τ, (λ1, X2(t− β)), ξ)dλ+

+

ηs∫
t1

dβ

∫
Rn

|xs − zs|α
0
s(t− β)−M−m1|k1|−msα0

s×

×(β − τ)−M−1+m1α−m2α2×
×|X2(t− β)− λ2|α2Ec(t− β, x, λ)×

×Ec(β − τ, λ, ξ)dλ+

+

ηs∫
t1

dβ

∫
Rn

|xs − zs|α
0
s(t− β)−M−m1|k1|−msα0

s×

×(β − τ)−M−1+m1α−m2α2×
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×|X2(t− β)− λ2|α2Ec(t− β, z(s), λ)×

×Ec(β − τ, λ, ξ)dλ+

+

ηs∫
t1

dβ

∫
Rn

|xs − zs|α
0
s(t− β)−M−m1|k1|−msα0

s×

×(β − τ)−M−1+m1α−m2α2×

×|X2(t− τ)− λ2|α2Ec(t− β, x, λ)×

×Ec(β − τ, (λ1, X2(t− β)), ξ)dλ+

+

ηs∫
t1

dβ

∫
Rn

|xs − zs|α
0
s(t− β)−M−m1|k1|−msα0

s×

×(β − τ)−M−1+m1α−m2α2×

×|X2(t− τ)− λ2|α2Ec(t− β, z(s), λ)×

×Ec(β − τ, (λ1, X2(t− β)), ξ)dλ =

= C
8∑
j=1

L2j. (75)

Äîäàíêè ñóìè (75) îöiíþþòüñÿ çà äîïî-
ìîãîþ íåðiâíîñòåé (14) � (17), ðiâíîñòi (10)
i òîãî, ùî

ηs∫
t1

(t− β)−m1|k1|+m1α−msα0
sdβ ≤

≤ C


(t− τ)1−m1|k1|,
ÿêùî |k1| < 2, α0

s = αs,

(t− ηs)m1α−msα0
s = |xs − zs|αs−α

0
s ,

ÿêùî |k1| = 2, α0
s > αs.

Äëÿ ïðèêëàäó îöiíèìî äîäàíîê L21. Mà-
¹ìî

L21 ≤ |xs − zs|α
0
s(t1 − τ)−M−1×

×
ηs∫
t1

(t− β)−M−m1|k1|−msα0
s×

×
∫
Rn

|x1 − λ1|αEc(t− β, x, λ)dλ×

×Ec(β − τ,X(t− β), ξ)dβ ≤

≤ C|xs − zs|α
0
s(t− τ)−M−1×

×
ηs∫
t1

(t− β)−M−m1|k1|+m1α−msα0
sdβ×

×
∫
Rn

Ec1(t− β, x, λ)dλEc(t− τ, x, ξ) ≤

≤ C|xs − zs|α
0
s(t− τ)−M−1×

×
ηs∫
t1

(t− β)−m1|k1|+m1α−msα0
sdβ×

×Ec(t− τ, x, ξ) ≤ C|xs − zs|αs×
×(t− τ)−M−m1|k1|Ec(t− τ, x, ξ).

Àíàëîãi÷íî îöiíþþ÷è iíøi äîäàíêè ñóìè
(75), ïðèéäåìî äî îöiíêè

|L2| ≤ C|xs − zs|αs(t− τ)−M−m1|k1|×

×
(
Ec(t− τ, x, ξ) + Ec(t− τ, z(s), ξ)

)
. (76)

Äîäàíêè L3 i L4 îöiíþþòüñÿ îäíàêîâî,
îöiíèìî ïåðøèé ç íèõ. Çà äîïîìîãîþ (27)
i (53) îòðèìó¹ìî

|L3| ≤ C

 t∫
ηs

dβ

∫
Rn

(t− β)−M−m1|k1|×

×Ec(t− β, x, λ)|x1 − λ1|α(β − τ)−M−1×
×Ec(β − τ,X(t− β), ξ)dλ+

+

t∫
ηs

dβ

∫
Rn

(t− β)−M−m1|k1|×

×Ec(t− β, x, λ)|x1 − λ1|α(β − τ)−M−1×
×Ec(β − τ, (λ1, X2(t− β)), ξ)dλ+

+

t∫
ηs

dβ

∫
Rn

(t− β)−M−m1|k1|Ec(t− β, x, λ)×

×|X2(t− β)− λ2|α2(β − τ)−M−1+m1α1−m2α2×

×Ec(β− τ, λ, ξ)dλ+
t∫

ηs

dβ

∫
Rn

(t−β)−M−m1|k1|×

×Ec(t− β, x, λ)|X2(t− β)− λ2|α2×
×(β − τ)−M−1+m1α1−m2α2×
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×Ec(β − τ, (λ1, X2(t− β)), ξ)dλ

]
=

= C

4∑
k=1

L3k. (77)

Çà äîïîìîãîþ (10), (15) i (16) ìà¹ìî

L31 ≤ C(t1 − τ)−M−1Ec(t− τ, x, ξ)×

×
t∫

ηs

(t− β)−m1|k1|+m1αdβ×

×
∫
Rn

Ec1(t− β, x, λ)dλ (t− β)−M ≤

≤ C(t− τ)−M−m1|k1||xs − zs|αsEc(t− τ, x, ξ).
Äëÿ îöiíêè äîäàíêà L32, êðiì ðiâíîñòåé

(6) i (10), íåðiâíîñòåé (12) i (14), âèêîðèñòî-
âóâàòèìåìî ùå íåðiâíiñòü (17) ç c = c0/3, äå
c0 � ñòàëà ç îöiíêè (14). Ìà¹ìî

L32 ≤ C(t1 − τ)−M−1
t∫

ηs

(t− β)−m1|k1|+m1αdβ×

×
∫
Rn

E1
c0
(t−β, x1−λ1)E2

c0
(t−β,X2(t−β)−λ2)×

×E1
−c0/3(t−β, x1−λ1)E

1
c0/3

(β−τ, λ1−ξ1)dλ×

×(t− β)−ME2
c0/6

(t− τ,X2(t− τ)− ξ2) ≤

≤ C(t1 − τ)−M−1
t∫

ηs

(t− β)−m1|k1|+m1αdβ×

×(t− β)−M
∫
Rn

Ec0/3(t− β, x, λ)×

×Ec0/6(t− τ, x, ξ) ≤ C(t− τ)−M−m1|k1|×
×|xs − zs|αsEc0/6(t− τ, x, ξ).

Çà äîïîìîãîþ (13) i (15) îòðèìó¹ìî

L33 ≤ C

t∫
ηs

(t− β)−m1|k1|+m2α2×

×(β − τ)−1+m1α1dβ×

×(t1 − τ)−m2α2((t− β)(β − τ))−M×

×
∫
Rn

Ec0(t− β, x, λ)Ec0(β − τ, λ, ξ)dλ ≤

≤ C(t− τ)−M−m1|k1||xs − zs|αsEc0(t− τ, x, ξ).
Iíòåãðàë L34 îöiíþ¹òüñÿ àíàëîãi÷íî äî

L32.
Iç (77) òà îöiíîê L3k, k ∈ {1, 2, 3, 4}, âè-

ïëèâà¹ îöiíêà

|L3| ≤ C|xs − zs|αs(t− τ)−M−1×(
Ec(t− τ, x, ξ) + Ec(t− τ, z(s), ξ)

)
. (78)

Àíàëîãi÷íi îöiíêè ç âèêîðèñòàííÿì íå-
ðiâíîñòåé (29), (30) i (41) ïðèâîäÿòü äî ïî-
òðiáíèõ îöiíîê L5, L6 i L7, ç ÿêèõ íà ïiäñòà-
âi ðiâíîñòåé (40), (59) i (73) òà îöiíîê (28),
(74), (76) i (78) âèïëèâàþòü îöiíêè (72) äëÿ
ïîõiäíèõ âiä Z çà çìiííèìè x1.

Îöiíêè (72) ñïðàâäæóþòüñÿ òàêîæ äëÿ
ïðèðîñòiâ ïîõiäíèõ âiä Z çà çìiííèìè ãðóïè
âèðîäæåííÿ x2. Äëÿ âñòàíîâëåííÿ öüîãî äî-
ñèòü îöiíèòè ïðèðîñòè âiäïîâiäíèõ ïîõiäíèõ
âiä W . Ùîá öå çðîáèòè, íà ïiäñòàâi ðiâíîñòi
(46) çàïèøåìî çîáðàæåííÿ

∆zs
xs∂x2jW (t, x; τ, ξ) =

=

t1∫
τ

dβ

∫
Rn

∆zs
xs∂x2jZ0(t, x; β, λ)×

×Q(β, λ; τ, ξ)dλ+

t∫
t1

dβ

∫
Rn

∆zs
xsZ0(t, x; β, λ)×

×∂λ2jQ(β, λ; τ, ξ)dλ =: P1 + P2, (79)

äå ÷èñëî t1 òàêå ñàìå, ÿê ó ëåìi 3, à j ∈
{1, . . . , n2}.

Çà äîïîìîãîþ íåðiâíîñòåé (28) i (41) àíà-
ëîãi÷íî äî îöiíêè L1 ìà¹ìî

|P1| ≤ C|xs − zs|α
0
s×

×
t1∫
τ

(t− β)−m2−msα0
s(β − τ)−1+m1αdβ×

×
∫
Rn

(
Ec(t− β, x, λ) + Ec(t− β, z(s), λ)

)
×
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×Ec(β − τ, λ, ξ)dλ ((t− β)(β − τ))−M ≤

≤ C|xs − zs|α
0
s(t− τ)−M+m1α−m2−msα0

s×
×
(
Ec1(t− τ, x, ξ) + Ec1(t− τ, z(s), ξ)

)
, (80)

|P2| ≤ C|xs − zs|α
0
s×

×
t∫

t1

(t− β)−msα0
s(β − τ)−1+m1α−m2dβ×

×
∫
Rn

(
Ec(t− β, x, λ) + Ec(t− β, z(s), λ)

)
×

×Ec(β − τ, λ, ξ)dλ ((t− β)(β − τ))−M ≤

≤ C|xs − zs|α
0
s(t− τ)−M+m1α−m2−msα0

s×
×
(
Ec1(t− τ, x, ξ) + Ec1(t− τ, z(s), ξ)

)
, (81)

ÿêùî ÷èñëà α0
s ∈ (0, 1] çàäîâîëüíÿþòü óìîâó

1 −msα
0
s > 0, s ∈ {1, 2}. Çîêðåìà, öÿ óìîâà

âèêîíó¹òüñÿ, ÿêùî âçÿòè α0
1 = α, α0

2 = α/3,
äå α � ÷èñëî ç óìîâè 2.

Ç (79) � (81) âèïëèâàþòü ïîòðiáíi îöiíêè
äëÿ W i, îòæå, íà ïiäñòàâi (28) i (59) îöiíêè
(72) äëÿ ïåðøèõ ïîõiäíèõ çà x2. I
Çàóâàæåííÿ 2. Âëàñòèâîñòi, àíàëî-

ãi÷íi äî âëàñòèâîñòåé Z, ìàòèìå ÔÐÇÊ
Z1(t, x; τ, ξ; y2), 0 ≤ τ < t ≤ T , {x, ξ} ⊂ Rn,
y2 ∈ Rn2 , äëÿ ðiâíÿííÿ âèãëÿäó (6) ç êîåôi-
öi¹íòàìè, ÿêi çàëåæàòü âiä çìiííèõ t ∈ [0, T ]
i x1 ∈ Rn1 òà ïàðàìåòðà y2 ∈ Rn2 .
Âèñíîâêè
Ó ñòàòòi äëÿ âèðîäæåíîãî ðiâíÿííÿ òè-

ïó Êîëìîãîðîâà, êîåôiöi¹íòè ÿêîãî íå çàëå-
æàòü âiä çìiííèõ âèðîäæåííÿ, ïîáóäîâàíî
êëàñè÷íèé ôóíäàìåíòàëüíèé ðîçâ'ÿçîê çà-
äà÷i Êîøi, âñòàíîâëåíî îöiíêè ÔÐÇÊ òà éî-
ãî ïîõiäíèõ, à òàêîæ ¨õ ïðèðîñòiâ. Äîñëiäæå-
íî äåÿêi âëàñòèâîñòi îá'¹ìíîãî ïîòåíöiàëó,
ÿêèé ïîðîäæåíèé ïàðàìåòðèêñîì. Ïðèïó-
ùåííÿ íà êîåôiöi¹íòè ¹ òàêèìè, ÿê i ó âèïàä-
êó ðiâíÿíü áåç âèðîäæåííÿ. Îòðèìàíi ðå-
çóëüòàòè âèêîðèñòîâóâàòèìóòüñÿ ïðè ïîáó-
äîâi êëàñè÷íèõ ÔÐÇÊ äëÿ âèðîäæåíèõ ðiâ-
íÿíü òèïó Êîëìîãîðîâà, êîåôiöi¹íòè ÿêèõ
çàëåæàòü âiä óñiõ ïðîñòîðîâèõ çìiííèõ òà
ñèñòåì òàêèõ ðiâíÿíü.
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