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Ñõiäíî¹âðîïåéñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Ëåñi Óêðà¨íêè

ÃÐÀÍÈ×ÍI ÂËÀÑÒÈÂÎÑÒI ÎÄÍÎÃÎ ÊËÀÑÓ ÔÓÍÊÖIÉ,
ÃÀÐÌÎÍI×ÍÈÕ Â ÊÐÓÇI

Â ðîáîòi äîñëiäæóþòüñÿ ãðàíè÷íi âëàñòèâîñòi ôóíêöié, ãàðìîíi÷íèõ â îäèíè÷íîìó êðóçi
êîìïëåêñíî¨ ïëîùèíè. Îäåðæàíi ðåçóëüòàòè óçàãàëüíþþòü äåÿêi ðåçóëüòàòè Øòåêáóõíåðà i
¹ àíàëîãîì âiäîìî¨ òåîðåìè Ãàðäi�Ëiòòëâóäà

In this paper we study the boundary behavior of harmonic functions in the unit disc of the
complex plane. The obtained results generalize some Stegbuchner results and are analogous to the
well-known Hardy - Littlewood theorem

Íåõàé D := {z ∈ C : |z| < 1} � îäèíè÷íèé
êðóã, à T := {z ∈ C : |z| = 1} � îäèíè÷íå êî-
ëî êîìïëåêñíî¨ ïëîùèíè C. Êëàñè÷íà òåî-
ðåìà Ãàðäi�Ëiòòëâóäà [1] îïèñó¹ çàëåæíiñòü
ìiæ øâèäêiñòþ ðîñòó ìîäóëÿ ïîõiäíî¨ àíà-
ëiòè÷íî¨ ôóíêöi¨ ïðè íàáëèæåííi äî ìåæi T
êðóãà D ¨¨ àíàëiòè÷íîñòi òà ãëàäêiñòþ ãðàíè-
÷íèõ çíà÷åíü öi¹¨ ôóíêöi¨. Öÿ òåîðåìà ñòàëà
åôåêòèâíèì çíàðÿääÿì ó ðîçâ'ÿçàííi áàãà-
òüîõ çàäà÷ òåîði¨ ôóíêöié i òåîði¨ òðèãîíî-
ìåòðè÷íèõ ðÿäiâ.

Ñïî÷àòêó íàâåäåìî äåÿêi îçíà÷åííÿ i ïî-
çíà÷åííÿ, ùî âèêîðèñòîâóþòüñÿ â ðîáîòi.

Îçíà÷åíÿ 1 [2]. Áóäåìî ãîâîðèòè, ùî äié-
ñíà ôóíêöiÿ λ(t), çàäàíà íà äåÿêîìó ñåãìåí-
òi [0, l], íàëåæèòü êëàñó Ω, ÿêùî âèêîíóþ-
òüñÿ óìîâè:

1) λ(0) = 0, λ(t) > 0 ïðè t ∈ (0, l];
2) λ(t) íå ñïàäà¹ ðàçîì iç t;
3) λ(t) íåïåðåðâíà íà [0, l];
4) äëÿ ∀t1, t2 ∈ [0, l] ñïðàâåäëèâà íåðiâ-

íiñòü
λ(t1 + t2) ≤ λ(t1) + λ(t2).

Ôóíêöi¨ êëàñó Ω íàçèâàþòüñÿ ôóíêöiÿ-
ìè òèïó ìîäóëÿ íåïåðåðâíîñòi. Çà òåîðåìîþ
Ñ.Ì. Íiêîëüñüêîãî [3] ìà¹ìî äëÿ λ(t) ∈ Ω
òàêó ðiâíiñòü

λ(λ, t) = λ(t).

Îçíà÷åíÿ 2 [2]. ßêùî λ(t) ∈ Ω i iñíó¹ òàêà
êîíñòàíòà C > 1, ùî lim

t→0

λ(ct)
λ(t)

> 1, òî êàæóòü,

ùî ôóíêöiÿ λ(t) íàëåæèòü êëàñîâi Ω**.

Âiäîìî [4], ùî êîëè λ(t) ∈ Ω**, òî

t∫
0

λ(u)

u
du ≤ Aλ(t),

äå A = const > 0 íå çàëåæèòü âiä t.
Îçíà÷åíÿ 3. Áóäåìî ãîâîðèòè, ùî äiéñíà

ôóíêöiÿ f(t) , çàäàíà íà ïðîìiæêó [−π, π],
íàëåæèòü óçàãàëüíåíîìó êëàñó Ãåëüäåðà
Hω
p [−π, π], 1 ≤ p < ∞, ÿêùî ìîäóëü íåïå-

ðåðâíîñòi ωp(f, t) ôóíêöi¨ f(t) çàäîâîëüíÿ¹
óìîâó

ωp(f, t) ≤ ω(t)

äå ω(t) - ôóíêöiÿ òèïó ìîäóëÿ íåïåðåðâíî-
ñòi.

Íàñòóïíà òåîðåìà äà¹ äîñòàòíi óìîâè íà-
ëåæíîñòi ãðàíè÷íèõ çíà÷åíü ãàðìîíi÷íèõ â
îäèíè÷íîìó êðóçi ôóíêöié äî óçàãàëüíåíîãî
êëàñó Ãåëüäåðà Hω

p [−π, π].
Òåîðåìà. Íåõàé u(reiθ) ãàðìîíi÷íà â D

ôóíêöiÿ ç ãðàíè÷íîþ ôóíêöi¹þ u(eiθ) ∈
Lp[−π, π], 1 ≤ p < ∞. ßêùî äëÿ λ(t) ∈ Ω**
âèêîíóþòüñÿ óìîâè∥∥∥∥∂u(reiθ)∂r

∥∥∥∥
p

≤ C1
λ(1− r)
1− r

,

∥∥∥∥∂u(reiθ)∂θ

∥∥∥∥
p

≤ C2
λ(1− r)
1− r

,

äå C1, C2 − êîíñòàíòè, ÿêi íå çàëåæàòü
âiä r, òîäi u(eiθ) ∈ Hλ

p [−π, π].
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Äîâåäåííÿ. Ïîòðiáíî äîâåñòè ñïiââiäíî-
øåííÿ:

lim
r→1

π∫
−π

∣∣u(rei(θ+h))− u(reiθ)∣∣pdθ ≤ C[λ(h)]p,

äå C = const > 0 íå çàëåæèòü âiä h.
Íå âòðà÷àþ÷è çàãàëüíîñòi, áóäåìî ââàæà-

òè, ùî 1
2
≤ r < 1, 0 < h < 1

2
, i çàïðîâàäèìî

òàêi ïîçíà÷åííÿ:

u′θ =
∂u

∂θ
, u′r =

∂u

∂r
.

Òîäi äëÿ 0 < ρ < r áóäåìî ìàòè :

u(rei(θ+h))− u(reiθ) =

=
(
u(rei(θ+h))− u(ρei(θ+h))

)
+

+
(
u(ρei(θ+h))− u(ρeiθ)

)
+

+
(
u(ρeiθ)− u(reiθ)

)
=

= ei(θ+h)
r∫
ρ

u′r(te
i(θ+h))dt+

+iρ

θ+h∫
θ

eitu′θ(ρe
it)dt+ eiθ

r∫
ρ

u′r(te
iθ)dt.

Äëÿ 0 < ρ < r ìà¹ìî

∆h(θ) :=
∣∣u(rei(θ+h))− u(reiθ)∣∣ ≤

≤
r∫
ρ

∣∣u′r(tei(θ+h))∣∣dt+

+

θ+h∫
θ

∣∣u′θ(ρeit)∣∣dt+ r∫
ρ

∣∣u′r(teiθ)∣∣dt =:

=: ∆1(θ) + ∆2(θ) + ∆3(θ) .

Íà îñíîâi öüîãî îäåðæó¹ìî îöiíêó

∥∆h(θ)∥ ≤

 1

2π

π∫
−π

(∆1(θ))
pdθ

 1
p

+

+

 1

2π

π∫
−π

(∆2(θ))
pdθ

 1
p

+

+

 1

2π

π∫
−π

(∆3(θ))
pdθ

 1
p

= i1 + i2 + i3.

Ïðîâåäåìî òåïåð îöiíêó iíòåãðàëiâ ik, k =
= 1, 2, 3, âèêîðèñòîâóþ÷è óçàãàëüíåíó íåði-
âíiñòü Ìiíêîâñüêîãî, óìîâó òåîðåìè òà âiä-
ïîâiäíi âëàñòèâîñòi ôóíêöi¨ λ(t).

i1 =

 1

2π

π∫
−π

 r∫
ρ

∣∣u′r(tei(θ+h))∣∣dt
p

dθ


1
p

≤

≤
r∫
ρ

 1

2π

π∫
−π

∣∣u′r(tei(θ+h))∣∣pdθ
 1

p

dt ≤

≤ C1

r∫
ρ

λ(1− t)
1− t

dt = C1

1−ρ∫
1−r

λ(u)

u
du,

C1 = const > 0.

Ïîêëàäåìî 1−h = r, ρ+h = r. Öå ìîæíà
çðîáèòè â ñèëó óìîâ íà r : 1

2
≤ r < 1. Òîäi

ρ = r − h = 1− 2h, à òîìó

i1 ≤ C1

2h∫
h

λ(u)

u
du.

Ïîêëàäàþ÷è u = t+ h, îäåðæèìî :

i1 ≤ C1

h∫
0

λ(t+ h)

t+ h
dt ≤

≤ C1

h∫
0

λ(t) + λ(h)

t+ h
dt ≤

≤ C1

 h∫
0

λ(t)

t
dt+

h∫
0

λ(h)

h
dt

 =

= C1

 h∫
0

λ(t)

t
dt+ λ(h)

.
I îñêiëüêè λ(t) ∈ Ω**, òî

i1 ≤ (C1 + A)λ(h) = C∗1λ(h), (1)
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C∗1 = const > 0.

Àíàëîãi÷íî âñòàíîâëþ¹òüñÿ îöiíêà

i3 ≤ C3λ(h). (2)

Îñêiëüêè

∆2(θ) =

h∫
0

∣∣u′θ(ρei(θ+t))∣∣dt,
òî, âèêîðèñòîâóþ÷è óìîâó òåîðåìè, àíàëî-
ãi÷íî îöiíöi âåëè÷èíè i1 îäåðæó¹ìî:

i2 =

 1

2π

π∫
−π

(∆2(θ))
p dθ

 1
p

=

=

 1

2π

π∫
−π

 h∫
0

∣∣u′θ (ρei(θ+t))∣∣dt
p

dθ


1
p

≤

≤
h∫

0

 1

2π

π∫
−π

∣∣u′θ (ρei(θ+t))∣∣pdθ
 1

p

dt ≤

≤
h∫

0

λ(1− ρ)
1− ρ

dt =
λ(1− ρ)
1− ρ

h.

Îñêiëüêè ρ+ h = r, i 1− ρ = 2h, òî

i2 ≤
λ(2h)

2h
h ≤ λ(h). (3)

Òåïåð iç ñïiââiäíîøåíü (1) � (3) îäåðæó-
¹ìî, ùî ∥∆h(θ)∥ ≤ Cλ(h), äå C = const > 0
íå çàëåæèòü âiä h.

Òåîðåìó äîâåäåíî.
Çàóâàæåííÿ. Âèùå äîâåäåíå òâåðäæå-

ííÿ ïðè λ(t) = tα, 0 < α ≤ 1, çáiãà¹òüñÿ ç
ëåìîþ 3 ðîáîòè [5].
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